Appendix S2. Theoretical bounds of the Abrams-Strogatz model (system
Eqgn 9) associated with the viability constraint set Eqn 10

We remind that the dynamics (%, %) = F(X, s,u) are defined by:

% — F(Z,s,u) = (1 - D)% (2 s — (1-2)* (1 - 5))

ds (1)
dt

u € [—=0.1,0.1]

and that K = [X, Y] x [0,1] is the viability constraint set.

We aim at finding explicit formulas for Viabg(K), the viability kernel under the dynamics F. We
first instroduce two functions f; and fo and then prove that these functions enable us to define a set
which is Viabp (K).

Definition of f; and f,

o Let C1 = {(X2(t),s(t)),t € [0;+00 [} satisfying
P (1 ez (5 0s(0) - (- D) - (1)
ds(t)
a - (2)
21 = 0.8 and 81(0) = 851 = W

where ¥(t) is the density of A-speakers at time ¢ and s(t) the prestige at time t¢.
We have Cy = {(2,s) € R?|S = fi(s),s > s1} with:

S

fils) =51 + / (- AEAGAE T (1 A(3) (1 - 3)d5. (3)

S1

Note that f](s1) = 0 and that f{'(s) < 0 when fi1(s) € [0.2,0.8] and f{(s) = 0. Consequently,
f1(s) <0 when s > s; and f1(s) € [0.2,0.8].

o Let Cy = {(2(t), s(t)),t € [0; 400 [} satisfying:

%ﬁt) =—(1=3@®))S@) (Z* M (t)s(t) — (L = 2()* (1 — s(t)))
ds(t)

a - (@)
Yo =0.2 and s2(0) = 89 = W

We have C; = {(3,5) € R?|S = fa(s),s < so} with:

fa(s) =22 — 0% - F2(3)£2(8)(f2(8)" 718 — (1 = f2(8)) 7 (1 - 3))ds. (5)
Note that f5(s2) = 0 and that f5(s) > 0 when f3(s) € [0.2,0.8] and f5(s) = 0. Consequently,
15(s) <0 when s < so and fa(s) € [0.2,0.8].



Definition of Viabp(K) and proofs

Theorem . Let E C K the subset defined by:

¥ < fi(s) if s > 51(0
{(2@6K‘Ezééﬁm§$8 } (6)

then we have E = Viabp(K).

PROOF PART 1: E is a viability domain: all the points inside E are viable.

We have to prove that for all (X, s) € OF (where OF is the boundary of the subset F), there exists
at least one control u such that F(X,s,u) belongs to the tangent cone of E at the point (X, s),
denoted Tg(X, s).

Let (X,s) € OF,
—if ¥ = 0.2, as f5(s) < 0 when s < s2 and fa(s) € [0.2,0.8], necessarily s > so. Moreover,

s < min(1, f;71(0.2)). If s = sy, F(2,5,0) = 0 € Te(%,s), if s < s < min(1, f; 1(0.2)),
F(3,s,u) € Tg(%,s) for all u € [-0.1, 0.1]

—ifs=1,o0rif (¥,s) € C1, X< 0.8, F(X,s,-0.1) € Tg(X,s).

—if ¥ = 0.8, as f{(s) < 0 when s > s; and fi(s) € [0.2,0.8], necessarily s < s;. Moreover,
s > max(1, f; 1(0.8)). If s = 51, F(£,5,0) = 0 € Tg(%,s), if max(1, f, *(0.8)) < s < s1,
F(3,s,u) € Tg(%,s) for all u € [-0.1, 0.1].

—ifs=0,orif (3,5) € Co, &> 0.2, F(X,s,40.1) € T(, 5).

PROOF PART 2: E is the largest viability domain.

Let’s first introduce some notations:

— Let (%,3) € K\E. We can suppose 5 > f; *(X). The argument is the same if 5 > f; ().
— Let (X(t),3(t)),t € [0; +0o[ an evolution starting from (3, 3) and satisfying Eqn 1.
— Let (X*(¢), s*(t)),t € [0; +00] defined by:

D (1S @)D (5 (D) (T) - (1 T 0) (1 - 5(1)
~ 01 @

2%(0) = ¥ and s*(0) = £ (%)

Then, (X*(0),s*(0)) € Cy and there exists T such that (3*(T), s*(T)) = (31, s1) and (X*(¢), s*(t)) €
Cq,Vt e [O,T]

We have 5(0) > s*(0) and as s* (t) = —0.1 and 5'(t) = u € [-0.1,0.1], V [0 T],5(t) > s*(t).
Furthermore, $(0) = £*(0) and 42(0) = F((0),5(0)) > F(£*(0),5*(0)) =
t > 0 such that 3 4(t) > X% (¢) for all t €]0,1).

Assume that there exists t €]t, T] such that T 4(t) > $%(¢t) for all t €]¢, ] and T 4(£) > 2% (£). Then
B0 < B0 but D) = FEAD,30) > P50, (1) = &) snce Tal) = 2D
5(t) > s™(t). Hence the contradiction, so V¢ € [0,T], X 4(t) > T*(¢).

Consequently, (X4(T),3(T)) ¢ K and (X4(T),3(T)) ¢ Viabr(K). O

( ) so there exists



