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Abstract

This paper studies the heat transfer analysis caused due to free convection in a vertically

oscillating cylinder. Exact solutions are determined by applying the Laplace and finite Han-

kel transforms. Expressions for temperature distribution and velocity field corresponding to

cosine and sine oscillations are obtained. The solutions that have been obtained for velocity

are presented in the forms of transient and post-transient solutions. Moreover, these solu-

tions satisfy both the governing differential equation and all imposed initial and boundary

conditions. Numerical computations and graphical illustrations are used in order to study the

effects of Prandtl and Grashof numbers on velocity and temperature for various times. The

transient solutions for both cosine and sine oscillations are also computed in tables. It is

found that, the transient solutions are of considerable interest up to the times t = 15 for

cosine oscillations and t = 1.75 for sine oscillations. After these moments, the transient solu-

tions can be neglected and, the fluid moves according with the post-transient solutions.

Introduction

Energy transfer due to convection is of great importance and arises in many physical situations

[1]. Amongst the three different types of convections (free, forced, mixed), mixed convection

is less investigated as compare to the other two types. When forced and free convections occur

together, mixed convection induces. This phenomenon is usually seen in the channel flow due

to heating or cooling of the channel walls. Energy transfer due to mixed convection is studied

under different physical situations with various boundary constraints. For example, Fan, et al.

[2] analyzed energy transfer because of mixed convection in a horizontal channel filled with

nanofluids. Aaiza et al. [3, 4] examined energy transfer due to mixed convection in channel

flow for ferrofluid and nanofluid respectively. Aaiza et al. [4], further pointed out that in

mixed convection energy transfer, the buoyancy force is responsible for free convection and at

least one of the two, non-homogeneous boundary conditions on velocity or external pressure

gradient results forced convection. Amongst the important studies on mixed convection

energy transfer, we include here the attempts those made by Kumari et al. [5], Tiwari and Das
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[6], Chamkha et al. [7], Sheikhzadeh et al. [8], Prasad et al. [9], Hasnain et al. [10] and Gana-

pathirao et al. [11]. However, most of these studies on energy transfer were focused in simple

geometrical configurations.

In contrast, the energy transfer due to convection flow in stationary or moving cylinder has

numerous applications in engineering and geophysics, such as nuclear reactor cooling system

and underground energy transport and hence attracted the attention of many researchers.

However, this area of research is not as much studied as flow over a flat plate, channel flow,

flow over sheets etc. Most probably, it is due to complex nature of these problems. Most of

these studies were investigated in the absence of heat or heat and mass transfer, see for example

the work of Fetecau et al. [12–14], Jamil and Fetecau [15], Rubab et al. [16] and Abdulhameed

et al. [17]. Such problems have also applications in biomagnetic fluid dynamics, see for exam-

ple Sharma et al. [18], and Nehad et al. [19], where they used cylindrical coordinates and inves-

tigated the blood flow in cylindrical shaped arteries. Khan et al. [20–22], used cylindrical

coordinates and investigated heat or heat and mass transfer in converging and diverging

channels.

Free convection in cylindrical shape geometry is investigated in several earlier studies such

as Goldstein and Briggs [23], in 1964 studied transient free convection over vertical plates and

circular cylinders. Bottemanne [24] provided experimental results for pure and simultaneous

heat and mass transfer by free convection over a vertical cylinder. Chen and Yuh [25] studied

combined heat and mass transfer in free convection flow along a vertical cylinder. Some other

related studies on free convection flow in a cylinder are given in [26–30]. In recent investiga-

tions, Deka et al. [31] analyzed transient free convection flow past an accelerated vertical cylin-

der in a rotating fluid whereas Deka and Paul [32] investigated unsteady one-dimensional free

convection flow over an infinite moving vertical cylinder in the presence of thermal stratifica-

tion. They used Laplace transform technique and obtained the exact solutions, expressed them

in the forms of complicated integrals. Other interesting problems are studied in references

[33–39].

The aim of this paper is to study the energy transfer in a vertically oscillating cylinder due

to natural convection. Exact solutions are obtained by means of Laplace and Hankel trans-

forms for velocity and temperature. The transient solutions for both cosine and sine oscilla-

tions of the cylinder are computed in tabular forms. Results of Prandtl and Grashof numbers

for different times are shown in graphs and discussed.

Mathematical formulation and solution of the problem

Let us consider transient free convection flow of an incompressible viscous fluid in an infinite

vertical cylinder of radius r0. The z-axis is considered along the axis of cylinder in vertical

upward direction and the radial coordinate r is taken normal to it. Initially at time t� 0, it is

assumed that the cylinder is at rest and the cylinder and fluid are at the same temperature T1.

After time t = 0, the cylinder begins to oscillate along its axis and induces the motion in the

fluid with velocity U0H(t)exp(iωt), where U0 is the characteristic velocity, H(t) is the unit step

function and ω is the frequency of oscillation. At the same time, the cylinder temperature

raised to Tw which is thereafter maintained constant (Fig 1). We assume that the velocity and

temperature are the function of r and t only. For such a flow, the constraint of incompressibil-

ity is identically satisfied. It is also assumed that all the fluid properties are constant except for

the density in the buoyancy term, which is given by the usual Boussinesq’s approximation. In

this paper, we have proposed to obtain analytical solutions for the temperature and velocity

fields, in the negligible dissipation hypothesis. Under these assumptions, a well-defined
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problem is modeled in terms of the following partial differential equations:
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Fig 1. Fluid flow geometry.

https://doi.org/10.1371/journal.pone.0188656.g001

Natural convection in oscillating vertical cylinder

PLOS ONE | https://doi.org/10.1371/journal.pone.0188656 January 5, 2018 3 / 14

https://doi.org/10.1371/journal.pone.0188656.g001
https://doi.org/10.1371/journal.pone.0188656


Calculation for temperature

Applying the Laplace transform to Eqs (7), (9)2 and using the initial condition (8)2, we obtain

the following transformed problem:

q�yðr; qÞ ¼
1

Pr
@2
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r
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� �

�yðr; qÞ; ð10Þ
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where �yðr; qÞ is the Laplace transform of the function θ(r,t) and q is the transform variable.

Applying the finite Hankel transform of order zero, to Eq (10), and using condition (11),

we obtain:
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rn

1

q
�

1

qþ r2
n
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 !
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where �yHðrn; qÞ ¼
Z1

0

r�yðr; qÞJ0ðrrnÞdr is the finite Hankel transform of the function �yðr; qÞ

rn, n = 0,1,. . . are the positive roots of the equation J0(x) = 0, J0 being the Bessel function of

first kind and zero order.

Taking inverse Laplace transform of Eq (12), we obtain:
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Taking inverse Hankel transform, we obtain
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In order to study the heat transfer from the cylinder surface to the fluid, we determine the Nus-

selt number. This dimensionless number is defined as ratio of the convective heat transfer to

the conductive heat transfer and is given by
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Calculation for velocity

Applying the Laplace transform to Eqs (6), (9)1, and using the initial condition (8)1, we obtain

q�uðr; qÞ ¼
@2�uðr; qÞ
@r2

þ
1

r
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Applying finite Hankel transform to Eq (16) and using Eqs (12), (17), we have
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Applying the inverse Laplace transform to Eqs (19), (20), (21) and (22), we obtain

fnðtÞ ¼ f1nðtÞ þ f2nðtÞ; ð23Þ
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Applying the Laplace transform to Eq (18) and using Eqs (23)–(26), we obtain
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Applying the inverse Hankel transform to Eq (27), we obtain:
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Cosine oscillation

For cosine oscillations of cylinder, the velocity field is given as:

ucðr; tÞ ¼ ucpðr; tÞ þ uctðr; tÞ; ð29Þ

with
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are the permanent solution, respectively, the transient solution of cosine oscillation.

Sine oscillation

For sine oscillations of cylinder, the velocity field is given as:

usðr; tÞ ¼ uspðr; tÞ þ ustðr; tÞ; ð32Þ

with

uspðr; tÞ ¼ ½1 � 2o2a1ðrÞ�sinðotÞ þ 2ob1ðrÞcosðotÞ; ð33Þ

ustðr; tÞ ¼ 2o
X1

n¼1

rnJ0ðrrnÞ

ðr4
n þ o2ÞJ1ðrnÞ

expð� r2

ntÞ
� �

; ð34Þ

are the permanent solution, respectively, the transient solution of sine oscillation.

Numerical results and discussions

In order to obtain some information on the fluid flow parameters and heat transfer, we have

made numerical simulations using Mathcad software. The obtained results are presented in

the graphs from Figs 2–5. Geometry of the problem is given in Fig 1.

We were interested, to analyze the influence of the Prandtl number on the temperature,

Nusselt number and on fluid velocity. Also, the influence of the Grashof number on the fluid

velocity was studied.
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Fig 2. Profiles of temperature for Prandtl number Pr variation and different values of time t.

https://doi.org/10.1371/journal.pone.0188656.g002
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To evaluate numerical values of the temperature, Nusselt number and of the fluid velocity,

we need the positive roots of the Bessel function J0. These roots are generated by a numerical

subroutine using Mathcad. All the parameters and profiles are dimensionless.

The diagrams of Fig 2 is plotted in order to discuss the influence of the Prandl number Pr,

on the fluid temperature. The curves corresponding to the dimensionless temperature θ(r,t),
are sketched versus the radial coordinate r, for different values of the time t and Prandtl num-

ber Pr. It is clear from the temperature expression (14) that, the exponential term tends fast to

zero for large time or, for small values of the Prandtl number. This is due to the fast increasing

values of the positive roots of the function J0(x). It is observed from Fig 2 that, for values of the

Prandtl number greater than 2, the fluid situated in the central area of the cylinder is not

heated for small values of the time t. For small values of the Prandtl number the heat transfer

from the cylinder surface to fluid is significant. Decrease in Prandtl number implies thickening

of thermal boundary layer, therefore, the temperature gradient decreases with Prandtl.

Fig 3 shows the diagrams of the local Nusselt number Nu for different values of the Prandtl

number Pr. The results are depicted versus time variable t. The remarkable effect of the Prandtl

number is clear. When the number Pr is increased, the Nusselt number is increasing. At small

values of the time t, the Nusselt number has big values, which means that, for small values of

time t, the convection is very efficient. For large values of the time t, the conduction is domi-

nant and, the heat transfer is produced only by conduction for very large values of the time t

(for t!1, the Nusselt number tends to zero).

The influence of Grashof number Gr, on the fluid velocity is shown in Fig 4. To draw the

curves from Fig 4, we used values Pr = 0.7 and ω = 1.5. It must be emphasized that, for small

values of Grashof number the fluid velocity has low values than in the case of large values of

the Grashof number. This is due to the contribution of the temperature in the fluid velocity

solution. Low values of the Grashof number lead to reduced contribution of the temperature

in the fluid flow, therefore, the viscous forces increase and the velocity decreases.

Fig 3. Variation of Nusselt number for different values of Pr.

https://doi.org/10.1371/journal.pone.0188656.g003
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Fig 5, was drawn in order to analyze the influence of the Prandtl number Pr, on the fluid

velocity. Both cases of the plate oscillations were considered, namely cosine oscillations and

sine oscillations. For Fig 5, we used values Gr = 1.5 and ω = 1.5. The buoyancy forces created

by the density differences are high for the smaller values of the Prandtl number when the tem-

perature is high. When the Prandtl number is large, the viscous damping action becomes big-

ger and fluid velocity decreases.

The decreasing of the transient solution uct(r,t), given by Eq (31), is shown in the Table 1,

for Gr = 5, Pr = 7 and ω = 0.449. It is observed from Table 1 that, for t = 15 the transient solu-

tion uct(r,t), is of order 10−6, therefore, after this moment the transient solution can be

neglected and, the fluid moves according with the post-transient solution.

Fig 4. Profiles of velocity for cosine and since oscillations for Grashof number Gr variation and different time t.

https://doi.org/10.1371/journal.pone.0188656.g004
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Similarly, in Table 2 is presented the decreasing with time t of the transient solution corre-

sponding to the sine oscillations of the cylinder, given by Eq (34). Comparing with the cosine

oscillations, it is seen that, the critical time at which the transient solution is of order 10−6 is

lower for sine oscillations. For the same values of the system parameters, the transient solution

for sine oscillations can be neglected after the value t = 1.75.

Conclusions

The problem of heat transfer due to free convection in an oscillating vertical cylinder is stud-

ied. Exact solutions for temperature and velocity are determined by applying the Laplace and

Fig 5. Profiles of velocity for cosine and since oscillations for Prandtl number Pr variation and different time t.

https://doi.org/10.1371/journal.pone.0188656.g005
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finite Hankel transforms. The velocity solutions are arranged in transient and post-transient

parts. Obtained analytical results were plotted and discussed. Transient solutions were com-

puted in tables. The main points of this study are listed below:

• Increasing Prandtl number Pr, the temperature decreases. The Nusselt number increases if

the Prandtl number increases.

• For small values of the time t, the convection is dominant, while, for large values of time t

the heat transfer by conduction is dominant.

• Fluid velocity increasing with Grashof number but decreasing with Prandtl number.

• The transient solutions are significant up to the order of 10−6, and thereafter the fluid moves

according with the post-transient solutions.
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