
S2 Appendix

PDF of the length of a subvector of a unit vector.

Lemma 1. Given a random variable X with probability distribution function pX(x), the
probability distribution function of Y = X2 is given by

pY (y) =
1

2
√
y
· pX(

√
y). (1)

Proof. Performing a change in variable with y = f(x) = x2 gives

pY (y) =

∣∣∣∣ ddy (f−1(y)
)∣∣∣∣ · pX(f−1(y))

=
∣∣∣ ddy (√y

)∣∣∣ · pX(
√
y)

=
1

2
√
y
· pX(

√
y).

(2)

Theorem 1. Let v = (v1, . . . , vn+m) be a vector of dimension n+m with n,m ∈ N+ and
random components distributed independently according to vi ∼ N (0;σ). Let v̂ = v/|v|
be the vector normalized to unit length. Then the length |v̂1:m| of a subvector v̂1:m =
(v̂1, . . . , v̂m) with m components is distributed according to the probability distribution
function

pSB(x;n,m) =
2

B
(
n
2 ,

m
2

) (x2)(m−1)/2 (
1− x2

)n/2−1
. (3)

Proof. The length of the subvector is given by the random variable

|v̂1:m| = |v1:m|
|v|

=
|v1:m|√

|v1:m|2 +|vm+1:n+m|2

=
1√

1 + |vm+1:n+m|2

|v1:m|2

=
1√

1 +Q

(4)

with random variable

Q =
|vm+1:n+m|2

|v1:m|2
. (5)

The probability distribution function of the quotient of two random variables is given
by

pX/Y (x) =

∫ ∞

−∞
|y| pX(xy)pY (y) dy (6)
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Using this equation, Theorem 1 in S1 Appendix, and Lemma 1 we obtain

pQ(x;σ, n,m) =

∫ ∞

−∞
|y| p|vm+1:n+m|2(xy;σ, n)p|v1:m|2(y;σ,m) dy

=

∫ ∞

0

|y|
4
√

xy2
· p|vm+1:n+m|2(

√
xy;σ, n)p|v1:m|(

√
y;σ,m) dy

=

∫ ∞

0

|y|
4
√

xy2
· knkm(

√
xy)n−1(

√
y)m−1 exp

(
− xy

2σ2

)
exp

(
− y

2σ2

)
dy

=
knkm
4
√
x

∫ ∞

0
x(n−1)/2y(n+m−2)/2 exp

(
−x+ 1

2σ2
· y
)
dy

=
knkm
4

· xn/2−1 · 2σ2

x+ 1

∫ ∞

0

z + 1

2σ2︸ ︷︷ ︸
φ′(y)

y(n+m−2)/2 exp

(
−x+ 1

2σ2
· y
)

︸ ︷︷ ︸
f(φ(y))

dy.

(7)

Applying a substitution with φ(y) = x+1
2σ2 · y and f(φ(y)) =

(
2σ2

x+1 · φ(y)
)(n+m−2)/2

·
exp
(
−φ(y)

)
gives

pQ(x;σ, n,m) =
knkm
4

· xn/2−1 · 2σ2

x+ 1
·∫ φ(∞)

φ(0)

(
2σ2

x+ 1
· φ(y)

)(n+m−2)/2

· exp
(
−φ(y)

)
dy

=
knkm
4

· xn/2−1 ·

(
2σ2

x+ 1

)(n+m)/2 ∫ ∞

0
φ(y)(n+m−2)/2 · exp

(
−φ(y)

)
dy

=
knkm
4

· xn/2−1 ·

(
2σ2

x+ 1

)(n+m)/2

Γ

(
n+m

2

)
.

(8)
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Another change in variables is performed to obtain pSB(x;n,m) with x = f(y) =
√

1
1+y .

pSB(x;n,m) =

∣∣∣∣ d
dx

(
f−1(x)

)∣∣∣∣ · pQ(f−1(x);σ, n,m
)

=
∣∣∣−2x−3

∣∣∣ · knkm
4

·
(
x−2 − 1

)n/2−1
·

(
2σ2

x−2

)(n+m)/2

Γ

(
n+m

2

)
=

knkm
2

·
(
2σ2
)(n+m)/2

· xn+m−3
(
x−2 − 1

)n/2−1
Γ

(
n+m

2

)
=

(
2σ2
)(n+m)/2 · Γ

(
n+m
2

)
2 · 2(n/2)−1 · 2(m/2)−1 · σnσm · Γ

(
n
2

)
Γ
(
m
2

) · xn+m−3
(
x−2 − 1

)n/2−1

=
2

B
(
n
2 ,

m
2

) · xn+m−3
(
x−2 − 1

)n/2−1

=
2

B
(
n
2 ,

m
2

) · xm−1
(
1− x2

)n/2−1

=
2

B
(
n
2 ,

m
2

) · (x2)(m−1)/2 (
1− x2

)n/2−1

(9)

Corollary 1. The squared length |v̂1:m|2 of the subvector is distributed according to a
Beta distribution with α = m/2, β = n/2.

Theorem 2. If X is a random variable distributed according to X ∼ pSB(x;n,m), then
the cumulative distribution function is

FSB(x;n,m) =
B
(
x2; m2 ,

n
2

)
B
(
m
2 ,

n
2

) . (10)

Proof.

FSB(x;n,m) =

∫ x

0

2

B
(
n
2 ,

m
2

) · (x2)(m−1)/2 (
1− x2

)n/2−1
dx

=
1

B
(
n
2 ,

m
2

) · ∫ x

0
2x · x−1 ·

(
x2
)(m−1)/2 (

1− x2
)n/2−1

dx

=
1

B
(
n
2 ,

m
2

) · ∫ x

0
2x︸︷︷︸
φ′(x)

·
(
x2
)m/2−1 (

1− x2
)n/2−1

︸ ︷︷ ︸
f(φ(x))

dx

(11)

Applying a substitution with φ(x) = x2 gives:

FSB(x;n,m) =
1

B
(
n
2 ,

m
2

) · ∫ φ(x)

φ(0)

(
φ(x)

)m/2−1 (
1− φ(x)

)n/2−1
dφ(x)

=
B
(
x2; m2 ,

n
2

)
B
(
m
2 ,

n
2

) (12)
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