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Appendix

Theorem 1 Let Y ∼ Np(µ,Σ) and write y = (y′1,y
′
2)′, µ = (µ′1,µ

′
2)′, and

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
Suppose instead of Rp, Y is defined only on a truncated support

c < y < d. Consider the partitions c = (c′1, c
′
2)′ and d = (d′1,d

′
2)′. Then, the

conditional distribution of Y 1 given y2 is given by

f∗(y1|y2) =
f(y1|y2)∫ d1

c1
f(y1|y2)dy1

where f(y1|y2) is the conditional probability density function of Y 1 given y2 i.e.
Y 1|y2 ∼ Nq(µ1 + Σ12Σ−1

22 (y2 − µ2),Σ11.2 = Σ11 − Σ12Σ−1
22 Σ21)

Proof: The joint p.d.f. of Y over the support (c,d) is given by,

ψ(y) = k.f(y) = kf(y1,y2)

where k is such that,

k

∫ d

c

f(y) dy = k

∫ d1

c1

∫ d2

c2

f(y1,y2) dy1 dy2 = 1

=⇒ k =
1∫ d1

c1

∫ d2

c2
f(y1,y2) dy1 dy2

=
1∫ d1

c1

∫ d2

c2
f(y2)f(y1|y2) dy1 dy2

Again the marginal p.d.f. of Y 2 is given by,

g(y2) =

∫ d1

c1

ψ(y) dy1 = k

∫ d1

c1

f(y1,y2) dy1 = kf(y2)

∫ d1

c1

f(y1|y2) dy1
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Hence the conditional p.d.f. of Y 1 given y2 is,

f∗(y1|y2) =
ψ(y1,y2)

g(y2)
=

kf(y2)f(y1|y2)

kf(y2)
∫ d1

c1
f(y1|y2) dy1

=
f(y1|y2)∫ d1

c1
f(y1|y2) dy1

Hence, the result is proved. In particular, if Y ∼ Np(µ,Σ), then we know that
Y 2 ∼ Np−q(µ2,Σ22) and Y 1|y2 ∼ Nq(µ1.2,Σ11.2) where µ1.2 = µ1 + Σ12Σ−1

22 (y2 − µ2)
and Σ11.2 = Σ11 − Σ12Σ−1

22 Σ21. Using the above result, we get the conditional
distribution of Y 1 given y2 on the truncated support.

Result 1 Let φ(x) = 1√
2π
e−x

2/2 and Φ(x) =
∫ x
−∞ φ(t)dt for any x ∈ (−∞,∞). Then,

an approximate expression of q
(d,µ)
• is given as,

q
(d,µ)
• =

µp•100 + µp•010 + (d+ µ)p•001

1− p•000

where p•100 ≈
1

2N
√
σ∗22

φ(
x̂∗
2√
σ∗
22

)

Φ(
x̂∗
2√
σ∗
22

)
.

1

2N
√
σ∗33

φ(
x̂∗
3√
σ∗
33

)

Φ(
x̂∗
3√
σ∗
33

)
.

1

2N
√
σ44

φ( x̂4√
σ44

)

Φ( x̂4√
σ44

)

p•010 ≈
1

2N
√
σ∗∗33

φ(
x̂∗∗
3√
σ∗∗
3

)

Φ(
x̂∗∗
3√
σ∗∗
33

)
.

1

2N
√
σ∗∗22

φ(
x̂∗∗
2√
σ∗∗
2

)

Φ(
x̂∗∗
2√
σ∗∗
22

)
.

1

2N
√
σ44

φ( x̂4√
σ44

)

Φ( x̂4√
σ44

)

p•001 ≈
1

2N
√
σ∗∗∗44

φ(
x̂∗∗∗
4√
σ∗∗∗
44

)

Φ(
x̂∗∗∗
4√
σ∗∗∗
44

)
.

1

2N
√
σ∗∗∗22

φ(
x̂∗∗∗
2√
σ∗∗∗
22

)

Φ(
x̂∗∗∗
2√
σ∗∗∗
22

)
.

1

2N
√
σ33

φ( x̂3√
σ33

)

Φ( x̂3√
σ33

)

where x̂∗i , σ
∗
ii for i = 2, 3, x̂∗∗i , σ

∗∗
ii for i = 2, 3, x̂∗∗∗i , σ∗∗∗ii for i = 2, 4 are obtained from

the truncated conditional distribution of multivariate normal distribution as given in
(23).

Proof: First note that for large N ,
√
N(x− x̂) approximately follows a four-variate

multivariate normal distribution with mean zero and covariate matrix Σ, as obtained
from Eq (23). We also know that for small h (h > 0), Φ(y + h)− Φ(y) ≈ h.φ(y).

Moreover, we shall show that p•000, p•100, p•010, and p•001 contain product of φ(ν)
Φ(ν)

terms. Since N is unknown, we cannot evaluate its values exactly. Thus we use another

approximation to φ(ν)
Φ(ν) based on a logistic function only to make the calculation

relatively simple. Putting σ(z) = 1
1+e−z and β = 16

15
π√
3
, for large ν we approximate φ(ν)

Φ(ν)
as,

φ(ν)

Φ(ν)
=

φ(ν)∫ ν
−∞ φ(x)dx

=
βφ(ν)∫ βν

−∞ φ( yβ )dy
≈ βφ(ν)

σ(βν)
= βφ(ν)(1 + e−βν)

≈β
[1 + cos(ν)

2π

]
(1 + e−βν) ≈ β 1 + cos(ν)

2π

Now using all these, we are able to evaluate an approximate expression of different
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terms in q
(d,µ)
• at equilibrium points.

p•100 =

∞∑
s=0

P (S = s, I = 1, C = 0, A = 0)

≈P (0.5 < Nx2(t) ≤ 1, 0 < Nx3(t) < 0.5, 0 < Nx4(t) < 0.5)

=P (0.5 < Nx2(t) ≤ 1|0 < Nx3(t) < 0.5, 0 < Nx4(t) < 0.5)

× P (0 < Nx3(t) < 0.5|0 < Nx4(t) < 0.5)P (0 < Nx4(t) < 0.5)

=
Φ(

1
N−x̂

∗
2√

σ∗
22

)− Φ(
1

2N−x̂
∗
2√

σ∗
22

)

1− Φ(
1

2N−x̂
∗
2√

σ∗
22

)
.
Φ(

1
2N−x̂

∗
3√

σ∗
33

)− Φ(
0−x̂∗

3√
σ∗
33

)

1− Φ(
0−x̂∗

3√
σ∗
33

)
.
Φ(

1
2N−x̂4√
σ44

)− Φ( 0−x̂4√
σ44

)

1− Φ( 0−x̂4√
σ44

)

≈ 1

2N
√
σ∗22

φ(
1

2N−x̂
∗
2√

σ∗
22

)

1− Φ(
1

2N−x̂
∗
2√

σ∗
22

)
.

1

N
√
σ∗33

φ(
0−x̂∗

2√
σ∗
33

)

1− Φ(
0−x̂∗

3√
σ∗
33

)
.

1

N
√
σ44

φ( 0−x̂4√
σ44

)

1− Φ(
0−x̂∗

4√
σ44

)

≈ 1

2N
√
σ∗22

φ(
x̂∗
2√
σ∗
22

)

Φ(
x̂∗
2√
σ∗
22

)
.

1

2N
√
σ∗33

φ(
x̂∗
3√
σ∗
33

)

Φ(
x̂∗
3√
σ∗
33

)
.

1

2N
√
σ44

φ( x̂4√
σ44

)

Φ( x̂4√
σ44

)

≈ β3

64π3N3
√
σ∗22σ

∗
33σ44

(1 + cos(
x̂∗2√
σ∗22

)(1 + cos(
x̂∗3√
σ∗33

))(1 + cos(
x̂4√
σ44

))

p•010 =

∞∑
s=0

P (S = s, I = 0.C = 1, A = 0)

≈P (0.5 < Nx3(t) ≤ 1|0 < Nx2(t) < 0.5, 0 < Nx4(t) < 0.5)

× P (0 < Nx2(t) < 0.5|0 < Nx4(t) < 0.5)P (0 < Nx4(t) < 0.5)

=
Φ(

1
N−x̂

∗∗
3√

σ∗∗
33

)− Φ(
1

2N−x̂
∗∗
3√

σ∗∗
33

)

1− Φ(
1

2N−x̂
∗∗
3√

σ∗∗
33

)
.
Φ(

1
2N−x̂

∗∗
3√

σ∗∗
33

)− Φ(
0−x̂∗∗

2√
σ∗∗
22

)

1− Φ(
0−x̂∗∗

2√
σ∗∗
22

)
.
Φ(

1
2N−x̂4√
σ44

)− Φ( 0−x̂4√
σ44

)

1− Φ( 0−x̂4√
σ44

)

≈ 1

2N
√
σ∗∗33

φ(
1

2N−x̂
∗∗
3√

σ∗∗
33

)

1− Φ(
1

2N−x̂
∗∗
3√

σ∗∗
33

)
.

1

2N
√
σ∗∗22

φ(
0−x̂∗∗

2√
σ∗∗
22

)

1− Φ(
1

2N−x̂
∗∗
2√

σ∗∗
22

)
.

1

2N
√
σ44

φ( 0−x̂4√
σ44

)

1− Φ(
1

2N−x̂4√
σ44

)

≈ 1

2N
√
σ∗∗33

φ(
x̂∗∗
3√
σ∗∗
3

)

Φ(
x̂∗∗
3√
σ∗∗
33

)
.

1

2N
√
σ∗∗22

φ(
x̂∗∗
2√
σ∗∗
2

)

Φ(
x̂∗∗
2√
σ∗∗
22

)
.

1

2N
√
σ44

φ( x̂4√
σ44

)

Φ( x̂4√
σ44

)

≈ β3

64π3N3
√
σ∗∗22σ

∗∗
33σ44

(1 + cos(
x̂∗∗2√
σ∗∗22

)(1 + cos(
x̂∗∗3√
σ∗∗33

))(1 + cos(
x̂4√
σ44

))
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p•001 =

∞∑
s=0

P (S = s, I = 0, C = 0, A = 1)

≈P (0.5 < Nx4(t) ≤ 1|0 < Nx2(t) < 0.5, 0 < Nx3(t) < 0.5)

× P (0 < Nx2(t) < 0.5|0 < Nx3(t) < 0.5)P (0 < Nx3(t) < 0.5)

=
Φ(

1
N−x̂

∗∗∗
4√

σ∗∗∗
44

)− Φ(
1

2N−x̂
∗∗∗
4√

σ∗∗∗
44

)

1− Φ(
1

2N−x̂
∗∗∗
4√

σ∗∗∗
44

)
.
Φ(

1
2N−x̂

∗∗∗
2√

σ∗∗∗
22

)− Φ(
0−x̂∗∗∗

2√
σ∗∗∗
22

)

1− Φ(
0−x̂∗∗∗

2√
σ∗∗∗
22

)
.
Φ(

1
2N−x̂3√
σ33

)− Φ( 0−x̂3√
σ33

)

1− Φ( 0−x̂3√
σ33

)

≈ 1

2N
√
σ∗∗∗44

φ(
1

2N−x̂
∗∗∗
4√

σ∗∗∗
44

)

1− Φ(
1

2N−x̂
∗∗∗
4√

σ∗∗∗
44

)
.

1

2N
√
σ∗∗∗22

φ(
0−x̂∗∗∗

2√
σ∗∗∗
22

)

1− Φ(
1

2N−x̂
∗∗∗
2√

σ∗∗∗
22

)
.

1

2N
√
σ33

φ( 0−x̂3√
σ33

)

1− Φ(
1

2N−x̂3√
σ33

)

≈ 1

2N
√
σ∗∗∗44

φ(
x̂∗∗∗
4√
σ∗∗∗
44

)

Φ(
x̂∗∗∗
4√
σ∗∗∗
44

)
.

1

2N
√
σ∗∗∗22

φ(
x̂∗∗∗
2√
σ∗∗∗
22

)

Φ(
x̂∗∗∗
2√
σ∗∗∗
22

)
.

1

2N
√
σ33

φ( x̂3√
σ33

)

Φ( x̂3√
σ33

)

≈ β3

64π3N3
√
σ∗∗∗22 σ33σ∗∗∗44

(1 + cos(
x̂∗∗∗2√
σ∗∗∗22

)(1 + cos(
x̂3√
σ33

))(1 + cos(
x̂∗∗∗4√
σ∗∗∗44

))

p•000 =

∞∑
s=0

P (S = s, I = 0, C = 0, A = 0)

≈P (0 < Nx2(t) < 0.5|0 < Nx3(t) < 0.5, 0 < Nx4(t) < 0.5)

× P (0 < Nx3(t) < 0.5|0 < Nx4(t) < 0.5)P (0 < Nx4(t) < 0.5)

=
Φ(

1
N−x̂

∗
2√

σ∗
22

)− Φ(
1

2N−x̂
∗
2√

σ∗
22

)

1− Φ(
1

2N−x̂
∗
2√

σ∗
22

)
.
Φ(

1
N−x̂

∗
3√

σ∗
33

)− Φ(
1

2N−x̂
∗
3√

σ∗
33

)

1− Φ(
1

2N−x̂
∗
3√

σ∗
33

)
.
Φ(

1
N−x̂4√
σ44

)− Φ(
1

2N−x̂4√
σ44

)

1− Φ(
1

2N−x̂4√
σ44

)

≈ 1

2N
√
σ∗22

φ(
1

2N−x̂
∗
2√

σ∗
22

)

1− Φ(
1

2N−x̂
∗
2√

σ∗
22

)
.

1

2N
√
σ∗33

φ(
0−x̂∗

3√
σ∗
33

)

1− Φ(
1

2N−x̂
∗
3√

σ∗
33

)
.

1

2N
√
σ44

φ( 0−x̂4√
σ44

)

1− Φ(
1

2N−x̂4√
σ44

)

≈ 1

2N
√
σ∗22

φ(
x̂∗
2√
σ∗
22

)

Φ(
x̂∗
2√
σ∗
22

)
.

1

2N
√
σ∗33

φ(
x̂∗
3√
σ∗
33

)

Φ(
x̂∗
3√
σ∗
33

)
.

1

2N
√
σ44

φ( x̂4√
σ44

)

Φ( x̂4√
σ44

)

≈ β3

64π3N3
√
σ∗22σ

∗
33σ44

(1 + cos(
x̂∗2√
σ∗22

)(1 + cos(
x̂∗3√
σ∗33

))(1 + cos(
x̂4√
σ44

))
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