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Theoretical Expected Times to Absorption

To investigate the long run behaviour of the system we consider the simple case when there are two taxa
in the system, one which cannot migrate in and the other which can. This system can be described
using the one dimensional stochastic differential equation (1). Here we suppose that X is the relative
abundance of the taxon which cannot migrate into the system but which is already present (i.e. the
‘bulk’ taxon). The other taxon (i.e. the biofilm taxon) can migrate in but is at a disadvantage when it
does. W is normally distributed random variable with mean zero and unit variance and α∗ denotes the
advantage term. The initial abundance of the bulk taxon is denoted b throughout.

dX = [−mX + α∗X(1 −X)]dt+
√

2X(1 −X)dtW (1)

From relative abundance b at t = 0, the expected time to fixation of the migrating taxon is given by
(2) [?,?]

T̂ (b) =

∫ 1

0

T (x, b)dx (2)

Where the function T (x, b) is

T (x, b) =
1

x
(1 − x)m−1 expαx

∫ x

0

(1 − y)−m exp−αy dy for 0 ≤ x ≤ b (3)

T (x, b) =
1

x
(1 − x)m−1 expαx

∫ b

0

(1 − y)−m exp−αy dy for b ≤ x ≤ 1

Expected times to absorption are abtained for values α∗ used in simulation, taking the initial relative
abundance of the non-migrating taxon to be b = 0.8. If 100 units of time corresponds to N2 individual
events (N = 103), then for α∗ = 0, 20, 40, 60100 the expected times to fixation are 10, 15, 30, 33.9,
4.5 × 105, 1.6 × 1011 respectively. These parameters are borne out by the simulations involving three
taxa, since here we assume the migrating taxon already occupies 20% of capacity and only two taxa are
present.


