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Abstract 

This paper investigates the multi-adaptive event-triggered consensus of positive 

multi-agent systems. First, two classes of event-triggered mechanisms are designed 

for leaders and followers, respectively. A multi-adaptive event-triggered pinning 

control protocol is proposed by virtue of the presented mechanisms. Compared to 

existing event-triggered pinning strategies, the proposed method further reduces 

communication costs and resource consumption. By using the matrix decomposition 

technique and linear programming approach, the gain matrices of the control proto-

col and sufficient conditions are constructed to ensure the positivity and consensus 

of the systems. The multi-adaptive event-triggered pinning control protocol is then 

extended to observer-based control scenarios, where pinning observers for both the 

leader and follower are designed separately, further reducing the update frequency of 

the observer. Moreover, the adaptive technique and event-triggered mechanism are 

combined to reduce the length of the triggering interval, thereby further conserving 

the overall system resources. Meanwhile, a bound for the minimum event-triggering 

interval is derived, which analytically proves the exclusion of Zeno behavior. Finally, 

the effectiveness of the results is verified via an illustrative example and comparative 

simulations.

1  Introduction

Multi-agent systems (MASs) are composed of a series of interacting agents that 
communicate and collaborate with each other to accomplish large-scale and complex 
tasks [1]. They are widely applied in power engineering [2], zero-energy community 
[3], energy optimisation [4], and so on. The consensus issue is a core issue in MASs. 
The literature [5] discussed hybrid MASs with continuous and discrete dynamic 
agents and proposed three consensus protocols. The literature [6] and [7] investi-
gated the consensus issue of MASs with fixed directed graph and undirected graph, 
respectively. However, in practical applications, the state of most systems may not be 
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directly accessible. The observer can estimate these unmeasurable states by using 
the input and output information of the systems, which enables a comprehensive 
monitoring of the system. An observer-based dynamic event-triggered semi-global 
two-by-two consensus problem was addressed in [8]. The literature [9] constructed 
nonlinear observers to estimate the dynamics of unmeasurable subjects and used 
the Lyapounov-Krasovskii functional for analyzing the consensus.

In practical engineering, there exists a class of MASs with nonnegative states 
and they are called positive MASs (PMASs) [10,11]. For the consensus of PMASs, 
existing results [5–9] cannot be directly applied to PMASs due to the nonnegative 
property of the system. A convex programming algorithm was presented in [12] for 
designing a consensus protocol of PMASs. The literature [13] derived sufficiently 
necessary conditions for the consensus of all agents under the positivity constraint. 
In [14], the positive consensus was presented for homogeneous PMASs and a set of 
sufficient conditions were derived in the framework of linear programming (LP). The 
positive consensus was also addressed in [15] for MASs with multiple time-varying 
time delays and switching topologies. The literature [16] employed LP and copositive 
Lyapunov function (CLF) to handle the positive consensus problem of PMASs, which 
further reduces the computational burden of the obtained conditions. Then, the liter-
ature [17] and [18] designed nonlinear and proportional-integral observers respec-
tively for the state unmeasurability problem of PMASs. It is shown that CLF is more 
suitable for PMASs than traditional quadratic Lyapunov function [10,12]. Meanwhile, 
LP can reduce the computational burden of the positivity and consensus conditions 
of PMASs. It is important to note that the above results regarding PMASs all ignore 
the fact that real-world resources are limited. This means that using a time-triggered 
approach for controller updates would waste a significant amount of resources.

In practice, the number of agents in MASs is large. If the leader-follower control 
strategy is used, a large amount of resources will be required to control each agent. 
This will lead to high consumption of resources and low efficiency. On the contrary, 
the pinning control strategy proposed in [19,20] is able to significantly reduce the 
required resources and improve efficiency by controlling some of agents. The litera-
ture [20–22] investigated the consensus of MASs based on pinning control. A pinning 
control approach was proposed in [21] to address the practical consensus problem 
of multi-agent systems with quantized communication, wherein an event-triggered 
mechanism based on local quantized state information was designed to reduce 
the communication burden. Based on the different information sources received 
by agents, a class of intermittent adaptive pinning control protocols was proposed 
in [22], which can reduce the communication cost effectively. The literature [23] 
addressed the event-triggered pinning consensus control problem for multi-agent 
networks under limited communication capabilities by employing an approach based 
on discontinuous distributed information exchange. Although pinning control is a 
well-established technique for general multi-agent systems, its extension to PMASs 
presents distinct and non-trivial challenges. Existing frameworks often fail to explicitly 
preserve positivity or exploit the specific structure of PMASs, leading to a notable 
shortage of applicable results. Therefore, the development of a dedicated pinning 
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control framework, that systematically addresses state constraints and distributed coordination-emerges as a central, 
open problem in advancing the control of PMASs.

Meanwhile, how to utilize the resources properly is an issue that needs to be considered in practical application. 
Event-triggered mechanism (ETM) is a common method of solving this issue. The literature [23] used a static ETM to reduce 
the frequency of controller updates. Compared with the static ETM, the dynamic ETM is flexible and can be triggered by the 
change of system state. Dynamic ETM was used in [24–26]. An adaptive saturated threshold ETM was designed in [26]. 
The transient and steady-state performance of the nonlinear Markov jump system was guaranteed by the improved adap-
tive global preassigned performance control method. Recently, the topic of event-triggered control for positive systems has 
attracted the research interest and attention of many researchers [27–31]. The literature [27] proposes a fixed-threshold 
ETM for observer design of positive systems to save network bandwidth. Subsequently, [29] addressed the control problem 
of positive Markov jumping systems by designing a static ETM using the 1-norm. Furthermore, an adaptive event-triggered 
control approach for positive semi-Markov jumping systems was proposed in [31]. However, it should be noted that the 
aforementioned event-triggered mechanisms for positive systems still exhibit certain limitations, such as the trigger threshold 
being fixed and only considering the ETM of a single channel. These limitations prevent the maximization of data update 
frequency reduction, thereby hindering resource conservation. To further save resources, double ETM was investigated 
in [32–34]. Double event-triggered mechanisms have different triggering conditions and can work independently. The lit-
erature [33] combined dynamic and static event-triggered mechanisms. However, the ETM of general systems cannot be 
directly applied for PMASs. The literature [35] designed a fuzzy event-triggered control protocol of T-S fuzzy PMASs by 
using event-triggered compensation information. The double ETM was extended to PMASs in [18]. The triggered strategy in 
[32–34] was investigated for control update and communication between agents but it did not refer to observer and controller. 
Moreover, the literature [11,18,23] only set one leader. When the practical application contains more than one leader, how to 
reduce the consumption of leaders also needs to be considered. Based on the above points, some questions arise: How to 
construct pinning control framework for PMASs? How to build event-triggered control protocol and event-triggered observer 
for PMASs? How to present the ETM for the leaders? These questions remain to be discussed.

Inspired by the above analysis and discussion, this paper focuses on the pinning control and the design of multi- 
adaptive ETM for PMASs. The main contributions of this paper can be summarized in the following three aspects:

(i)	 Double adaptive ETM are proposed for multi-leaders and followers, respectively. Compared to existing event- 
triggered schemes that only focus on followers, the proposed method significantly reduces the communication cost 
and resource consumption of the entire system.

(ii)	 A pinning consensus control protocol is designed to achieve practical consensus in PMASs with multiple leaders. This 
ensures that the failure of any agent does not affect the entire system and enhances system stability.

(iii)	Unlike quadratic Lyapunov functions and linear matrix inequalities, the computationally simpler and lower-complexity 
CLF and LP methods are employed to analyze the consensus and the design of the corresponding gain matrices.

The paper is organized as follows: Section 2 represents the problem statement, main results are presented in Section 
3, Section 4 discusses quantization effects, Section 5 gives an example, and Section 6 summarizes the conclusions and 
provides the future work.

Notation Rn and Rn×r denote n-dimensional vectors and n× r  matrices, respectively. N+ is the set of positive integers. 

A⊤ is the transpose of A. In is an n-dimensional identity matrix. 1n×n and 1n are matrices and vectors with all elements 
being 1. 1(i)n = {0, . . . , 0︸ ︷︷ ︸

i–1

, 1, 0, . . . , 0︸ ︷︷ ︸
n–i

}. All elements greater than (greater than or equal to) 0 are expressed as ≻ 0 (⪰ 0).  

All elements less than (less than or equal to) 0 are ≻ 0 (⪰ 0). The 1-norm of an n-dimensional vector x is denoted as  

∥x∥1 =
∑n

i=1 |xi|, where xi is the ith element of x. The symbol ⊗ is the Kronecker product.
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2  Problem formulation and preliminaries

In this section, some preliminaries are introduced for graph theory and MASs.
Consider a graph G = (V, E) with n nodes. Let V = {v1, v2, . . . , vN} denotes the vertex set, and E = {(i, j)|i, j = 1, 2, . . . ,N} 

represents the edge set, where (i, j) ∈ E if and only if nodes i and j have information interaction. It also means that agent 
j is an inner neighbor of agent i. If (i, j) ∈ E ⇔ (j, i) ∈ E , the communication topology is an undirected graph, otherwise 
it is a directed graph. If each agent can be regarded as a root agent, the graph is strongly connected. If this graph is a 
directed graph, it is called a strongly connected graph. In this paper, a strongly connected graph is used. The interactions 
between vertexes i and j are described by the adjacency matrix A = {aij} ∈ RN×N, where aij = 1 if (i, j) ∈ E and aij = 0 other-
wise. D = diag{d1, d2, . . . , dN} is the degree matrix of the graph G, where di =

∑n
j=1 aij. The Laplacian matrix is defined as 

L = D –A.

2.1  Problem formulation

Consider the following MASs:

	

ẋi(t) = Axi(t) + Bui(t), i ∈ M,
yi(t) = Cxi(t), 	 (1)

where xi(t) = (xi1, xi2, . . . , xin)⊤ ∈ Rn, ui(t) ∈ Rr, yi(t) ∈ Rq represent the state, the control input, and the output, respectively; 
A ∈ Rn×n, B ∈ Rn×r , C ∈ Rq×n. It is assumed that A is Metzler, B ⪰ 0 and C ⪰ 0. Consider the dynamics of multiple lead-
ers as

	

ẋ0k(t) = A0x0k(t) + B0u0k(t), k = 1, · · · ,M,
y0k(t) = C0x0k(t), 	 (2)

where x0k(t) = (x0k1, x0k2, . . . , x0kn)⊤ ∈ Rn, u
0k(t), and yi(t) ∈ Rq are the leader state, the leader control input, the leader 

output, respectively; A
0
 is Metzler matrices, B0 ⪰ 0, and C0 ⪰ 0.

Next, some definitions and lemmas are introduced.
Definition 1 [36] A system is positive if its state and outputs are nonnegative for any nonnegative input and output.
Definition 1 The practical consensus of the system (1) is achieved if the following conditions are satisfied:

(i)	 lim
t→∞

∥x0k(t) – x∗0∥ < ð holds for k = 1, · · · ,M ;

(ii)	 lim
t→∞

∥xi(t) – x∗0∥ < ∁ holds for i = 1, · · · ,N , where x∗0 ⪰ 0, ð > 0, and ∁ > 0.

Lemma 1 [36] System (1) is positive if A is a Metzler matrix and B ⪰ 0, C ⪰ 0.
Lemma 2 [36] For a positive system ẋ(t) = Ax(t), the following conditions are equivalent:

(i)	 The system matrix A is Hurwitz;

(ii)	 The system is stable;

(iii)	There exists a vector v ∈ Rn with v ≻ 0 such that A⊤v ≺ 0.

Lemma 3 [36] A matrix A is a Metzler matrix if there exists a constant ϵ such that A + ϵI ⪰ 0.

3  Main result

In this section, the consensus of systems (1) and (2) is introduced. First, event-triggered control protocols are established 
for leaders and followers to address the consensus of PMASs. Then, event-triggered observers are designed for leaders 
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and followers, respectively. Based on the designed observers, event-triggered control protocols are proposed to solve the 
consensus of PMASs.

3.1  Pinning control

To achieve the consensus, a pinning control approach is used in this paper. Only some agents need to have information 
interaction with the target x∗0. Therefore, the pinning controller can be designed as:

	

u0k(t) = K01z0k(tkp) + K02(x0k(t) – x
∗
0) + K03x0k(t) +Gx

∗
0, k = 1, 2, . . . ,Q,

u0k(t) = K01z0k(tkp) + K03x0k(t) +Gx
∗
0, k = Q + 1,Q + 2, . . . ,M, 	 (3)

where tkp is the sequence of communication triggers for leader k, K
01

, K
02

, K
03

, and G are gain matrices. The pinning con-
troller of the followers’ system is described as:

	

ui(t) = K1zi(tiσ) + K2
∑M

k=1 cik(xi(t) – x0k(t)) + K3xi(t) + Hx
∗
0, i = 1, 2, . . . ,M,

ui(t) = K1zi(tiσ) + K3xi(t) + Hx
∗
0, i = M + 1,M + 2, . . . ,N, 	 (4)

where tiσ is the sequence of communication triggers for follower i and K1,K2,K3, and H are gain matrices. If leader and 
follower have information interaction, cik = 1; otherwise cik = 0. The following state thresholds z

0k(t) and zi(t) are defined as:

	

z0k(t) =
∑

s∈Mk
bks(x0k(t) – x0s(t)),

zi(t) =
∑

j∈Ni
aij(xi(t) – xj(t)), 	 (5)

where Mk  is the in-neighbor set of leader k, and brs is the rth row and sth column component of the leader adjacency 
matrix in (1), and zi(t) has the same properties as z

0k(t). Define the tracking errors e
0k(t) and ei(t) as:

	 e0k(t) = x0k(t) – x∗0,	 (6)

and

	 ei(t) = xi(t) – x∗0,	 (7)

respectively. Define the sampling errors ϕk(t) and φi(t) by

	 ϕk(t) = z0k(tkp) – z0k(t), φi(t) = zi(tiσ) – zi(t).	 (8)

The event-triggered conditions are constructed as:

	 ∥ϕk(t)∥1 > αk(t)∥e0k(t)∥1, ∥φi(t)∥1 > νi(t)∥ei(t)∥1,	 (9)

where

	

α̇k(t) = (Λk – αk(t))(∥ϕk(t)∥1 – α∥e0k(t)∥1),
ν̇i(t) = (Γi – νi(t))(∥φi(t)∥1 – ν∥ei(t)∥1), 	 (10)

with 0 < αk(t0) < Λk < α, 0 < νi(t0) < Γi < ν, αk(t0) and νi(t0) are initial conditions, and Λk,Γi,α, ν  are known constants. In the 
initial condition, it satisfies that Λk – αk(t0) > 0 and Γi – νi(t0) > 0. If ∥ϕk(t)∥1 – α∥e0k(t)∥1 < 0 and ∥φi(t)∥1 – ν∥ei(t)∥1 < 0,  
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the event-triggered conditions are not satisfied. Then, if follows that α̇k(t) < 0 and ν̇i(t) < 0. Furthermore, it is obtained that 
0 < αk(t) < α  and 0 < νi(t) < ν. When α̇k(t) = 0 and ν̇i(t) = 0, the dynamic event-triggered mechanism becomes the static 
one.

Remark 1 In references [28–31,37], the event-triggered control problem for various systems has been addressed. At 
the same time, a variety of event-triggered mechanisms have been proposed, including static event-triggered mechanism 
[28,29], single adaptive event-triggered mechanism [31], and switching threshold event-triggered mechanism [35]. This 
paper proposes a multi-adaptive event-triggering mechanism in (9) and (10) to simultaneously reduce the state update fre-
quency of both the leader and follower agents. It not only improves the fixed threshold in [28,29] to an adaptive threshold, 
but also further reduces the state update frequency of the system compared to [31], thereby reducing resource consump-
tion. The event-triggered mechanism based on the change of control input amplitude is proposed in [37]. Its advantage is 
that it avoids excessive triggering error caused by excessive control input amplitude by using threshold switching. And (9) 
and (10) are more suitable for the event-triggered control problem of positive systems compared to [37] and save more 
resources.

Next, the pinning control and adaptive event-triggered consensus are achieved for leaders and followers.
Theorem 1 If there exist constants ϵ1 > 0, ϵ2 > 0, ω1 > 0, ω2 > 0, Rn vectors v0 ≻ 0, v1 ≻ 0, va ≻ 0, βı ≺ 0, γı ≺ 0, ηı ≺ 0,  

σı ≻ 0, δı ≺ 0, ζı ≺ 0, θı ≺ 0, ςı ≻ 0, β ≺ 0, γ ≺ 0, η ≺ 0, σ ≻ 0, δ ≺ 0, ζ ≺ 0, θ ≺ 0, ς ≻ 0 such that

	

1⊤r B
⊤
0 v0A0 +

∑
s∈Mk

aksB0
∑r

ı=1 1
(ı)
r β

⊤
ı + B0

∑r
ı=1 1

(ı)
r γ

⊤
ı

+B0
∑r

ı=1 1
(ı)
r η

⊤
ı + αB0

∑r
ı=1 1

(ı)
r β

⊤
ı 1n×n + ϵ1I ⪰ 0, 	 (11a)

	

1⊤r B
⊤
0 v0A0 +

∑
s∈Mk

aksB0
∑r

ı=1 1
(ı)
r β

⊤
ı + B0

∑r
ı=1 1

(ı)
r η

⊤
ı

+αB0
∑r

ı=1 1
(ı)
r β

⊤
ı 1n×n + ϵ1I ⪰ 0, 	 (11b)

	

1⊤r B
⊤vA +

∑
j∈Ni

aijB
∑r

ı=1 1
(ı)
r δ

⊤
ı + B

∑r
ı=1 1

(ı)
r ζ

⊤
ı

+B
∑r

ı=1 1
(ı)
r θ

⊤
ı + νB

∑r
ı=1 1

(ı)
r δ

⊤
ı 1n×n + ϵ2I ⪰ 0, 	 (11c)

	

1⊤r B
⊤vA +

∑
j∈Ni

aijB
∑r

ı=1 1
(ı)
r δ

⊤
ı + B

∑r
ı=1 1

(ı)
r ζ

⊤
ı

+νB
∑r

ı=1 1
(ı)
r δ

⊤
ı 1n×n + ϵ2I ⪰ 0, 	 (11d)

	 (1⊤r B
⊤
0 v0A0 + B0

∑r
ı=1 1

(ı)
r η

⊤
ı + B0

∑r
ı=1 1

(ı)
r σ

⊤
ı )x

∗
0 ⪰ 0,	 (11e)

	 (1⊤r B
⊤vA + B

∑r
ı=1 1

(ı)
r θ

⊤
ı + B

∑r
ı=1 1

(ı)
r ς

⊤
ı )x

∗
0 ⪰ 0,	 (11f)

	

A0v0 +
∑

s∈Mk
aksβ –

∑
s∈Mk

askβ + γ + η – α1n×nβ

–ζ + ω1v0 ≺ 0, k = 1, 2, · · · ,M, 	 (11g)

	

A0v0 +
∑

s∈Mk
aksβ –

∑
s∈Mk

askβ + η – α1n×nβ

+ω1v0 ≺ 0, k = M + 1,M + 2, · · · ,N, 	 (11h)
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Av +
∑

j∈Ni
aijδ –

∑
j∈Ni

ajiδ + ζ + θ

–ν1n×nδ + ω1v ≺ 0, i = 1, 2, · · · ,M,	 (11i)

	

Av +
∑

j∈Ni
aijδ –

∑
j∈Ni

ajiδ + θ – ν1n×nδ

+ω1v ≺ 0, i = M + 1,M + 2, · · · ,N, 	 (11j)

	

1∅ ⊗ A⊤
0 v0 + 1∅ ⊗ η + 1∅ ⊗ σ + 1N ⊗ A⊤v + 1N ⊗ θ

+1N ⊗ ς – ω2(1N ⊗ va) ≺ 0, 	 (11k)

	 βı ⪯ β, γı ⪯ γ, δı ⪯ δ, ζı ⪯ ζ, ηı ⪯ η, θı ⪯ θ,σı ⪯ σ, ςı ⪯ ς,	 (11l)

hold for ı = 1, 2, · · · , r , then under the leader’s control protocol (3) and the followers’ control protocol (4) with

	

K01 =

∑r
ı=1 1

(ı)
r β

⊤
ı

1⊤r B
⊤
0 v0

,K02 =

∑r
ı=1 1

(ı)
r γ

⊤
ı

1⊤r B
⊤
0 v0

,K03 =

∑r
ı=1 1

(ı)
r η

⊤
ı

1⊤r B
⊤
0 v0

,G =

∑r
ı=1 1

(ı)
r σ

⊤
ı

1⊤r B
⊤
0 v0

,

K1 =

∑r
ı=1 1

(ı)
r δ

⊤
ı

1⊤r B⊤v
,K2 =

∑r
ı=1 1

(ı)
r ζ

⊤
ı

1⊤r B⊤v
,K3 =

∑r
ı=1 1

(ı)
r θ

⊤
ı

1⊤r B⊤v
,H =

∑r
ı=1 1

(ı)
r ς

⊤
ı

1⊤r B
⊤
0 v0

,
	 (12)

the system (1) is positive and the systems (1) and (2) achieve the practical consensus, where X∗
0 = (x

∗⊤
0 , . . . , x∗⊤0︸ ︷︷ ︸

M

)⊤, 

X∗ = (x∗⊤0 , . . . , x∗⊤0︸ ︷︷ ︸
N

)⊤, and Φ = (1M, 0, . . . , 0︸ ︷︷ ︸
N–M

).

Proof: From (9), it is obtained that

	 ∥ϕk(t)∥1 ≤ αk(t)∥x0k(t)∥1, ∥φi(t)∥1 ≤ νi(t)∥ei(t)∥1.	 (13)

For x0k(t0) ⪰ 0, xi(t0) ⪰ 0, it yields that y0k(t0) ⪰ 0 and yi(t0) ⪰ 0. Then,

	

–α1n×ne0k(t0) ⪯ ϕk(t0) ⪯ α1n×ne0k(t0),
–ν1n×nei(t0) ⪯ φi(t0) ⪯ ν1n×nei(t0), 	 (14)

where σi(t0) and ζi(t0) are initial conditions. By (2), (3), (5), (6), and (8), the following relation is considered. For 
k = 1, 2, · · · ,Q , it is obtained that

	

ė0k(t) = A0e0k(t) + B0K01(ϕk(t) +
∑

s∈Mk
bks(e0k(t) – e0s(t)))

+B0K02e0k(t) + B0K03e0k(t) + (A0 + B0K03 + B0G)x∗0.	 (15)

For k = Q + 1,Q + 2, · · · ,M , it is obtained that

	

ė0k(t) = A0e0k(t) + B0K01(ϕk(t) +
∑

s∈Mk
bks(e0k(t) – e0s(t)))

+B0K03e0k(t) + (A0 + B0K03 + B0G)x∗0. 	 (16)

Combining (1), (4), (5), (7), (8) and considering the following relation for i = 1, 2, · · · ,M  give

	

ėi(t) = Aei(t) + BK1(φi(t) + zi(t)) + BK2
∑M

k=1 cik(ei(t) – e0k(t))
+BK3ei(t) + (A + BK3 + BH)x∗0. 	 (17)
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For i = M + 1,M + 2, · · · ,N , it yields that

	 ėi(t) = Aei(t) + BK1(φi(t) + zi(t)) + BK3ei(t) + (A + BK3 + BH)x∗0.	 (18)

Let E0(t) = (e⊤01(t), . . . , e
⊤
0M(t))

⊤, E(t) = (e⊤1 (t), . . . , e
⊤
N (t)), ϕ(t) = (ϕ

⊤
1 (t), . . . ,ϕ

⊤
M(t))

⊤, and φ(t) = (φ⊤
1 (t), . . . ,φ

⊤
N (t)). Then,

	

Ė0(t) = AM0E0(t) + (IM ⊗ B0K01)ϕ(t) + (IM ⊗ A0
+ IM ⊗ B0K03 + IM ⊗ B0G)X∗

0,
Ė(t) = –BK2E0(t) + ANE(t) + (IN ⊗ BK1)φ(t)

+ (IN ⊗ A + IN ⊗ BK3 + IN ⊗ BH)X∗, 	 (19)

where

	

AM0 = IM ⊗ A0 + L0 ⊗ B0K01 + B0K02 + IM ⊗ B0K03,

AN = IN ⊗ A + L ⊗ BK1 + BK2 + IN ⊗ BK3,

B0K02 = diag{B0K02,B0K02, . . . ,B0K02︸ ︷︷ ︸
Q

, 0, 0, . . . , 0︸ ︷︷ ︸
M–Q

},

BK2 = diag{BK2,BK2, . . . ,BK2︸ ︷︷ ︸
M

, 0, 0, . . . , 0︸ ︷︷ ︸
N–M

},

BK2 =




c11BK2 c12BK2 · · · c1MBK2
c21BK2 c22BK2 · · · c2MBK2

... · · ·
. . .

...
cM1BK2 cM2BK2 · · · cMMBK2


 .

	

Let Ẽ(t) = (E⊤
0 (t),E

⊤(t))⊤. It is obtained that

	

˙̃
E(t) =

(
AM0 0
–BK2 AN

)
Ẽ(t) +

(
IM ⊗ B0K01

0

)
ϕ(t)

+
(

0
IN ⊗ BK1

)
φ(t) +

(
IM ⊗ Ā0 0

0 IN ⊗ Ā

)(
X∗
0

X∗

)
,
	 (20)

where Ā0 = A0 + B0K03 + B0G and Ā = A + BK3 + BH. With initial conditions E0(t0) ⪰ 0,E(t0) ⪰ 0, it follows from (14) and 
(19) that

	

Ė0(t0) ⪰ ĀM0E0(t0) + (IM ⊗ A0 + IM ⊗ B0K03)X∗
0,

Ė(t0) ⪰ –BK2E0(t0) + ĀNE(t0) + (IN ⊗ A + IN ⊗ BK3)X∗,	 (21)

where ĀM0 = IM ⊗ A0 + L0 ⊗ B0K01 + B0K02 + IM ⊗ B0K03 + αIM ⊗ B0K011n×n and 

ĀN = IN ⊗ A + L ⊗ BK1 + BK2 + IN ⊗ BK3 + νIN ⊗ BK11n×n. According to (20) and (21), one has

	

˙̃
E(t0) ⪰

(
ĀM0 0
–BK2 ĀN

)
Ẽ(t0) +

(
IM ⊗ Ā0 0

0 IN ⊗ Ā

)(
X∗
0

X∗

)
,
	 (22)

On the basis of (11a), (11b), and (12), we can get A0 +
∑

s∈Mk
aksB0K01 + B0K02 + B0K03 + αB0K011n×n and 

A0 +
∑

s∈Mk
aksB0K01 + B0K03 + αB0K011n×n are Metzler by Lemma 3. Thus, ĀM0 is Metzler. Similarly, it follows from (11c), 
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(11d), (12), and Lemma 3 that A +
∑

j∈Ni
aijBK1 + νBK11n×n + BK2 + BK3 and A +

∑
j∈Ni

aijBK1 + νBK11n×n + BK3 are Met-
zler. As a result, ĀN is Metzler.

Using (11e), (11f) and (12) gives Ā0x∗0 ⪰ 0 and Āx∗0 ⪰ 0. Based on this, it is obtained that (IM ⊗ A0 + IM ⊗ B0K03)X∗
0 ⪰ 0 

and (IN ⊗ A + IN ⊗ BK3)X∗ ⪰ 0. Since ζ ≺ 0, BK2 ≺ 0, i.e., –BK2 ≻ 0. By means of Lemma 1, we have 
˙̃
E(t) ⪰ 0 for 

˙̃
E(t0) ⪰ 0

, it means that Ẽ(t) ⪰ 0. Furthermore, for any initial state Ẽ(t0) ⪰ 0, Ẽ(t) ⪰ 0 is derived. Therefore, the system (20) is 
positive.

Next, the consensus of system (20) is considered. From (14) and (19), the following inequalities are deduced:

	

Ė0(t) ⪯ ÃM0E0(t) + (IM ⊗ A0 + IM ⊗ B0K03 + IM ⊗ B0G)X∗
0,

Ė(t) ⪯ –BK2E0(t) + ÃNE(t) + (IN ⊗ A + IN ⊗ BK3 + IN ⊗ BH)X∗,	 (23)

where ÃM0 = IM ⊗ A0 + L0 ⊗ B0K01 + B0K02 + IM ⊗ B0K03 – αIM ⊗ B0K011n×n and 

ÃN = IN ⊗ A + L ⊗ BK1 + BK2 + IN ⊗ BK3 – νIN ⊗ BK11n×n. Therefore, the following relation is obtained:

	

˙̃
E(t) ⪯

(
ÃM0 0
–BK2 ÃN

)
Ẽ(t) +

(
IM ⊗ Ā0 0

0 IN ⊗ Ā

)(
X∗
0

X∗

)
.
	 (24)

Choose a CLF V(Ẽ(t)) = Ẽ⊤(t)ϑ = E⊤
0 (t)(1M ⊗ v0) + E⊤(t)(1N ⊗ v). Using (24) yields that

	

V̇(t) ≤
(
E⊤
0 (t) E⊤(t)

)(Ξ⊤
1 –B⊤

K2
0 Ξ⊤

2

)(
1M ⊗ v0
1N ⊗ v

)

+
(
X∗⊤
0 (t) X∗⊤(t)

)(Ξ⊤
3 0
0 Ξ⊤

4

)(
1M ⊗ v0
1N ⊗ v

)

= E⊤
0 (t)

(
Ξ⊤
1 (1M ⊗ v0) – B⊤

K2 (1N ⊗ v)
)
+ E⊤(t)

× (Ξ⊤
2 (1N ⊗ v)) + (X∗

0)
⊤Ξ⊤

3 (1M ⊗ v0) + (X∗)⊤Ξ⊤
4 (1N ⊗ v),	 (25)

where

	

Ξ⊤
1 (1M ⊗ v0) – B⊤

K2
(1N ⊗ v)

= [Π⊤
11, · · · ,Π⊤

1Q,Π
⊤
2(Q+1), · · · ,Π⊤

2M]
⊤,

Π1k = A0v0 +
∑

s∈Mk
bksK⊤

01B
⊤
0 v0 –

∑
s∈Mk

bskK⊤
01B

⊤
0 v0

+ K⊤
02B

⊤
0 v0 + K

⊤
03B

⊤
0 v0 – α1n×nK⊤

01B
⊤
0 v0 – K

⊤
2 B

⊤v,
Π2k = A0v0 +

∑
s∈Mk

bksK⊤
01B

⊤
0 v0 –

∑
s∈Mk

bskK⊤
01

× B⊤
0 v0 + K

⊤
03B

⊤
0 v0 – α1n×nK⊤

01B
⊤
0 v0,

Ξ⊤
2 (1N ⊗ v) = [Λ⊤

11, · · · ,Λ⊤
1M,Λ

⊤
1(M+1), · · · ,Λ⊤

1N]
⊤,

Λ1i = Av +
∑

j∈Ni
aijK⊤

1 B
⊤v –

∑
j∈Ni

ajiK⊤
1 B

⊤v
+ K⊤

2 B
⊤v + K⊤

3 B
⊤v – ν1n×nK⊤

1 B
⊤v,

Λ2i = Av +
∑

j∈Ni
aijK⊤

1 B
⊤v –

∑
j∈Ni

ajiK⊤
1 B

⊤v
+ K⊤

3 B
⊤v – ν1n×nK⊤

1 B
⊤v, 	

	

(X∗
0)

⊤Ξ⊤
3 (1M ⊗ v0) + (X∗)⊤Ξ⊤

4 (1N ⊗ v)
= (X∗)⊤(Φ⊗ A⊤

0 v0 + Φ⊗ F⊤B⊤
0 v0 + Φ⊗G⊤B⊤

0 v0
+ IN ⊗ A⊤v + IN ⊗ K⊤

3 B
⊤v + IN ⊗ H⊤B⊤v),

Ξ1 = IM ⊗ A0 + L0 ⊗ B0K01 + B0K02 + B0K03 – αIM ⊗ B0K011n×n,
Ξ2 = IN ⊗ A + L ⊗ BK1 + BK2 + BK3 – νIN ⊗ BK11n×n,
Ξ3 = IM ⊗ (A0 + B0K03 + B0G),
Ξ4 = IN ⊗ (A + BK3BH). 	
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Based on (11l) and ((12), one can get

	

K01 ⪯
1rβ⊤

1⊤r B
⊤
0 v0

,K02 ⪯
1rγ⊤

1⊤r B
⊤
0 v0

,K03 ⪯
1rη⊤

1⊤r B
⊤
0 v0

,G ⪯ 1rσ⊤

1⊤r B
⊤
0 v0

,

K1 ⪯
1rδ⊤

1⊤r B⊤v
,K2 ⪯

1rζ⊤

1⊤r B⊤v
,K3 ⪯

1rθ⊤

1⊤r B⊤v
,H ⪯ 1rς⊤

1⊤r B
⊤
0 v0

.
	

Furthermore, we have

	

Π1k ⪯ A0v0 +
∑

s∈Mk
bksβ –

∑
s∈Mk

bskβ + γ

+ η – α1n×nβ – ζ,
Π2k ⪯ A0v0 +

∑
s∈Mk

bksβ –
∑

s∈Mk
bskβ + η

– α1n×nβ,
Λ1i ⪯ Av +

∑
j∈Ni

aijδ –
∑

j∈Ni
ajiδ + ζ + θ – ν1n×nδ,	

	

Λ2i ⪯ Av +
∑

j∈Ni
aijδ –

∑
j∈Ni

ajiδ + θ – ν1n×nδ,
(X∗

0)
⊤Ξ⊤

3 (1M ⊗ v0) + (X∗)⊤Ξ⊤
4 (1N ⊗ v)

≤ (X∗)⊤(Φ⊗ A⊤
0 v0 + Φ⊗ η + Φ⊗ σ + 1N ⊗ A⊤v

+1N ⊗ θ + 1N ⊗ ς). 	

By (11g-11k), the condition (25) can be transformed into V̇(t) < –ω1Ẽ⊤(t)ϑ + ω2(X∗)⊤ × (1N ⊗ va). It derives that 
limt→∞ ∥x0k(t) – x∗0∥1 < �, where � = ω2

ℏω1
(X∗)⊤(1N ⊗ va), ħ = min

ℓ∈{1,2,··· ,n}
{v0ℓ}, and v0ℓ is the component of v

0
. Therefore, the 

practical consensus of the system (20) is guaranteed by Definition 2. � ■.
Remark 2 Theorem 1 provides linear programming conditions for matrix gain design, positivity, and consensus. These 

conditions can be solved using the linear programming toolbox in MATLAB. Since the multi-leader and multi-follower 
agents considered in this paper are homogeneous, taking Theorem 1 as an example, it can be observed that the com-
putational complexity of the proposed conditions depends solely on the dimension of the agent system. This implies that, 
theoretically, the proposed linear programming conditions are computable regardless of the system’s scale. However, 
when the system is heterogeneous, the computational complexity of the conditions becomes related to both the system 
dimension and the system size. In such cases, when the system size is exceptionally large (e.g., exceeding 1000 nodes), 
computing the linear programming conditions becomes infeasible due to computational device limitations.

Remark 3 To solve for the gain matrix, Theorem 1 introduces some unknown decision variables. By analyzing these 
decision variables and the number of inequality constraints, the computational complexity of Theorem 1 can be deter-
mined. Calculating the number of vectors in the gain matrix and Lyapunov function yields a total number of decision vari-
ables of n̄ = 11n + 8nr . Similarly, the total number of inequality constraints is m̄ = 19. Then, combining the discretization of 
the state space with the theoretical complexity of the interior-point method, the computational complexity for solving The-
orem 1 is determined to be O(m̄N̄3.5n̄), where N̄  is the number of discretization points. Although this complexity increases 
exponentially with the system dimension, the matrix A in the MATLAB function linprog possesses a sparse structure. This 
significantly enhances the efficiency of its solution compared to linear matrix inequality methods.

Remark 4 For non-positive MASs, multiple Lyapunov-Krasovskii functionals [17], candidate Lyapunov function [32] 
and others are used for consensus analysis. However, these Lyapunov functions are overly complex for the consensus 
analysis of MAS. Fortunately, the CLF offers a more concise approach for analyzing the stability of positive systems 
compared to the aforementioned methods. At the same time, LP is computationally simpler than linear matrix inequality. 
Therefore, in Theorem 1, CLF is used to address the consensus of PMASs and LP is utilized to solve the correspond-
ing conditions.
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Remark 5 The literature [25] investigated asymptotic consensus. It means that the states of all agents converge to 
a common value. This consensus will keep all agents at the same trajectory. However, the system may be exposed to 
various uncertainties and variations. The overall performance of the system may be severely affected when one or more 
agents are broken down. The behaviour of the failed agents may be different from other agents and thus the system will 
not be able to achieve the desired consensus state. Therefore, in this paper, practical consensus is achieved by adding x∗0 
to the controller and all agent states will be in a region. This approach ensures that the failure of any agent does not affect 
the overall system, thereby enhancing the system’s stability.

Remark 6 To prove that Zeno’s behavior will not occur, taking the event-triggered mechanism of the leader in Sec-
tion 3.1 as an example, the following procedure gives the minimum time interval between two consecutive samples. 
Let Φ(t) = ∥ϕ(t)∥2

∥X0(t)∥2. Assume there exist positive constants ∆1, ∆2, and ∆3 such that ∆3∥X0(t)∥2 ≤ ∥E0(t)∥2 ≤ ∆1∥X0(t)∥2, 
∥X∗

0∥2 ≤ ∆2∥X0(t)∥2, hold. Then, we can obtain

	

Φ̇(t) =
ϕT(t)ϕ̇(t)

∥ϕ(t)∥2∥X0(t)∥2
–
∥ϕ(t)∥2XT0(t)X0(t)

∥X0(t)∥32

≤ ∥ϕ̇(t)∥2
∥X0(t)∥2

+
∥ϕ(t)∥2∥Ẋ0(t)∥2

∥X0(t)∥22

≤ ∥Ż0(t)∥2
∥X0(t)∥2

+
α
√
nM∥E0(t)∥2∥Ẋ0(t)∥2

∥X0(t)∥22

≤ (∥L0∥ + α
√
nM∆1)∥Ẋ0(t)∥2

∥X0(t)∥2
≤ Ω1(Ω2 + Ω3 + Ω4), 	

where X0(t) = (xT01(t), · · · , xT0M(t)), Ω1 = ∥L0∥2 + α
√
nM∆1, Ω2 = ∥IM ⊗ A0 + L0 ⊗ B0K01 + IM ⊗ B0K03∥2, Ω3 = α

√
nM∆1)

∥IM ⊗ B0K01∥2 +∆1∥IM ⊗ B0K02∥2, Ω4 = ∆2∥IM ⊗ B0G∥2, and Ẋ0(t) = (IM ⊗ A0 + L0 ⊗ B0K01 + IM ⊗ B0K03)
X0(t) + (IM ⊗ B0K01)ϕ(t) + (IM ⊗ B0K02)E0(t) + (IM ⊗ B0G)X∗

0. Denote Ω = Ω1(Ω2 + Ω3 + Ω4), then Φ̇(t) < Ω. By employing 
the comparison principle, one can get Φ(t) – Φ(tp) ≤ Ω(t – tp), where tp is the pth event-triggered time instant and satisfies 

Φ(tp = 0. Based on condition (9), it can be deduced that α∥E0(t)∥1 < ∥ϕ(t)∥1 <
√
nM∥ϕ(t)∥2 <

√
nMΩ(t – tp)∥X0(t)∥2. Thus, 

t – tp >
α∥E0(t)∥2√
nMΩ∥X0(t)∥2

> α∆3√
nMΩ

. This means that Zeno’s behavior can be avoided.

3.2  Observer-based consensus

Design the pinning observer x̂0k(t) for leaders as

	

˙̂x0k(t) = A0x̂0k(t) + B0u0k(t) + L0(ŷ0k(t) – y0k(tkh)) + F0y0k(t), k = 1, 2, . . . ,Q,
˙̂y0k(t) = C0x̂0k(t), 	 (26)

where ŷi(t) ∈ Rq is the observer output, L
0
 and F

0
 are the gain matrix to be determined, and tkh, h = 1, 2, · · ·, is the 

event-triggered time sequence of the ith observer. Based on the observer, the corresponding controller is designed as:

	

u0k(t) = K01ẑa0k(t
k
p) + K02(x̂0k(t) – x

∗
0) + K03x̂0k(t)

+ K06(ŷ0k(t) – y0k(t)) +Gx∗0, k = 1, 2, · · · ,Q,
u0k(t) = K04zb0k(t

k
p) + K05x0k(t) +Gx

∗
0, k = Q + 1,Q + 2, · · · ,M,	 (27)
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where tkp is the sequence of triggers for leader k and K
01

, K
02

, K
03

, K
04

, K
05

, K
06

, and G are gain matrices. The relative mea-
surements ẑai (t) and zbi (t) are defined as

	

ẑa0k(t) =
∑

s∈Mk
aks(x̂0k(t) – x̂0s(t)) +

∑
l∈Mk

akl
× (x̂0k(t) – x0l(t)), k = 1, 2, · · · ,Q,

zb0k(t) =
∑

s∈Mk
bks(x0k(t) – x̂0s(t)) +

∑
l∈Mk

bkl
× (x0k(t) – x0l(t)), k = Q + 1,Q + 2, · · · ,M,	 (28)

where s = 1, 2, · · · ,Q , l = Q + 1,Q + 2, · · · ,M  and Mk  is the in-neighbor set of agent k. For pinned agents, if the ith agent 
can receive the information from the jth agent, aks > 0 or akl > 0; otherwise, bks = 0 or bkl = 0. For non-pinned agents, it has the 
same property. The pinning observer x̂i(t) for followers can be given by

	

˙̂xi(t) = Ax̂i(t) + Bui(t) + L(ŷi(t) – yi(tid)) + Fyi(t), i = 1, 2, · · · ,M,
˙̂yi(t) = Cx̂i(t). 	 (29)

The pinning controller of the follower system are

	

ui(t) = K1ẑai (t
i
σ) + K2

∑M
k=1 cik(x̂i(t) – x0k(t))

+ K3x̂i(t) + K6(ŷi(t) – yi(t)) + Hx∗0, i = 1, 2, · · · ,M,
ui(t) = K4zbi (t

i
σ) + K5xi(t) + Hx

∗
0, i = M + 1,M + 2, · · · ,N,	 (30)

where tiσ is the sequence of communication triggers for follower i. If there are information interactions between leaders and 
followers, cik = 1; otherwise cik = 0. K

1
, K

2
, K

3
, K

4
, K

5
, K

6
, and H are gain matrices. The state thresholds zai (t) and zbi (t) are 

defined as

	

ẑai (t) =
∑

j∈Ni
aij(x̂i(t) – x̂j(t)) +

∑
o∈Ni

aio
×(x̂i(t) – xo(t)), i = 1, 2, · · · ,M,

zbi (t) =
∑

j∈Ni
bij(xi(t) – x̂j(t)) +

∑
o∈Ni

bio
×(xi(t) – xo(t)), i = M + 1,M + 2, · · · ,N,	 (31)

where Ni is the in-neighbor set of agent i, ẑai (t) and zbi (t) have the same properties as ẑa0k(t) and zb0k(t). Define the sam-
pling error Φk(t) and Ψi(t) by

	 Φk(t) = y0k(tkh) – y0k(t), Ψi(t) = yi(tid) – yi(t).	 (32)

The event-triggered conditions can be constructed as

	 ∥Φk(t)∥1 > πk(t)∥y0k(t)∥1, ∥Ψi(t)∥1 > ωi(t)∥yi(t)∥1,	 (33)

where

	

π̇k(t) = (πk(t) –Πk)(∥Φk(t)∥1 – π∥y0k(t)∥1),
ω̇i(t) = (ωi(t) – ℶi)(∥Ψi(t)∥1 – ω∥yi(t)∥1), 	 (34)

0 < Πk < πk(t0) < π , 0 < ℶi < ωi(t0) < ω. πk(t0) and ωi(t0) are initial conditions. Πk , ℶi , πk, and ωi  are known constants.
Next, the observer-based pinning control and multi-adaptive event-triggered consensus are achieved for PMASs.
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Theorem 2 If there exist constants ϵ1 > 0, ϵ2 > 0, ϵ3 > 0, ϵ4 > 0, ϖ1 > 0, ϖ2 > 0, Rn vectors v0 ≻ 0, v1 ≻ 0, v2 ≻ 0, v3 ≻ 0,  
va ≻ 0, βı ≺ 0, γı ≺ 0, ηı ≺ 0, κı ≺ 0, ξı ≻ 0, ψı ≻ 0, πı ≻ 0, δı ≺ 0, ζı ≺ 0, θı ≺ 0, oı ≺ 0, ϱı ≺ 0, χı ≻ 0, ρı ≻ 0, β ≺ 0,  
γ ≺ 0, η ≺ 0, κ ≺ 0, ξ ≻ 0, ψ ≻ 0, π ≻ 0, δ ≺ 0, ζ ≺ 0, θ ≺ 0, o ≺ 0, ϱ ≺ 0, χ ≺ 0, ρ ≻ 0, and Rq vectors σı ≻ 0, ςı ≺ 0, 
τı ≻ 0, εı ≺ 0, σ ≻ 0, ς ≺ 0, τ ≻ 0, ε ≺ 0 such that inequalities

	

1⊤r B
⊤
0 v0A0 +

∑
s∈Mk

bksB0
∑r

ı=1 1
(ı)
r β

⊤
ı + B0

∑r
ı=1 1

(ı)
r γ

⊤
ı

+B0
∑r

ı=1 1
(ı)
r η

⊤
ı + αB0

∑r
ı=1 1

(ı)
r β

⊤
ı 1n×n + ϵ1I ⪰ 0, k = 1, 2, · · · ,Q,	 (35a)

	

1⊤r B
⊤
0 v0A0 +

∑
s∈Mk

bklB0
∑r

ı=1 1
(ı)
r κ

⊤
ı + B0

∑r
ı=1 1

(ı)
r ξ

⊤
ı

+αB0
∑r

ı=1 1
(ı)
r κ

⊤
ı 1n×n + ϵ1I ⪰ 0, k = Q + 1,Q + 2, · · · ,M,	 (35b)

	 1⊤n v1A0 +
∑n

ı=1 1
(ı)
n ς

⊤
ı C0 + ϵ2I ⪰ 0,	 (35c)

	 1⊤n v3A +
∑n

ı=1 1
(ı)
n ε

⊤
ı C + ϵ3I ⪰ 0,	 (35d)

	

1⊤r B
⊤v2A +

∑
j∈Ni

aijB
∑r

ı=1 1
(ı)
r δ

⊤
ı + B

∑r
ı=1 1

(ı)
r ζ

⊤
ı

+B
∑r

ı=1 1
(ı)
r θ

⊤
ı + νB

∑r
ı=1 1

(ı)
r δ

⊤
ı 1n×n + ϵ4I ⪰ 0, k = 1, 2, · · · ,M,	 (35e)

	

1⊤r B
⊤v2A +

∑
o∈Ni

aioB
∑r

ı=1 1
(ı)
r o⊤ı + B

∑r
ı=1 1

(ı)
r ϱ

⊤
ı

+νB
∑r

ı=1 1
(ı)
r o⊤ı 1n×n + ϵ4I ⪰ 0, k = M + 1,M + 2, · · · ,N,	 (35f)

	

∑
s∈Mk

bksB0
∑r

ı=1 1
(ı)
r β

⊤
ı + B0

∑r
ı=1 1

(ı)
r γ

⊤
ı

+B0
∑r

ı=1 1
(ı)
r ψ

⊤
ı C0 + B0

∑r
ı=1 1

(ı)
r η

⊤
ı ⪰ 0, 	 (35g)

	

∑
j∈Ni

aijB
∑r

ı=1 1
(ı)
r δ

⊤
ı + B

∑r
ı=1 1

(ı)
r ζ

⊤
ı

+B
∑r

ı=1 1
(ı)
r χ

⊤
ı C + B

∑r
ı=1 1

(ı)
r θ

⊤
ı ⪰ 0,	 (35h)

	
∑n

ı=1 1
(ı)
n σ

⊤
ı C0 + π

∑n
ı=1 1

(ı)
n ς

⊤
ı 1q×qC0 ⪰ 0,	 (35i)

	
∑n

ı=1 1
(ı)
n τ

⊤
ı C + ω

∑n
ı=1 1

(ı)
n ε

⊤
ı 1q×qC ⪰ 0,	 (35j)

	 (1⊤r B
⊤
0 v0A0 + B0

∑r
ı=1 1

(ı)
r η

⊤
ı B0

∑r
ı=1 1

(ı)
r π

⊤
ı )x

∗
0 ⪰ 0,	 (35k)

	 (1⊤r B
⊤
0 v0A0 + B0

∑r
ı=1 1

(ı)
r ξ

⊤
ı + B0

∑r
ı=1 1

(ı)
r π

⊤
ı )x

∗
0 ⪰ 0,	 (35l)
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	 (1⊤r B
⊤v2A + B

∑r
ı=1 1

(ı)
r θ

⊤
ı + B

∑r
ı=1 1

(ı)
r ρ

⊤
ı )x

∗
0 ⪰ 0,	 (35m)

	 (1⊤r B
⊤v2A + B

∑r
ı=1 1

(ı)
r ϱ

⊤
ı + B

∑r
ı=1 1

(ı)
r ρ

⊤
ı )x

∗
0 ⪰ 0,	 (35n)

	

A⊤
0 v0 +

∑
s∈Mk

aksβ –
∑

s∈Mk
askβ –

∑
l∈Mk

blkκ + γ

+η – α1n×nβ + C⊤
0 σ – πC⊤

0 1q×qς – ζ +ϖ1v0 ≺ 0, 	 (35o)

	

A⊤
0 v0 +

∑
l∈Mk

bklκ –
∑

l∈Mk
blkκ –

∑
s∈Mk

askβ
+ξ – α1n×nκ +ϖ1v0 ≺ 0, 	 (35p)

	

∑
s∈Mk

aksβ –
∑

s∈Mk
askβ –

∑
l∈Mk

blkκ + γ

+ψ + η + A⊤
0 v1 + C

⊤
0 ς +ϖ1v1 ≺ 0, 	 (35q)

	

A⊤v2 +
∑

j∈Ni
aijδ –

∑
j∈Ni

ajiδ –
∑

o∈Ni
boio + ζ

+θ – ν1n×nδ + C⊤τ – ωC⊤1q×qε +ϖ1v2 ≺ 0, 	 (35r)

	

A⊤v2 +
∑

o∈Ni
bioo –

∑
o∈Ni

boio –
∑

j∈Ni
ajiδ

+ϱ – ν1n×no +ϖ1v2 ≺ 0, 	 (35s)

	

∑
j∈N1

a1jδ –
∑

j∈N1
aj1δ –

∑
o∈N1

bo1o + ζ + χ

+θ + A⊤v3 + C⊤ε +ϖ1v3 ≺ 0, 	 (35t)

	

1ℜ ⊗ A⊤
0 v0 + 1ℵ ⊗ η + 1

�

⊗ ξ + 1ℜ ⊗ π + 1ℵ ⊗ C⊤
0 σ

–π1ℵ ⊗ C⊤
0 1q×qς + 1N ⊗ A⊤v2 + 1ℜ ⊗ θ + ג1 ⊗ ϱ + 1N ⊗ ρ

+1ℜ ⊗ C⊤τ – ω1ℜ ⊗ C⊤1q×qε –ϖ2(1N ⊗ va) ≺ 0, 	 (35u)

	

βı ⪯ β, γı ⪯ γ, ηı ⪯ η,κı ⪯ κ, ξı ⪯ ξ,ψı ⪯ ψ,πı ⪯ π, δı ⪯ δ, ζı ⪯ ζ,
θı ⪯ θ, oı ⪯ o, ϱı ⪯ ϱ,χı ⪯ χ, ρı ⪯ ρ,σı ⪯ σ, ςı ⪯ ς, τı ⪯ τ , εı ⪯ ε, 	 (35v)

hold for ı = 1, 2, · · · , r , then under the pinned observer (26), (28), the leader’s control protocol (27) and the followers’ con-
trol protocol (30) with

	

K01 =
∑r

ı=1 1
(ı)
r β⊤

ı

1⊤r B⊤
0 v0

,K02 =
∑r

ı=1 1
(ı)
r γ⊤

ı

1⊤r B⊤
0 v0

,K03 =
∑r

ı=1 1
(ı)
r η⊤

ı

1⊤r B⊤
0 v0

,K04 =
∑r

ı=1 1
(ı)
r κ⊤

ı

1⊤r B⊤
0 v0

,

K05 =
∑r

ı=1 1
(ı)
r ξ⊤ı

1⊤r B⊤
0 v0

,K06 =
∑r

ı=1 1
(ı)
r ψ⊤

ı

1⊤r B⊤
0 v0

,G =
∑r

ı=1 1
(ı)
r π⊤

ı

1⊤r B⊤
0 v0

,K1 =
∑r

ı=1 1
(ı)
r δ⊤ı

1⊤r B⊤v2
,

K2 =
∑r

ı=1 1
(ı)
r ζ⊤

ı

1⊤r B⊤v2
,K3 =

∑r
ı=1 1

(ı)
r θ⊤

ı

1⊤r B⊤v2
,K4 =

∑r
ı=1 1

(ı)
r o

⊤
ı

1⊤r B⊤v2
,K5 =

∑r
ı=1 1

(ı)
r ϱ⊤

ı

1⊤r B⊤v1
,

K6 =
∑r

ı=1 1
(ı)
r χ⊤

ı

1⊤r B⊤v1
,H =

∑r
ı=1 1

(ı)
r ρ⊤

ı

1⊤r B⊤v1
,F0 =

∑n
ı=1 1

(ı)
n σ⊤

ı

1⊤n v1
, L0 =

∑n
ı=1 1

(ı)
n ς⊤ı

1⊤n v1
,

F =
∑n

ı=1 1
(ı)
n τ⊤

ı

1⊤n v3
, L =

∑n
ı=1 1

(ı)
n ε⊤ı

1⊤n v3
,

	 (36)
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the system (1) is positive and systems (1) and (2) reach the leader-following consensus, where X∗
0 = (x

∗⊤
0 , . . . , x∗⊤0︸ ︷︷ ︸

M

)⊤, 

X∗ = (x∗⊤0 , . . . , x∗⊤0︸ ︷︷ ︸
N

)⊤, ℵ = (1⊤Q , 0, . . . , 0︸ ︷︷ ︸
N–Q

)⊤, 
� = (0, . . . , 0︸ ︷︷ ︸

Q

, 1⊤M–Q, 0, . . . , 0︸ ︷︷ ︸
N–M

)⊤, ℜ = (1⊤M , 0, . . . , 0︸ ︷︷ ︸
N–M

ג ,⊤( = (0, . . . , 0︸ ︷︷ ︸
M

, 1⊤N–M)
⊤.

Proof: From (33), it yields that

	 ∥Φk(t)∥1 ≤ πk(t)∥y0k(t)∥1, ∥Ψi(t)∥1 ≤ ωi(t)∥yi(t)∥1.	 (37)

For x0k(t0) ⪰ 0, xi(t0) ⪰ 0, one has y0k(t0) ⪰ 0 and yi(t0) ⪰ 0. Then, the follwing inequalities

	

–π1q×qy0k(t0) ⪯ Φk(t0) ⪯ π1q×qy0k(t0),
–ω1q×qyi(t0) ⪯ Ψi(t0) ⪯ ω1q×qyi(t0) 	 (38)

hold, where Φk(t0) and Ψi(t0) are initial conditions. Define the following observer errors

	 ê0k(t) = x̂0k(t) – x0k(t)	 (39)

and

	 êi(t) = x̂i(t) – xi(t).	 (40)

Then, in view of (2), (6), (8), (26)-(28), and (32), the follwing equations

	

ė0k(t) = A0e0k(t) + B0(K01
∑

s∈Mk
aks(ê0k(t) + e0k(t) – ê0s(t) – e0s(t)) + K01

∑
l∈Mk

× akl(ê0k(t) + e0k(t) – e0l(t)) + K01ϕk(t) + K02(ê0k(t) + e0k(t)) + K03(ê0k(t)
+ e0k(t))) + K06C0ê0k(t) + (A0 + B0K03 + B0G)x∗0,

˙̂e0k(t) = F0C0e0k(t) + (A0 + L0C0)ê0k(t) – L0Φk(t) + F0C0x∗0 	 (41)

are derived for k = 1, 2, · · · ,Q . When k = Q + 1,Q + 2, · · · ,M , it holds that

	

ė0k(t) = A0e0k(t) + B0(K04
∑

s∈Mk
bks(e0k(t) – e0s(t) – ê0s(t)) + K04

∑
l∈Mk

bkl
× (e0k(t) – e0l(t)) + K04ϕk(t) + K05e0k(t)) + (A0 + B0K05 + B0G)x∗0. 	 (42)

Similarly, for i = 1, 2, · · · ,M , it can be obtained that

	

ėi(t) = Aei(t) + B(K1
∑

j∈Ni
aij(êi(t) + ei(t) – êj(t) – ej(t)) + K1

∑
o∈Ni

aio(êi(t)

+ei(t) – eo(t)) + K1φi(t) + K2
∑M

k=1 cik(êi(t) + ei(t) – e0k(t)) + K3(êi(t)
+ei(t))) + K6Cêi(t) + (A + BK3 + BH)x∗0,

˙̂ei(t) = FCei(t) + (A + LC)êi(t) – LΨi(t) + FCx∗0 	 (43)

by leveraging (1), (7), (8), (29–31), and (35b). For i = M + 1,M + 2, · · · ,N , it yields that

	

ėi(t) = Aei(t) + B(K4
∑

j∈Ni
bij(ei(t) – ej(t) – êj(t)) + K4

∑
o∈Ni

bio(ei(t) – eo(t))
+K4φi(t) + K5ei(t)) + (A + BK5 + BH)x∗0. 	 (44)

Let
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Ê0(t) = (ê⊤01(t), ê
⊤
02(t), . . . , ê

⊤
0Q(t), 0, 0, . . . , 0)

⊤,

E0(t) = (e⊤01(t), e
⊤
02(t), . . . , e

⊤
0M(t))

⊤,

E(t) = (e⊤1 (t), e
⊤
2 (t), . . . , e

⊤
N (t)),

Ê(t) = (ê⊤1 (t), ê
⊤
2 (t), . . . , ê

⊤
M(t), 0, 0, . . . , 0)

⊤,

ϕ(t) = (ϕ⊤
1 (t),ϕ

⊤
2 (t), . . . ,ϕ

⊤
M(t))

⊤,

Φ(t) = (Φ⊤
1 (t),Φ

⊤
2 (t), . . . ,Φ

⊤
M(t))

⊤,

φ(t) = (φ⊤
1 (t),φ

⊤
2 (t), . . . ,φ

⊤
N (t)),

Ψ(t) = (Ψ⊤
1 (t),Ψ

⊤
2 (t), . . . ,Ψ

⊤
N (t)). 	

Then,

	

Ė0(t) = AE0(t) + BÊ0(t) + Fϕ(t) +GX∗
0,

˙̂
E0(t) = F0C0E0(t) + (Iℏ ⊗ (A0 + L0C0))Ê0(t) – L0Φ(t) + F0C0X∗

0,
Ė(t) = –BK2E0(t) + CE(t) + DÊ(t) + Fϕ(t) +HX∗,
˙̂
E(t) = FCE(t) + (IΘ ⊗ (A + LC))Ê(t) – LΨ(t) + FCX∗, 	 (45)

where

	

B0K02 = diag{B0K02,B0K02, . . . ,B0K02︸ ︷︷ ︸
Q

, 0, 0, . . . , 0︸ ︷︷ ︸
M–Q

},

F0C0 = diag{F0C0,F0C0, . . . ,F0C0︸ ︷︷ ︸
Q

, 0, 0, . . . , 0︸ ︷︷ ︸
M–Q

},

BK2 = diag{BK2,BK2, . . . ,BK2︸ ︷︷ ︸
M

, 0, 0, . . . , 0︸ ︷︷ ︸
N–M

},

FC = diag{FC,FC, . . . ,FC︸ ︷︷ ︸
M

, 0, 0, . . . , 0︸ ︷︷ ︸
N–M

},

L0 = diag{L0, L0, . . . , L0︸ ︷︷ ︸
Q

, 0, 0, . . . , 0︸ ︷︷ ︸
M–Q

},

L = diag{L, L, . . . , L︸ ︷︷ ︸
M

, 0, 0, . . . , 0︸ ︷︷ ︸
N–M

},

Iℏ = diag{1, 1, . . . , 1︸ ︷︷ ︸
Q

, 0, 0, . . . , 0︸ ︷︷ ︸
M–Q

},

IΘ = diag{1, 1, . . . , 1︸ ︷︷ ︸
M

, 0, 0, . . . , 0︸ ︷︷ ︸
N–M

},

A = IM ⊗ A0 +
(
L0 ⊗ B0K01
L0 ⊗ B0K04

)
+ B0K02 +

(
IQ ⊗ B0K03 0

0 IM–Q ⊗ B0K03

)
,

B =
(
L01 ⊗ B0K01 0
L02 ⊗ B0K04 0

)
+ B0K02 + B0K06C0 +

(
IQ ⊗ B0K03 0

0 0

)
,

BK2 =




c11BK2 c12BK2 · · · c1MBK2
c21BK2 c22BK2 · · · c2MBK2

· · · · · ·
. . . · · ·

cM1BK2 cM2BK2 · · · cMMBK2


 ,
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C = IN ⊗ A +
(
L ⊗ BK1
L ⊗ BK4

)
+ BK2 +

(
IM ⊗ BK3 0

0 IN–M ⊗ BK3

)
,

E =
(
IQ ⊗ B0K01 0

0 IM–Q ⊗ B0K04

)
,

D =
(
L1 ⊗ BK1 0
L2 ⊗ BK4 0

)
+ BK2 + BK6C +

(
IM ⊗ BK3 0

0 0

)
,

F =
(
IM ⊗ BK1 0

0 IN–M ⊗ BK4

)
,

G = IM ⊗ A0 +
(
IQ ⊗ B0K03 + B0G 0

0 IM–Q ⊗ B0K05 + B0G

)
,

H = IN ⊗ A +
(
IM ⊗ BK3 + BH 0

0 IN–M ⊗ BK5 + BH

)
.

	

Define Ẽ(t) = (E⊤
0 (t), Ê

⊤
0 (t),E

⊤(t), Ê⊤(t))⊤. Then,

	

˙̃
E(t) =




A B 0 0
F0C0 Iℏ ⊗ (A0 + L0C0) 0 0
–BK2 0 C D
0 0 FC IΘ ⊗ (A + LC)




× Ẽ(t) +




E 0 0 0
0 –L0 0 0
0 0 F 0
0 0 0 –L






ϕ(t)
Φ(t)
φ(t)
Ψ(t)







G 0 0 0
F0C0 0 0 0
0 0 H 0
0 0 FC 0






X∗
0
0
X∗

0


 .

	 (46)

With initial conditions E0(t0) ⪰ 0, Ê0(t0) ⪰ 0, E(t0) ⪰ 0, and Ê(t0) ⪰ 0, it follows from (11d), (38), and (45) that

	

Ė0(t0) ⪰ IE0(t0) + BÊ0(t0) +GX∗
0,

˙̂
E0(t0) ⪰ (F0C0 + πL01q×qC0)E0(t0) + (Iℏ ⊗ (A0

+ L0C0))Ê0(t0) + (F0C0 + πL01q×qC0)X∗
0,

Ė(t0) ⪰ –BK2E0(t0) + JE(t0) + DÊ(t0) +HX∗,
˙̂
E(t0) ⪰ (FC + ωL1q×qC)E(t0) + (IΘ ⊗ (A + LC))

× Ê(t0) + (FC + ωL1q×qC)X∗, 	 (47)

where

	

L01q×qC0 = diag{L01q×qC0, . . . , L01q×qC0︸ ︷︷ ︸
Q

, 0, 0, . . . , 0︸ ︷︷ ︸
M–Q

},

L1q×qC = diag{L1q×qC, . . . , L1q×qC︸ ︷︷ ︸
M

, 0, 0, . . . , 0︸ ︷︷ ︸
N–M

},

I = IM ⊗ A0 +
(
L0 ⊗ B0K01
L0 ⊗ B0K04

)
+ B0K02 +

(
B̄Q0 0
0 B̄MQ0

)
,

J = IN ⊗ A +
(
L ⊗ BK1
L ⊗ BK4

)
+ BK2 +

(
B̄M 0
0 B̄NM

)
,

B̄Q0 = IQ ⊗ B0K03 + αIQ ⊗ B0K011n×n,
B̄MQ0 = IM–Q ⊗ B0K05 + αIM–Q ⊗ B0K041n×n,

B̄M = IM ⊗ BK3 + νIM ⊗ BK11n×n,
B̄NM = IN–M ⊗ BK5 + νIN–M ⊗ BK41n×n. 	
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According to (46) and (47), one can derive

	

˙̃
E(t0) ⪰




I B 0 0
F0 A0 0 0
–BK2 0 J D
0 0 F IΘ ⊗ (A + LC)


 Ẽ(t0) +




G 0 0 0
F0 0 0 0
0 0 H 0
0 0 F 0






X∗
0
0
X∗

0


 ,

	 (48)

where F0 = F0C0 + πL01q×qC0 , A0 = Iℏ ⊗ (A0 + L0C0), F = FC + ωL1q×qC .
Together with (35a), (35b), (36), and Lemma 3 gives A0 +

∑
s∈Mk

bksB0K01 + B0K02 + B0K03 + αB0K011n×n and 
A0 +

∑
l∈Mk

bklB0K04 + B0K05 + αB0K041n×n are Metzler. Hence, I is Metzler. Through (35c), (35d) and (36), it can be given 
that A0 + L0C0 and A + LC are also Metzler by virtue of Lemma 3. Furthermore, Iℏ ⊗ (A0 + L0C0) and IΘ ⊗ (A + LC) are 
Metzler.

It follows from (35e), (35f), (36), Lemma 3 that A +
∑

j∈Ni
aijBK1 + BK2 + BK3 + νBK11n×n and 

A +
∑

o∈Ni
aioBK4 + BK5 + νBK41n×n are Metzler. It means that J is Metzler.

By (35g), (35h), and (36), one has 
∑

s∈M1
bksB0K01 + B0K02 + B0K06 + B0K03 ⪰ 0 and ∑

j∈Ni
aijBK1 + BK2 + BK6 + BK3 ⪰ 0. Then, we can get B ⪰ 0 and D ⪰ 0. Together with (35i), (35j), and (36) yields 

F0C0 + πL01q×qC0 ⪰ 0 and FC + ωL1q×qC ⪰ 0. Furthermore, F0 ⪰ 0 and F ⪰ 0. Using (35k), (35l), and (36) 
gives (A0 + B0K03 + B0G)x∗0 ⪰ 0 and (A0 + B0K05 + B0G)x∗0 ⪰ 0. Through (35m), (35n), and (36), it is known that 
(A + BK3 + BH)x∗0 ⪰ 0 and (A + BK3 + BH)x∗0 ⪰ 0. Consequently, G ⪰ 0 and H ⪰ 0. Since ζ ≺ 0, then BK2 ≺ 0 holds, that 
is, –BK2 ≻ 0. By Lemma 1, one has 

˙̃
E(t0) ⪰ 0 for Ẽ(t) ⪰ 0, so Ẽ(t) ⪰ 0. Moreover, for any initial condition Ẽ(t0) ⪰ 0, it is 

obtained that Ẽ(t) ⪰ 0. Therefore, the system (46) is positive.
Next, the consensus of system (46) is considered. From (11d), (38), and (45), the following inequalities are deduced.

	

Ė0(t) ⪯ KE0(t) + BÊ0(t) +GX∗
0,

˙̂
E0(t) ⪯ (F0C0 – πL01q×qC0)E0(t) + (Iℏ ⊗ (A0

+ L0C0))Ê0(t) + (F0C0 – πL01q×qC0)X∗
0,

Ė(t) ⪯ –BK2E0(t) + LE(t) + DÊ(t) +HX∗,
˙̂
E(t) ⪯ (FC – ωL1q×qC)E(t) + (IΘ ⊗ (A + LC))

× Ê(t) + (FC – ωL1q×qC)X∗, 	 (49)

where

	

K = IM ⊗ A0 +
(
L0 ⊗ B0K01
L0 ⊗ B0K04

)
+ B0K02 +

(
B̃Q0 0
0 B̃MQ0

)
,

L = IN ⊗ A +
(
L ⊗ BK1
L ⊗ BK4

)
+ BK2 +

(
B̃M 0
0 B̃NM

)
,

B̃Q0 = IQ ⊗ B0K03 – αIQ ⊗ B0K011n×n,
B̃MQ0 = IM–Q ⊗ B0K05 – αIM–Q ⊗ B0K041n×n,

B̃M = IM ⊗ BK3 – νIM ⊗ BK11n×n,
B̃NM = IN–M ⊗ BK5 – νIN–M ⊗ BK41n×n. 	

In the light of (49), it follows that

	

˙̃
E(t0) ⪯




K B 0 0
F̄0 A0 0 0
–BK2 0 L D
0 0 F̄ IΘ ⊗ (A + LC)


 Ẽ(t0) +




G 0 0 0
F̄0 0 0 0
0 0 H 0
0 0 F̄ 0






X∗
0
0
X∗

0




	 (50)
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with F̄0 = F0C0 – πL01q×qC0  and F̄ = FC – ωL1q×qC.

Choose a CLF V(Ẽ(t)) = Ẽ⊤(t)ϑ = E⊤
0 (t)(1M ⊗ v0) + Ê⊤

0 (t)(1M ⊗ v1) + E⊤(t)(1N ⊗ v2) + Ê⊤(t)(1N ⊗ v3). By (50), it yields that

	

V̇(Ẽ(t)) ≤ E⊤
0 (t)

(
K⊤(1M ⊗ v0) + F̄⊤

0 (1M ⊗ v1) – B⊤
K2 (1N ⊗ v2)

)

+ Ê⊤
0 (t)

(
B⊤(1M ⊗ v0) +A⊤

0 (1M ⊗ v1)
)
+ E⊤(t)

(
L⊤(1N ⊗ v2)

+ F̄⊤(1N ⊗ v3)
)
+ Ê⊤(t)

(
D⊤(1N ⊗ v2) + IΘ ⊗ (A + LC)⊤ 	 (51)

	

× (1N ⊗ v3)
)
+ (X∗

0)
⊤(G⊤(1M ⊗ v0) + F̄⊤

0 (1M ⊗ v1)
)

+ (X∗)⊤
(
H⊤(1N ⊗ v2) + F̄⊤(1N ⊗ v3)

)
, 	

where

	

K⊤(1M ⊗ v0) + F̄⊤
0 (1M ⊗ v1) – B⊤

K2
(1N ⊗ v2)

= [Θ⊤
11,Θ

⊤
12, · · · ,Θ⊤

1Q,Θ2(Q+1), · · · ,Θ⊤
2M]

⊤,
Θ1k = A⊤

0 v0 +
∑

s∈Mk
a1kK⊤

01B
⊤
0 v0 –

∑
s∈Mk

askK⊤
01B

⊤
0 v0 –

∑
l∈Mk

blkK⊤
04B

⊤
0 v0

+K⊤
02B

⊤
0 v0 + K

⊤
03B

⊤
0 v0 – α1n×nK⊤

01B
⊤
0 v0 + C

⊤
0 F

⊤
0 v1 – πC⊤

0 1q×qL⊤0 v1
–K⊤

2 B
⊤v2, k = 1, · · · ,Q,

Θ2k = A⊤
0 v0 +

∑
l∈Mk

bklK⊤
04B

⊤
0 v0 –

∑
l∈Mk

blkK⊤
04B

⊤
0 v0 –

∑
s∈Mk

askK⊤
01B

⊤
0 v0

+K⊤
05B

⊤
0 v0 – α1n×nK⊤

04B
⊤
0 v0, k = Q + 1, · · · ,M,

B⊤(1M ⊗ v0) +A⊤
0 (1M ⊗ v1) = [Θ⊤

31,Θ
⊤
32, · · · ,Θ⊤

3Q, 0, · · · , 0]⊤,
Θ3k =

∑
s∈Mk

aksK⊤
01B

⊤
0 v0 –

∑
s∈Mk

askK⊤
01B

⊤
0 v0 –

∑
l∈Mk

blkK⊤
04B

⊤
0 v0

+K⊤
02B

⊤
0 v0 + K

⊤
06B

⊤
0 v0 + K

⊤
03B

⊤
0 v0 + A

⊤
0 v1 + C

⊤
0 L

⊤
0 v1, k = 1, 2, · · · ,Q,

L⊤(1N ⊗ v2) + F̄⊤(1N ⊗ v3) = [Γ⊤
11,Γ

⊤
12, · · · ,Γ⊤

1M,Γ
⊤
2(M+1), · · · ,Γ⊤

2N]
⊤,

Γ1i = A⊤v2 +
∑

j∈Ni
aijK⊤

1 B
⊤v2 –

∑
j∈Ni

ajiK⊤
1 B

⊤v2 –
∑

o∈Ni
boiK⊤

4 B
⊤v2

+K⊤
2 B

⊤v2 + K⊤
3 B

⊤v2 – ν1n×nK⊤
1 B

⊤v2 + C⊤F⊤v3
–ωC⊤1q×qL⊤v3, i = 1, 2, · · · ,M,

Γ2i = A⊤v2 +
∑

o∈Ni
bioK⊤

4 B
⊤v2 –

∑
o∈Ni

boiK⊤
4 B

⊤v2 –
∑

j∈Ni
ajiK⊤

1 B
⊤v2

+K⊤
5 B

⊤v2 – ν1n×nK⊤
4 B

⊤v2, i = M + 1, · · · ,N,
D⊤(1N ⊗ v2) + IΘ ⊗ (A + LC)⊤(1N ⊗ v3) = [Γ⊤

31,Γ
⊤
32, · · · ,Γ⊤

3M, 0, · · · , 0]⊤,
Γ3i =

∑
j∈Ni

aijK⊤
1 B

⊤v2 –
∑

j∈Ni
ajiK⊤

1 B
⊤v2 –

∑
o∈Ni

boiK⊤
4 B

⊤v2
+K⊤

2 B
⊤v2 + K⊤

6 B
⊤v2 + K⊤

3 B
⊤v2 + A⊤v3 + C⊤L⊤v3, i = 1, 2, · · · ,M,

(X∗
0)

⊤(G⊤(1M ⊗ v0) + F̄⊤
0 (1M ⊗ v1)) + (X∗)⊤(H⊤(1N ⊗ v2) + F̄⊤(1N ⊗ v3))

= (X∗)⊤(ℜ⊗ A⊤
0 v0 + ℵ ⊗ K⊤

03B
⊤
0 v0 + �⊗ K⊤

05B
⊤
0 v0 + ℜ⊗G⊤B⊤

0 v0
+ℵ ⊗ C⊤

0 F
⊤
0 v1 – πℵ ⊗ C⊤

0 1q×qL⊤0 v1 + 1N ⊗ A⊤v2 + ℜ⊗ K⊤
3 B

⊤v2
⊗ג+ K⊤

5 B
⊤v2 + 1N ⊗ H⊤B⊤v2 + ℜ⊗ C⊤F⊤v3 – ωℜ⊗ C⊤1q×qL⊤v3). 	

By (35v) and (36), it derives that the following inequalities

	

K01 ⪯ 1rβ⊤

1⊤r B⊤
0 v0

,K02 ⪯ 1rγ⊤

1⊤r B⊤
0 v0

,K03 ⪯ 1rη⊤

1⊤r B⊤
0 v0

,K04 ⪯ 1rκ⊤

1⊤r B⊤
0 v0

,K05 ⪯ 1rξ⊤

1⊤r B⊤
0 v0

,

K06 ⪯ 1rψ⊤

1⊤r B⊤
0 v0

,G ⪯ 1rπ⊤

1⊤r B⊤
0 v0

,K1 ⪯ 1rδ⊤

1⊤r B⊤v2
,K2 ⪯ 1rζ⊤

1⊤r B⊤v2
,K3 ⪯ 1rθ⊤

1⊤r B⊤v2
,

K4 ⪯ 1ro⊤

1⊤r B⊤v2
,K5 ⪯ 1rϱ⊤

1⊤r B⊤v2
,K6 ⪯ 1rχ⊤

1⊤r B⊤v2
,H ⪯ 1rρ⊤

1⊤r B⊤v2
,F0 ⪯ 1nσ⊤

ı
1⊤n v1

,

L0 ⪯ 1nς⊤ı
1⊤n v1

,F ⪯ 1nτ⊤
ı

1⊤n v3
, L ⪯ 1nε⊤ı

1⊤n v3
.

	

Then, we have
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Θ1k ⪯ A⊤
0 v0 +

∑
s∈Mk

aksβ –
∑

s∈Mk
askβ –

∑
l∈Mk

blk
×κ + γ + η – α1n×nβ + C⊤

0 σ – πC⊤
0 1q×qς – ζ,

Θ2k ⪯ A⊤
0 v0 +

∑
l∈Mk

bklκ –
∑

l∈Mk
blkκ

–
∑

s∈Mk
askβ + ξ – α1n×nκ,

Θ3k ⪯
∑

s∈Mk
aksβ –

∑
s∈Mk

askβ –
∑

l∈Mk
blkκ

+γ + ψ + η + A⊤
0 v1 + C

⊤
0 ς,

Γ1i ⪯ A⊤v2 +
∑

j∈Ni
aijδ –

∑
j∈Ni

ajiδ –
∑

o∈Ni
boio

+ζ + θ – ν1n×nδ + C⊤τ – ωC⊤1q×qε,
Γ2i ⪯ A⊤v2 +

∑
o∈Ni

aioo –
∑

o∈Ni
aoio

–
∑

j∈Ni
ajiδ + ϱ – ν1n×no,

Γ3i ⪯
∑

j∈Ni
aijδ –

∑
j∈Ni

ajiδ –
∑

o∈Ni
boio + ζ + χ

+θ + A⊤v3 + C⊤ε, 	

	

(X∗
0)

⊤(G⊤(1M ⊗ v0) + F̄⊤
0 (1M ⊗ v1))

+ (X∗)⊤(H⊤(1N ⊗ v2) + F̄⊤(1N ⊗ v3))
≤ (X∗)⊤(ℜ⊗ A⊤

0 v0 + ℵ ⊗ η + �⊗ ξ + ℜ⊗ π + ℵ⊗
C⊤
0 σ – πℵ ⊗ C⊤

0 1q×qς + 1N ⊗ A⊤v2 + ℜ⊗ θ
+ ⊗ג ϱ + 1N ⊗ ρ + ℜ⊗ C⊤τ – ωℜ⊗ C⊤1q×qε).	

Furthermore, the condition (51) can be rewritten as V̇(t) < –ϖ1Ẽ⊤(t)ϑ +ϖ2(X∗)⊤(1N ⊗ va) by (35o-35u). This refers to the 
fact that limt→∞ ∥x0(t) – x∗0∥1 < Ω, where Ω = ϖ2

ℏϖ1
(X∗)⊤(1N ⊗ va), ℏ = minℓ∈{1,2,··· ,n}{v0ℓ}, and v0ℓ is the component of v

0
. 

Therefore, based on Definition 2, the practical consensus of system (46) is guaranteed. � ■
Remark 7 The literature [19–24] have explored various consensus problems in multi-agent systems utilizing the pinning 

control strategy. It is noteworthy that the pinning control strategies adopted in the aforementioned literature typically pre-
suppose the availability of system states. However, in practical applications, system states may not be readily accessible 
due to various external factors. Therefore, it is crucial to observe the system states promptly and accurately. In light of this 
consideration, Theorem 2 proposes an observer based on the pinning control strategy, which monitors only the pinned 
agents and not the unpinned ones. This approach reduces the resource consumption during the observation process.

Remark 8 The literature [32–34] investigated double event-triggered control for MASs. The proposed ETM effectively 
reduced the frequency of communication among agents and the update of controllers. However, the event-triggered observ-
ers were not taken into account. Consequently, this paper constructs a double ETM for both observers and controllers. 
Adaptive event-triggered observers and controllers are designed for the followers in PMASs, respectively. Additionally, a dou-
ble adaptive ETM for the leader is also considered, which further diminishes the consumption of communication resources. 
Compared with the quadratic method-based ETM in [32–34], the ETM proposed in this paper is more suitable for PMASs.

4  Discussion on quantization effects

Common quantization effects fall into two main categories: quantization communication [38] and input quantization [39]. In 
order to deal with the unavoidable constraints in networks, quantization control methods are used as an effective control 
strategy to handle these constraints and reduce communication overhead. In recent years, researchers have generally 
used logarithmic quantizers [38] or uniform quantizers to solve communication quantization problems, while input quanti-
zation problems are handled by using hysteresis quantizers [39].

Since quantization control is a complex and extensive research topic in the field of control, this section will briefly dis-
cuss communication quantization problems using logarithmic quantizers as an example. A definition of logarithmic quan-
tizers and possible quantization controller designs are given. More detailed consistency analysis and control gain design 
will be discussed in detail in our future work.
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A logarithmic quantizer ql : R → ϖ̃i  can be described as

	

ql(x) =




ϖi, if 1
1+ϑϖi < x ≤ 1

1–ϑϖi,

0, if x = 0,

–ql(–x), if x < 0, 	 (52)

where ϖi is the quantization level and the quantization parameter ϑ satisfies ϑ ∈ (0, 1/3). Denoted the set of quantized 
level by

	
ϖ̃i =

{
±ϖi : ϖi =

(
1 – ϑ

1 + ϑ

)i

ϖ0, i = ±1,±2, · · · ,
}
∪ ±ϖ0 ∪ 0, ϖ0 > 0.

	

Based on the concept of quantizers, it can be obtained that |ql(r) – r| ≤ ϑ|r|, ∀r ∈ R. Define ℸ̄ = [ℸ̄1, ℸ̄2, · · · , ℸ̄n]⊤ ∈ Rn and 
ql(ℸ̄) = [ql(ℸ̄1), ql(ℸ̄2), · · · , ql(ℸ̄n)]⊤, one has ql(ℸ̄) – ℸ̄ = Hℸ̄ with H = diag{H1,H2, · · · ,Hn} and Hi ∈ [–ϑ,ϑ].

Combining multi-adaptive event-triggered mechanisms in section 0.2, the quantization controllers for leaders and fol-
lowers can be designed as follows:

	

u0k(t) = K̄01z0k(tkp) + K̄02ql((x0k(t) – x
∗
0))

+K̄03x0k(t) + Ḡx∗0, k = 1, 2, . . . ,Q,
u0k(t) = K̄01z0k(tkp) + K̄03x0k(t) + Ḡx

∗
0, k = Q + 1,Q + 2, . . . ,M 	 (53)

and

	

ui(t) = K̄1zi(tiσ) + K̄2ql(
∑M

k=1 cik(xi(t) – x0k(t)))
+K̄3xi(t) + H̄x∗0, i = 1, 2, . . . ,M,

ui(t) = K̄1zi(tiσ) + K̄3xi(t) + H̄x
∗
0, i = M + 1,M + 2, . . . ,N,	 (54)

where z0k(tkp) and zi(tiσ) are defined as

	

z0k(tkp) = ql

(∑
s∈Mk

bks(x0k(tkp) – x0s(t
k
p))

)
,

zi(tiσ) = ql

(∑
j∈Ni

aij(xi(tiσ) – xj(t
i
σ))

)
.

	 (55)

Correspondingly, the design of multi-adaptive event-triggered mechanisms should also be changed to a version based 
on quantization information.

5  Illustrative examples

Fossil energy sources are becoming increasingly depleted globally and the pollution problems associated with energy 
consumption are becoming more and more serious. At the same time, the development of microgrids based on renew-
able energy sources such as solar and wind power has begun to grow rapidly. The traditional control method is centralized 
control, which mainly relies on a central controller. With the increasing number of micro-sources, failure of the central con-
troller will lead to failure of control or even paralysis of the entire power system. It is considered that the microgrid consists of 
multiple components, where different components have different control instructions and need to cooperate to achieve power 
generation. Meanwhile, one component is needed to issue control commands based on information from all components, 
so that coordinated control is accomplished. There are many similarities between MASs and microgrids. Therefore, it can be 
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modeled as MASs. The literature [40] designed an intermittent dynamic time interval pinning control strategy for application 
to distributed control of microgrids, where each component in the microgrid is considered as an agent. Fig 1 shows the struc-
ture of MASs-based microgrids. Current, energy storage, and others in microgrids have non-negative properties. It means 
that using PMASs is more suitable for modelling microgrid systems. At the same time, ETM can avoid infinite data trans-
mission by the agent. In the model, xi(t), ui(t), yi(t), and x

0k(t) denote the microgrid system state, resource scheduling control 
protocols, outputs, and leader component states, respectively. A, B, C, and A

0
 are the system matrices.

Consider the system (1) with observer:

	

A0 =
(
–1.89 1.92
1.93 –1.86

)
,B0 =

(
0.41
0.42

)
,C0 =

(
0.47 0.35

)
,

A =
(
–0.95 0.97
0.95 –0.93

)
,B =

(
0.42
0.43

)
,C =

(
0.42 0.31

)
.

	

Choose α = 0.8, ν = 0.8, π = 0.6, ω = 0.6, ϖ1 = 0.3, and ϖ2 = 0.5. Fig 2 is communication topology.

Fig 1.  Structure of MASs-based microgrids.

https://doi.org/10.1371/journal.pone.0344567.g001

Fig 2.  Communication topology.

https://doi.org/10.1371/journal.pone.0344567.g002
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By Theorem 2, one has

	

K01 =
(
–0.8936 –0.6742

)
,K02 =

(
–0.8936 –0.6742

)
,

K03 =
(
0.8333 0.8531

)
,K04 =

(
–1.0176 –1.0337

)
,

K05 =
(
–0.5010 –0.3847

)
,K06 = 3.8456,

G =
(
0.7227 2.9953

)
,K1 =

(
–0.2481 –0.1886

)
,

K2 =
(
–0.2595 –0.2614

)
,K3 =

(
0.4050 0.4197

)
,

K4 =
(
–0.3878 –0.4593

)
,K5 =

(
–0.2359 –0.0442

)
,

K6 = 1.7033,H =
(
0.3972 1.5817

)
,F0 =

(
0.4858
0.4844

)
,

L0 =
(
–0.4045
–0.3951

)
,F =

(
0.4285
0.4267

)
, L =

(
–0.3135
–0.3022

)
.

	

The observer error simulation curves of all agents are shown in Figs 3 and 4. It can be seen from the figures that the 
observer error of the state for all agents quickly stabilizes. This indicates that the positive observer proposed in Theorem 
2 can effectively estimate the true state of the agents and is efficient. Figs 5 and 6 respectively draw the state trajectories 
of the leader and the follower under the multi-adaptive ETM. The figures clearly show that the state trajectories of the 
leader and followers eventually reach an acceptable region and remain stable. This also means that, under the designed 

Fig 3.  The simulations of the observer error ê0k1 and êi1.

https://doi.org/10.1371/journal.pone.0344567.g003

Fig 4.  The simulations of the observer error ê0k2 and êi2.

https://doi.org/10.1371/journal.pone.0344567.g004
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observer and multi-adaptive event-triggered pinning controller, all agents achieve leader-follower consensus. This proves 
the validity of the proposed control scheme.

Moreover, the event-triggerred signals and intervals for observers and controllers of the leader and follower are 
displayed in Figs 7–10. According to the simulation results, it can be found that the multi-adaptive ETM proposed in 
this paper greatly reduces the update frequency of the controller and the observer, thereby saving communication 
resources.

To verify the robustness of the proposed consensus control protocol to faults and uncertainties, corresponding com-
parative simulations are performed. The steady-state errors of tracking errors e

0k(t) and ei(t) are listed in Table 1.

(i)	 Simulations under different faults: Two types of faults are considered: constant faults and decaying faults, with val-
ues [0.8 0.8]T and [2e–0.2t 2e–0.2t]T  respectively. Using the observer and controller in Theorem 2, the tracking errors 
between leaders as well as followers and the target are simulated. From the results recorded in Table 1, it can be 
observed that the steady-state error values of the tracking error under two different fault conditions are nearly identi-
cal to those under normal conditions. This indicates that the proposed consensus control protocol exhibits a certain 
degree of robustness against small-amplitude faults. It should be noted that this paper studies the practical consen-
sus, therefore the steady-state value of the tracking error is not 0.

Fig 5.  The simulations of the states x0k1 and xi1 under DAETC.

https://doi.org/10.1371/journal.pone.0344567.g005

Fig 6.  The simulations of the states x0k2 and xi2 under DAETC.

https://doi.org/10.1371/journal.pone.0344567.g006
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Fig 7.  The event-triggered signal of the leaders’ controller.

https://doi.org/10.1371/journal.pone.0344567.g007

Fig 8.  The event-triggered signal of the followers’ controller.

https://doi.org/10.1371/journal.pone.0344567.g008

Fig 9.  The event-triggered signal of the leaders’ observer.

https://doi.org/10.1371/journal.pone.0344567.g009
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(ii)	 Simulations under different uncertainty: Assume that the system matrices A
0
 and A of leaders and followers have 

constant and random uncertainties, respectively. Consider the uncertain parameters of leaders and followers, and 
their corresponding values are chosen as follows: cl = 0.08 ∗ ones(2), cf = 0.03 ∗ ones(2), rl = 0.08 ∗ rand(2, 2), and 
rf = 0.03 ∗ rand(2, 2). Similarly, from the simulation results for uncertainty recorded in Table 1, it can be seen that 
when uncertainty exists in the leader, the steady-state value of the leader’s tracking error is significantly greater 
than under normal conditions, while the steady-state value of the follower’s tracking error remains essentially 
equivalent to that under normal conditions. When uncertainty exists among followers, the opposite occurs. These 
phenomena indicate that when uncertainty exists in the leader, the leader’s robustness is poor, while the follower’s 
control strategy shows some robustness. Conversely, when uncertainty exists in followers, the leader’s control 
strategy exhibits some robustness, while the follower’s control strategy shows poor robustness.

To further validate the applicability of the proposed control scheme under complex network topologies, simulation 
results of the tracking error for agents under directed graphs and switching topology graphs are presented. Fig 11 shows 
the switched topology. The response curve of the tracking error between the follower agent and the target is plotted in 
Fig 12(a). Fig 12(b) presents the tracking error response curve under the directed graph (non-strongly connected). The 
simulation results reveal that the proposed event-triggered control scheme based on pinning strategy achieves practical 
consensus in the directed graph but fails to achieve consensus under switching topologies. This also indicates that future 
work should focus on further investigating the event-triggered pinning control problem under switching topologies.

Finally, we compared the update times of the proposed event-triggered pinning control strategy and the normal control 
strategy. As can be seen from Table 2, the update times of the proposed event-triggered traction controller is much lower 

Fig 10.  The event-triggered signal of the followers’ observer.

https://doi.org/10.1371/journal.pone.0344567.g010

Table 1.  Performance comparisons.

Items Steady-State Error

max{e0k(t)} max{ei(t)}

Faults Constant 1.6755 3.5398

Attenuation 1.3849 3.4301

Uncertainty Constant Leader 3.6848 3.3582

Follower 1.6703 9.9716

Random Leader 2.8752 3.5173

Follower 1.6703 5.6064

Normal 1.6703 3.3540

https://doi.org/10.1371/journal.pone.0344567.t001
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Fig 11.  The switching network topology.

https://doi.org/10.1371/journal.pone.0344567.g011

Fig 12.  The responses of the tracking error under directed graph and switching topology.

https://doi.org/10.1371/journal.pone.0344567.g012
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than that of the normal controller, which also proves the effectiveness and superiority of the proposed multi-adaptive 
event-triggered pinning control scheme.

6  Conclusion

In this paper, the multi-adaptive event-triggered consensus of PMASs has been investigated based on pinning control. 
First, adaptive event-triggered pinning control protocols were designed for the leader and follower systems, and ETMs 
were constructed for leaders and followers, respectively. Under such protocols, the considered systems achieved practical 
consensus. Then, an adaptive event-triggered observer, intended only for the pinned agent, was proposed to estimate its 
state. Subsequently, an observer-based adaptive event-triggered control protocol was constructed, resulting in a closed-
loop system composed of observation and tracking errors. Finally, conditions ensuring the positivity and consensus of the 
closed-loop system were established using LP and CLF. Compared to the proposed conclusions, the proposed scheme 
not only significantly reduces the control cost and resource consumption of the system but also improves the practicality 
and stability of the system.

In future work, the pinning control can be applied to other positive systems, such as positive complex networks, positive 
fuzzy MASs, etc. Moreover, factors such as the choice of multiple leaders, communication delay, uncertain parameters, 
quantization effects, and measurement noise are also topics worthy of in-depth study in PMASs.
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