
Proof of theorem 1 

The proof of theorem 1 is similar to that in Zou and Hastie (2005). 

 

Lemma 1. Given dataset (y, X) and (λ1, λ2), define an artificial dataset (y∗, X∗) by 
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Let𝛾 = 𝜆1/√1 + 𝜆2 and 𝛽∗ = √1 + 𝜆2𝛽. Then the HLX criterion can be expressed 

as  

 

𝐿(λ1, λ2, 𝛽) = 𝐿(𝛾, 𝛽∗) = |𝑦∗ − 𝑋∗𝛽∗|2 + 𝛾|𝛽∗|1/2       

Let  

̂   = argmin𝛽{𝐿(𝛾, 𝛽∗)}, 

Then 

̂ = (1/√1 + 𝜆2) ̂  . 

Assume ̂  is the estimates for the HLX regularization. By Lemma 1 and equation (2) 

we have 
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Substituting the identities  

𝑋∗𝑇𝑋∗ = (
𝑋𝑇𝑋+𝜆2

1+𝜆2
), 

𝑦∗𝑇𝑋∗ = (
𝑦𝑇𝑋
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), 

𝑦∗𝑇𝑦∗=𝑦𝑇𝑦 

into equation (13), we have  

̂ = argmin𝛽  
1
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 {𝛽𝑇 (

𝑋𝑇𝑋+𝜆2I
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) 𝛽 − 2𝑦𝑇𝑋𝛽 +  𝜆1|𝛽|1/2} + 𝑦𝑇𝑦 

= argmin𝛽 𝛽𝑇 (
𝑋𝑇𝑋+𝜆2I
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) 𝛽 − 2𝑦𝑇𝑋𝛽 + 𝜆1|𝛽|1/2. 

 


