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Abstract

Ultra-reliable low-latency communication (URLLC) is a key technology in future wireless

communications, and finite blocklength (FBL) coding is the core of the URLLC. In this paper,

FBL coding schemes for the wireless multi-antenna channels are proposed, which are

based on the classical Schalkwijk-Kailath scheme for the point-to-point additive white

Gaussian noise channel with noiseless feedback. Simulation examples show that the pro-

posed feedback-based schemes almost approach the corresponding channel capacities.

1 Introduction

The rapid development of wireless communication technologies has driven the emergence of

numerous innovative applications and services that demand ultra-reliable and low-latency

communications (URLLC). To address the evolving requirements of industries such as indus-

trial automation, healthcare, transportation, and virtual reality, the concept of URLLC has

gained significant attention. URLLC, a fundamental aspect of the fifth-generation (5G) and

beyond communication systems, aims to provide highly reliable and low-latency connectivity

for mission-critical and latency-sensitive applications [1].

In practical wireless communication systems, finite blocklength (FBL) coding is a favorable

way [2–4] for reducing the end-to-end communication latency, and the analysis of FBL coding

receives a great deal of attention. To be specific, the second-order asymptotics for discrete

memoryless case was first studied by Strassen [5]. Then Hayashi [6, 7] extended the result in

[5] to more general cases by using the information spectrum method [8], and obtained the

optimum second-order coding rate [6]. In addition, Tan [9] presented a unified treatment for

asymptotic estimates in information theory with non-vanishing error probabilities, Zhou and

Motani [10] provided a comprehensive review of recent advances in second-order asymptotics

for lossy source coding. Recently, the bounds on the maximal transmission rate in FBL regime

were given by Polyanskiy, Poor and Verdú in [11]. Subsequently, Truong, Fong and Tan [12]

stated that channel with feedback link is an useful tool to construct the practical FBL coding

scheme, namely the classical Schalkwijk-Kailath (SK) scheme [13]. The basic intuition of the

classical SK scheme is that at each time instant, the receiver does minimum mean square esti-

mation about the transmitted message, and sends his estimation back to the transmitter via a

noiseless feedback channel. Then, the transmitter obtains the receiver’s estimation error since
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the he knows the real message. In the next time, the transmitter sends the receiver’s estimation

error in the last time to the receiver. It has been shown that the decoding error probability of

the classical SK scheme double-exponentially decays as the codeword length increases, which

indicates that to achieve a desired decoding error probability, the codeword length of the SK

scheme is significantly short.

However, the classical SK coding scheme is mainly investigated in point-to-point additive

white Gaussian noise (AWGN) channel, and the challenge to the application of SK scheme to

practical wireless multi-antenna systems is as follows.

• The classical SK scheme [13] is designed for real-domain signals and noise. How to extend it

to the complex-domain wireless static channel with single antenna equipped by the

transceiver?

• How to further extend the above scheme to the same model with multiple antennas?

In this paper, we answer the above questions by extending the classical SK scheme to the

single-input single-output (SISO)/single-input multiple-output (SIMO)/multiple-input single-

output (MISO)/multiple-input multiple-output (MIMO) channels. The technical innovations

are given below:

• For the SISO channel: By dividing the SISO channel with complex-valued channel parame-

ters into two equivalent sub-channels with real-valued channel parameter, and by applying

the classical SK scheme to each of the sub-channels, we obtain the SK-type FBL scheme for

the SISO channel with noiseless feedback.

• For the SIMO channel: The SIMO channel can be transformed into SISO channel by using

receiving beamforming technique. Then applying the SK-type FBL scheme for SISO channel

to the obtained SISO channel, the SK-type FBL scheme for the SIMO channel is obtained.

• For the MISO channel: The MISO channel can be transformed into SISO channel by using

precoding technique. Then applying the SK-type FBL scheme for SISO channel to the

obtained SISO channel, the SK-type FBL scheme for the MISO channel is obtained.

• For the MIMO channel: The MIMO channel can be transformed into multiple parallel sub-

channels by singular value decomposition technique. Then applying the SK-type FBL

scheme for SISO channel to the each SISO sub-channel, the SK-type FBL scheme for the

MIMO channel is obtained.

Organization: Formal definitions of the studied systems are given in Section 2. SK-type FBL

coding schemes for these communication systems are shown in Section 3. Simulation exam-

ples are given in Section 4. Section 5 includes conclusions of this paper and discusses the future

work.

Assumptions:

• We assume that all CSIs stay constant during the entire transmission.

• All CSIs are shared by the transceiver in the system.

Notations: Table 1 summarizes the symbols used in this paper.

2 Model formulation

The wireless static channels investigated in this paper are given in the following Fig 1, which

consist of a transmitter and a receiver equipped with T (T� 1) antenna(s) and M (M� 1)

antenna(s), respectively. In the following Fig 1, when (T = M = 1), (T = 1, M� 2), (T� 2,
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M = 1) and (T� 2, M� 2), the model reduces to SISO, SIMO, MISO and MIMO channel,

respectively.

Channel input-output relationship: At time instant i (i = 1, 2, . . ., n), the signal received by

the receiver is given by

Yi ¼ hXi þ ηi; ð1Þ

where the elements of ηi 2 C
M�1

are independent identically distributed (i.i.d.) as CN ð0; s2Þ,

h 2 CM�T
is the channel gain of transmitter-receiver channel.

For convenience, in the remainder of this paper, channel gain h of the SISO/SIMO/MISO/

MIMO channel is respectively denoted by hsiso 2 C
1�1

, hsimo 2 C
M�1

(M� 2), hmiso 2 C
1�T

(T� 2) and hmimo 2 C
M�T

(T� 2, M� 2).

Definition 1: A ðn; jWj; PÞ-code with average power constraint consists of:

• The transmitted message W is uniformly distributed over a finite set W ¼ f1; 2; :::; jWjg.

• For the encoder: the output signal Xi = f(W, h, Yi−1) meets the average power constraint

1

n

Xn

i¼1

E½XH
i Xi� � P; ð2Þ

where f(�) is the transmitter’s deterministic encoding function.

Table 1. Notations.

Notation Meaning

n and ε Codeword length and decoding error probability, respectively

T and M Number of transmitting and receiving antennas, respectively

Boldface letter A matrix or a vector

IN An N × N identity matrix

Yn Denotes Y1, Y2, . . ., Yn

ð�Þ
H Conjugate transpose

det(�) Determinant of a square matrix

| � | Modulus of a complex number or cardinality of a set

|| � || l2-norm of a vector

E(�) and Var(�) Statistical expectation and variance, respectively

CN ð0;s2Þ Circularly symmetric complex Gaussian distribution

CM�N A M × N complex-domain matrix

* “Distributed as”

https://doi.org/10.1371/journal.pone.0297810.t001

Fig 1. The SISO/SIMO/MISO/MIMO systems (T� 1, M� 1) with noiseless feedback.

https://doi.org/10.1371/journal.pone.0297810.g001
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• For the decoder: the output signal ŵ ¼ φðYn; hÞ, here φ is a decoding function for the

receiver.

Definition 2: For the (n; jWj; P)-code defined in the above Definition 1, the average decod-

ing error probability is defined as

Pe ¼
1

jWj

X

W2W
PrfcðYn; hÞ 6¼WjW sentg: ð3Þ

The (n, ε)-transmission rate R(n, ε) is achievable if for given blocklength n and error proba-

bility ε, there is a ðn; jWj; PÞ-code introduced in Definition 1 such that

log jWj
n

¼ Rðn; εÞ; Pe � ε; ð4Þ

and the maximal rate R*(n, ε) is the maximum rate defined in (4). In addition, the capacity is

defined as

C ¼ lim
N!1

lim
ε!0

R?ðn; εÞ: ð5Þ

3 SK-type FBL schemes for multi-antenna channels with noiseless

feedback link

3.1 A SK-type FBL scheme for the SISO case (T = M = 1)

For the SISO channel, at time i (i = 1, 2, . . ., n), the signal received by the receiver is given by

Yi ¼ hsisoXi þ Zi; ð6Þ

where hsiso 2 C
1�1

is the channel gain between the transmitter and the receiver channel,

Xi 2 C
1�1

, and Zi 2 C
1�1
� CN ð0; s2Þ.

Theorem 1. For given ε and n, an achievable rate Rsiso(n, ε) for the SISO channel with

noiseless feedback link is given by

Rsisoðn; εÞ ¼ Csiso �
1

n
log

1

3
Q� 1 ε

4

� �� �2 s2

Pjhsisoj
2
þ 1

 !" #

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Loss caused by given ðn;εÞ

; ð7Þ

where Csiso ¼ log 1þ
jhsisoj

2P
s2

� �
is the capacity of the SISO channel [14]. Since feedback does

not increase the capacity of the memoryless channels, Csiso is also the capacity of the SISO

channel with noiseless feedback, which serves as an upper bound on Rsiso(n, ε).

Proof.

The signal received by the receiver in (6) can be expressed as

YR;i þ jYI;i ¼ ðhR þ jhIÞðXR;i þ jXI;iÞ þ ZR;i þ jZI;i; ð8Þ

where j is the imaginary unit, and the subscripts R and I respectively denote the real part and

imaginary part of the original complex-domain elements.

According to Eq (8), we have

y0i ¼ XR;i þ Z
0
i; y00i ¼ XI;i þ Z

00
i ; ð9Þ
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where

y0i ¼
hRYR;i þ hIYI;i

h2
R þ h2

I

; y00i ¼
hRYI;i � hIYR;i

h2
R þ h2

I

;

Z0i ¼
hRZR;i þ hIZI;i

h2
R þ h2

I

; Z00i ¼
hRZI;i � hIZR;i

h2
R þ h2

I

:

ð10Þ

Therefore, we conclude that the complex-domain signals and noise can be splitted into two

real-domain signals and noise. Here note that the power constraints of XR,i and XI,i respectively

meet PR and PI, and PR ¼ PI ¼
1

2
P. Moreover, from Eq (10), for the channel noise, we have

EðZ0iÞ ¼ 0, EðZ00i Þ ¼ 0, VarðZ0iÞ ¼
s2

2jhsiso j
2, and VarðZ00i Þ ¼

s2

2jhsiso j
2.

The coding procedure of the two obtained sub-channels is analogous, hence we only give

the detail coding procedure for one of the sub-channels in the following.

Encoding procedure:
For given n and ε, let jWj ¼ 2nRðn;εÞ and the message W = (WR, WI), here the values taken

by WR and WI respectively satisfy WR ¼ f1; 2; :::; 2
nRRg and WI ¼ f1; 2; :::; 2

nRIg, and the

transmission rate satisfies

RR þ RI ¼ Rðn; εÞ: ð11Þ

Splitted [−0.5, 0.5] into 2nRR equally spaced sub-intervals, note that the center of the each sub-

interval is mapped to a value in WR. Let βR be the center of the obtained sub-interval w.r.t. the

message WR.

At time instant 1, the transmitter sends the signal

XR;1 ¼
ffiffiffiffiffiffiffiffiffiffi
12PR

p
bR: ð12Þ

At the end of time instant 1, the receiver receives the signal Y1, and then sends the signal Y1

back to the transmitter by noiseless feedback link.

At time instant 2, the transmitter receives the feedback signal Y1, obtains the signal y0
1

by

using Eqs (8)–(10), and computes

y0
1ffiffiffiffiffiffiffiffiffiffi

12PR

p ¼ bR þ
Z0

1ffiffiffiffiffiffiffiffiffiffi
12PR

p ¼ bR þ εR;1; ð13Þ

where the receiver’s estimation error in the last time instant is εR;1 ¼
Z0

1ffiffiffiffiffiffiffi
12PR
p . Then the transmit-

ter sends the signal

XR;2 ¼

ffiffiffiffiffiffiffi
PR

aR;1

s

εR;1; ð14Þ

where the variance of the estimation error is αR,1 = Var(εR,1).

At time instant i + 1 (i = 2, 3, . . ., n), the transmitter receives the feedback signal Yi, obtains

the signal y0i by using Eqs (8)–(10), and computes the receiver’s estimation error in the last

time instant

εR;i ¼ εR;i� 1 �
Eðy0iεR;i� 1Þ

Eðy0iÞ
2

y0i: ð15Þ
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Then the transmitter sends the signal,

XR;iþ1 ¼

ffiffiffiffiffiffiffi
PR

aR;i

s

εR;i; ð16Þ

where αR,i = Var(εR,i).

The general term for αR,i is given in the following Lemma 1, and note that the term is used

in the procedure of the decoding error probability analysis.

Lemma 1.

For αR,i (i = 2, 3, . . ., n), the general term satisfies

aR;i ¼
s2

12Pjhsisoj
2

�
s2

Pjhsisoj
2
þ s2

�i� 1

: ð17Þ

proof. The proof of Lemma 1 is similar to that of [13], hence the detailed proof is omitted

here.

Decoding procedure:
At time instant 1, the receiver receives the signal Y1, obtains the equivalent signal y0

1
by

using Eqs (8)–(10), and the first estimation of βR is

b̂R;1 ¼
y0

1ffiffiffiffiffiffiffiffiffiffi
12PR

p ¼ bR þ
Z0

1ffiffiffiffiffiffiffiffiffiffi
12PR

p ¼ bR þ εR;1: ð18Þ

At time instant i(i = 2, 3, . . ., n), after receiving the signal Yi, the receiver obtains the equiva-

lent signal y0i by using (8)–(10), and the i-th updated estimation is given by

b̂R;i ¼ b̂R;i� 1 �
Eðy0iεR;i� 1Þ

Eðy0iÞ
2

y0i: ð19Þ

From Eqs (15), (18) and (19), we obtain that for time instant i = n, the final estimation satisfies

b̂R;n ¼ εR;n þ bR: ð20Þ

Decoding error probability analysis:
The decoding error probability Pe of W is bounded as follows, let Pe� Pe,R + Pe,I, here Pe,R

and Pe,I are respectively the decoding error probabilities w.r.t. the message WR and WI. From

Eq (20) and the definition of the mapping value, we have

Pe;R � Pr
n
jεR;nj �

1

2�2nRR

o
�
ðaÞ

2Q
1

2� 2nRR ffiffiffiffiffiffiffi
aR;n
p

 !

¼
ðbÞ

2Q
2
� n RR � 1

2
log 1þ

jhsiso j
2P

s2

� �h i

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

12Pjhsiso j
2 1þ

jhsiso j
2P

s2

� �r

0

B
B
@

1

C
C
A;

ð21Þ

where (a) is due to the fact that Q(x) is the Gaussian Q-function, and (b) is based on the above

Lemma 1. From Eq (21), for given ε and n, we derive that if the rate satisfies

RR �

log 1þ
jhsisoj

2P
s2

� �

2
�

log

(

2Q� 1 ε
4

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2

12Pjhsisoj
2 þ

1

12

r )

n
;

ð22Þ
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Pe,R� ε is guaranteed. Analogously, we derive that

RI �

log 1þ
jhsisoj

2P
s2

� �

2
�

log

(

2Q� 1 ε
4

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2

12Pjhsiso j
2 þ

1

12

r )

n
:

ð23Þ

From Eqs (22), (23) and (11), we obtain R(n, ε) = RR + RI, and define R(n, ε) = Rsiso(n, ε), we

derive the transmission rate Rsiso(n, ε) given in (7).

Remark 1. When the blocklength n tends to infinity, the transmission rate R(n, ε) of the

SISO channel (see Eq (7)) approaches

lim
n!1

Rsisoðn; εÞ ¼ log 1þ
jhsisoj

2P
s2

� �

¼ Csiso: ð24Þ

3.2 A SK-type FBL scheme for the SIMO case (T = 1, M� 2)

For the SIMO case, at time i (i = 1, 2, . . ., n), the signal received by the receiver is given by

Yi ¼ hsimoXi þ ηi; ð25Þ

where hsimo 2 C
M�1

is channel of the SIMO case, Xi 2 C
1�1

, and distribution for the elements

of ηi 2 C
M�1

are i.i.d. as CN ð0; s2Þ.

Theorem 2. For given ε and n, an achievable rate Rsimo(n, ε) for the SIMO channel with

noiseless feedback link is given by

Rsimoðn; εÞ ¼ Csimo �
1

n
log Q� 1

ε
4

� �� �2 s2

3Pjjhsimojj
2
þ

1

3

 !" #

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Loss caused by given ðn;εÞ

; ð26Þ

where Csimo ¼ log 1þ
jjhsimo jj

2P
s2

� �
is the capacity of the SIMO channel [14]. Since feedback does

not increase the capacity of the memoryless channels, Csimo is also the capacity of the SIMO

channel with noiseless feedback, which serves as an upper bound on Rsimo(n, ε).

proof.

The signal in Eq (25) can be rewritten as

hH
simoYi ¼ hH

simohsimoXi þ hH
simoZi ¼ jjhsimojj

2Xi þ hH
simoZi; ð27Þ

where hsimo 2 C
M�1

, Zi 2 C
M�1

, Xi 2 C
1�1

, hH
simoZi 2 C

1�1
� CN ð0; jjhsimojj

2
s2Þ, hH

simoYi 2 C
1�1

.

Replacing hsiso by ||hsimo||2, ηi by hH
simoZi, Yi by hH

simoYi, the SIMO channel can be trans-

formed into the SISO channel defined in Eq (6). Hence along the lines of the coding procedure

in the above subsection, it is not difficult to show that the transmission rate Rsimo(n, ε) given in

(26) is achievable. Therefore the proof of Theorem 2 is completed.

Remark 2. When n tends to infinity, the transmission rate Rsimo(n, ε) of the SIMO channel

(see Eq (26)) approaches

lim
n!1

Rsimoðn; εÞ ¼ log 1þ
jjhsimojj

2P
s2

� �

¼ Csimo: ð28Þ
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3.3 A SK-type FBL scheme for the MISO case (T� 2, M = 1)

For the MISO channel, at time instant i (i = 1, 2, . . ., n), the signal received by the receiver is

given by

Yi ¼ hmisoXi þ Zi; ð29Þ

where hmiso 2 C
1�T

, Xi 2 C
T�1

, and Zi 2 C
1�1
� CN ð0; s2Þ.

Theorem 3. For given ε and n, an achievable rate Rmiso(n, ε) for the MISO channel with

noiseless feedback is given by

Rmisoðn; εÞ ¼ Cmiso �
1

n
log Q� 1 ε

4

� �� �2 s2

3Pjjhmisojj
2
þ

1

3

 !" #

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Loss caused by given ðn;εÞ

; ð30Þ

where Cmiso ¼ log 1þ
jjhmiso jj

2P
s2

� �
is the capacity of the MISO channel [14]. Since feedback does

not increase the capacity of the memoryless channels, Cmiso is also the capacity of the MISO

channel with noiseless feedback, which serves as an upper bound on Rmiso(n, ε).

proof.

Letting

Xi ¼
hH
miso

jjhmisojj
~Xi ) ~Xi ¼

hmisoXi

jjhmisojj
; ð31Þ

where ~Xi 2 C
1�1

, EðXH
i XiÞ ¼ E ~XH

i
hmiso
jjhmisojj

hH
miso

jjhmiso jj
~Xi

� �
¼ Eð~XH

i
~XiÞ ¼ P. The signal received by

the receiver in Eq (29) is further expressed as

Yi ¼ hmiso
hH
miso

jjhmisojj
~Xi þ Zi ¼ jjhmisojj

~Xi þ Zi: ð32Þ

Replacing hsiso by ||hmiso||, Xi by ~Xi, we conclude that the MISO channel can be equivalent to

the SISO channel defined in Eq (6). Then along the lines of the encoding-decoding procedure

in the above subsection, it’s not difficult to show that the transmission rate Rmiso(n, ε) given in

Eq (30) is achievable. Therefore the proof of Theorem 3 is completed.

Remark 3. When n tends to infinity, the transmission rate Rmiso(n, ε) of the MISO channel

(see (30)) approaches

lim
n!1

Rmisoðn; εÞ ¼ log 1þ
jjhmisojj

2P
s2

� �

¼ Cmiso: ð33Þ

3.4 A SK-type FBL scheme for the MIMO case (T� 2, M� 2)

For the MIMO channel, at time instant i (i = 1, 2, . . ., n), the signal received by the receiver is

given by

Yi ¼ hmimoXi þ Zi; ð34Þ

where hmimo 2 C
M�T

, Xi 2 C
T�1

, and the distribution for the elements of ηi 2 C
M�1

are i.i.d. as

CN ð0; s2Þ.
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Based on the SVD (singular value decomposition) method, the matrix hmimo can be

expressed as

hmimo ¼ UDVH; ð35Þ

where U 2 CM�M
and VH 2 CT�T

, here UUH ¼ IM and VVH ¼ IT , D 2 CM�T
is a diagonal

matrix and d1, d2. . .dK are the diagonal elements, here dk (k = 1, 2, . . ., K) is a real number [14,

chapter 7], and K is the minimum between T and M.

Theorem 4. For given ε and n, an achievable rate Rmimo(n, ε) for the MIMO channel with

noiseless feedback is given by

Rmimoðn; εÞ ¼ Cmimo � minPK

k¼1
Pk¼P

1

n

XK

k¼1

log
s2

3Pkd2
k
þ

1

3

� �

Q� 1
ε
4

� �� �2
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Loss caused by given ðn;εÞ

; ð36Þ

where Cmimo ¼ maxPK

k¼1
Pk¼P

PK
k¼1

log 1þ
d2
kPk
s2

� �h i
is the capacity of the MIMO channel [14].

Since feedback does not increase the capacity of the memoryless channels, Cmimo is also the

capacity of the MIMO channel with noiseless feedback, which serves as an upper bound on

Rmimo(n, ε).

proof.

From Eqs (34) and (35), the signal received by the receiver is rewritten by

Yi ¼ UDVHXi þ Zi ) UHYi ¼ DVHXi þ UHZi

) Y0i ¼ DX0i þ Z
0
i;

ð37Þ

where

Y0i ¼ UHYi 2 C
M�1

;X0i ¼ VHXi 2 C
T�1
; Z0i ¼ UHZi 2 C

M�1
; ð38Þ

E½X0Hi X0i� ¼ E½XH
i VV

HXi� ¼ E½XH
i Xi�E½Z0Hi Z

0
i� ¼ E½ZH

i UU
HZi� ¼ E½ZH

i Zi�, and Z0i � CN ð0; s2IMÞ.
Since the matrix D 2 CM�T

is a diagonal matrix and has diagonal elements d1, d2. . ., dK, the

MIMO channel (37) can be transformed into the following K parallel sub-channels

Y 0k;i ¼ dkX0k;i þ Z
0
k;i; i ¼ 1; 2; :::; n; k ¼ 1; 2; :::;K: ð39Þ

The power allocated by the transmitter for each sub-channel meets
PK

k¼1
Pk ¼ P. For given

n and ε, let jWj ¼ 2nRðn;εÞ, split W = (W1, W2, . . ., WK), and further split Wk = (WR,k, WI,k)

(k = 1, 2, . . ., K), where WR,k and WI,k respectively take values in WR;k ¼ f1; 2; :::; 2
nRR;kg and

WI;k ¼ f1; 2; :::; 2
nRI;kg, where the transmission rate of the k-th sub-channel satisfies Rk = RR,k

+ RI,k, and the transmission rate R(n, ε) for all K sub-channels can be defined as

Rðn; εÞ ¼
XK

k¼1

Rk: ð40Þ

Along the lines of the coding procedure in the above subsection, the transmission rate Rk is

given by

Rk ¼ RR;k þ RI;k ¼

(

log 1þ
d2
kPk

s2

� �

�
1

n
log

s2

3Pkd2
k
þ

1

3

� �

Q� 1 ε
4

� �� �2
� �)

: ð41Þ
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Combining Eqs (40) and (41), and power allocating mentioned above, the transmission rate

Rmimo(n, ε) given in (36) can be derived, hence the proof of Theorem 4 is completed.

Remark 4. When n tends to infinity, the transmission rate Rmimo(n, ε) of the MIMO chan-

nel (see (36)) approaches

lim
n!1

Rmimoðn; εÞ ¼ maxPK

k¼1
Pk¼P

XK

k¼1

(

log 1þ
d2
kPk

s2

� �)

¼ Cmimo: ð42Þ

The following Remark 5 explains the significance and importance of the results given in

Theorems 1-4.

Remark 5. In the literature, the classical SK scheme has been shown to be a good finite

blocklenth coding scheme for the AWGN channel with feedback since its decoding error

probability doubly exponentially decays to zero as the coding blocklength tends to infinity.

However, this well-performed scheme cannot be applied to practical wireless multi-antenna

channels since it is only designed for the AWGN channel. In this paper, we extend the SK

scheme to various wireless channels, and characterize the achievable transmission rates of

these extended schemes (see Theorems 1-4), which provides a way for the application of the

SK-type scheme to practical wireless communication systems. In addition, the established

achievable rates in Theorems 1-4 can also be viewed as the fundamental limit of the achiev-

able rates of the SK-type schemes for SISO/SIMO/MISO/MIMO channel with noisy

feedback.

4 Simulation results

Let the elements of the channel gains h and g be i.i.d. as CN ð0; 1Þ. All results are calculated

based on an average of 1000 independent channel realizations.

For SISO/SIMO/MISO/MIMO channels with noiseless feedback link, Figs 2–5 show that

when the blocklengths are greater than 50, the gap between the transmission rates, respectively

derived by infinite blocklength n and finite blocklength n, is significantly small. This observa-

tion indicates that our proposed feedback-based coding schemes can approximate the SISO/

SIMO/MISO/MIMO channel capacities when the blocklength is sufficiently short.

5 Conclusions and future work

In this paper, the constructive SK-type FBL feedback coding schemes for the wireless static

channels are proposed. Simulation results show that the proposed feedback-based schemes

almost approach the SISO/MISO/SIMO/MIMO channel capacities when the blocklength is

sufficiently short. One possible future work is to extend the proposed schemes in this paper to

the multi-user channels in the presence of eavesdropper.
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Fig 2. The rates for the SISO channel, with P = 10, σ2 = 1, � = 10−6.

https://doi.org/10.1371/journal.pone.0297810.g002
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Fig 3. The rates for the SIMO channel, with M = 4, P = 10, σ2 = 1, � = 10−6.

https://doi.org/10.1371/journal.pone.0297810.g003
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Fig 4. The rates for the MISO channel, with T = 4, P = 10, σ2 = 1, � = 10−6.

https://doi.org/10.1371/journal.pone.0297810.g004
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