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Abstract

Transportation planning has long prioritized the efficiency of movement. However, the
concept of accessibility represents a more comprehensive evolution, shifting focus
from movement (i.e., trips) to the potential to spatially interact with desired destina-
tions. Despite growing recognition of accessibility-based planning approaches, the
concept remains fragmented, with inconsistent definitions and unclear interpreta-
tions. To this end, this paper makes a methodological contribution by specifying a
family of accessibility measures that are grounded in the shared ‘gravity-based’ the-
oretical roots of spatial interaction models, particularly their balancing factors. From
this foundation, we outline four members of the family: the ‘unconstrained’ mea-
sure (i.e., Hansen-type accessibility), the ‘total-constrained’ measure (i.e., a con-
strained version of the Hansen-type accessibility), the ‘singly-constrained’ measure
(i.e., related to the popular two-step floating catchment approach — 2SFCA), and the
‘doubly-constrained’ measure representing realized access (i.e., equal to the doubly-
constrained spatial interaction model). These measures can be interpreted as either
the number of accessible opportunities or accessible population (i.e., market poten-
tial). A toy example illustrates how they produce interpretable unit-based values,
offering a clearer and more coherent basis for accessibility analysis.

1 Introduction

In the early twentieth century, the emergence of a transportation planning paradigm
focused primarily on mobility cemented major investments in automobile and trans-
portation infrastructure, fostering lower-density sprawl, car-dependent development
and entrenching automobility in planning practice [1,2]. Within this new practice,
access to destinations was treated as a by-product of movement. Despite contin-
ued road and highway expansion, this automobility monoculture has proven ineffec-
tive at reducing travel costs or environmental burdens, and has not clearly improved
people’s ability to reach destinations [3-5].
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In response, transportation researchers have increasingly advocated for the adop-
tion of accessibility as a planning criterion, in contrast to traditional mobility-oriented
transportation planning approaches which translate into indicators that benchmark
movement (e.g., vehicle kilometres traveled, intersection through traffic) which are
not necessarily linked to improved accessibility [6—-9]. Accessibility, by contrast, is
the “potential of opportunities for [spatial] interaction” [10]. While mobility reflects
movement, accessibility captures the combined influence of transport and land use,
emphasizing destinations and the potential to reach them [11].

Accessibility research has expanded across diverse domains including: employ-
ment [12-16], healthcare [5,17-22], green space [23-25], education [26—28], social
contact [29-31], and regional economics [32—-35], among many other domains of
application. Despite its popularity in scholarly works, accessibility still remains difficult
to implement in planning due to definitional inconsistencies [8,36,37] and challenges
in interpreting and communicating results [36,38,39].

More specifically, the wide range of accessibility definitions, with novel meth-
ods being more sophisticated but less intuitive [37], can further hinder practical
uptake [36]. Geurs and van Wee [38] classify accessibility measures into four cate-
gories: infrastructure-, place-, person-, and utility-based. Among place-based mea-
sures (this work’s focus), variants include gravity-based [10], cumulative oppor-
tunity [40], the 2 Step Floating Catchment Area (FCA) approach [17], and a vari-
ety of modifications to these approaches e.g., Enhanced 2-Step FCA [41], 3-Stage
FCA [18], Modified 2-Step FCA [19], inverse 2-Step FCA [42], and n-steps FCA [25].
While these methods are tailored to address specific research contexts, overall this
diversity does not demystify existing questions like those raised by van Wee [36]:
How should practitioners interpret differences in accessibility scores between modes,
and how should results be communicated?

Rather than propose a new measure, this work argues for a return to the spa-
tial interaction foundations of accessibility. Specifically, we show how the family of
spatial interaction models [43] can be reformulated in the context of accessibility,
namely as a “family of accessibility measures”. This formulation results in constrained
versions of gravity-based accessibility (e.g., [10]), but in units of spatially reachable
opportunities. This approach offers a direct mathematical link to existing accessibility
measures while restoring tangible meaning to zonal values. Instead of abstract pro-
portional scores, constrained accessibility expresses the number of opportunities a
population may potentially spatially interact with.

This paper makes two contributions. First, we review how spatial interaction mod-
eling and accessibility share similar origins but have diverged in focus and interpre-
tation. Second, we introduce a family of accessibility measures grounded in spatial
interaction principles, including total, singly, and doubly-constrained cases and vari-
ants of “accessible opportunities” and “accessible population”. These cases and vari-
ants align with common measures such as Hansen-type accessibility [10], competi-
tive accessibility measures such as the 2SFCA method [17,44], and market potential
models [45,46].
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We contend that accessibility research should re-engage with spatial interaction modeling, particularly the use of Wil-
son’s [43] system constraints. While spatial interaction models embraced such constraints to improve interpretability,
most accessibility models have not. This lack of adoption contributes to fuzziness in current analyses, limiting interpretive
clarity to simple proportional comparisons (e.g., “higher-than”, “lower-than”) [47]. Without such constraints, accessibility
scores lack clear units and comparability across cities or modes. In contrast, constrained measures yield values that can
be tied to tangible values without any post-hoc treatment, theoretically making them more interpretable, communicable,
and actionable in planning.

The remainder of this paper proceeds as follows. Sects 2 through 4 trace the historical development of spatial interac-
tion and accessibility research, beginning with Newtonian gravitational analogies and Carey (1858) [48] (Sect 2), moving
through early researchers like Ravenstein (1885) [49] to Stewart (1948) [50] who theorized and formalized spatial interac-
tion patterns (Sect 3), and examining how the “gravity-based” accessibility approach in Hansen (1959) [10] became the
dominant approach in planning practice (Sect 4). Sect 5 presents the entropy-based family of spatial interaction models
in Wilson (1971) [43], explaining how the introduction of “constraints” (based on top-down known information as part of
entropy-maximization) produces interpretable, unit-consistent flow estimates. Sect 6 explores why accessibility and spa-
tial interaction literature diverged into separate branches despite their shared conceptual foundations. Sect 7 constitutes
the paper’s core contribution: we derive a family of accessibility measures corresponding to different constraints applied
— unconstrained, singly-constrained, and doubly-constrained cases — demonstrating how each yields zone-level acces-
sibility values expressed in meaningful units (opportunities or population) rather than unit-inconsistent indices. We illus-
trate each measure with numerical examples that clarify the practical implications of different constraint assumptions.
Sect 8 concludes by discussing how these constrained measures can inform planning decisions and improve clarity in
accessibility analysis.

The key insight is that accessibility need not be unit-inconsistent. By building from spatial interaction theory’s constraint
framework rather than the gravitational analogy alone, we show how to construct accessibility measures that are simul-
taneously grounded in behavioural principles (the gravitational analogy) as well as being expressed in interpretable units
(opportunities or population) that are sensitive to the known to the region through empirically-set constraints.

2 Newtonian’s roots of human spatial interaction research

The patterns of people’s movement in space have been a subject of scientific inquiry for at least a century and a half, from
as far back as Henry C. Carey’s Principles of Social Science [48]. It was in this work where Carey stated that “man [is] the
molecule of society [and their interaction is subject to] the direct ratio of the mass and the inverse one of distance” [51,

pp. 37-38]. This statement shows how investigations into human spatial interaction have often been explicitly coloured by
the features of Newton’s Law of Universal Gravitation, first posited in 1687’s Principia Mathematica and expressed as in

Eg 1.
Fy o M (1)
%
Dij

This famous equation expresses that the attractive force F between two bodies i and j is directly proportional to the
product of their masses and inversely proportional to the square of the distance between them. As mass increases, so
does force; as distance increases, force decreases. However, Eq 1 only demonstrates a proportional relationship. To
quantify the magnitude (not the proportional magnitude) of the force, it must be constrained with an empirical constant.
This constant G converts Eq 1 from an expression of proportionality to the following expression of equality:

F =G 2)
T D2
ij
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Where G is the gravitational constant — an empirically calibrated value that ensures the model reflects observed forces.
Newton'’s initial estimate of G was based on a speculation but received empirical support after Hutton’s and Cavendish’s
experiments in the late 1700s [52,53], which estimated it to within 1% accuracy. That is, it took over a century from the
publication of Newton’s Principia Mathematica to refine the estimate of the proportionality constant.

While the Newtonian gravitational relationship laid the conceptual groundwork for later empirical studies of human spa-
tial interaction, the majority of these early attempts described a proportional relationship or one arbitrarily set to equality.
They did not establish an empirical G as in the Newtonian tradition, as will be discussed in the next subsection.

3 Early research on human spatial interaction: From Ravenstein (1885) to Stewart (1948)

Henry C. Carey’s Principles of Social Science [48] inspired empirical spatial interaction research in different contexts.
Namely, a number of researchers theoretically and empirically attempted to characterize human spatial interaction as
a force F directly proportional to the “masses” M; and M; of two locations, and inversely proportional to their separation
distance — conceptually parallel to Newtonian gravity, but often omitting a proportionality constant.

Beginning with Ravenstein in the late 1880s, his works proposed some “Laws of Migration” based on his empirical anal-
ysis of migration flows in various countries [49,54]. These works posited 1) a directly proportional relationship between
migration flows and the attractive size of destinations, and 2) an inversely proportional relationship between the size of
flows and the separation between origins and destinations. As with Carey, these propositions echo Newton’s gravitational
laws.

Over time, other researchers discovered similar relationships. For example, Reilly [55] formulated a law of retail gravi-
tation, expressed in terms of equal attraction to competing retail destinations that could be understood as ‘potential trade
territories’. Later, Zipf proposed a % hypothesis for the case of information [56], intercity personal movement [57], and

goods movement by railways [58]. The % hypothesis stated that the magnitude of flows was proportional to the product
of the populations of settlements, and inversely proportional to the distance between them.

Of the researchers cited above, only Reilly and Zipf expressed their hypotheses in mathematical terms. Reilly’s hypoth-
esis was presented in the following form:

5, — PaPD"
Dn
aT

(3)

where B, is the amount of business drawn to a from T, P, and Py are the populations of the two settlements, and D, is
the distance between them. Quantity N was chosen by Reilly in a somewhat ad hoc fashion as 1, and he used empirical
observations of shoppers to choose a value of n = 2.
Zipf, on the other hand, wrote his hypothesis in mathematical form as:
_ PP

C?= 4
Dz @

where C is the volume of goods exchanged between 1 and 2, P, and P, are the populations of the two settlements, and
D, is the distance between them.

These early formulations (Egs 3 and 4) clearly reflect the influence of Newtonian gravity on human spatial interaction
theory, revealing a shared mathematical structure across migration, trade, and communication models.

However, a common feature of these early investigations is that none of them included a proportionality constant (sim-
ilar to G in Eq 2), a consistent omission of the empirical calibration necessary to convert these proportional relationships
into measurable and comparable quantities. It is only in Stewart (1948) [50] that we find the most explicit connection yet
to Newton’s Gravitational law and the use of a proportionality constant. While acknowledging predecessors like Reilly and
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Zipf, the physicist Stewart was likely the first author to formalize human spatial interaction using an explicit proportionality
constant G, enabling his formulation to be interpreted as a measurable ‘demographic’ force:

(uaN1)(uaN2) GM1 M,

2 - 2
d12 d12

F=G

()

Where:

* F is the demographic force

* N, and N, are the numbers of people in groups 1 and 2

» uq and u, are so-called molecular weights, the attractive weight of groups 1 and 2
* My =puNy; and M, = u,N, are the demographic masses at 1 and 2

dfz is the distance between 1 and 2

And finally proportionality constant G

What is notable about Eq 5, however, is that the proportionality constant G was specified but “left for future determina-
tion” [50, p. 34]. We can infer that it is crucial for ensuring F is maintained in some units of demographic force.

In addition to demographic force F, Stewart defined a measure of the “potential” of group 2 with respect to group 1.
The partial sum of the demographic force experienced by group 1, or the potential number of people from location 2 that
could visit location 1, as V, = G— For a system with more than two population bodies, Stewart formulated the population

potential at i by summing the contrlbutlons from each group j, after arbitrarily setting G = 1:

V=3 M’ ©®)
i

Where M; is the demographic mass at location j and dj is the distance between i and j. A version of this discrete form is
what was used in Hansen [10], going on to become a foundation of modern accessibility definitions, as will be discussed.

Although Stewart’s concept of “social physics” eventually fell out of favour, potentially in part due to inconsistent math-
ematical notation (e.g., G is used as both a proportionality constant p. 34 and then later as demographic energy on p. 53.)
as well as its racist and unscientific assumptions (e.g., view of humans as particles following physical laws and assump-
tions of the molecular weight of the average American being one, but “presumably...much less than one....for an Aus-
tralian aborigine” [p. 35]). However, Stewart’s introduction of a proportionality constant G in modeling demographic force
marks an important conceptual step: recognizing that moving from proportionality to equality requires empirical calibra-
tion. In other words, the addition of G shifts results from being abstract indicators of potential (i.e., d‘l);‘;p'e 5) to having units
grounded in consistent, albeit still abstract, quantities (i.e., units of some sort of demographic force).

As will be discussed, when Hansen (1959) [10] later adopted Stewart’s formula (Eq 6) for accessibility, he omitted
any mention of G, effectively setting it to 1 arbitrarily as Stewart had done. This omission has persisted in accessibility
research, leaving a conceptual gap in how such measures are interpreted and compared.

4 Hansen’s gravity-based accessibility to today

From Stewart [50], we arrive at 1959 and Walter G. Hansen, whose work proved to be exceptionally influential in the
accessibility literature [10]. In this seminal paper, Hansen defined accessibility as the potential of opportunities for inter-
action... a generalization of the population-over-distance relationship or population potential concept developed by Stew-
art [50]” (p. 73). As well as being a student of city and regional planning at the Massachusetts Institute of Technology,
Hansen was also an engineer with the Bureau of Roads, and preoccupied with the power of transportation to shape land
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uses in a very practical sense. Hansen [10] drew directly from Stewart’s population potential formula (see Eq 6), but left
aside the broader (and often problematic) framework of “social physics”.

Hansen recast Stewart’s population potential to reflect accessibility, a model of human behaviour useful to capture reg-
ularities in mobility patterns. Hansen replaced M; in Eq 6 with opportunities to derive an opportunity potential, or more

specifically, a potential of opportunities for interaction as S;= Y, J %. A contemporary rewriting of d=# to f(dj) accounts for

if
the variety of impedance functions beyond the inverse power used in the applied literature:

S =2, Ojftdy) (7)
J

S;in Eq 7 is a measure of the accessibility from zone i. This is a function of O; (the mass of opportunities at ), dj (the cost,
e.g., distance or travel time, incurred to reach j from /), and f(dj) (a function that modulates the friction of cost). Today,
Hansen is frequently cited as the father of modern accessibility analysis (e.g., [59]), and Hansen-type accessibility is com-
monly referred to as the gravity-based accessibility measure.

However, Hansen’s formulation carried forward a crucial omission that continues to affect the literature: the propor-
tionality constant G included in Stewart’s original formulation (Eq 6) has vanished entirely. Although Stewart included
G explicitly (with a note that “G [was] left for future determination: a suitable choice of other units can reduce it to unity”

[p. 34]). Hansen made no mention of it. As a result, modern accessibility analysis has largely evolved without address-
ing the constant’s role, leaving G effectively and implicitly fixed at 1. This omission has significant implications. Without
a proportionality constant, the accessibility formula expresses only a proportional relationship: S; « Z,- 9(Opfid;), not one
of calibrated equality. Recognition of the nature of this relationship is not common in the literature, but is known, i.e., this
proportional equation is shown in Fig 1 in Wu and Levinson [60].

Furthermore, working with a proportional relationship generates fundamental issues in comparability between and,
arguably, within studies. Namely, accessibility estimates have no fixed unit, rendering them sensitive to the choice of
impedance functions. For instance, if travel cost dj; is measured in meters, then when the travel impedance function f(dj)
equals dl.j_.ﬁ, the resulting S; has units of opportunities per metres” . However, when f(dj) is set to equal e~P% the units
become opportunities per efmetres Sych variation impairs comparability across analyses and obscures the meaning of
accessibility scores, making them difficult to understand and communicate without post-hoc treatment.

Therefore, in practice, Hansen-type measures are ones of proportionality and are better understood as ordinal indica-
tors; they rank accessibility but lack cardinal meaning or consistent units [47]. The continued absence of a sort of propor-
tionality constant G leaves a conceptual and practical gap in accessibility analysis: a missing link between theoretical form
and empirical measurement that hinders the interpretability of accessibility measures.

5 Wilson’s family of spatial interaction models

While accessibility research evolved in North America with Hansen [10], a parallel development was taking place across
the Atlantic with Alan G. Wilson. Wilson’s groundbreaking paper [43] advanced a general framework for spatial interac-
tion modeling focused on flows of interaction between places and derived from a non-Newtonian analogy. Additionally,
this work was not focused on the ‘potential’ concept as accessibility had been. Wilson [43] formalized the general spatial
interaction model through the following equation:

Ty = kWO W) (8)

The model in Eq 8 posits a quantity T; that represents a value in a matrix of flows of size n x m, that is, between /=
1,s,n origins and j = 1, s, m destinations. The quantities W,(.” and Wj(,z) are proxies for the masses ati= 1, s, n origins and
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Jj=1,s, m destinations. The super-indices (1) and (2) indicate that these masses can be any number of different things
associated with the zones, i.e., Wf” could be population at a zone as an origin, and Wj(.z) hectares of park space at a zone
as a destination. f(c;) is some function of travel cost c¢; which reflects travel impedance.

Of important note for this paper, k in Eq 8 acts as a proportionality constant, shifting the equation from a proportional
to an equal relationship by incorporating known system totals. In some sense, k serves a role similar to the gravitational
constant in Newton'’s law — it calibrates the model so that outputs match real-world quantities. However, these real-world
quantities are not a set empirical constant (like Newton’s G) but are instead sensitive to the system and known information
about the system.

From the outset, spatial interaction models emphasized interpretability of results [43,61,62]. But unlike earlier
approaches that borrowed heuristically from Newtonian gravity (i.e., interaction between masses over distance), Wilson’s
innovation was to generalize the model using entropy maximization. By maximizing the number of ways individual trip
probabilities could be arranged under known constraints, Wilson derived models that estimate statistical averages of flows
between zones [43,63].

Crucially, to ensure that Tj; in Eq 8 is maintained in units of flow between i and j, the model moves from proportionality
to calibrated equality by incorporating empirical constraints. At a minimum, this requires knowledge of the total number of
flows T in the system, leading to the basic constraint:

2LXT=T ©)

Additional information can be introduced. For example, when information is available about the total number of flows
produced by each origin, Wf” in Eq 8, represented as O;, then the following constraint can be used:

2. Ti=0 (10)
J

As well, if there is information available about the total number of flows attracted by each destination, Wj(,z) is repre-
sented as D; and the following constraint can be used:

g
\'
I

0O

(11)

i

It is also possible to have information about both O; and D;, in which case both constraints can be imposed on the
model at once.

Depending on which of the three system constraints are applied, a family of spatial interaction models can be derived
from Eq 8. The proportionality constant k is replaced with different balancing factors. This change in name is more use-
ful as these factors not only preserve proportionality but also ensure that the predicted flows T; align with the known con-
straints considered in the system. In other words, the different balancing factors adjust the model so that flows become
statistical averages consistent with observed origin and/or destination data.

In the framework introduced and inferred from Wilson [43], three types of balancing factors are specified: (1) an uncon-
strained model that only matches the total volume of interaction K, (2) a singly-constrained model (either by origins A; or
destinations B; — explained below), and (3) a doubly-constrained model that satisfies both.
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In the unconstrained model, constraints in Eq 10 and Eq 11 do not hold. In practical terms, this means that the total
number of flows predicted by the model must be equal to the sum of all flows from origins i to destinations j. The balanc-
ing factor K takes the place of k and is equal to the following (as specified in [64] and [65]):

T
K=
Zizj Tj

(12)

In the singly-constrained model, only constraint Eq 10 or constraint Eq 11 hold. When only Eq 10 holds, entropy maxi-
mization leads to the production-constrained singly-constrained version of Eq 8, where the proxy for the mass at the origin
Wf” is replaced with O;. Also, k is replaced with a set of balancing factors specific to origins A;, which ensures that con-
straint Eq 10 is satisfied (i.e., the sum of predicted flows from one origin going to all destinations must equal the known
mass at that origin O;). Satisfying this constraint also implicitly fulfills the total constraint (Eq 9), since the sum of O; values
across all origins equals the total number of flows. A; takes the following form:

1
A=———1r—— (13)
%, Wfe)

The singly-constrained attraction-constrained model is similar to the production-constrained version but from the per-
spective of the mass at the destination. For the attraction-constrained model, the proxy for the mass at the destina-
tion W/{z) is replaced with D; in Eq 8, representing the spatial interaction inbound flow. Also, k is replaced with a set of
destination-specific balancing factors B; that ensure that Eq 11 is satisfied (hence the total constraint Eq 9 is as well),
meaning that the sum of predicted flows going to one destination from all origins must equal the known mass of that des-
tination D;. As before, destination-specific balancing factors B; were derived by Wilson as:

1
B=——— (14)
J
=W, ey

Lastly, the doubly-constrained model is the production-attraction constrained model in Wilson [43]. In this case, both
constraints Eq 10 and Eqg 11 hold simultaneously. These constraints ensure that the sum of predicted flows from one ori-
gin to all destinations, and the predicted flows going to one destination from all origins, must equal the known mass of
the origin O; and of the destination D;. This should hold for all origins and destinations. The resulting model is, in Wilson’s

terms, doubly-constrained, and from Eq 8, k becomes both A; and B; shown in Eq 15, and Wf” and W](.Z) is replaced with
O; and D;. Derivation of these models is demonstrated in detail elsewhere (e.g., [62,66]).

1
I 2j Bfﬁ)/f(ci/) (1 5)

I 2 AiOif(cy)

Wilson’s work is notable for many reasons. Rather than relying on a universal constant like G or a scaling factor to bal-
ance units, Wilson’s models calibrate interaction flows through known empirical constraints using principles of entropy
maximization. This results in interpretable, balanced (given the system knowns are expressed in the constraints), and
unit-consistent jj flows. The balancing factors themselves have been subject to various interpretations — as terminal
costs [67], weighted mean values [61], or as accessibility measures themselves [68] (as suggested in Wilson [43]) and as
rents [69] — reflecting ongoing efforts to understand what these mathematical constructs represent behaviourally. In this
way, the spatial interaction modeling tradition can be seen to have succeeded where accessibility modeling stalled. While
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Wilson’s model produces results that are in units of flow tethered to the system of analysis, which facilitates such interpre-
tations, Hansen-type measures (still widely used today in accessibility work) yield outputs that reflect proportional — not
equal — relationships and typically lack interpretable units.

Before demonstrating the derivation of the family of accessibility measures that are sensitive to constraints (Sect 7), in
the next section, we review how conceptually intertwined the spatial interaction modelling and accessibility literatures are,
and where they began to diverge. This investigation sheds light on why accessibility research may have failed to adopt a
comparable approach until this paper.

6 Accessibility and spatial interaction modelling: Two divergent research streams

Despite their close conceptual ties, the accessibility and spatial interaction modeling literatures have developed along
largely separate paths since the 1970s. Hansen’s [10] formulation of accessibility became the method used for decades
of work on transport equity, land use analysis, and urban accessibility planning. Meanwhile, Wilson’s [43] entropy-
maximizing framework reshaped how spatial interaction models were constructed, particularly in transportation demand
forecasting. We argue the framework’s quiet innovation — introducing empirically grounded constraints to shift from pro-
portionality to calibrated equality — made the framework immediately relevant for policy applications as outputs were in
tangible units. Yet, this mechanism was never widely adopted in accessibility analysis.

This divergence is especially striking given the context in which both frameworks emerged. As noted in [70], large-scale
spatial interaction models (like Wilson’s) responded to important developments at the time, a need “to meet the dictates
and needs of public policy for strategic land use and transportation planning”. And these needs were far from trivial: for
instance, in the U.S., the Federal-Aid Highway Act of 1956 set in motion the construction of the Interstate Highway Sys-
tem with an eventual budget exceeding $600 billion in today’s dollars [71,72]. In this context, spatial interaction models
were incorporated into institutional practices focused on “predict and provide” travel demand forecasting [71,73]. Accessi-
bility analysis, by contrast, remained more conceptually diffuse, focused on indicators of “potential” spatial interaction with
opportunities rather than flows that could tangibly guide infrastructure decisions (e.g., roadway capacity expansion, new
construction). Whereas spatial interaction modelling became a key element of transportation planning practice, accessibil-
ity remained a somewhat more academic pursuit, and the two streams of literature only rarely connected.

To explore why Wilson’s approach may not have crossed over to accessibility modeling sooner, we conducted a
review of the literature citing Hansen [10], Wilson [43], or both. This was done using Web of Science’s “Cited References”
functionality, and the digital object identifiers of Hansen [10] and Wilson [43]. Only 76 out of the 2,122 documents that
emerged from our search of the General Database cite both. The number of articles, by year and if they cite Hansen,
Wilson, or both, are shown in Fig 1.

Through the close analysis of why articles that cite both works cite each work, we identify two distinct patterns: one
group of articles focused on accessibility, the other on spatial interaction. In examining these groups of articles, we
uncover how the relationship between Wilson and Hansen has often been misunderstood, under-explored, or entirely
overlooked.

In the first stream of literature — which cite both but are focused more on spatial interaction models — they treat spatial
interaction and accessibility as separate but related phenomena. Four subsets of this stream emerge.

First, some of the more early works interpret the spatial interaction model’s balancing factors (Eq 13 or Eq 15) as the
inverse of Hansen’s accessibility measure [74—77], likely following Wilson’s own recognition of this similarity between bal-
ancing factor A; and Hansen— type measure S; on p. 10 in Wilson [43]. In some ways, this relationship has been recog-
nized as a “common sense” approach to incorporating accessibility in the spatial interaction model [78, p. 99], though
acknowledgment of its further exploration has been recommended [79].

The second subset of articles within this stream uses both Hansen [10] and Wilson’s [43] framework in conjunction.
For instance, some articles argue that spatial interaction models fail to explain certain spatial patterns on their own, for
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instance, as in Fotheringham [77] who demonstrates how the spatial interaction model may insufficiently explain spatial
patterns, and suggests that explicitly defining destinations’ accessibility (Hansen-type accessibility) as a variable within
the model may remedy the issue (e.g., the competition destination model). Other works take a more applied approach:
such as in defining location-allocation problems in operations research [75,80], estimating trips (or some other spatial
interaction flows) alongside accessibility (e.g., [81-83]), or considering accessibility as a variable within spatial interaction
models, in line with Fotheringham’s [77] demonstration (e.g., [84]).

The third subset of the spatial-interaction focused literature departs from Hansen’s [10] definition, aligning instead with
microeconomic or utility-based interpretations of potential spatial interaction e.g., [78,85]. Though across works in this
subset, they recognize Hansen-type accessibility as an indicator of ‘potential’ but as a separate but related concept to
spatial interaction.

Moving on to the group of accessibility-focused literature that cites both works, we categorize their citation of Wil-
son [43] within three general groups. Overall, these works do not engage — or only superficially engage — with Wilson [43].

Firstly, there is a group of articles within this stream that cite Wilson [43] exclusively as attribution for using context-
dependent travel cost functions. This trend is common: for instance, it is done in the following papers: [11,86—99]. How-
ever, these works do not engage with spatial interaction beyond this attribution.

Secondly, a subset of literature explicitly acknowledge the conceptual link between spatial interaction and with Hansen-
type accessibility — but only superficially, not going beyond the recognition that they both relate to spatial interaction
e.g., [13,60,100-111]. Indeed, while accessibility can be seen as the potential for spatial interaction — and Wilson [43]
briefly touches on this — such mentions have not resulted in deeper analytical integration of these concepts. Furthermore,
some of this literature also occasionally conflates or blurs the distinction entirely, for instance, by co-citing Hansen and
Wilson as being ‘gravity models’ (e.g., [96,112—114]). This conflation reveals ongoing murkiness between the distinction of
spatial interaction and the potential for spatial interaction in the literature.

Thirdly, there is a group of accessibility-focused works that interprets the measure used in Hansen [10] as the singly- or
doubly-constrained spatial interaction model’s inverse balancing factor (e.g., [46]). This group often cites the spatial inter-
action works that make this connection (i.e., the first subset of the first stream of literature) and is especially prominent
in the investigation of competitive accessibility topics e.g., [12,115-128]. Only the works of Soukhov et al. [129,130] use
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Wilson’s [43] balancing factors as a method for maintaining constraints on opportunities within the context of competitive
accessibility.

On that note, Soukhov et al., 2023 and 2024 [129,130] introduce the balancing factors as mechanisms to ensure that
opportunities at each destination are proportionally allocated to each zone (based on the proportion of population seek-
ing opportunities and the relative travel impedance). This is to ensure that each zonal accessibility value is the sum of this
proportional allocation from each destination, and that all zonal values ultimately sum to the total number of opportuni-
ties in the region. However, these balancing factors were deduced intuitively. These works did not explicitly state that the
mathematical formulations of the equations are effectively equivalent to Wilson’s singly-constrained model (derived from
entropy maximization). This equivalence is only discovered in hindsight, as will be demonstrated in the following section.
These two works also do not discuss other constrained cases that will also be addressed in this paper.

In sum, despite the interpretative advantages offered by the statistical logic of Wilson [43]'s framework, neither the spa-
tial interaction literature that cites Hansen [10] nor the accessibility literature citing Wilson [43] has meaningfully applied
Wilson’s constraint-based intuition to the concept of accessibility. So, in the next section, we do so by demonstrating how
the application of Wilson’s framework enables accessibility to move from a proportional relationship to calibrated equal-
ity — tying outputs to tangible system knowns. This re-expression of accessibility using constraints yields interpretable,
unit-consistent measures of opportunity. This approach takes the same path of entropy-maximization as in Wilson [43],
and does not rely on specifying some universal constant G like initially suggested in Stewart [50] (recall, Eq 6 which
Hansen [10] operationalized).

7 A family of accessibility measures: From proportionality to equality

Despite their close conceptual ties, accessibility has not meaningfully absorbed the constraint-based logic of spatial inter-
action modeling. This section introduces this conceptual connection by defining a family of accessibility measures using
Wilson’s approach grounded in statistical mechanics, shifting place-based accessibility (& la Hansen [10]) from a relation-
ship describing proportionality to one of equality. This shift addresses the issue of unit interpretability (associated with the
proportional nature of Hansen-type accessibility indicators previously outlined).

We propose a revised definition of accessibility considerate of the constraint-based spatial interaction model: the poten-
tial for spatial interaction with opportunities (or population). We can specify k as a type of proportional allocation factor
x, which incorporates Wilson’s balancing factor(s) to define the potential for spatial interaction with opportunities V;; and
the potential for spatial interaction with population M;;. In effect, x is unitless and proportionally allocates (based on the
constraints of the case) opportunities (for V) and population (for M;). The equations are generally expressed as follows:

X _ . XInf2)
v (16)
MY = =XW

Where Wﬁ? is the mass of the destination (i.e., opportunities O; or O) and WS) is the mass of the origin (i.e., population D;
or D) for either the zone or full region, depending on the case (hence represented by a stand-in X subindex). Accessibility
flows can also be summarised as a partial sum of the potential at /i and at j to express accessibility at the origin zone or at
the destination zone, respectively. This form is common in accessibility research:

X X11/2)
V=2 (17)
M = 3,0

Fig 2 illustrates our analytical framework using a 3-zone system. The most detailed values, Xj;, represent the potential

for spatial interaction from origin i to destination j. Here, X stands for all cases and variants to be discussed (e.g., \/fj’ Mj?
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Fig 2. The family of accessibility measures analytical framework.
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VIT, Mﬂ US Mﬁ fo and I\/ij.’). Single marginals show the origin, and destination weights and the total marginal is a sum of
these values.

The proportional allocation constant x takes the form of a balancing factor that varies depending on the constraints
applied. Each member of the accessibility measure family is defined by the constraints used, and can be grouped into the
following four cases:

Unconstrained Case (\/{, M)

» Equivalent to Hansen’s [10] and Reilly’s [55] original formulations, the status quo of accessibility modelling.
» No balancing factors applied; units are in “opportunities-by-impedance” for Vf’ or “population-by-impedance” for M]0
* No constraints are applied, so values reflect proportionality only and are not calibrated to known system totals.

Total-constrained Case (V/, MJ.T)

T T
i

* Applies a total proportional allocation factor (x;, %) based only on the total marginal (green box in Fig 2) i.e., total
number of opportunities or population in the system. This ensures the sum of all values in the system match the total
marginal.

* Units of \/I,T: accessible opportunities from /, a value that is total-constrained and linearly proportional to \/?

* Units of MjT: accessible population from j, a value that is total-constrained and linearly proportional to Mj0
Singly-constrained Case (V?, /\/115)

» Applies singly-constrained proportional allocation factors (K,;S, 7€j§) based on Wilson’s balancing factors (B;, A;) to pre-

serve either the destination-side or origin-side marginal totals (blue and red boxes in Fig 2) i.e., the number of opportu-
nities or population at each zone. Reflects how the literature calculates competitive accessibility.

PLOS One | https://doi.org/10.1371/journal.pone.0335951 November 14, 2025 12/ 31



https://doi.org/10.1371/journal.pone.0335951.g002
https://doi.org/10.1371/journal.pone.0335951

PLO.“... One

* Units of \/f: accessible opportunities from i, a value that is the sum of opportunity supply flows allocated proportionally
based on demand at i. Mathematically equivalent in per-capita form to 2SFCA [17].

 Units of M/.S: accessible population from j, a value that is the sum of population demand flows allocated proportionally
based on supply at j.

Doubly-constrained Case (Vg’, I\/If,.’)

+ Constrained on both origin and destination sides using both A; and B; simultaneously, which can also be expressed as
proportional allocation factors (K,-f-’, 73,-5,-’); equivalent in interpretation to Wilson’s [43] doubly-constrained spatial interaction
model.

» Simultaneous application ensures both the destination-side and origin-side marginal totals are maintained (blue and red
boxes in Fig 2).

* Interpretable only as jj and ji flows, since aggregation at i and j simply reproduces known totals. Represents ‘interaction
capacity’ or ‘realized access’ serving as predictions of real interaction flows.

As a summary, each member of the family of accessibility measures is named, explained in plain language, alongside
their balancing factor(s), proportional allocation factor(s), and mathematical equation and value interpretations in Table 1.

7.1 Toy example setup

Consider the simple 3-zone region in Fig 2, where each zone serves as both origin (/) and destination (j). The system
includes three inputs: zonal population and opportunities, a zonal cost (travel time) matrix, and three travel impedance
functions representing different travel behaviours.

First, Table 2 summarizes population (in 10,000s) and physicians per zone. For context, the Provider-to-Population
Ratio (PPR) is 24.5, comparable to Canada’s 2022 PPR of 24.97 physicians per 10,000 [131]. Second, Table 3 shows
travel times (minutes); it can be discerned that Zones 1 and 3 are closer to each other than to Zone 2. Zones 1 and 3
together have a population roughly equal to Zone 2 but offer more than twice the physician availability. We interpret Zone
1 as the Urban Edge, Zone 3 as part of the Urban Core, and Zone 2 as Suburban.

And third, Eq 18 presents the assumed travel impedance functions reflecting three different travel behaviours. A help-
ful analogy may be tying travel behaviour to the used mode’s mobility potential, i.e., the most decaying travel behaviour
(f1(cj) would assume all travel in the region being done by foot, while calculating accessibility assuming the least decay
(f3(cj)) would assume unfettered automobility.

f1(cij) = 01—3
{

f(o) =5 (18)
i

() = 55

i

Any set of concepts representing population, opportunities, and their associated travel behaviour, whether represent-
ing the entire region uniformly (as will be demonstrated) or representing specific subgroups, can be substituted into our
simple toy example. The purpose of the following simple example is to demonstrate the calculation and interpretation of
the four accessibility measure variants. As well, the family of measures proposed will be available in the accessibility R
package for convenient use in future studies.

7.2 Unconstrained accessibility

In \/? no proportional allocation factor is defined; simply f(c;) is used to weight the number of opportunities at each j and
the weighted values for eachj are summed for each i, yielding an expression identical to Hansen’s accessibility S; [10], the
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Table 1. Summary of constrained accessibility measure types and interpretations.

Name of Member and
Variant

Constraint Explanation
and Balancing Factor

Proportional Allocation
Factor

Accessibility Measure
Equation

Interpretation

Unconstrained Accessible

No constraints; marginals

None

Values in various units

Opportunities (V?) and not equal to any regional or M° =3 Of(c;) depending on the
Unconstrained Accessible zonal knowns. I e impedance and
Population (Mj(.)) destination-mass (e.g.,
opportunities x decay) for
V¥ and impedance and
origin-mass (e.g., population
X decay) for M;) no total or
marginal constraint
Total-constrained Balancing factors KT and K7 | Allocates the total marginal \/I.T = E,- x,-jTD; Values reflect a share of the
Accessible Opportunities ensures the sum of jj values | as opportunities D based on | 7 — Z-’%-TO total opportunities in the
(V]) and Total Constrained | equals the total marginal, ; Wj@)f(cij) ) / i region D for V or total
; ; T : X; = ————— and as jon i i
Accessible Population (Mj. ) Vlgle:rei; i %3, W]@f(cq_) ?Oc:'pAL;,I.Ta.tlon in the region O
% population O based on J
KT=_°2_ R L))
T b oo
i Zj i f(Cij)
Singly-constrained Single balancing factor B; Allocates the single \/’fS = Z,- K,ij; VI.s values reflect a share of
Accessible Opportunities (for \/,,3) that ensures the opportunities marginal D; MS = D %S ; the opportunities at each

(V%) and Singly Constrained
Accessible Population (M].S)

destination-mass marginal
is constrained, and A; (for
Mjs) ensures the
origin-mass marginal is
constraine1d:

Bj= ————;
T iy
1

A= —
5w

proportionally based on
LG

1)

T iy
of V? and the single
population marginal O;
proportionally based on
%5 = )

ji s Wj@) o))
of Mjs.

in the case

in the case

J iji

destination D; based on
origin population '"demand’
and impedance; I\/IjS values
reflect a share of the
population at each origin O;
based on destination
opportunities 'supply’ and
impedance.

Doubly-constrained Access
(Vf]? or Mf]?)

Values reflect both single
marginals simultaneously,
maintained via A; and B;.

The spatial interactions
between population and
opportunities (i.e., access).

https://doi.org/10.1371/journal.pone.0335951.t001

Table 2. Simple system with three zones (ID 1, 2 and 3). Population is in 10,000 persons and opportunities in number of physicians.

ID (i orj) Population” Opportunities?
1 4 160
2 10 150
3 6 180

"Population is Wi(") when used as a proxy for the mass at the origin, and Oi when used as a constraint.
2Qpportunities is Wj@ when used as a proxy for the mass at the destination, and Dj when used as a constraint.

https://doi.org/10.1371/journal.pone.0335951.t002

Table 3. Cost matrix for system with three zones (travel time in minutes).

Destination ID
Origin ID 1 2 3
1 10 30 15
2 30 10 25
3 15 25 10

https://doi.org/10.1371/journal.pone.0335951.t003
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current standard practice in accessibility measurement:

V=2V =W =5 (19)
J J

However, Zi \/? generally does not equal the total opportunities O, so units here are ‘opportunities weighted by travel
impedance’ and lack meaningful scaling or direct interpretability. Comparing values across different decay functions or
contexts (i.e., different numbers of zones) is therefore limited to ordinal statements (more vs. less), not intervals or ratios
(i.e., the magnitude of differences).

For example, Table 4 shows Vf’ under each decay function. Comparing across decay types is meaningless in abso-
lute terms. For instance, the difference in zone 1 (edge of urban core)’s accessibility under f; vs f; is 370.92, but in what
units? These two values are a product of different impedance functions (physicians-minu’(e_o'1 and physicians-minute_a),
making the direct comparison uninterpretable (and arguably incorrect). The fundamental uninterpretability of what is an
opportunity-weighted-travel-impedance unit remains.

As the different impedance functions represent different travel behaviours, comparing the raw unconstrained accessi-
bility values across groups is meaningless beyond notions of higher or lower. While one could attempt to adjust the units
post-calculation (e.g., scaling, population normalization) or select impedance functions to facilitate comparison across
scenarios (potentially at the expense of accurately reflecting travel behaviour), such adjustments may introduce bias. The
unconstrained scores are best used for ranking within a single context.

The next sections introduce constraints to calibrate these measures for better interpretability and comparability, apply-
ing each to this example in turn.

7.3 Total-constrained accessibility

The total-constrained accessibility case can be interpreted in a few ways. In the one that connects to the status quo: the
total balancing factor proportionally adjusts unconstrained zonal accessibility values \/? so their total sum of \/? matches a
known system total — either total opportunities or total population. Another interpretation is in reformulating the equation to
use a proportional allocation constant based on the total balancing factor. The proportional allocation constant distributes
opportunities (or population) proportionally by travel impedance.

In both formulations, all zonal values become a proportion of a known system total, be it the regional opportunities or
regional population, depending on the variant.

We define two variants for this case:

. \/I.T: accessibility is constrained by the total number of opportunities (total-constrained accessible opportunity), which is
interpreted as Hansen’s accessibility with a constraining constant, and

. MjT: where i and j of the first variant are transposed, yielding a measure constrained by the total population and to be
interpreted as constrained ‘market potential’.

Table 4. Simple system: Unconstrained accessibility.

V;0
fy (cy) = e fa (cij) = 1/c;? f3 (cij) = /"]
Origin units: physicians-minute®-3 units: physicians-minute”®-2 units: physicians-minute®-0.1
1 0.219 2.567 371.143
2 0.167 1.966 363.479
3 0.237 2.751 373.738
Sum 0.6233422 7.283556 1108.361

https://doi.org/10.1371/journal.pone.0335951.t004
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7.3.1 Total-constrained accessible opportunities: Hansen’s accessibility with a total constraint. In the total-
constrained case, accessibility is expressed as a share of the total number of opportunities in region D, allocated based
on travel impedance. The total-constrained accessibility from i to j takes the form:

T _ .. T
VI =«]D (20)

This formulation satisfies the total constraint, analogous to the one in the Wilson framework:
2.2 Vj=D (21)
i

Next, the proportional allocation factor x,-,T determines the share of total opportunities assigned to each origin—
destination pair, based on the relative proportion of opportunities-weighted travel impedance:

T W/('Z)f(c"f)
Kj = —————
DI/l ()

This renders VI.T (equal to Z,- VUT) into units of opportunities (e.g., physicians), and allows direct interpretation and com-
parison of results between zones and scenarios.

Alternatively, this formulation can be rewritten to be expressed using a total-constrained balancing factor K7, which
scales Hansen’s unconstrained accessibility V? to meet the total opportunity constraint:

V) =2 Vi =K Y W ep =KV (22)
J J

Where the total-constrained balancing factor K is:

KT = #2) (23)
¥, W2t

This expression is consistent with Wilson’s entropy-maximizing framework and analogous to the total flow spatial inter-
action model (e.g., Equation 2.11 in [64]).

In summary, x,-jT proportionally allocates the total number of opportunities D to each origin—destination pair based on
relative opportunity-weighted travel impedance. These values can be aggregated across destinations to obtain total-
constrained accessibility at each origin. Alternatively, the measure can be expressed using the balancing factor K7,
demonstrating that it is algebraically proportional to unconstrained accessibility V? but with interpretable units (i.e., oppor-
tunities). This allows for meaningful comparisons of differences across zones and travel behaviour scenarios.

Referring back to our simple numeric example, K for the highest decay travel scenario fi(cy = 1/0;']‘. would then be:

e D 490

= = =786.085
2)
Z/’ Zj VV/( f(c;) 0.6233

KT for other decay scenarios are calculated similarly in code. Applying each KT to the unconstrained values Vf) yields
total-constrained accessibility values (Table 5), all in units of physicians.

PLOS One | https://doi.org/10.1371/journal.pone.0335951 November 14, 2025 16/ 31



https://doi.org/10.1371/journal.pone.0335951

PLOR. One

Table 5. Simple system: Total-constrained accessible opportunities.

Al

f1 () = 1/c® fy (cy) = 1ic® f3 (cyj) = 1/c;i®”
Origin units: physicians units: physicians units: physicians
1 172.065 172.672 164.080
2 131.627 132.247 160.692
3 186.308 185.081 165.228
Sum 490 490 490

https://doi.org/10.1371/journal.pone.0335951.t005

Compared to the unconstrained case, values now sum to the known regional total D, allowing interpretation of absolute
and relative differences across zones and travel scenarios. For example, in the highest decay case, Zone 1 (Urban Edge)
captures an intermediate number of physicians (172.065), like in the unconstrained accessibility case. However, unlike in
the unconstrained case, we can say that this value is out of the 490 physicians in the region, which allows us to deduce
that zone 1 captures 1.307 and 0.924 times more than zone 2 and 3. Values for the lesser decay (f,(c;)) and lowest decay
(f3(cj)) scenarios are calculated separately, with decay scenario values also summing to 490 physicians accessible in the
region.

One can also directly compare values at a specific zone, across travel impedance scenarios, due to the consistent
units. As the decay scenario decreases, all zones become more accessible to each other and the differences between
pairs diminish (i.e., in f3(c;) each zone captures close to an average amount of physicians, a third of 490 or ~163). In
terms of proportional magnitude, this can also be observed in the unconstrained measure for this scenario. However, for
the total-constrained measure, this plateauing of results has meaning. In fact, each zone is allocated an average of the
total amount in the region, as a result of the total-constrained proportional allocation factor.

However, what’s notable is how zones change between scenarios. For instance, Zone 1’s share only declines slightly —
these declines are outpaced by Zone 2’s relative gains. This shift reflects how x,-jT redistributes opportunities in proportion
to impedance under different travel behaviours.

The total-constrained accessibility measure resolves the interpretability issue of Hansen’s accessibility (i.e., uncon-
strained accessibility) by grounding values in a meaningful total, enabling robust comparisons across zones and scenar-
ios, but also by keeping values proportional to \/? so interpretation is similar.

7.3.2 Total-constrained accessible population: Reilly’s potential trade territories with a total constraint. This
second total-constrained variant is a transpose of the opportunity-constrained formulation, switching indices i and j to yield
a measure of market potential — the number of people who can spatially interact with a destination.

Though not outlined in the “Unconstrained accessibility” section, the unconstrained form aligns with Reilly’s “potential
trade territories” [55] and Harris’ and Vickerman’s formulations of regional market potential [45,46]. In its unconstrained
form, market potential has also been more recently used to estimate potentially accessible populations following infras-
tructure investments (e.g., [132—134]). Market potential can also be thought of as a form of passive accessibility, indicat-
ing the number of people that can reach each destination.

However, like ij) issues of unit interpretability arise in unconstrained market potential Mf To address this, we intro-
duce the total-constrained accessible population measure MﬂT which allocates the total population O across all origin-
destination pairs proportionally:

T_,T
Mj,. =x; 0 (24)
Subject to the total constraint::

i

Sy M=o 5
j
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Next, £; is the total-constrained proportional allocation factor, a dimensionless term which distributes population based
on impedance-weighted accessibility:

_ W)
¥, ¥, Wrc))

Kij

This renders MJ.T (equal to Zj Mp into units of population. Alternatively, this formulation can be rewritten to be
expressed using a total-constrained balancing factor K7, which scales unconstrained market potential M]O to meet the total
population constraint:

A 1) A
M = 2 M7 = KTZ W) = KTM? (26)

Where the total-constrained balancing factor K7 is:

ke D (27)
¥, Wty

In summary, 7€UT allocates the total number of population O proportionally to each origin—destination pair based on rela-
tive population-weighted travel impedance. As well, the measure can be expressed using the balancing factor K7, demon-
strating that it is algebraically proportional to unconstrained market potential, but also yielding interpretable units that allow
for meaningful comparison.

Returning to the numerical example, the balancing factor K is solved for each travel behaviour scenario, and the mar-
ket potential of each zone MjT is expressed as units of population (e.g., the number of people accessible from each origin
at that destination) in Table 6.

Readers may note the difference in trends in accessible population (Table 6) and accessible physicians (i.e., the pre-
ceding subsection, Table 5).

In Table 5, zones 1-3 represent destinations, and the accessibility values reflect the number of accessible people from
the vantage of physicians. Zone 1, in its role as a destination, is no longer intermediately ranked relative to other zones;
it now attracts the fewest number of people across all three travel behaviour scenarios. However, similar to the total-
constrained opportunity case, as travel decay reduces, the availability of population begins to converge (though Zone 1
continues as the lowest-ranked) for similar reasons. As decay reduces, the population’s travel impedance to all zones
becomes more similar, making the relative location of the zones less important and all people in the region more equally
accessible.

Like in the total-constrained accessible opportunities variant, the total-constrained accessible population enables
direct comparison of raw values, supporting both ordinal and interval interpretations across space and travel behaviour
scenarios.

Table 6. Simple system: Total-constrained accessible population.

m;S
fy (cy) = 1/c® fa (cy) = 1lc;? f3 (cij) = /"
Destination units: population in 10,000s units: population in 10,000s units: population in 10,000s
1 5.018 5.447 6.598
2 8.596 7.986 6.717
3 6.386 6.567 6.684
Sum 20 20 20

https://doi.org/10.1371/journal.pone.0335951.t006
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7.4 Singly-constrained accessibility

The singly-constrained accessibility case can also be expressed in two variants, each defined by the direction in which a
constraint is applied:

. \/,fs: accessibility constrained by opportunities at destinations (singly-constrained accessible opportunities), and
. I\/If: its transpose, constrained by population at origins (singly-constrained accessible population, or market potential).

Similar to the total-constrained case, the singly-constrained measures adjust unconstrained zonal accessibility val-
ues (Vf?oer) using a balancing factor to satisfy the known system constraint. However, unlike the total constraint (which
enforces a regional sum), the singly-constrained case applies a localized constraint at one end of the interaction — either
origin or destination.

In the opportunities-constrained variant V,.S, the balancing factor ensures that only a proportion of opportunities at each
destination are allocated to origins, based on their relative demand (population) and travel impedance. This variant mir-
rors the concept of spatial availability as discussed in Soukhov et al. [129]. In the population-constrained variant I\/If, the
logic is reversed: population at each origin is allocated proportionally across destinations, informed by the distribution of
opportunities and impedance.

In both cases, the singly-constrained formulation introduces zonal-level competition, unlike the total-constrained case,
which distributes a fixed regional sum. Each zonal accessibility value becomes not only a fraction of the regional total
(opportunities or population), but also a balanced sum of interactions, weighted by impedance and relative competition.
The result remains in interpretable units — accessible opportunities or accessible population — but reflects these more
complex spatial dynamics.

7.4.1 Singly-constrained accessible opportunities: Spatial availability. In this singly-constrained variant, acces-
sibility is constrained at the destination side: the sum of accessible opportunities allocated from each destination must
equal the known number of opportunities D;. This is comparable to the single attraction-constraint (Eq 11) from Wilson’s
framework:

2 V=D (28)
i

The underlying spatial interaction model is now the attraction-constrained model, and our accessibility measure
becomes:

VP = 3 BOW, (<)) (29)
J

where Wf” is a measure of the mass at origin i (i.e., the opportunity-seeking population). The corresponding balancing
factor, as per Wilson, is:

1
B=—+— (30)
j
%W, o)
Introducing the balancing factor in Eq 29, we obtain:
W,
V=YD 1§ 7 (31)
J Z,VV,( f(CI/)
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Further, we can express the formula even more simply by defining the following proportional allocation factor:

1) B
K:? = M (32)
2 Wfﬂf(cij)

After this, it is possible to rewrite Eq 31 as an origin summary expression of proportionally allocated known opportuni-
ties (i.e., Dj).

VS = 355D, (33)
J

This formulation has been referred to as spatial availability by Soukhov et al. [129], since it incorporates spatial com-
petition by allocating opportunities based on demand (population), impedance, and the known opportunity totals D;. The
dimensionless factor K,-/S- ensures that each destination’s opportunities are distributed proportionally to origins. As in the
total-constrained case, \/;'S is expressed in the units of accessible opportunities.

Soukhov et al. [129] also showed that the following expression (accessibility per capita) is a constrained version of the
popular 2SFCA approach of Shen [44] and Luo and Wang [17]:

Ve
(s &4

Returning to the simple numeric example, as an example of the solved B; for the highest decay travel behaviour f;(c;):

1
5=3 Wy
Bi = ———= = 162.6506

m%?m
m—a+@+ﬁ

wtmtie

The balancing factors B; for the f,(c;) decay group for zones 1, 2 and 3 are 12.857, 8.769 and 10.664, respectively. For
the f3(c;) decay group, they are 0.067, 0.066 and 0.066. Using these balancing constants, we can calculate the singly-
constrained opportunity accessibility (Table 7).

Imposing the single proportional allocation factor x,-f allows for the comparison of differences and ratios of the acces-
sibility values, like previously discussed in the total-constrained accessible opportunities case. The proportional alloca-
tion factor ensures that resulting values are in units of physicians, with the impedance units already accounted for in the
allocation process.

Table 7. Simple system: Singly-constrained accessible opportunities.

v;S

fy (cqj) = 1/c® fa (cy) = 1lc;? f3 (cij) = /"
Origin Population (10k) units: physicians units: physicians units: physicians
1 4 133.469 122.255 98.848
2 10 166.781 185.096 241.877
3 6 189.750 182.650 149.275
Sum — 490 490 490

https://doi.org/10.1371/journal.pone.0335951.t007
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However, unlike «/, x,j? introduces zonal competition based on the mass of the origin (population). In the total-
constrained case, opportunities are distributed based on impedance alone, regardless of population at i. In contrast,
the singly-constrained case allocates each zone’s opportunities proportionally across the region based on the relative
impedance-weighted demand from all origins.

This consideration has important implications. Consider the highest decay scenario f;(c;). Under this scenario, Zone
1 — despite hosting a medium amount of physicians — captures the fewest physicians (133.469), compared to 166.781 at
Zone 2, and 189.75 at Zone 3. Why? Zone 1 has the smallest population and is adjacent to Zone 3, the urban core. Its low
impedance-weighted demand means KZ,-S allocates it fewer opportunities. By contrast, in the total-constrained case, Zone 1
fares better, capturing 35% of all physicians (compared to 27%).

As travel decay increases (e.g., from f3(c;) to fi(c;)), competition becomes less diffuse. Zone 2, with the largest popula-
tion, claims the most opportunities under f3(c;). But under lower decay, Zones 1 and 3 draw relatively more opportunities
from Zone 2. For instance, Zone 1 gains 6% more from Zone 2 in f;(c;) than in f3(c). This shift reflects a drop in Kiz of
14%, reflecting Zone 2’s decreasing hold on its own opportunities as other zones gain accessibility ‘parity’.

This dynamic reveals how x,f embeds both travel impedance and population competition. Unlike the total constraint
lowest decay scenarios that allocate evenly (as localized supply and demand are assumed to be unknown), the singly-
constrained case reflects competition’s influence on allocation.

In this way, the consideration of constrained accessibility per capita may be clarifying. Often, accessibility values
are reported as raw scores without considering the population potentially accessing them. But, as we introduced con-
straints, these constrained accessibility values can be normalized using anything that is relevant to the zone. In Table 8,
we present per capita accessibility for the numeric example simply in units reflecting the number of physicians accessible
per population at each zone. Notably, these per capita rates are equivalent to the 2SFCA values.

This simple example was constructed so that the regional average equals 24.5 physicians per 10,000 people. As dis-
tance decay decreases and becomes relatively uniform (all zones can reach all zones), the effect of population drives the
proportional allocation of opportunities. Consequently, per capita accessibility values begin to stabilize to the regional per
capita average (e.g., in the highest distance decay f;(c;), per capita values are all ~24 physicians accessible).

This convergence mirrors the trend in the total-constrained opportunity case, where accessibility values approach a
third of the 490 physicians under the lowest-decay unfettered mobility scenario f3(c;). In both cases, the balancing factors
(K® and B;) act as averaging mechanisms but at different scales. As distance decay becomes relatively more uniform, the
role of remaining variables (i.e., total population or opportunities) drive the proportional allocation differences. In the total-
constrained case, this is the proportion of opportunities relative to the regional opportunities, and in the case of the single
opportunity constrained case, this is the population at a zone relative to the regional population.

7.4.2 Singly-constrained accessible population: Market availability. Similar to Eq 27 in transposing the origins
and destinations, we can define a singly-constrained measure of market potential that preserves the known population
(i.e., the mass weight at the origin W,(.” is now represented by O)). In its per-capita expression, i.e., equivalent to 2SFCA,
this constrained concept of market potential has been used to express “facility crowdedness” as in Wang [135].

Table 8. Simple system: Singly-constrained accessible opportunities per capita.

Vis
fy (cy) = 1icy® f, (cy) = 1/cy? f3 (cy) = 1/cy®]
Origin Population (10k) units: physicians per capita units: physicians per capita units: physicians per capita
1 4 33.367 30.564 24.712
2 10 16.678 18.510 24.188
3 6 31.625 30.442 24.879

https://doi.org/10.1371/journal.pone.0335951.t008
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The underlying spatial interaction model is now the production-constrained model version of Eq 8, and our market
potential measure I\/IjS becomes:

)
MS = Z A,-o,-wj‘.2 f(c;) (35)

In this variant, the measure is singly-constrained by the population by origin (i.e., O;), like Eq 11 from Wilson’s frame-
work:

Z M]f =0 (36)
J
And the corresponding balancing factor, as per Wilson, is:

1

A=— 37
Zj |/|62)f(cij) ( )

Following the same logic as in the preceding section on total-constrained market potential, one arrives at the following
expression of accessible population Mf being the product of proportionally allocated (1€j§) population:

MJ.S =Y %50 (38)
i
with:
W?f(c))
pS=_ 4 7 (39)

ji Z/ W,('Z)f(cij)

As well, the single (population) constraint in Eq 36 ensures that the total constraint (e.g., Zj Mf = Z,- Mf =0)is
maintained. s

With these constraints, MF’ can be interpreted as the proportion of the total population serviced by location j.

For the sake of brevity, we’ll move on to the doubly-constrained case.

7.5 Doubly-constrained accessibility

This accessibility case adopts the structure of the doubly-constrained spatial interaction model, where fo flows are con-
strained by both origin populations O; and destination opportunities D;. That is, the resulting accessibility outflow from
each origin must match the origin’s population demand, and the resulting accessibility inflow to each destination must
match the number of opportunities supplied:

ZV?:O,-and ZV'I'J?sz (40)
J ]

Because results are made to match values in both marginals, the results cannot be interpreted as a traditional sum-
mary at j or j (e.g., “opportunities accessible from r”), as evidently those sums simply reproduce themselves. Instead, the
meaningful unit of analysis is the jj flow itself.

This distinguishes doubly-constrained accessibility from the total and singly-constrained cases discussed previously.
In those cases, only one side of the interaction — either the total marginal or opportunity/population marginal — was con-
strained, while the other was treated as a demand/supply weight (e.g., D or O for total-constrained and Wj(.z) or Wf” for
singly-constrained).
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By contrast, the doubly-constrained model assumes both the demand (population) and the supply (opportunity) are
known and bounded, and allocates flows accordingly. This makes it less suitable for traditional accessibility analysis,
namely because origin and destination masses often differ in kind and units. For instance, the number of people access-
ing an opportunity, such as a park, may be known, but the capacity of each park is not. A doubly-constrained approach
may make conceptual sense if the “potential” should be contained only in the flows themselves, meaning the units of
population and opportunities are comparable, have a one-to-one correspondence or are otherwise paired (e.g., job per
worker, student per school seat, or vaccine doses per person). Mathematically, this model requires the simultaneous
imposition of both the population- and opportunity- constraints in the preceding singly-constrained variants (Eq 28 and
Eqg 36), namely the sum of population in all origins should match the sum of opportunities in all destinations (Eq 41):

2. 0=, (41)
i j

As before, the simultaneous imposition of both constraints ensures the total system constraint is maintained i.e.,
i VP = Zj Vj’ = D remains equal to the total number of opportunities in the region O.

The doubly-constrained accessibility measure VI? takes the form of the production-attraction (doubly-constrained) spa-
tial interaction model as follows:

V2 = AiB,O,Dif(c;) (42)

where the corresponding balancing factors A; and B;, as per Wilson, are:

1
= o
% B/'?jf(cij)

17 3, A0if(c))

Calibration of the two sets of proportionality constants is accomplished by means of iterative proportional fitting,
whereby the values of A; are initialized as 1 for all i to obtain an initial estimate of B;. The values of B; are used to update
the underlying \/,’]? matrix, before calibrating A;. This process continues to update A; and B; until a convergence criterion is
met [66, see p. 193-195].

The doubly-constrained model completely distributes origin populations to destination opportunities according to travel
impedance and supply-demand balance. This ensures that: summing \/,’]? across j returns O;; summing across i returns
D;. Thus, aggregating over i or j yields only the known constraints. In this way, a per-capita form (e.g., V,.D/O,-) is not
meaningful-since the output already reflects population-normalized allocation. As such, the ij matrix Vj’ is the only inter-
pretable output.

We could define the proportional allocation factor K,-ID such that:

1 1
1P =

Oif(cy)

and represent Vg’ as equal to K,-f’D,-, allowing the analyst to understand the proportional allocation of D;s to each jj flow.

Following this logic, the market potential from Mj? is effectively equivalent to VI]D., but can be read with a different inter-
pretation: the opportunities accessed from j at an i vs. the population accessed from i at aj. The inputs of ‘opportunities
accessed’ and ‘accessed population’ can already be interpreted as inherently being sensitive to both opportunities and
population.
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To calculate doubly-constrained accessibility using the toy example, the interpretation of the population data and the
counts of the opportunity data must be reworked. Namely, a count of physician capacity per destination D; is needed
instead of simply the number of physicians. We also need to be able to clearly state that the population is the capacity of
the origin to interact with opportunities O;, i.e., the count of people seeking opportunities.

This adjustment to the example is summarised in Table 9. With the population (in units of 10,000s of people seeking
physicians) and the opportunities (in units of 10,000s of physician-capacity) per zone. For the population, we leave this
unchanged numerically, but we now must keep in mind that each person interacts with one unit of physician capacity. The
number of providers per destination is, however, revised to represent physician capacity, scaled approximately from the
original number of physicians used in previous cases (Table 2). The system-wide PPR is now 1 (recall: the unmodified
example’s system PPR is 24.5).

We keep the same zonal cost matrix and travel impedance functions for three types of travel behaviour as before
(Table 3 and Eq 18).

And with these modifications to the example, our objective is slightly different: to predict the flows from j knowing that
the amount of physician-capacity at each j must be preserved and all flows to i should match the number of people at j,
under different travel behaviour scenarios. Put another way, we’re interested in the jj flows assuming we already know
accessibility at each i. The highest decay travel behaviour scenario (f;(cy)) is presented in Table 10.

As shown in Table 10 for the highest-decay scenario f;(c;), accessibility is no longer meaningfully represented as
zonal summaries like VP or M].D, since these values reproduce the original constraints, i.e., VID = O;, hence the physician-
capacity accessible for Zones 1, 2, and 3 are 4.002, 9.996, and 6.002. The usefulness of the doubly-constrained measure
lies in the interpretation as Vg’ values; the number of opportunities from zone j allocated to populations in zone i is shaped
by both mass and travel impedance.

To illustrate this concept, consider the results for Zone 2 (recall: a suburban type zone, with a higher population, lower
amount of opportunities, and relatively remote). As shown in Table 11, its intrazonal flow (i.e., Vg’z) declines as travel
impedance decay decreases — from 4.959 under f;(cj) to 2.667 under f3(c;), out of the ~10 opportunities allocated to Zone
2 (a population of 10).

Following the intuition discussed in the singly-constrained opportunity case, as decay decreases, the mass effects
(effect of the population and opportunities magnitudes) become relatively more dominant in the spatial allocation.

Accessibility is conventionally presented as a zonal value, not a flow. However, in the doubly-constrained case, since
we force the allocation of zonal population demand and zonal opportunities supplied to be paired and allocation to be
proportional, Vl.D is simply the number of opportunities that matche our known population at i. Following the logic of the

Table 9. Modified simple system with three zones reflecting matched population and opportunities. Population is in 10,000 persons and
opportunities in 10,000 of physician-capacity.

ID (i or j) Population Opportunities
1 4 7
2 10 5
3 6 8

https://doi.org/10.1371/journal.pone.0335951.t009

Table 10. Doubly-constrained accessible opportunities assuming highest travel decay in the modified simple system.

Destination ID
Origin ID 1 2 3 sum
1 3.235859 0.01032226 0.7556568 4
2 2.132602 4.95932483 2.9044391 10
3 1.631539 0.03035291 4.3399040 6
Sum — 7 5 8 —

https://doi.org/10.1371/journal.pone.0335951.t010
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Table 11. Doubly-constrained accessible opportunities at Zone 2 for all travel decay groups in the modified simple system.

fy (cy) = 1ic® f (cij) = 1/cy® f3 (cy) = 1/c;®
Dest. | Population at 2 (units: Opportunities (units: units: physician-capacity | units: physician-capacity | units: physician-capacity
people in 10,000s) capacity in 10,000s) in 10,000s in 10,000s in 10,000s
1 10.000 7.000 2.133 2.272 3.411
2 10.000 5.000 4.959 4.766 2.667
3 10.000 8.000 2.904 2.958 3.919

https://doi.org/10.1371/journal.pone.0335951.t011

family of accessibility measures, in the doubly-constrained case, Vg’ flows are the only relevant unit of analysis: spatial
proportional allocations between population and opportunity capacity. Furthermore, Vf/J and its transposed counterpart M]?
are structurally identical, differing only in interpretation (referring to xf]? and ;%fj?): one reflects the proportional allocation of
opportunity to population flows; the other, population to opportunity flows.

ij? are also mathematically equivalent to Wilson’s spatial interaction flows. And, as Wilson [43] explicitly noted, ori-
gin and destination weights defined in the spatial interaction model can be defined using any unit. However, the focus of
these models has typically been on ij flows, often calibrated using trips (i.e., outbound and inbound trips, inherently in the
same units). With the family of accessibility measures, it is made clear that we are working in units of opportunities and
population.

And as mentioned, these units are often misaligned. For instance, we may not know how much park space, grocery
area, or childcare capacity is accessible per person. When they do align, such as people to physician capacity, we would
be modeling realized access flows based on known quantities of those that interact and the interacted. In such cases, the
traditional accessibility question can be seen to be already answered by the known information (i.e., how many oppor-
tunities can be reached by a zone? Answer: the number of people at that zone). For this reason, we do not foresee the
doubly-constrained measure being widely used in accessibility analysis, as the literature has largely focused on questions
of ‘potential’, not on predicting flows of realized access.

8 Conclusions

In this paper, we examined the historical and mathematical commonalities between spatial interaction models and place-
based accessibility measures. As accessibility research evolved largely influenced by Hansen [10], researchers in the field
neglected the proportionality constant that was originally present in gravity-based models, and is still present in spatial
interaction modeling. This work has demonstrated theoretically, and through a simple numeric example, that by reintro-
ducing Wilson’s system constraints and defining associated balancing factors and proportional allocation factors, we can
derive a unifying family of accessibility measures that reintroduces tangible units to the resulting values. These values
may be more intuitive for the purpose of analysis and comparison.

To summarize the contributions of this work, first, we place the popular Hansen-type accessibility measure [10] within
this family of measures as an “unconstrained” case, demonstrating that resulting values cannot be directly compared
across different travel scenarios without ad-hoc adjustments. We then show how applying a total constraint balances the
units and produces a statistically averaged solution that converges to the regional average for each zone as the decay
effect decreases. In other words, the total-constraint model could be a more interpretable alternative for the unconstrained
case if population-competition is not relevant and one is interested in capturing the maximum potential; specifically, if
there is a fixed number of opportunities in the region, and if it makes sense to assume that people accessing proximate
opportunities leave fewer for others, without considering the population size at the origins.

We then introduced the singly-constrained case, which does take into account the population size at the origin in the
allocation of opportunities. It is also mathematically equivalent to the spatial availability introduced in Soukhov et al. 2023 [129].
In this case, all accessibility values are fixed to sum to a known zonal opportunity-size value (implicitly, the regional total
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of opportunities), but they are not required to sum to any population-based values at the zone or regional level. The
singly-constrained model could be useful if regional competition is a factor and if the acknowledgment that only a finite
number of opportunities can be allocated from each destination (with those allocations distributed based on origin popu-
lation size) is suitable. We also introduce an ‘accessible’ PPR (e.g., opportunities per capita), calculated by dividing each
accessibility value by the zonal population. To clarify, this per capita expression of the singly-constrained case is equiva-
lent to the 2SFCA [17,44], hence linking this literature back to spatial interaction principles.

Lastly, the doubly-constrained case is introduced. In this case, the sums must equal both the regional total and ensure
that no zone allocates more opportunities than it has available. Specifically, accessibility values for each i —j pair must be
a proportion of the zonal opportunity and population values simultaneously. For example, the accessibility at Zone 1 must
equal the sum of opportunities from Zones 1, 2, and 3, as well as the sum of the population at Zone 1. Satisfying the dou-
ble constraint means the opportunities and population data must match one-to-one, so working with the accessibility i —j
pair value should be of research interest.

Building on Wilson’s [43] foundational work, this paper proposes a unified framework for analyzing gravity-based acces-
sibility. By reintroducing Wilson’s proportionality constants, the family of constrained accessibility measures restores mea-
surement units to accessibility estimates. This enhancement provides a more interpretable, consistent, and theoretically
grounded basis for accessibility analysis, which could help advance the adoption of accessibility-oriented planning.

While this work exclusively focused on top-down gravity-based accessibility measures, there have been recent
developments in the accessibility literature that include person-based approaches that are time-sensitive [22,136],
behavioural [137,138] or utility-based [139,140]. While gravity-based measures of accessibility still dominate the applied
literature, future work could further explore how these ideas of proportionality constants and balanced units could also
help inform these and other new modeling approaches.
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