
S3 File. Analytical results 

We analytically investigate the properties of the co-infection model (5) at a chronic HIV steady 

state. As described, our model only captures the effect HIV has on HPV dynamics and, hence, 

we can simplify model (5) to include the four HPV equations, and constant 𝑇= 3.2x105 cells per 

ml, 𝐼 = $1&
'1(

 = 2.4x103 cells per ml and 𝑉 = 4.8x104 virions per ml, i.e. (𝑇,	𝐼,	𝑉) are at a steady 

state. We also assume k1=k2=k as listed in Table 1. The reduced model is: 
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System (6) has three steady states: A virus free steady state,      

                                 S0 = (0,0,0,E),        (8)  

a chronic immuno tolerant HPV steady state, 

    S1 = (𝑌1	, 𝑌A	,𝑊	 , 0),        (9) 

where,  

           𝑌1	 =
I$J K	2L 2MNLO(16J)
6NOLJ2$KJ2$LJ2NLO

	,      (10) 

          𝑌A	 = 	
6I$J K2L 2MNLO(J61)
J(6NOLJ2$KJ2$LJ2NLO)

	,     (11) 

                    𝑊 = 	𝜇𝑘 I$J K2L J61 6MNLO(J61)5

J$(6NOLJ2$K	J2$LJ2NLO)
,    (12) 



with A = (1 + 𝑝𝑉)𝑁A and B  = 𝜑 + (1 + 𝑝𝑉)𝑁A and a chronic immuno competent HPV  

steady state, 

       S2 = (𝑌1, 𝑌A,𝑊, E),           (13) 

where, 
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To investigate the asymptomatic stability of S0, we compute the Jacobian for the model (6): 

 (18) 

At S0, 

           (19) 

where, The corresponding characteristic equation is: 

              (20) 

We know that there is a such that = 0.  

By Routh-Hurwitz criterion, all other eigenvalues are negative when a1 >0, a3 >0 and a1a2>a3 , 

where, 
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a1 > 0 always since r <1. a3  > 0 when 

     (24) 

Finally, a1a2 - a3 > 0 when a3 >0 (not shown). 

Condition (24) translates to  

   (25) 

which means that when the HPV infection rate times the HPV production rate (in the presence of 

HIV) is less than the combined effect of effector cells and natural death rate of HPV, HPV will be 

cleared. The asymptotic stability of chronic states S1 and S2 is messy and will not be presented 

here.  

 

 

 	

a2 = c2 (ε +µ + aE)+ c2 (−εr + aE +µ)−Ωµk + (−ε −µ − aE)(εr − aE −µ),

a3 = (ε +µ + aE)c2 (µ + aE − rε)−εµkΩ.
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