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Abstract

a11111

In this study, the ground state energies of face-centered cubic Hubbard clusters are analyzed using the Lanczos method. Examination of the ground state energy as a function of
the number of particle per site n showed an energy minimum for face-centered cubic structures. This energy minimum decreased in n with increasing coulombic interaction parameter
U. We found that the ground state energy had a minimum at n = 0.6, when U = 3W, where W
denotes the non-interacting energy bandwidth and the face-centered cubic structure was
ferromagnetic. These results, when compared with the properties of nickel, shows strong
similarity with other finite temperature analyses in the literature and supports the Hirsh’s
conjecture that the interatomic direct exchange interaction dominates in driving the system
into a ferromagnetic phase.
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Introduction
The Hubbard model [1] is the most powerful model for studying the strongly correlated electrons in transition metals. In some of these metals the d-orbitals are only partially filled, and in
the ferromagnetic state, the magnetic moment per atom is a fraction of the Bohr magneton
(μB). This behavior shows a significant itinerancy of d-band electrons, once the electron itinerancy may lead to a non-integer average number of electrons, which lead to the magnetic
moment behavior cited above. The transition metals have narrow energy bands owing to the
degeneracy of their d-orbitals and it is possible to use a single-band Hubbard model to study
them. This model has two contributing terms: the first one represents electronic hopping, commonly considered only between the nearest neighbors, and the second term represents the
intra-atomic coulombic interaction. The Hamiltonian for such a system is
X
X
cyi;s cj;s þ U
H ¼ t
ni;" ni;# ;
ð1Þ
i;j;s

i

where t is the hopping integral, U represents the coulomb interaction potential energy, cyi;s (ci,σ)
is the fermionic operator which creates (destroys) an electron with spin σ at site i, and ni," is the
particle number operator at site i.
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Despite the simplicity of the model, full exact solutions in the thermodynamic limit have
been obtained only for the one-dimensional structures [2–4]. In systems with half-filled bands,
the ground state shows no long-range ferromagnetic correlation, and the system becomes insulating at U > 0. An interesting result was demonstrated by Ghosh [5], who showed that there is
no ferromagnetism or antiferromagnetism in one- and two-dimensional Hubbard models at
non-zero temperatures.
Finding solutions for higher dimensions remains a challenging task and many approaches
have been put forward to study specific features and interaction scenarios using the Hubbard
model including the mean-field approximation, perturbation theory, and dynamical meanfield approximation (DMFA). A more convenient approach relies on dealing with the model
outside the thermodynamic limit, where it is possible to apply computational techniques such
as exact diagonalization and quantum Monte Carlo (QMC) methods, which are discussed in
this paper.
The electronic correlations among electrons present in the 3d band are crucial to understanding the magnetic properties of some transition metals such as Fe, Ni, and Co. The abovementioned electronic itinerancy leads to magnetization values that are fractions of the Bohr
magneton, which is valid for these three metals [6]. Nickel has a face-centered cubic (fcc) structure, and the ground state is ferromagnetic with a magnetic moment per atom of approximately 0.6μB. This magnetic moment represents itinerant particles density, which in this case
are roles rather than electrons [7, 8].

Theoretical Method and Discussion
Several works have used the single-band Hubbard model [4, 5, 7, 8], however, an important
development was made by Hirsch [9], who analyzed the intra-atomic interaction as a function
of the interatomic direct exchange interaction and showed that the latter is the dominant in
driving the system into a ferromagnetic phase. This conjecture was used to analyze the results
from Ref. [7] and was also taken into account in this work. In Ref. [7], the fcc lattice was studied using the QMC simulation; however, the model did not perform well in the low-temperature regime. Hence, this work aims to analyze the ground-state properties of some fcc lattice
clusters through a numerical diagonalization technique known as the Lanczos method [10].
The cluster structures were obtained by increasing the number of atoms in the fcc lattice structure along with their symmetries in order to maximize the number of bonds [8]. In Ref. [8], a
small number of sites (Ns), around 4–6, were considered because of computing limitations at
that time. In this work, we were able to study 8–12 sites using new computer configurations
and optimized Lanczos algorithm.
A set of orthogonal basis vectors was constructed for the Hamiltonian [Eq (1)] such that the
matrix representation had a tridiagonal form. The algorithm was initiated with a random initial
vector |ϕ0i, from which a set of orthogonal vectors was spanned following the rule
jnþ1 i ¼ Hjn i þ an jn i  b2n jn1 i;

ð2Þ

where
an ¼
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hn jHjn i
hn jn i
and b2n ¼
:
hn jn i
hn1 jn1 i

ð3Þ
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Fig 1. Ground state energy (dashed line) and total spin (solid line) of a fcc cluster as a function of U/t
for a system with Ns = 10 and n = 0.6.
doi:10.1371/journal.pone.0161549.g001

This resulted in the corresponding matrix representation of the Hamiltonian tridiagonal
0
1
a0 b1 0

0
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@
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ð4Þ

The numerical instabilities in some systems require other approaches to the Lanczos
method [11–13]. In this work, we used a modified explicitly restarted Lanczos method [13], in
which the total spin of the system was used to analyze the ground state convergence. Without
this approach, the Lanczos method failed to converge successfully for some of the systems analyzed in this work.
We initially determined the ground-state energy and total spin as a function of the coulombic interaction for the n = 0.6 (10 sites with six particles). Fig 1 shows a quantum-state transition near U/t = 5.62. At this point, the total spin of the system changes from 0 to 2, which
indicates a shift in the magnetic correlation from paramagnetic to ferromagnetic.
The ground-state energy per site as a function of the particle density was then evaluated
above the transition point (with the system in the ferromagnetic state) for Ns = 8, 9, 10, 11 and
12. When U/t = 10 (Fig 2(c)), we found that the energy reached a minimum at n  0.64, for all
values of Ns.
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Fig 2. Ground state energy per site of an fcc cluster as a function of the particle density n with (a) U/t = 3, (b) U/t = 6, (c) U/t = 10 and number of sites
varies from 8 to 12. The solid lines are guides for the eye.
doi:10.1371/journal.pone.0161549.g002

Slightly above the transition point at U/t = 6 (Fig 2(b)), the energy minimum was found at n
 0.69 for all values of Ns. The increase in the n value with decreasing U/t shows the importance of coulombic interactions in the ferromagnetic state. The (Fig 2(a) reinforces this conclusion. It is also emphasizes the importance of the Hirsch conjecture, which includes additional
electronic interactions [7, 9]. In Ref. [14] the DMFA was applied using an interaction parameter proportional to the non-interacting bandwidth (W), which for the fcc lattice is W = 16t. Ferromagnetism was found for n = 0.6 and U = 3W, and when this coulombic interaction
parameter was used in the model of this work (Fig 3) the ground state energy minimum was
located exactly at n = 0.6.

Conclusion
We analyzed the electronic correlations in the fcc clusters using the single-band Hubbard
model for several coulombic interaction regimes defined by U/t. For a fixed particle density of
n = 0.6, we observed a quantum-state transition at U/t = 5.62, at which the total spin of the
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Fig 3. Ground-state energy per site for an fcc cluster as a function of the particle density n for
U/t = 3W. The number of sites Ns varies from 8 to 12. The solid lines are guides for the eye.
doi:10.1371/journal.pone.0161549.g003

system changed from 0 to 2. For U/t = 3W, where W is the non-interacting energy bandwidth,
the ground-state energy as a function of the particle density reached a minimum value at
n = 0.6.
These results reinforce the analysis reported by Macedo and Souza [7] that was obtained
using the QMC methods, which have serious limitations for analysis in low-temperature
regimes. In this regime, the system shows a minimum ground state energy per site for higher
U/t values than previously determined by the QMC methods.
When considering the properties of Ni, the U/t value that led to the lowest ground state
energy at n = 0.6 was high. This highlights the importance of coulombic interactions in defining the electronic correlations that drive the ferromagnetic behavior in the fcc lattices. Furthermore, it indicates the need for an extended Hubbard model involving additional interaction
parameters, as posited by Hirsch [9].

Acknowledgments
This work was supported by CAPES (Brazilian Agency). The funders had no role in study
design, data collection and analysis, decision to publish, or preparation of the manuscript. We
thank G. M. A. Almeida for the careful reading of the manuscript.

PLOS ONE | DOI:10.1371/journal.pone.0161549 September 1, 2016

5/6

Ferromagnetic Ground State in Hubbard Clusters

Author Contributions
Conceived and designed the experiments: TXRS CAM.
Performed the experiments: TXRS CAM.
Analyzed the data: TXRS CAM.
Contributed reagents/materials/analysis tools: TXRS CAM.
Wrote the paper: TXRS CAM.

References
1.

Hubbard J. Electron correlations in narrow energy bands. Proceedings of the Royal Society of London
A: Mathematical, Physical and Engineering Sciences, vol. 276, no. 1365, pp. 238–257, 1963. doi: 10.
1098/rspa.1963.0204

2.

Lieb E, Mattis D. Theory of ferromagnetism and the ordering of electronic energy levels. Phys. Rev.,
vol. 125, pp. 164–172, Jan 1962. doi: 10.1103/PhysRev.125.164

3.

Lieb EH, Wu FY. Absence of mott transition in an exact solution of the short-range, one-band model in
one dimension. Phys. Rev. Lett., vol. 20, pp. 1445–1448, Jun 1968. doi: 10.1103/PhysRevLett.20.
1445

4.

Usuki T, Kawakami N, Okiji A. Thermodynamic quantities of the one-dimensional hubbard model at
finite temperatures. Journal of the Physical Society of Japan, vol. 59, no. 4, pp. 1357–1365, 1990. doi:
10.1143/JPSJ.59.1357

5.

Ghosh DK. Nonexistence of magnetic ordering in the one- and two-dimensional hubbard model. Phys.
Rev. Lett., vol. 27, pp. 1584–1587, Dec 1971. doi: 10.1103/PhysRevLett.27.1584

6.

Wohlfarth E. Ferromagnetic Materials, vol. 1. North-Holland Publishing Company, 1980.

7.

Macedo C, Souza A. Strongly correlated electrons in fcc lattices. Journal of Magnetism and Magnetic
Materials, vol. 320, no. 14, pp. e437–e439, 2008. doi: 10.1016/j.jmmm.2008.02.081

8.

Macêdo AMS, Macêdo CA, Coutinho-Filho MD. Ferromagnetism in fcc hubbard clusters. Journal of
Magnetism and Magnetic Materials, vol. 104–107, Part 1, pp. 679–680, 1992.

9.

Hirsch JE. Metallic ferromagnetism in a band model: Intra-atomic versus interatomic exchange. Phys.
Rev. B, vol. 56, pp. 11022–11030, Nov 1997. doi: 10.1103/PhysRevB.56.11022

10.

Lanczos C. An iteration method for the solution of the eigenvalue problem of linear differential and integral operators. J. Res. Nat. Bur. Stand., vol. 45, p. 255, Oct 1950. doi: 10.6028/jres.045.026

11.

Boschi CDE, Ortolani F. Investigation of quantum phase transitions using multi-tar6get dmrg methods.
Eur. Phys. J. B, vol. 41, no. 4, pp. 503–51, 2004. doi: 10.1140/epjb/e2004-00344-1

12.

Walker BG, Hendy SC, Gebauer R, Tilley RD. Application of lanczos-based time-dependent densityfunctional theory approach to semiconductor nanoparticle quantum dots. Eur. Phys. J. B, vol. 66, no.
1, pp. 7–15, 2008. doi: 10.1140/epjb/e2008-00388-1

13.

Zhang G. Modified explicitly restarted lanczos algorithm. Computer Physics Communications, vol. 109,
no. 1, pp. 27–33, 1998. doi: 10.1016/S0010-4655(97)00136-7

14.

Ribeiro A, Macedo C. Metallic ferromagnetism in the 3d hubbard model at finite temperature. Journal of
the Korean Physical Society, vol. 62, no. 10, pp. 1445–1448, 2013. doi: 10.3938/jkps.62.1445

PLOS ONE | DOI:10.1371/journal.pone.0161549 September 1, 2016

6/6

