Notation

Notation of the states of the system

R: The reliability state.

M: The maintenance state.

F: The failure state.
Fj: The failure state because of the jth failure mode.

(A | B): The state A given the state B.

(A |¬B): The state A given the negation of the state B.

 (A, B): The combined states A and B.

(A, B |C): The combined states A and B, given the state C.
Notation of the probability functions
Pi(S) The probability of the transition to the state S during the ith sampling time interval. 

Pci(S): The conditional probability of the transition to the state S during the ith sampling time interval, given that the system was not in that state before ti-1. 

Psi(S): The probability of the state S at the end of the ith sampling time interval
Prejc(S):  The probability of rejection because of the state S, assuming one control per level and c levels of controls.

Notation of the probability density functions
g0: The probability density function of the measurement error of the reliability state.

gj: The probability density function of the measurement error because of the jth failure mode. 
gh,j: The probability density function of the measurement error because of the hth  and jth failure modes.
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: The probability density function of the measurement error at the cth level of controls because of the hth  and jth failure modes.
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: A component density function of the mixture probability density function of the measurement error because of the jth failure mode.
u0: A uniform probability density function with an arbitrary large interval [-ω,ω].
fj: The failure time probability density function of the jth failure mode.

 fh,j: The unconditional failure time probability density function of the combined jth and hth failure modes.

 fh,j|j: The conditional failure time probability density function of the combined hth and jth failure modes, given the jth failure mode.

Notation of other functions
MTF(Fj): The mean time to failure because of the jth failure mode 
HR(Fj): The hazard rate of the jth failure mode
MTCF: The mean time to critical failure of the analytical system. 
Coh,j(fh(t), fj(t)):  A bivariate dependence function of the failure time probability density functions of the hth and jth failure modes.
MTi(S): The expected time from the transition of a system to the state S, assuming that the transition happens during the ith sampling time interval.
ce(x): The critical error of the measurement error x.
 Lri,d(S): The risk function of the S state based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively, for the ith sampling time interval. 
Lri,d,c(S):  The residual risk function of the S state based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively, for the ith sampling time interval, assuming one control per level and c levels of controls.

Ci,c(S):   The cost function of the S state, at the end of the ith sampling time interval, assuming one control per level and c levels of controls.
Notation of the vectors and matrices
sn: The state vector of a system with n failure modes.

pi,c(sn): The state probability vector of a system with n failure modes, at the end of the ith sampling time interval, assuming one control per level and c levels of controls. 

pci,c(sn|¬M): The conditional state probability vector of a system with n failure states, at the end of the ith sampling time interval, given that the system has not been in the maintenance state, assuming one control per level and c levels of controls.

Tn: The state transition matrix of a system with n failure modes.

Rn ,i: The state transition probability matrix of a system with n failure modes at the ith sampling time interval.

Mn,i: The matrix of the normalized expected times from the state transitions of a system with n failure modes at the ith sampling time interval. 

Qn,i,c: The transition probability matrix because of the application of the QC procedure of a system with n failure modes at the end of the ith sampling time interval, assuming one control per level and c levels of controls.

rc,d(sn): The risk vector of a system with n failure modes, assuming one control per level and c levels of controls. The risk functions are based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively.
cti,c(sn): The quality related cost vector of a system with n failure states, assuming one control per level and c levels of controls. 
Notation of the measures
Mced(S): A critical error measure of a state S based on the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively.

NMced(S): A critical error measure of a state S based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively .
RLrd(S): A risk rate measure of a state S based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively .
RLrrc,d(S): A residual risk rate measure of a state S based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively , assuming one control per level and c levels of controls.
rn,i,c,d: A risk measure of an analytical system with n failure modes during the ith sampling time interval, based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively, assuming one control per level and c levels of controls.
rrn,i,c,d: A residual risk measure of an analytical system with n failure modes after the ith sampling time interval, based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively, assuming one control per level and c levels of controls.
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 A QC related cost measure of an analytical system with n failure modes at the ith sampling time interval, assuming one control per level and c levels of controls.
Notation of the performance measures
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: The mean total time of application of the algorithm until the system enters the maintenance state, of a series of up to k sampling time intervals, assuming n critical-failure modes, initial time t0 and initial state probability vector p0(sn).
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: The mean number of sampling time intervals until the system enters the maintenance state, of a series of up to k sampling time intervals, assuming n critical-failure modes, initial time t0 and initial state probability vector p0(sn).
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: The mean sampling time interval length, until the system enters the maintenance state, of a series of up to k sampling time intervals, assuming n critical-failure modes, initial time t0 and initial state probability vector p0(sn).
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: The mean residual risk measure per time interval, until the system enters the maintenance state, of a series of up to k sampling time intervals, assuming n critical-failure modes, one control per level and c levels of controls, a risk function based on the normalized sum of the dth upper and lower partial moments of the measurement error with reference to mte and –mte respectively, initial time t0 and initial state probability vector p0(sn).
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: The mean expected QC related cost per time unit measure, until the system enters the maintenance state, of a series of up to k sampling time intervals, assuming n critical-failure modes, one control per level and  c levels of controls, initial time t0 and initial state probability vector p0(sn).
Notation of the parameters

ti: The end of the ith sampling time interval
l: The decision limit of the QC rule.

lc: The decision limit of the QC rule applied to the cth level of controls.
mte: The medically acceptable measurement error
μ0: The mean of the measurement error during the reliability state.

σ0: The standard deviation of the measurement error during the reliability state.
μj: The mean of the measurement error because of  the jth failure mode.

σj: The standard deviation of the measurement error because of  the jth failure mode.
μj,h: The mean of the measurement error of the hth level of controls because of  the jth failure mode, assuming a multivariate distribution of the measurement error.
σj,h: The standard deviation of the measurement error of the hth level of controls because of  the jth failure mode, assuming a multivariate distribution of the measurement error.
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: The mean of the component probability density function 
[image: image10.wmf]j

g

of the mixture probability density function of the measurement error because of  the jth failure mode.


[image: image11.wmf]j

s

: The standard deviation of a component probability density function 
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of the mixture probability density function the measurement error because of the jth failure mode
wj: The probability of the component probability density function 
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of the mixture probability density function of the measurement error because of  the jth failure mode.
ρj,h,k: The correlation coefficient of the measurement error of the jth failure mode between the hth and kth levels of controls, assuming a multivariate distribution of the measurement error.
ρj: The correlation coefficient of the measurement error of the jth failure mode between the two levels of controls, assuming a bivariate distribution of the measurement error.
αj: A shape parameter of the general distribution of the jth failure mode.

βj: A shape parameter of the general distribution of the jth failure mode.

γj : A parameter of the general distribution of the jth failure mode.
θj : A scale parameter of the general distribution of the jth failure mode.
λj: A scale parameter of the general distribution of the jth failure mode. 
τi: A time subinterval of the ith sampling time interval.
q: The cost of each control

m: The maintenance state related cost
Notation of operators
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: The dot product
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: The Hadamard product 
T: The transpose operator.
Partial moments
The dth moment of a probability density function g(x) of a real variable x about a value c is defined as:
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The dth lower and upper partial moments of the same function g(x) with reference to c are defined as:
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For  d ≥ 0 and c>0 the normalized sum of the dth upper and the absolute value of the dth lower partial moments of the measurement error probability density function g(x) with reference to  mte and –mte respectively equals:


[image: image19.wmf](

)

(

)

1

()(),0

npm()

()(),0

d

dd

d

dd

mmtemmted

mte

mmtemmted

-+

-+

ì

-+>

ï

=

í

ï

-+=

î


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (71)

Definition of functions assuming multivariate measurement error probability density functions
The probability density function of a bivariate normal distribution of the measurement error is: 


[image: image20.wmf](

)

(

)

(

)

(

)

(

)

22

1,11,12,22,2

22

2

,1,2

,1,2

2

1

21

12

2

,1,2

(,)

21

jjjjj

jj

jj

j

xxxx

j

jjj

e

gxx

mrmmm

ss

ss

r

pssr

æö

----

ç÷

--+

ç÷

-

ç÷

èø

=

-


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (72)

If the measurement error of the two levels of the concentration of the measurand of the controls is uncorrelated we have: 
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Assuming a bivariate distribution of the measurement error and QC rules applied to one control per level at the two levels of controls, with respective decision limits l1 and l2, the probability of rejection because of the jth failure mode, at the ith sampling time interval  is:
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Assuming an additive measurement error model, the respective probability of rejection because of the combined jth and hth failure modes is:


[image: image23.wmf](

)

(

)

21

21

21122121212

Prej(,)1g,g,

ll

jhjh

ll

FFxyxyyydxdxdydy

¥¥

-¥-¥--

=---

òòòò


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (75)

The critical measurement error measures that are defined for the ith sampling time interval, based on the dth upper and the absolute value of the dth  lower partial moments of the measurement error with reference to mte and –mte respectively are (see eq. (24)

):
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If the measurement error of the two failure modes is correlated then a quad-variate pdf can be used. If the measurement error of the two levels of the concentration of the controls is uncorrelated then we have:
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where 
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 the probability density functions of the measurement error at the 1st and 2nd level of the controls because of the the  jth  and hth failure modes.
 In general, the probability density function of the measurement error of the c correlated levels of the concentration of the measurand of the controls because of  n critical-failure modes with correlated measurement error is cn-variate. The respective covariance matrix can be estimated 
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