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S1 Appendix. Tangent moduli contribution for reoriented / remodeled diagonal fibers via Eq. (14) 

The second Piola-Kirchhoff stresses for the diagonal collagen fibers reads (cf. Eq. (40) in [36]) 

𝐒𝐒ℎ𝑐𝑐𝑑𝑑 = 𝐽𝐽ℎ𝜙𝜙ℎ𝑐𝑐𝑑𝑑𝐔𝐔ℎ−1𝝈𝝈�Nℎ𝑐𝑐𝑑𝑑 𝐔𝐔ℎ−1 = 𝐽𝐽ℎ𝜙𝜙ℎ𝑐𝑐𝑑𝑑𝝈𝝈�Nℎ𝑐𝑐𝑑𝑑 :𝐔𝐔ℎ−1 ⊙ 𝐔𝐔ℎ−1 = 𝐽𝐽ℎ𝜙𝜙ℎ𝑐𝑐𝑑𝑑𝐔𝐔ℎ−1 ⊙𝐔𝐔ℎ−1:𝝈𝝈�Nℎ𝑐𝑐𝑑𝑑  

where the rotated Cauchy stress at the constituent level is 

𝝈𝝈�Nℎ𝑐𝑐𝑑𝑑 = 𝜎𝜎�𝑐𝑐𝐍𝐍ℎ𝑑𝑑 ⊗ 𝐍𝐍ℎ𝑑𝑑 

whose magnitude 𝜎𝜎�𝑐𝑐 (depending on 𝐺𝐺𝑐𝑐 only) yet remains constant here though not its orientation 

𝐍𝐍ℎ𝑑𝑑 = 𝐍𝐍𝑑𝑑(𝛼𝛼0ℎ) = 𝒆𝒆𝜃𝜃 sin𝛼𝛼0ℎ ± 𝒆𝒆𝑧𝑧 cos𝛼𝛼0ℎ 

with 𝛼𝛼0ℎ expressed in terms of the right Cauchy-Green tensor 𝐂𝐂 through Eq. (14) 

tan𝛼𝛼0ℎ =
𝜆𝜆𝜃𝜃ℎ
𝜆𝜆𝑧𝑧ℎ

tan𝛼𝛼0𝑜𝑜 =
�𝐂𝐂:𝒆𝒆𝜃𝜃 ⊗ 𝒆𝒆𝜃𝜃
�𝐂𝐂:𝒆𝒆𝑧𝑧 ⊗ 𝒆𝒆𝑧𝑧

tan𝛼𝛼0𝑜𝑜. 

The fourth-order tangent moduli tensor associated with the change in orientation of 𝝈𝝈�Nℎ𝑐𝑐𝑑𝑑  is 
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and 
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𝒆𝒆𝑧𝑧 ⊗ 𝒆𝒆𝑧𝑧� tan𝛼𝛼0ℎ . 

 



Hence 

ℂ𝛼𝛼0ℎ = 𝐽𝐽ℎ𝜙𝜙ℎ𝑐𝑐𝑑𝑑𝜎𝜎�𝑐𝑐 tan𝛼𝛼0ℎ �𝐔𝐔ℎ−1𝐍𝐍ℎ,𝛼𝛼0ℎ
𝑑𝑑 ⊗ 𝐔𝐔ℎ−1𝐍𝐍ℎ𝑑𝑑 + 𝐔𝐔ℎ−1𝐍𝐍ℎ𝑑𝑑 ⊗ 𝐔𝐔ℎ−1𝐍𝐍ℎ,𝛼𝛼0ℎ
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� 

which is a contribution to be added to Eq. (42) in [36]. If needed in spatial form 

𝕔𝕔𝛼𝛼0ℎ = 𝜙𝜙ℎ𝑐𝑐𝑑𝑑𝜎𝜎�𝑐𝑐 tan𝛼𝛼0ℎ �𝐑𝐑ℎ𝐍𝐍ℎ,𝛼𝛼0ℎ
𝑑𝑑 ⊗ 𝐑𝐑ℎ𝐍𝐍ℎ𝑑𝑑 + 𝐑𝐑ℎ𝐍𝐍ℎ𝑑𝑑 ⊗ 𝐑𝐑ℎ𝐍𝐍ℎ,𝛼𝛼0ℎ

𝑑𝑑 �⊗ �
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−
𝐅𝐅ℎ𝒆𝒆𝑧𝑧 ⊗ 𝐅𝐅ℎ𝒆𝒆𝑧𝑧

𝜆𝜆𝑧𝑧ℎ2
� 

where 𝐅𝐅ℎ = 𝐑𝐑ℎ𝐔𝐔ℎ. 


