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Text S2 Model description and parameter estimation 

Our model builds upon a long tradition of model studies in phytoplankton ecology [1-6], 

extending these earlier studies by the incorporation of dynamic changes in inorganic carbon 

availability, alkalinity and pH induced by phytoplankton blooms. The model considers a 

well-mixed water column, illuminated from above, with a growing phytoplankton population 

that is homogeneously distributed over depth. Here, we present a detailed description of the 

full model as applied to the chemostat experiments. Text S3 of the Supporting Information 

describes how we extended the model to apply to lakes.  

General outline: In this study, we assume that all nutrients are in excess. Hence, the 

phytoplankton growth rate does not become limited by nutrients, but is fully governed by the 

availability of light and inorganic carbon. The growing phytoplankton population gradually 

increases the turbidity of the water column, which provides an important feedback on 

phytoplankton bloom development by reducing the underwater light availability for 

photosynthesis [3,7]. Inorganic carbon is provided by dissolution of CO2 in water and by 

respiratory activities of the organisms. Phytoplankton take up both CO2 and bicarbonate for 

carbon assimilation [8-11], which leads to a gradual depletion of the CO2 availability in 

phytoplankton blooms. Carbon and nutrient uptake by the phytoplankton population also 

induces dynamic changes in pH and alkalinity [12]. Changes in pH and alkalinity, in turn, 

affect the availability of the different inorganic carbon species [13,14], which also feeds back 

on phytoplankton growth. 

Population dynamics: We assume that the specific growth rate of the phytoplankton depends 

on its cellular carbon content, adopting the structure of Droop’s classic growth model 

[1,5,15]. The cellular carbon content is a dynamic variable, which increases by the 

photosynthetically-driven uptake of carbon dioxide and bicarbonate, while it decreases by 

respiration and by dilution of the cellular carbon content due to population growth. Let X 

denote the population density of the phytoplankton, and let Q denote its carbon content. 

Changes in phytoplankton population density and its carbon content can then be described by 

two coupled differential equations: 
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where µ (Q) is the specific growth rate of the phytoplankton as function of its carbon content, 

m is the specific loss rate of the phytoplankton population (e.g., by background mortality, 

grazing, sedimentation), uCO2 and uHCO3 are the uptake rates of carbon dioxide and 

bicarbonate, respectively, and r is the respiration rate.  

Carbon assimilated by phytoplankton is allocated to structural biomass and a transient 

carbon pool. The relative size of the transient carbon pool, TC, is defined as: 

MINMAX

MIN
C QQ

QQT
−

−
=        (2.3) 

where QMIN, is the minimum cellular carbon content that needs to be built into structural 

biomass in order for a cell to function, and QMAX is the maximum carbon content of a cell. 

The transient carbon pool can be invested into new structural biomass, which contributes to 

further phytoplankton growth. Hence, the specific growth rate of the phytoplankton is 

determined by the size of its transient carbon pool: 
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where µMAX, is the maximum specific growth rate. Accordingly, the specific growth rate 

equals zero if the transient carbon pool is exhausted (i.e., µ(QMIN) = 0), and reaches its 

maximum if cells are satiated with carbon (i.e., µ(QMAX) = µMAX). 

 

Photosynthesis and respiration: The light reactions of photosynthesis determine the amount 

of energy available for carbon fixation. We assume that the light reactions of photosynthesis 

are a function, p(I), of the local light intensity, I: 
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where pMAX is the maximum photosynthetic rate of the phytoplankton, and α is the slope of 

the p(I) curve at I = 0.  

The light intensity, I, decreases with depth, z, according to Lambert-Beer’s law: 

( )kXzzKIzI bgIN −−= exp)(       (2.6) 
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where IIN is the incident light intensity at the top of the water column, Kbg is the background 

turbidity of the water, and k is the specific light attenuation coefficient of a phytoplankton 

cell. This equation includes self-shading by the phytoplankton population, because an 

increase in population density X will lead to a reduction in light intensity I(z). We define IOUT 

as the light intensity reaching the bottom of the water column, i.e., IOUT = I(zMAX), where zMAX 

is the total depth of the water column. 

The depth-averaged photosynthetic rate of a phytoplankton cell mixed through the 

water column can then be calculated from Eqns (2.5) and (2.6) as [3]: 
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The dark reactions of photosynthesis assimilate inorganic carbon. Phytoplankton take 

up both CO2 and bicarbonate for carbon assimilation. We assume that uptake rates of CO2 

and bicarbonate are increasing but saturating functions of carbon availability as in Michaelis-

Menten kinetics, and are suppressed when phytoplankton cells become satiated with carbon 

[16]. The energy required for carbon assimilation comes from the light reactions. Uptake 

rates of CO2 and bicarbonate can then be described by: 
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where uMAX,CO2 and uMAX,HCO3 are the maximum uptake rates of CO2 and bicarbonate, 

respectively, HCO2 and HHCO3 are the half-saturation constants, TC is the relative size of the 

transient carbon pool as defined by Eqn (2.3), and P represents the depth-averaged 

photosynthetic rate described by Eqn (2.7). Without loss of generality, the number of model 

parameters can be reduced by incorporation of the maximum photosynthetic rate pMAX into 

the maximum uptake rates of CO2 and bicarbonate, by setting pMAX = 1. 

Carbon is lost by respiration. We assume that the respiration rate is proportional to the 

size of the transient carbon pool [17]: 

 CMAX Trr =         (2.10) 

where rMAX is the maximum respiration rate when cells are fully satiated with carbon. 
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Level of carbon limitation: To assess to what extent phytoplankton growth is limited by 

carbon, we introduce a simple relative measure of the inorganic carbon availability for 

photosynthesis (fC): 
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We note that 0 ≤ fC ≤ 1. The level of carbon limitation (LC) can then be defined as the 

reduction in carbon uptake due to low carbon availability: LC=(1-fC)×100%. Accordingly, if 

CO2 and bicarbonate are both available in saturating concentrations, fC will be close to 1, and 

hence LC will be close to 0%. Conversely, if CO2 and bicarbonate are available only in trace 

amounts, LC approaches 100%.  

 

Dissolved inorganic carbon: On the timescales used in our model (ranging from minutes to 

days) the speciation of dissolved inorganic carbon is essentially in equilibrium with alkalinity 

and pH. Therefore, let [DIC] denote the total concentration of dissolved inorganic carbon. 

Changes in [DIC] can then be described by:  
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where D is the dilution rate, gCO2 is the CO2 flux rate across the air-water interface (also 

known as the carbon sequestration rate), and division by zMAX converts the CO2 flux per unit 

surface into a volumetric CO2 change. Hence, this equation describes changes in the DIC 

concentration due to the influx ([DIC]IN) and efflux of water containing DIC and due to gas 

exchange with atmospheric CO2 (gCO2). Furthermore, the DIC concentration increases 

through respiration (r) and decreases through uptake of CO2 (uCO2) and bicarbonate (uHCO3) 

by phytoplankton.   

We assume that the rate of CO2 gas exchange (gCO2) between air and water is 

proportional to the concentration gradient across the air-water interface, which can be 

quantified as the difference between dissolved CO2 in equilibrium with the atmospheric 

pressure ([CO2
*]) and the actual dissolved CO2 concentration [18,19]: 

  ( )]CO[]CO[ 2
*

22 −= vgCO       (2.13) 

where v is an exchange constant. The equilibrium value [CO2
*] is calculated from Henry’s 

law, i.e., [CO2
*]=K0 pCO2, where pCO2 is the partial pressure of CO2 in air and K0 is the 

solubility constant of CO2 gas in water. In our experiments, gas exchange will increase with 
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the gas flow rate (a). Hence, we assume v = b a, where b is a constant of proportionality 

reflecting the efficiency of gas exchange.   

 

Alkalinity: Changes in pH depend on alkalinity, which is a measure of the acid-neutralizing 

capacity of water. In our experiments, alkalinity is dominated by dissolved inorganic carbon 

and inorganic phosphates. The alkalinity can then be described as [12,20]: 
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We note from Eqn (2.14) that changes in the concentration of dissolved CO2 do not change 

alkalinity. Furthermore, uptake of bicarbonate for phytoplankton photosynthesis is 

accompanied by the release of a hydroxide ion or uptake of a proton to maintain charge 

balance, and therefore does not change alkalinity either. Hence, carbon assimilation by 

phytoplankton does not affect alkalinity [12]. However, nitrate, phosphate and sulfate 

assimilation are accompanied by proton consumption to maintain charge balance, and thus 

increase alkalinity [12,21]. More specifically, both nitrate and phosphate uptake increase 

alkalinity by 1 mole equivalent, whereas sulfate uptake increases alkalinity by 2 mole 

equivalents [12]. Hence, changes in alkalinity can be described as: 
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where ALKIN is the alkalinity of the water influx, and uN, uP and uS are the uptake rates of 

nitrate, phosphate and sulfate, respectively. We assume for simplicity that the uptake rates of 

nitrate, phosphate and sulfate are proportional to the net uptake rate of carbon:  

( )ruucu HCOCOjj −+= 32    with j = N,P,S  (2.16) 

where cN, cP and cS are the cellular N:C, P:C and S:C ratio, respectively. The model keeps 

track of dynamic changes in the concentrations of total dissolved inorganic nitrogen ([DIN]), 

phosphorus ([DIP]) and sulfur ([DIS]): 
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where [DIN]IN, [DIP]IN and [DIS]IN are the concentration of dissolved inorganic nitrogen, 

phosphorus and sulfur in the influx. 
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Algorithm to calculate dissolved CO2, bicarbonate, carbonate and pH: The concentrations of 

dissolved CO2, bicarbonate and carbonate and the pH can be calculated assuming equilibrium 

with [DIC], [DIP] and alkalinity [13,14]. For this purpose, we used an iterative algorithm that 

is solved at each time step of our model simulations. Initial estimates of the concentrations of 

dissolved CO2, bicarbonate, carbonate, phosphoric acid (H3PO4), dihydrogen phosphate 

(H2PO4
-), hydrogen phosphate (HPO4

2-), and phosphate (PO4
3-) at a given time step in our 

simulations can be calculated from [DIC], [DIP] and the proton concentration ([H+]) obtained 

from the pH at the previous time step (pHt-1): 
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Here, K1 and K2 are the equilibrium dissociation constants of CO2 and bicarbonate, and KP1, 

KP2 and KP3 are the equilibrium dissociation constants of the inorganic phosphates (Table 

S2.1). Furthermore, αP is calculated as: 

 [ ] [ ] [ ] P3P2P1P2P1
2

P1
3
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A first estimate of the alkalinity can then be calculated from Eqn (2.14), using the 

concentrations of the inorganic carbon and phosphorus species estimated by Eqns (2.18-2.25) 

as input. Alternatively, alkalinity can be calculated from dynamic changes of alkalinity using 

Eqn (2.15). The difference, ∆ALK, between the alkalinity calculated from Eqn (2.14) and the 

alkalinity calculated from Eqn (2.15) is used to make a new pH estimate: 

pHpHpH 1-tt ∆+=        (2.26) 
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where, ∆pH is calculated using the buffer capacity (BC) [13,14]: 

 
BC
ALKpH ∆

=∆        (2.27) 
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where  α01 = [H+]/([H+] + KP1), α10 = KP1/([H+] + KP1), α12 = [H+]/([H+] + KP2), α21 = 

KP2/([H+] + KP2), α23 = [H+]/([H+] + KP3), α32 = KP3/([H+] + KP3), [P01] = [H3PO4] + [H2PO4
-], 

[P12] = [H2PO4
-] + [HPO4

2-], and [P23] = [HPO4
2-] + [PO4

3-]. This new pH estimate is then 

used to calculate new estimates for the different species of inorganic carbon and inorganic 

phosphate using Eqns (2.18-2.25). This yields a new alkalinity estimate (Eqn 2.14), which 

gives a new pH, and so on. This iterative procedure is continued until the alkalinities 

calculated from Eqn (2.14) and from Eqn (2.15) have converged to the same value (and hence 

∆ALK and ∆pH have converged to zero). Finally, the dissolved CO2, bicarbonate and 

carbonate concentrations are calculated from the resulting pH value using Eqns (2.18-2.20). 

  

Total carbon budget: To evaluate the mass balance of carbon in the system, we can calculate 

the total carbon budget. The total amount of carbon in the system (Ctot) consists of dissolved 

inorganic carbon and the organic carbon contained in phytoplankton biomass. Hence, with 

the use of Eqns (2.1), (2.2) and (2.12), dynamic changes in the total carbon budget can be 

described as: 
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This equation shows that the total carbon budget changes through the influx and efflux of 

DIC, through the influx of CO2 gas from the atmosphere, and through the efflux of organic 

carbon fixed by phytoplankton photosynthesis. 

 

Parameter estimates: System parameters, such as the incident light intensity, mixing depth of 

the chemostats, composition of the mineral medium, dilution rate, and CO2 concentration in 

the gas flow, were all measured prior to and/or during the experiments. They are enlisted in 

Table S2.2.  
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Some phytoplankton parameters were measured during the laboratory experiments , 

while others were estimated from model fits to the experimental data. We assumed that the 

specific loss rate of the phytoplankton was governed by the dilution rate of the chemostat 

(i.e., m=D). The number of model parameters was reduced by incorporation of the maximum 

photosynthetic rate pMAX into the maximum uptake rates of CO2 and bicarbonate, by setting 

pMAX = 1. The cellular N:C, P:C and S:C ratios were measured experimentally. The minimum 

and maximum carbon contents were estimated from our measurements of the cellular carbon 

content. The specific light attenuation coefficient and background turbidity were estimated 

from Lambert-Beer’s law. According to Eqn (2.6), Lambert-Beer’s law can be written as 

ln(IIN/IOUT)/zMAX = Kbg + kX. Hence, the specific light attenuation coefficient (k) was 

estimated as the slope of a linear regression of ln(IIN/IOUT)/zMAX versus the population density 

X, while the background turbidity (Kbg) was estimated as the intercept.  

The remaining phytoplankton parameters were estimated by fitting the time courses 

predicted by the model to the time courses of the variables measured during the experiments. 

These measured variables included population density, cellular carbon content, light 

transmission IOUT, dissolved CO2, bicarbonate, carbonate and total DIC concentration, 

alkalinity and pH. The model fits were based on minimization of the residual sum of squares, 

following the same procedures as in earlier studies [6,22]. The phytoplankton parameters and 

their estimates are enlisted in Table S2.3. 
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Table S2.1. Solubility and dissociation constants of dissolved inorganic carbon and 

dissolved inorganic phosphates in water. The pKa values in the table assume a pressure of 

1 atm, a temperature (θ) of 21.5oC, and a salinity (Sal) of 0 g L-1. 

Reactions Equilibrium constants Description pKa value* Units 

[ ] [ ] [ ]-
2 OHHOH +↔ +  [ ][ ]−+= OHHK W  Equilibrium constant 

of water 14.113[23] - 

[ ] [ ]222 COOHpCO ↔+  
[ ]

2

*
2

0 pCO
COK =  Solubility of CO2 gas 

in water 1.426[24] mol L-1 atm-1 

[ ] [ ] [ ]-
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[ ]2

3
1 CO
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[ ][ ]
[ ]-2
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12.35 -  

* In all data analyses and model simulations, pKa values were corrected for temperature and salinity according to 

[23-25]. The temperature and salinity data are provided in Table S2.2 in Text S2 and Table S4.1 in Text S4. 

9 
 



Table S2.2. System parameters used in the chemostat experiments and lake model. 

Parameter Description 
Chemostat experiments 

Lake model Units Microcystis 
CYA140 

Microcystis 
HUB5-2-4 

D Dilution rate 0.011 0.00625 0.0003 h-1 

IIN Incident light intensity 50 50 400 µmol photons 
m-2 s-1 

Kbg Background turbidity 9.5 9 1.27 m-1 

zMAX Depth of water column 0.05 0.05 5 m 

θ Temperature 21 24 20 οC 

Sal Salinity L:1.23 
H:1.36 1.23-1.36 0.1-2.6 g L-1 

a Gas flow rate 25 25 − L h-1 

b Constant of proportionality 
for gas influx 

L: 2.0×10-2 

H:1.25×10-2 2.5×10-2 − m L-1 

pCO2 
Partial pressure of CO2 in 
gas inflow 

L: 200 
H:1,200 0.5-2,800 0.1-10,000 ppm 

[DIC]IN 
Concentration of DIC at 
influx 

L:0.5  
H:2.0 0.5-2.0 1.4×10-5-10 mmol L-1 

ALKIN Alkalinity at influx L:0.8  
H:2.3 0.8-2.3 0.1-10 mEq L-1  

[DIP]IN 
Concentration of phosphate 
at influx 287 287 15 µmol L-1  

[DIN]IN 
Concentration of nitrate at 
influx 12,000 12,000 150 µmol L-1 

[DIS]IN 
Concentration of sulfate at 
influx 406 406 20 µmol L-1 

m Specific mortality rate 0.011 0.00625 0.003 h-1 

ε Recycling efficiency of 
dead phytoplankton − − 0.95 − 

v Gas transfer velocity of 
CO2 

L:0.50 
H:0.31 0.63 0.02 m h-1 

L: Treatment with low pCO2 and low bicarbonate concentration in the mineral medium  

H: Treatment with high pCO2 and high bicarbonate concentration in the mineral medium  
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Table S2.3. Parameter values estimated for Microcystis CYA140 and Microcystis HUB5-2-4. 

Parameter Description Microcystis 
CYA140 

Microcystis 
HUB5-2-4 Units 

µMAX Maximum specific growth rate 0.86 0.83 d-1 

pMAX Maximum photosynthetic rate 1 1 - 

k 
Specific light attenuation 
coefficient 

L:6.9×10-5 

H:8.2×10-5 6.5×10-5 m2 mm-3 

α Slope of the p(I) curve at I = 0 7.1×10-2 5.9×10-2 (µmol photons m-2 s-1)-1 

uMAX,CO2 Maximum uptake rate of CO2 8.2 4.8 µmol mm-3 d-1 

HCO2 
Half-saturation constant for 
CO2 uptake 0.5 0.1 µmol L-1 

uMAX,HCO3 
Maximum uptake rate of 
HCO3

- 7.3 2.6 µmol mm -3 d-1 

HHCO3 
Half-saturation constant for 
HCO3

- uptake 75 50 µmol L-1 

rMAX Maximum respiration rate 1.1 1.3 µmol mm -3 d-1 

QMIN Minimum carbon content 9 15 µmol mm -3 

QMAX Maximum carbon content 17 19 µmol mm -3 

cN Cellular N:C ratio 0.18 0.153 molar ratio 

cP Cellular P:C ratio 8.0×10-3 0.0163 molar ratio 

cS Cellular S:C ratio 7.6×10-3 6.4×10-3 molar ratio 

L: Treatment with low pCO2 and low bicarbonate concentration in the mineral medium  

H: Treatment with high pCO2 and high bicarbonate concentration in the mineral medium  
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