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Abstract

This study investigates the dynamics of the drug-resistant tuberculosis model through

a fractional stochastic modeling framework. The model employs fractional-order

derivatives to capture the memory effects in disease transmission, while Brownian

motion is introduced to represent the random disturbances, thereby providing a more

realistic description of the disease dynamics. First, a fractional deterministic model

based on the Atangana-Baleanu-Caputo derivative was developed, and its optimal

parameter values were obtained from the actual data from the case of drug-resistant

tuberculosis in China. Second, the existence and uniqueness of the solution of the

fractional stochastic model were proved, and its numerical solution was explored.

Furthermore, the impacts of different interventions strategies on the control of drug-

resistant tuberculosis in China were compared. The results demonstrate that the

combined interventions exhibit superior efficacy compared to any single interven-

tion. Numerical simulations of deterministic and fractional stochastic models verify

the effects of memory and random effects on drug-resistant tuberculosis. It was found

that as the noise level increases, the degree of random perturbation in the model

solution also increases, and higher noise levels may lead to the early disappearance

of drug-resistant tuberculosis.

Introduction

Tuberculosis(TB) is an infectious disease resulting from the bacillus Mycobacterium
tuberculosis, which is spread through the air when an infected individual coughs or
sneezes. In 2022, tuberculosis became the second most significant cause of death
worldwide from a single infectious disease, trailing behind COVID-19 [1]. Drug-
resistant tuberculosis is caused by already resistant strains of Mycobacterium tuber-
culosis or incomplete treatment of sensitive strains. Compared with the treatment of
Drug-sensitive tuberculosis(DS-TB), the treatment of Drug-resistant tuberculosis(DR-
TB) is costly, time-consuming and less effective [2]. DR-TB continues to pose a pub-
lic health threat [1].
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Mathematical models have been extensively employed to study the dynamics of
infectious diseases, offering effective discernment regarding the trends of their trans-
mission. In 1962, Waaler et al. used mathematical modeling for the first time to reveal
the epidemiological characteristics of tuberculosis [3]. Since then, many scholars
have used the model as a basis to construct new integer-order mathematical mod-
els to explore the progression of TB [4–7]. Compared with traditional models of inte-
ger order, fractional order models can capture memory and hereditary characteristics
more accurately [8]. In recent years, numerous authors have made significant contri-
butions to the modeling of disease dynamics by applying fractional calculus to illus-
trate memory effects in disease transmission [9–11]. Kubra [12] et al. used Atangana-
Baleanu fractal-fractional derivatives to construct a model for studying monkeypox
outbreaks and conducted qualitative analysis on the model. The proposed model fit-
ted the actual data of USA well. Rahman [13] explored a fractional order mathemat-
ical model for the incomplete treatment of TB and utilized the fractional Adam Bash-
forth technique to numerically solve the model. Omame et al. [14] studied and ana-
lyzed a fractional order model of co-infection of COVID-19 and TB. The numerical
results showed that reducing the risk of COVID-19 infection among individuals with
latent TB infection can effectively reduce the co-infection of the two diseases. Pad-
der et al. [15] developed a tumor model by employing the Caputo fractional order
derivative and investigated the dynamical behavior of the model. This Caputo frac-
tional order derivative model provides greater accuracy compared to the classical
integer-order derivative.

The study of stochastic infectious disease dynamics models has evolved into a
systematic theoretical framework both domestically and internationally, which incor-
porates stochastic processes to quantify the impact of uncertainty factors on dis-
ease transmission. Anwarud Din employed a delayed stochastic epidemic model
incorporating general incidence rates, time-delayed transmission, and the concept
of cross-immunity to investigate the spread of infectious diseases [16]. Anwarud
Din et al. established a stochastic HBV model by introducing Gaussian white noise
and time-delay factors, and obtained the conditions for virus extinction and the exis-
tence of a stationary distribution in the model [17]. Khan et al. employed an inno-
vative fractional-order mathematical model integrating fractional calculus and dif-
ferential equations to investigate the pathogenesis of food allergies in populations
using antacid medications, and analyzed the complex dynamics of food allergy epi-
demics along with their interactions with antacid usage [18]. Tul Ain et al. [19] devel-
oped a cholera model incorporating stochastic differential equations based on the
transmission characteristics of cholera, through analyzing the mechanism of disease
onset and symptom manifestation following individual exposure to pathogen con-
centrations. Authors Ucar et al. [20] developed a novel model to analyze the interac-
tions between tumor cells and macrophages. By incorporating stochastic factors, the
model accounts for inherent random fluctuations within the system and provides in-
depth insights into the potential mechanisms through which stochastic elements may
influence tumor progression and immune response. Recently, Andrawus et al. [21]
developed a compartmental mathematical model that describes the transmission
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dynamics of the monkeypox virus. The results demonstrate that contact tracing, disease surveillance isolation, and vacci-
nation can completely prevent human-to-human transmission of monkeypox. Based on the Caputo fractional-order deriva-
tive, Authors Naik et al. [22] investigated the dynamic characteristics of a co-infection model of Human Immunodeficiency
Virus (HIV) and Hepatitis C Virus (HCV). The study provides optimal treatment strategies and offers theoretical support for
understanding the complex interactions and co-evolutionary dynamics of HIV/HCV.

Given the numerous uncertainties in the disease transmission process, the classical fractional order derivative is gen-
erally not an adequate explanation for its stochastic nature. Mathematicians then introduced the concept of Brownian
motion to capture randomness [23]. Researchers have developed fractional stochastic models to describe the spread of
disease [24–27]. For instance, Bonyah et al. [28] studied the dynamics of monkeypox by exploying a fractional stochas-
tic model and verified the impact of fractional order derivatives on the dynamics of monkeypox. Chukwu [29] developed a
fractional order stochastic model for TB. A comparison among the three operators revealed that the Caputo-Fabrizio oper-
ator exhibits greater randomness than both the Atangana-Baleanu operator and the Caputo operator. Mangal et al. [30]
revealed the role of public awareness on the outbreaks through fractional stochastic modelling. Rashid et al. [31] devel-
oped a fractional stochastic model of measles that incorporates dual medication immunization and presented numerical
simulation results for different fractional orders and stochastic strengths. However, as far as we know, none of the existing
fractional order models have investigated the stochastic nature of the DR-TB.

In 2014, the World Health Organization (WHO) developed the End TB Strategy, which aims to reduce the incidence of
TB by 90 percent by 2035 compared to 2015 [32]. Taking Chinese DR-TB patients as research subjects, we established a
fractional stochastic DR-TB model by considering memory effects and randomness into account in the process of DR-TB
transmission on the basis of existing models.

The paper is organized as follows: Section introduces the basic mathematics about fractional order calculus equations.
Section provides a detailed description of the model. Section analyzes the dynamics of the model. In Section , the exis-
tence and uniqueness of the solution to the model are explored. Section discusses the numerical solution of the fractional
stochastic model. Numerical simulations are performed, and the results are discussed in Section . Finally, Section sum-
marizes the main results of the study.

Mathematical preliminaries

Definition 1. [33] Let h ∈ H1(a,b),b > a,q ∈ [0,1], the definition of the new fractional derivative is given as:

ABC
0 Dq

t h(t) =
ABC(q)
1 − q

∫
t

a

Eq [
−q
1 − q

(t − x)q] d
dx

h(x)dx,

where, ABC0 Dq
t is fractional operator with Mittage-Leffler kernel in the Caputo sense with order q with respect to t and

ABC(q) is a normalization function. And ABC(q) = 1 − q + q

Γ(1−q)
.

Definition 2. [33] The Mittag-Leffler function is defined as

E𝛼,𝛽(z) =
∞
∑
k=0

zk

Γ(k𝛼 + 𝛽) ,

where, 𝛼, 𝛽 > 0 and E𝛼,1(z) = E𝛼(z).
Lemma 1. [34] The connection between Atangana-Baleanu-Caputo operator and the Laplace transform

L[ABC0 Dq
t h(t)](s) =

ABC(q)
1 − q

sqL[h(t)](s) − sq−1h(0)
sq + q

1−q

.
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System description

In this section, we present the formulation of fractional stochastic mathematical model for DR-TB. We will incorporate
the stochastic factors in the DR-TB transmission process into the model. In our model, the human population N(t) is sub-
divided into seven classes: the susceptible individuals(S), the DS-TB latent individuals (Es), the DS-TB individuals (Is),
the DS-TB recovered individuals (Rs), the DR-TB latent individuals (Er), the DR-TB individuals (Ir), the DR-TB recovered
individuals (Rr). Furthermore, N(t) = S(t) + Es(t) + Is(t) + Rs(t) + Er(t) + Ir(t) + Rr(t).

The Atangana-Baleanu-Caputo operator is capable of simultaneously describing the memory effects and non-local
characteristics of a system. The fractional order q ∈ (0,1) characterizes the temporal memory properties in the process of
disease transmission. When q→ 1, the system exhibits standard dynamic behavior, whereas as q decreases, the infec-
tion risk among susceptible individuals is influenced by historical exposure levels over a longer duration. This aligns more
closely with the biological features of tuberculosis, which has a long incubation period and time-cumulative effects. The
non-local transmission characteristic of this operator, unlike the local transmission described by traditional integer-order
derivatives, allows it to better represent non-contact transmission mechanisms such as those facilitated by social net-
works and spatial mobility. This highly corresponds to the nature of Mycobacterium tuberculosis transmission via long-
distance aerosol spread.

Our model is based on the model established by Xu [35]. In Xu’s article, the relapse rates of DS-TB and DR-TB are
low. Thus, for convenience, we do not consider the relapse rates of DS-TB and DR-TB separately in our model. Suscep-
tible individuals become infected with TB by having close contact with Is and Ir at contact rates of 𝛽s and 𝛽r, respectively,
and they become the classes Es and Er. Individuals in the class Es and Er transfer to the class Is and Ir at a rate of v. Is
may recover to become Rs at the rate of rcs during the course of treatment, or they may acquire resistance at the rate of
(1–r)c due to other reasons such as non-standard treatment of DS-TB patients, allowing Is to become Ir. At the same time,
Is and Ir may die from the disease with a mortality rate of 𝜇. Ir changes to Rr at a cure rate of cr during the course of treat-
ment. Additionally, it is considered that each population group has a natural death rate of 𝜇′. Assuming that the number of
DR-TB patients per year is 30 percent of the total number of TB patients [35].

The biological meanings of the parameters are given in Table 1, and the transfer diagram of DS-TB and DR-TB is illus-
trated in Fig 1. Therefore, we give a model represented by the following dynamical system:

ABC
0 Dq

t S = 𝜋 − 𝜇S − 𝛽sIs
N

S − 𝛽rIr
N

S,

ABC
0 Dq

t Es =
𝛽sIs
N

S − vEs − 𝜇Es,
ABC
0 Dq

t Is = vEs − [rcs + (1 − r)c]Is − (𝜇 + 𝜇′)Is,
ABC
0 Dq

t Rs = rcsIs − 𝜇Rs, (1)

ABC
0 Dq

t Er =
𝛽rIr
N

S − vEr − 𝜇Er,
ABC
0 Dq

t Ir = vEr + (1 − r)cIs − (cr + 𝜇 + 𝜇′)Ir,
ABC
0 Dq

t Rr = crIr − 𝜇Rr.

Where the initial conditions satisfy the following non-negative conditions: S(0) ≥ 0,Es(0) ≥ 0, Is(0) ≥ 0,Rs(0) ≥ 0,Er(0) ≥
0, Ir ≥ 0,Rr ≥ 0.
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Table 1. Parameters and biological meanings.

Parameters Biological meanings
𝛿 Rate at which susceptible individuals become exposed individuals
𝛽s DS-TB transmission rate
𝛽r DR-TB transmission rate
v Progression rate
c DS-TB to DR-TB conversion rate
cs Cure rate of DS-TB
cr Cure rate of DR-TB
𝜋 National births
r Proportion of DS-TB cured cases
𝜇 Natural mortality rate
𝜇′ Mortality rate due to TB

https://doi.org/10.1371/journal.pone.0335889.t001

Fig 1. Schematic diagram of transmission pathways for drug-sensitive (DS) and drug-resistant (DR) tuberculosis.

https://doi.org/10.1371/journal.pone.0335889.g001

Analysis of the system
1. Non-negativity of the solution

Theorem 1. The set Υ = {(S,Es, Is,Rs,Er, Ir,Rr) ∈ ℝ7
+ ∶ S + Es + Is + Rs + Er + Ir + Rr ≤

𝜋
𝜇
} is positivity invariant with

respect to the model (1).
Proof. Adding the equations in model (1), we get

ABC
0 Dq

t (S + Es + Is + Rs + Er + Ir + Rr) = 𝜋 − 𝜇N − 𝜇′(Is + Ir),
ABC
0 Dq

t N ≤ 𝜋 − 𝜇N. (2)

By applying the Laplace transform on the both sides of Eq (2), we obtain,

AB(q)
1 − q

⋅ s
qL {N(t)} − sq−1N(0)

sq + q

1−q

≤ 𝜋
s
− 𝜇L {N(t)} ,

L {N(t)} ≤ [AB(q)s
q−1N(0)

(1 − q)sq + q
+ 𝜋
s
] ⋅ (1 − q)sq + q

AB(q)sq + 𝜇[(1 − q)sq + q] . (3)
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Taking the inverse Laplace Transform on both sides of Eq (3), we obtain,

N(t) ≤ L−1 { AB(q)sq−1N(0)
AB(q)sq + 𝜇[(1 − q)sq + q] +

𝜋
s
⋅ (1 − q)sq + q
AB(q)sq + 𝜇[(1 − q)sq + q] } ,

= AB(q)N(0) + 𝜋(1 − q)
AB(q) + (1 − q)𝜇 Eq,1(−𝜉1tq) +

𝜋q
AB(q) + (1 − q)𝜇Eq,q+1(−𝜉1tq),

where, 𝜉1 =
q𝜇

AB(q)+(1−q)𝜇
. By the asymptotic behavior of Mittag-Leffler function Em,n, we get N(t) ≤

𝜋
𝜇
, as t→∞. Hence, the

region Υ is the positivity invariant region for the model (1).

2. Equilibrium points and basic reproduction number

For the equilibrium points of the model, set all the right-hand side equations of model (1) equal to zero. The equilibrium
points of the model established in model (1) can be obtained by solving the following system of equations:

0 = 𝜋 − 𝜇S − 𝛽sIs
N

S − 𝛽rIr
N

S,

0 = 𝛽sIs
N

S − vEs − 𝜇Es,

0 = vEs − [rcs + (1 − r)c]Is − (𝜇 + 𝜇′)Is,
0 = rcsIs − 𝜇Rs,

0 = 𝛽rIr
N

S − vEr − 𝜇Er,

0 = vEr + (1 − r)cIs − (cr + 𝜇 + 𝜇′)Ir,
0 = crIr − 𝜇Rr.

According to the definition of the disease-free equilibrium point,all infection compartments are empty, Es = Is = Rs =
Er = Ir = Rr = 0, at this point, S = 𝜇

𝜋
. We could obtain that the disease-free equilibrium point of model (1) is given by

P∗0(
𝜋
𝜇 ,0,0,0,0,0,0).

To study the disease equilibrium points, we calculate the basic reproduction number(R0) using the next generation
approach method proposed by Van den Driessche and Watmough [36]. Let x = (Es, Is,Er, Ir), model (1) could be written as

ABC
0 Dq

t (x) = ℱ − 𝒱,

where,

ℱ =
⎛
⎜
⎜
⎜
⎝

𝛽sIsS
N
0

𝛽rIrS
N
0

⎞
⎟
⎟
⎟
⎠

, 𝒱 =
⎛
⎜
⎜
⎜
⎝

(v + 𝜇)Es

−vEs + [rcs + (1 − r)c + 𝜇 + 𝜇′]Is
(v + 𝜇)Er

−vEr − (1 − r)cIs + (cr + 𝜇 + 𝜇′)Ir

⎞
⎟
⎟
⎟
⎠

,
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then, take the derivative of ℱ and 𝒱 for x at the disease-free equilibrium point P∗1, clearly, we can obtain

F = 𝜕ℱi

𝜕xj
∣P∗

0
=
⎛
⎜
⎜
⎜
⎝

0 𝛽s 0 0
0 0 0 0
0 0 0 𝛽r
0 0 0 0

⎞
⎟
⎟
⎟
⎠

,

V = 𝜕𝒱i

𝜕xj
∣P∗

0
=
⎛
⎜
⎜
⎜
⎝

v + 𝜇 0 0 0
−v rcs + (1 − r)c + 𝜇 + 𝜇′ 0 0
0 0 v + 𝜇 0
0 −(1 − r)c −v cr + 𝜇 + 𝜇′

⎞
⎟
⎟
⎟
⎠

.

Thus, the basic reproduction number is defined as R0 =max {Rs
0,R

r
0}, where

Rs
0 =

𝛽sv
(v + 𝜇)(c + 𝜇 + 𝜇′ − cr + csr)

,Rr
0 =

𝛽rv
(v + 𝜇)(cr + 𝜇 + 𝜇′) .

3. The stability at the disease-free equilibrium points

Theorem 2. If |arg(sF−V)| >
q𝜋
2
, model (1) is locally asymptotically stable at the disease-free equilibrium P∗0.

Proof. The Jacobain matrix of model (1) at the disease-free equilibrium P∗0 is

𝕁p∗
0
=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−a1 𝛽s 0 0 0 0 0
v −a2 0 0 0 0 0
0 0 −a1 𝛽r 0 0 0
0 (1 − r)c v −a3 0 0 0
0 −𝛽s 0 −𝛽r −𝜇 0 0
0 rcs 0 0 0 −𝜇 0
0 0 0 cr 0 0 −𝜇

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

where, a1 = v + 𝜇, a2 = rcs + (1 − r)c + 𝜇 + 𝜇′,a3 = cr + 𝜇 + 𝜇′.
The characteristic polynomial for the Jacobian matrix mentioned above is:

Q(𝜆) = (𝜆 − 𝜇)3 [𝜆4 + (2a1 + a2 + a3)𝜆3 + (a1a3 − v𝛽r + a21 + 2a1a2 + a1a3 + a2a3

−v𝛽s)𝜆2 + (a21a3 + a1a2a3 − a1v𝛽r − a2v𝛽r + a21a2 + a1a2a3)𝜆 + a21a2a3 − a1a2v𝛽r

−v𝛽sa1a3 + v2𝛽s𝛽r] .

Then, the corresponding eigen values are:

𝜆1 =
−2a1a3

√a2
1
−2a1a3+4v𝛽r+a23+(a1+a3)

(1 − Rr
0), 𝜆2 =

a1+a3+√a2
1
−2a1a3+4v𝛽r+a23
−2

,

𝜆3 =
−2a1a2

√a2
1
−2a1a2+4v𝛽s+a22+(a1+a2)

(1 − Rs
0), 𝜆4 =

a1+a2+√a2
1
−2a1a2+4v𝛽s+a22
−2

,

𝜆5 = 𝜆6 = 𝜆7 = −𝜇.
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Obviously, if R0 < 1, all eigenvalues of matrix 𝕁p∗
0
are negative. Hence, if |arg(sF−V)| >

q𝜋
2
, P∗0 is locally asymptotically

stable.

4. Parameter estimation and model fitting

In this study, we used China’s tuberculosis data from 2008 to 2023 for model fitting and parameter estimation. The infor-
mation regarding TB cases can be obtained from the National Health Commission of the People’s Republic of China [37].
Parameters cs, cr, r, and 𝜇′ are referenced from the paper [35]. Parameters 𝜇 and 𝜋 are obtained from the National Bureau
of Statistics [38]. We obtain the estimation of parameters 𝛽s, 𝛽r, v and c through the least squares estimate method based
on the following function:

Q(𝛽s, 𝛽r, v, c) =
16

∑
n=1

[Irn − ̄Irn]2.

Where, Irn represents the predicted annual new infections by the model, and ̄Irn represents the actual data of new infec-
tions each year.

In the fractional order model, the memory index q is an extremely important parameter. We can adjust the value of q
in the fractional order model to achieve the optimal fit between the data and the model. Assuming that the order q of the
established fractional order model is set to 0.95, based on this parameter setting, Fig 2 shows that although the number of
patients with DR-TB is projected to decrease gradually according to our model, it will not fall below 34,624 cases by 2035.
That is to say, reducing the number of people with DR-TB to 10% of 2015 levels cannot be achieved in 2035 if no control
measures are taken. All estimated parameters, as well as the fixed parameters, are listed in Table 2.

Fig 2. Model calibration and long-term prediction of drug-resistant tuberculosis (DR-TB) burden in China. (a) Fitting performance of the
fractional-order model against observed DR-TB cases from 2008 to 2023. (b) Projected trajectory of DR-TB incidence from 2024 to 2035 under the
calibrated model.

https://doi.org/10.1371/journal.pone.0335889.g002
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Table 2. Estimated model parameters.

Parameters Biological meanings Source
𝛽s 0.60011 Fitted
𝛽r 0.30011 Fitted
v 7.5 × 10−5 Fitted
c 0.08 Fitted
cs 0.1299 [27]
cr 0.0493 [27]
r 0.85 [27]
𝜇 6.56 × 10−3 [30]
𝜇′ 4.17 × 10−3 [27]
𝜋 75000 [30]

https://doi.org/10.1371/journal.pone.0335889.t002

Existence and uniqueness of solutions

In this section, we transform the deterministic DR-TB model into a stochastic model by incorporating the effects of envi-
ronmental white noise. Then, the associated stochastic model for DR-TB is presented as follows:

dS = (𝜋 − 𝜇S − 𝛽sIs
N

S − 𝛽rIr
N

S)dt + 𝜎1SdB1(t),

dEs = (𝛽sIs
N

S − vEs − 𝜇Es)dt + 𝜎2EsdB2(t),

dIs = {vEs − [rcs + (1 − r)c]Is − (𝜇 + 𝜇′)Is}dt + 𝜎3IsdB3(t),
dRs = (rcsIs − 𝜇Rs)dt + 𝜎4RsdB4(t), (4)

dEr = (𝛽rIr
N

S − vEr − 𝜇Er)dt + 𝜎5ErdB5(t),

dIr = {vEr + (1 − r)cIs − (cr + 𝜇 + 𝜇′)Ir}d(t) + 𝜎6IrdB6(t),
dRr = (crIr − 𝜇Rr)dt + 𝜎7RrdB7(t),

where, B1,B2,B3,B4,B5,B6,B7 are standard Brownian motion and 𝜎1, 𝜎2, 𝜎3, 𝜎4, 𝜎5, 𝜎6, 𝜎7 are considered to depict the cor-
responding intensities of the white noise. In order to prove the existence and uniqueness of the solution, the simplification
of Eq (4) is given as,

dS = U1(t,S)dt + V1(t,S)dB1(t),
dEs = U2(t,Es)dt + V2(t,Es)dB2(t),
dIs = U3(t, Is)dt + V3(t, Is)dB3(t),
dRs = U4(t,Rs)dt + V4(t,Rs)dB4(t), (5)

dEr = U5(t,Er)dt + V5(t,Er)dB5(t),
dIr = U6(t, Ir)dt + V6(t, Ir)dB6(t),
dRr = U7(t,Rr)dt + V7(t,Rr)dB7(t).

Therefore, we convert Eq (5) into a Volterra integral operator as follows:

S(t) = S(0) +∫
t

0

U1(𝜉,S)d𝜉 +∫
t

0

V1(𝜉,S)dB1(𝜉),
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Es(t) = Es(0) +∫
t

0

U2(𝜉,Es)d𝜉 +∫
t

0

V2(𝜉,Es)dB2(𝜉),

Is(t) = Is(0) +∫
t

0

U3(𝜉, Is)d𝜉 +∫
t

0

V3(𝜉, Is)dB3(𝜉),

Rs(t) = Rs(0) +∫
t

0

U4(𝜉,Rs)d𝜉 +∫
t

0

V4(𝜉,Rs)dB4(𝜉),

Er(t) = Er(0) +∫
t

0

U5(𝜉,Er)d𝜉 +∫
t

0

V5(𝜉,Er)dB5(𝜉),

Ir(t) = Ir(0) +∫
t

0

U6(𝜉, Ir)d𝜉 +∫
t

0

V6(𝜉, Ir)dB6(𝜉),

Rr(t) = Rr(0) +∫
t

0

U7(𝜉,Rr)d𝜉 +∫
t

0

V7(𝜉,Rr)dB7(𝜉).

The following Theorem 3 proves the existence and uniqueness of solution to the DR-TB stochastic model.
Theorem 3. Assume that, there exist positive constants 𝒦i, 𝒦̂i such that the following conditions [25,29] hold:
(i) |Ui(x, t) − Ui(xi, t)|

2 <𝒦i |x − xi|
2 , |Vi(x, t) − Vi(xi, t)|

2 < 𝒦̂i |x − xi|
2 ,

(ii) ∀(x, t) ∈ ℝ4 × [0,T], then |Ui(x, t)|
2 , |Vi(x, t)|

2 <𝒦(|x|2 + 1), are satisfied for i = 1,2,3,4,5,6,7.
Then, there exist a unique solution 𝒳(t) ∈ ℝ7 for Eq (4) and it belongs to M2([0,T], ℝ8).
Proof. Using the definition of the following norm ‖𝜓‖∞ = sup

t∈[0,T]
|𝜓|2 . Then

(i) ‖U1(t,S) − U1(t,S1)‖
2 = ‖

‖‖(𝜇 +
𝛽sIs
N

+ 𝛽rIr
N
)(S − S1)

‖
‖‖
2

,

≤ sup
t∈[0,T]

‖
‖‖(𝜇 +

𝛽sIs
N

+ 𝛽rIr
N
)(S − S1)

‖
‖‖
2

,

≤ ‖
‖‖𝜇 +

𝛽sIs
N

+ 𝛽rIr
N
‖
‖‖
2

∞
|S − S1|

2 ,

≤ 𝒦1 |S − S1|
2 .

‖
‖U2(t,Es) − U2(t,Es1)

‖
‖
2
= ‖
‖(v + 𝜇)(Es − Es1)

‖
‖
2
,

≤ 2 |v + 𝜇|2 ||Es − Es1
||2 ,

≤ 𝒦2 ||Es − Es1
||2 .

‖
‖U3(t, Is) − U3(t, Is1)

‖
‖
2
= ‖
‖[rcs + (1 − r)c + 𝜇 + 𝜇′](Is − Is1)

‖
‖
2
,

≤ 2 |rcs + (1 − r)c + 𝜇 + 𝜇′|2 ||Is − Is1 ||
2 ,

≤ 𝒦3 ||Is − Is1 ||
2 .
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‖
‖U4(t,Rs) − U4(t,Rs1)

‖
‖
2
= ‖
‖𝜇(Rs − Rs1)

‖
‖
2
,

≤ 2 |𝜇|2 ||Rs − Rs1
||2 ,

≤ 𝒦4 ||Rs − Rs1
||2 .

‖
‖U5(t,Er) − U5(t,Er1)

‖
‖
2
= ‖
‖(v + 𝜇)(Er − Er1)

‖
‖
2
,

≤ 2 |(v + 𝜇)|2 ||Er − Er1
||2 ,

≤ 𝒦5 ||Er − Er1
||2 .

‖
‖U6(t, Ir) − U6(t, Ir1)

‖
‖
2
= ‖
‖(cr + 𝜇 + 𝜇′)(Ir − Ir1)

‖
‖
2
,

≤ 2 |(cr + 𝜇 + 𝜇′)|2 ||Ir − Ir1 ||
2 ,

≤ 𝒦6 ||Ir − Ir1 ||
2 .

‖
‖U7(t,Rr) − U7(t,Rr1)

‖
‖
2
= ‖
‖𝜇(Rr − Rr1)

‖
‖
2
,

≤ 2 |𝜇|2 ||Rr − Rr1
||2 ,

≤ 𝒦7 ||Rr − Rr1
||2 .

where, 𝒦1 = ‖
‖𝜇 +

𝛽sIs
N

+ 𝛽rIr
N

‖
‖
2

∞
,𝒦2 = 2 |v + 𝜇|2 ,𝒦3 = 2 |rcs + (1 − r)c + 𝜇 + 𝜇′|2 ,𝒦4 = 2 |𝜇|2 ,𝒦5 = 2 |v + 𝜇|2 ,𝒦6 =

2 |cr + 𝜇 + 𝜇′|2 ,𝒦7 = 2 |𝜇|2 .

‖V1(t,S) − V1(t,S1)‖
2 = |𝜎1(S − S1)|

2 ≤ 3
2
𝜎21 |S − S1|

2 ≤ ̂𝒦1 |S − S1|
2 ,

‖
‖V2(t,Es) − V2(t,Es1)

‖
‖
2
= ||𝜎2(Es − Es1)||

2 ≤ 3
2
𝜎22 ||Es − Es1

||2 ≤ ̂𝒦2 ||Es − Es1
||2 ,

‖
‖V3(t, Is) − V3(t, Is1)

‖
‖
2
= ||𝜎3(Is − Is1)||

2 ≤ 3
2
𝜎23 ||Is − Is1 ||

2 ≤ ̂𝒦3 ||Is − Is1 ||
2 ,

‖
‖V4(t,Rs) − V4(t,Rs1)

‖
‖
2
= ||𝜎4(Rs − Rs1)||

2 ≤ 3
2
𝜎24 ||Rs − Rs1

||2 ≤ ̂𝒦4 ||Rs − Rs1
||2 ,

‖
‖V5(t,Er) − V5(t,Er1)

‖
‖
2
= ||𝜎5(Er − Er1)||

2 ≤ 3
2
𝜎25 ||Er − Er1

||2 ≤ ̂𝒦5 ||Er − Er1
||2 ,

‖
‖V6(t, Ir) − V6(t, Ir1)

‖
‖
2
= ||𝜎6(Ir − Ir1)||

2 ≤ 3
2
𝜎26 ||Ir − Ir1 ||

2 ≤ ̂𝒦6 ||Ir − Ir1 ||
2 ,

‖
‖V7(t,Rr) − V7(t,Rr1)

‖
‖
2
= ||𝜎7(Rr − Rr1)||

2 ≤ 3
2
𝜎27 ||Rr − Rr1

||2 ≤ ̂𝒦7 ||Rr − Rr1
||2 ,

where, ̂𝒦1 =
3

2
𝜎21, ̂𝒦2 =

3

2
𝜎22, ̂𝒦3 =

3

2
𝜎23, ̂𝒦4 =

3

2
𝜎24, ̂𝒦5 =

3

2
𝜎25, ̂𝒦6 =

3

2
𝜎26, ̂𝒦7 =

3

2
𝜎27.

(ii)

|U1(t,S)|
2 = |||𝜋 − 𝜇S − 𝛽sIs

N
S − 𝛽rIr

N
S
|||
2

,

≤ 3[𝜋2 + (𝛽s |Is|
N

+ 𝛽r |Ir|
N

)2 |S|2 + 𝜇2 |S|2],
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≤ 3[𝜋2 + 2(𝛽
2
s |Is|

2

N2
+ 𝛽2r |Ir|

2

N2
) |S|2 + 𝜇2 |S|2],

≤ 3[𝜋2 + 2( 𝛽
2
s

N2
sup
0≤t≤T

|Is|
2 + 𝛽2r

N2
sup
0≤t≤T

|Ir|
2) |S|2 + 𝜇2 |S|2],

≤ 3[𝜋2 + 2( 𝛽
2
s

N2
‖
‖I
2
s
‖
‖∞ + 𝛽2r

N2
‖
‖I
2
r
‖
‖∞ + 𝜇2) |S|2],

≤ 3𝜋2[1 +
2( 𝛽

2
s

N2

‖
‖I
2
s
‖
‖∞ + 𝛽2r

N2

‖
‖I
2
r
‖
‖∞ + 𝜇2)

𝜋2 |S|2].

|U1(t,S)|
2 ≤𝒦1(|S|2 + 1), under the condition

2( 𝛽
2
s

N2
‖
‖I
2
s
‖
‖∞+

𝛽2r
N2

‖
‖I
2
r
‖
‖∞+𝜇

2)

𝜋2
< 1 .

|U2(t,Es)|
2 = |||

𝛽sIs
N

S − vEs − 𝜇Es
|||
2

,

≤ 2[𝛽
2
s |Is|

2

N2
+ 2(v2 + 𝜇2) |Es|

2],

≤ 2[ 𝛽
2
s

N2
sup
0≤t≤T

|Is|
2 + 2(v2 + 𝜇2) |Es|

2],

≤ 2[ 𝛽
2
s

N2
‖
‖I
2
s
‖
‖∞ + 2(v2 + 𝜇2) |Es|

2],

≤ 2
𝛽2s ‖‖I

2
s
‖
‖∞

N2
[1 + 2(v2 + 𝜇2)N2

𝛽2s ‖‖I
2
s
‖
‖∞

|Es|
2].

|U2(t,Es)|
2 ≤𝒦2(|Es|

2 + 1), under the condition 2(v2+𝜇2)N2

𝛽2s ‖‖I
2
s
‖
‖∞

< 1.

|U3(t, Is)|
2 = |vEs − [rcs + (1 − r)c]Is − (𝜇 + 𝜇′)Is|

2 ,
≤ 3 (v2 |Es|

2 + [rcs + (1 − r)c]2 |Is|
2 + (𝜇 + 𝜇′) |Is|

2) ,

≤ 3 (v2 |Es|
2 + 2[r2c2s + (1 − r)2c2] |Is|

2 + 2(𝜇2 + 𝜇′2) |Is|
2) ,

≤ 3 (v2 sup
0≤t≤T

|Es|
2 + 2[r2c2s + (1 − r)2c2 + 𝜇2 + 𝜇′2] |Is|

2) ,

≤ 3 (v2 ‖‖E
2
s
‖
‖∞ + 2[r2c2s + (1 − r)2c2 + 𝜇2 + 𝜇′2] |Is|

2) ,

≤ 3v2 ‖‖E
2
s
‖
‖∞

⎛
⎜⎜
⎝
1 +

2[r2c2s + (1 − r)2c2 + 𝜇2 + 𝜇′2]
v2 ‖‖E

2
s
‖
‖∞

|Is|
2⎞⎟⎟
⎠
.

|U3(t, Is)|
2 ≤𝒦3(|Is|

2 + 1), under the condition 2[r2c2s+(1−r)2c2+𝜇2+𝜇
′2]

v2‖‖E
2
s
‖
‖∞

< 1.

|U4(t,Rs)|
2 = |rcsIs − 𝜇Rs|

2 ,
≤ 2(r2c2s |Is|

2 + 𝜇2 |Rs|
2),
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≤ 2 (r2c2s sup
0≤t≤T

|Is|
2 + 𝜇2 |Rs|

2) ,

≤ 2(r2c2s ‖‖I
2
s
‖
‖∞ + 𝜇2 |Rs|

2),

≤ 2r2c2s
‖
‖I
2
s
‖
‖∞ (1 + 𝜇2

r2c2s
‖
‖I
2
s
‖
‖∞

|Rs|
2).

|U4(t,Rs)|
2 ≤𝒦4(|Rs|

2 + 1), under the condition 𝜇2

r2c2s
‖
‖I
2
s
‖
‖∞

< 1.

|U5(t,Er)|
2 = |||

𝛽rIr
N

S − vEr − 𝜇Er
|||
2

,

≤ 3(𝛽
2
r |Ir|

2 |S|2

N2
+ v2 |Er|

2 + 𝜇2 |Er|
2),

≤ 3 ( 𝛽
2
r

N2
sup
0≤t≤T

|Ir|
2 sup
0≤t≤T

|S|2 + (v2 + 𝜇2) |Er|
2) ,

≤ 3 ( 𝛽
2
r

N2
‖Ir‖

2
∞ ‖S‖2∞ + (v2 + 𝜇2) |Er|

2) ,

≤ 3
𝛽2r ‖Ir‖

2
∞ ‖S‖2∞
N2

(1 + (v2 + 𝜇2)N2

𝛽2r ‖Ir‖
2
∞ ‖S‖2∞

|Er|
2) .

|U5(t,Er)|
2 ≤𝒦5(|Er|

2 + 1), under the condition (v2+𝜇2)N2

𝛽2r ‖Ir‖2∞‖S‖
2
∞
< 1.

|U6(t, Ir)|
2 = |vEr + (1 − r)cIs − (cr + 𝜇 + 𝜇′)Ir|

2 ,
≤ 3[v2 |Er|

2 + (1 − r)2c2 |Is|
2 + (cr + 𝜇 + 𝜇′)2 |Ir|

2],
≤ 3[v2 |Er|

2 + (1 − r)2c2 |Is|
2 + 3(c2r + 𝜇2 + 𝜇′2) |Ir|

2],

≤ 3 (v2 sup
0≤t≤T

|Er|
2 + (1 − r)2c2 sup

0≤t≤T
|Is|

2 + 3(c2r + 𝜇2 + 𝜇′2) |Ir|
2) ,

≤ 3 (v2 ‖Er‖
2
∞ + (1 − r)2c2 ‖Is‖

2
∞ + 3(c2r + 𝜇2 + 𝜇′2) |Ir|

2) ,

≤ 3(v2 ‖Er‖
2
∞ + (1 − r)2c2 ‖‖I

2
s
‖
‖∞)

⎛
⎜⎜
⎝
1 + 3(c2r + 𝜇2 + 𝜇′2)

v2 ‖Er‖
2
∞ + (1 − r)2c2 ‖‖I

2
s
‖
‖∞

|Ir|
2⎞⎟⎟
⎠
.

|U6(t, Ir)|
2 ≤𝒦6(|Ir|

2 + 1), under the condition 3(c2r+𝜇2+𝜇
′2)

v2‖Er‖2∞+(1−r)2c2
‖
‖I
2
s
‖
‖∞

< 1.

|U7(t,Rr)|
2 = |crIr − 𝜇Rr|

2 ,
≤ 2(c2r |Ir|

2 + 𝜇2 |Rr|
2),

≤ 2 (c2r sup
0≤t≤T

|Ir|
2 + 𝜇2 |Rr|

2) ,
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≤ 2 (c2r ‖‖I
2
r
‖
‖∞ + 𝜇2 |Rr|

2) ,

≤ 2c2r
‖
‖I
2
r
‖
‖∞

⎛
⎜⎜
⎝
1 + 𝜇2

c2r
‖
‖I
2
r
‖
‖∞

|Rr|
2⎞⎟⎟
⎠
.

|U7(t,Rr)|
2 ≤𝒦7(|Rr|

2 + 1), under the condition 𝜇2

c2r
‖
‖I
2
r
‖
‖∞

< 1.

|V1(t,S)|
2 = |𝜎1S|

2 ≤ 𝜎21 |S|
2 ≤ 𝜎21(|S|

2 + 1) ≤ ̂𝒦1(|S|2 + 1),
|V2(t,Es)|

2 = |𝜎2Es|
2 ≤ 𝜎22 |Es|

2 ≤ 𝜎22(|Es|
2 + 1) ≤ ̂𝒦2(|Es|

2 + 1),
|V3(t, Is)|

2 = |𝜎3Is|
2 ≤ 𝜎23 |Is|

2 ≤ 𝜎23(|Is|
2 + 1) ≤ ̂𝒦3(|Is|

2 + 1),
|V4(t,Rs)|

2 = |𝜎4Rs|
2 ≤ 𝜎24 |Rs|

2 ≤ 𝜎24(|Rs|
2 + 1) ≤ ̂𝒦4(|Rs|

2 + 1),
|V5(t,Er)|

2 = |𝜎5Er|
2 ≤ 𝜎25 |Er|

2 ≤ 𝜎25(|Er|
2 + 1) ≤ ̂𝒦5(|Er|

2 + 1),
|V6(t, Ir)|

2 = |𝜎6Ir|
2 ≤ 𝜎26 |Ir|

2 ≤ 𝜎26(|Ir|
2 + 1) ≤ ̂𝒦6(|Ir|

2 + 1),
|V7(t,Rr)|

2 = |𝜎7Rr|
2 ≤ 𝜎27 |Rr|

2 ≤ 𝜎27(|Rr|
2 + 1) ≤ ̂𝒦7(|Rr|

2 + 1),

where, ̂𝒦1 = 𝜎21, ̂𝒦2 = 𝜎22, ̂𝒦3 = 𝜎23, ̂𝒦4 = 𝜎24, ̂𝒦5 = 𝜎25, ̂𝒦6 = 𝜎26, ̂𝒦7 = 𝜎27.
Hence, if their growth condition exists such that

max

⎧⎪
⎨⎪
⎩

2( 𝛽
2
s

N2
‖
‖I
2
s
‖
‖∞+

𝛽2r
N2

‖
‖I
2
r
‖
‖∞+𝜇

2)

𝜋2
, 2(v

2+𝜇2)N2

𝛽2s ‖‖I
2
s
‖
‖∞

, 2[r
2c2s+(1−r)2c2+𝜇2+𝜇′2]

v2‖‖E
2
s
‖
‖∞

,
𝜇2

r2c2s
‖
‖I
2
s
‖
‖∞
, (v2+𝜇2)N2

𝛽2r ‖‖I
2
r
‖
‖∞

‖S‖2∞
, 3(c2r+𝜇2+𝜇′2)
v2‖‖E

2
r
‖
‖∞+(1−r)

2c2‖‖I
2
s
‖
‖∞
, 𝜇2

c2r
‖
‖I
2
r
‖
‖∞

⎫⎪
⎬⎪
⎭

< 1.

Then the model system has a unique solution.

Numerical simulation for the stochastic model

In this section, we introduce a stochastic model that incorporates the Atangana-Baleanu operator. The model is described
as:

ABC
0 Dq

t S(t) = (𝜋 − 𝜇S − 𝛽sIs
N

S − 𝛽rIr
N

S) + 𝜎1SB′1(t),

ABC
0 Dq

t Es(t) = (𝛽sIs
N

S − vEs − 𝜇Es) + 𝜎2EsB
′
2(t),

ABC
0 Dq

t Is(t) = {vEs − [rcs + (1 − r)c]Is − (𝜇 + 𝜇′)Is} + 𝜎3IsB′3(t),
ABC
0 Dq

t Rs(t) = (rcsIs − 𝜇Rs) + 𝜎4RsB
′
4(t), (6)

ABC
0 Dq

t Er(t) = (𝛽rIr
N

S − vEr − 𝜇Er) + 𝜎5ErB
′
5(t),

ABC
0 Dq

t Ir(t) = {vEr + (1 − r)cIs − (cr + 𝜇 + 𝜇′)Ir} + 𝜎6IrB′6(t),
ABC
0 Dq

t Rr(t) = (crIr − 𝜇Rr) + 𝜎7RrB
′
7(t)
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For simplification purpose, the Eq (6) is organized as:

ABC
0 Dq

t S(t) = S(t,S,Es, Is,Rs,Er, Ir,Rr) + 𝜎1ℋ1(t)B′1(t),
ABC
0 Dq

t Es(t) = Es(t,S,Es, Is,Rs,Er, Ir,Rr) + 𝜎2ℋ2(t)B′2(t),
ABC
0 Dq

t Is(t) = Is(t,S,Es, Is,Rs,Er, Ir,Rr) + 𝜎3ℋ3(t)B′3(t),
ABC
0 Dq

t Rs(t) = Rs(t,S,Es, Is,Rs,Er, Ir,Rr) + 𝜎4ℋ4(t)B′4(t), (7)
ABC
0 Dq

t Er(t) = Er(t,S,Es, Is,Rs,Er, Ir,Rr) + 𝜎5ℋ5(t)B′5(t),
ABC
0 Dq

t Ir(t) = Ir(t,S,Es, Is,Rs,Er, Ir,Rr) + 𝜎6ℋ6(t)B′6(t),
ABC
0 Dq

t Rr(t) = Rr(t,S,Es, Is,Rs,Er, Ir,Rr) + 𝜎7ℋ7(t)B′7(t).

Here, we illustrate the numerical scheme of the Atangana-Baleanu derivative operator in Eq (7) by the Newton polyno-
mial interpolation technique [39]. The numerical scheme for the corresponding state variables is given as.

S(tn+1) = S(0) + 1 − q
ABC(q)S(tn,S

n,En
s , Ins ,Rn

s ,En
r , Inr ,Rn

r )

+ q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

S(tm−2,Sm−2,Em−2
s , Im−2s ,Rm−2

s ,Em−2
r , Im−2r ,Rm−2

r )

× Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[S(tm−1,Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,

Rm−1
r ) − S(tm−2,Sm−2,Em−2

s , Im−2s ,Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[S(tm,Sm,Em
s , Ims ,Rm

s ,Em
r , Imr ,Rm

r ) − 2S(tm−1,Sm−1,

Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,Rm−1

r ) + S(tm−2,Sm−2,Em−2
s , Im−2s ,Rm−2

s ,

Em−2
r , Im−2r ,Rm−2

r )] × Ω + q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

𝜎1ℋ1(tm−2,Sm−2)(B1(tm−1)

− B1(tm−2)) × Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[𝜎1ℋ1(tm−1,Sm−1)(B1(tm) − B1(tm−1))

− 𝜎1ℋ1(tm−2,Sm−2)(B1(tm−1) − B1(tm−2))] × Θ + q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[𝜎1

ℋ1(tm,Sm)(B1(tm+1) − B1(tm)) − 2𝜎1ℋ1(tm−1,Sm−1)(B1(tm) − B1(tm−1))
+ 𝜎1ℋ1(tm−2,Sm−2)(B1(tm−1) − B1(tm−2))] × Ω.

Es(tn+1) = Es(0) +
1 − q
ABC(q)Es(tn,Sn,En

s , Ins ,Rn
s ,En

r , Inr ,Rn
r )

+ q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

Es(tm−2,Sm−2,Em−2
s , Im−2s ,Rm−2

s ,Em−2
r , Im−2r ,Rm−2

r )

× Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[Es(tm−1,Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,

Rm−1
r − Es(tm−2,Sm−2,Em−2

s , Im−2s ,Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Θ
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+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[Es(tm,Sm,Em
s , Ims ,Rm

s ,Em
r , Imr ,Rm

r ) − 2Es(tm−1,

Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,Rm−1

r ) + Es(tm−2,Sm−2,Em−2
s , Im−2s ,

Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Ω + q(△t)q

ABC(q)Γ(q + 1)
n

∑
m=2

𝜎2ℋ2(tm−2,Em−2
s )

(B2(tm−1) − B2(tm−2)) × Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[𝜎2ℋ2(tm−1,Em−1
s )(B2(tm)

− B2(tm−1)) − 𝜎2ℋ2(tm−2,Em−2
s )(B2(tm−1) − B2(tm−2))] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[𝜎2ℋ2(tm,Em
s )(B2(tm+1) − B2(tm)) − 2𝜎2ℋ2(tm−1,

Em−1
s )(B2(tm) − B2(tm−1)) + 𝜎2ℋ2(tm−2,Em−2

s )(B2(tm−1) − B2(tm−2))] × Ω.

Is(tn+1) = Is(0) +
1 − q
ABC(q) Is(tn,S

n,En
s , Ins ,Rn

s ,En
r , Inr ,Rn

r )

+ q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

Is(tm−2,Sm−2,Em−2
s , Im−2s ,Rm−2

s ,Em−2
r , Im−2r ,Rm−2

r )

× Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[Is(tm−1,Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,

Rm−1
r ) − Is(tm−2,Sm−2,Em−2

s , Im−2s ,Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[Is(tm,Sm,Em
s , Ims ,Rm

s ,Em
r , Imr ,Rm

r ) − 2Is(tm−1,

Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,Rm−1

r ) + Es(tm−2,Sm−2,Em−2
s , Im−2s ,

Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Ω + q(△t)q

ABC(q)Γ(q + 1)
n

∑
m=2

𝜎3ℋ3(tm−2, Im−2s )

(B3(tm−1) − B3(tm−2)) × Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[𝜎3ℋ3(tm−1, Im−1s )(B3(tm)

− B3(tm−1)) − 𝜎3ℋ3(tm−2, Im−2s )(B3(tm−1) − B3(tm−2))] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[𝜎3ℋ3(tm, Ims )(B3(tm+1) − B3(tm)) − 2𝜎3ℋ3(tm−1,

Im−1s )(B3(tm) − B3(tm−1)) + 𝜎3ℋ3(tm−2, Im−2s )(B3(tm−1) − B3(tm−2))] × Ω.

Rs(tn+1) = Rs(0) +
1 − q
ABC(q)Rs(tn,Sn,En

s , Ins ,Rn
s ,En

r , Inr ,Rn
r )

+ q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

Rs(tm−2,Sm−2,Em−2
s , Im−2s ,Rm−2

s ,Em−2
r , Im−2r ,Rm−2

r )

× Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[Rs(tm−1,Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,

Rm−1
r ) − Rs(tm−2,Sm−2,Em−2

s , Im−2s ,Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Θ
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+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[Rs(tm,Sm,Em
s , Ims ,Rm

s ,Em
r , Imr ,Rm

r ) − 2Rs(tm−1,

Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,Rm−1

r ) + Rs(tm−2,Sm−2,Em−2
s , Im−2s ,

Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Ω + q(△t)q

ABC(q)Γ(q + 1)
n

∑
m=2

𝜎4ℋ4(tm−2,Rm−2
s )

(B4(tm−1) − B4(tm−2)) × Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[𝜎4ℋ4(tm−1,Em−1
s )(B4(tm)

− B4(tm−1)) − 𝜎4ℋ4(tm−2, Im−2s )(B4(tm−1) − B4(tm−2))] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[𝜎4ℋ4(tm,Rm
s )(B4(tm+1) − B4(tm)) − 2𝜎4ℋ4(tm−1,

Rm−1
s )(B4(tm) − B4(tm−1)) + 𝜎4ℋ4(tm−2,Rm−2

s )(B4(tm−1) − B4(tm−2))] × Ω.

Er(tn+1) = Er(0) +
1 − q
ABC(q)Er(tn,Sn,En

s , Ins ,Rn
s ,En

r , Inr ,Rn
r )

+ q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

Er(tm−2,Sm−2,Em−2
s , Im−2s ,Rm−2

s ,Em−2
r , Im−2r ,Rm−2

r )

× Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[Er(tm−1,Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,

Rm−1
r ) − Er(tm−2,Sm−2,Em−2

s , Im−2s ,Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[Er(tm,Sm,Em
s , Ims ,Rm

s ,Em
r , Imr ,Rm

r ) − 2Er(tm−1,

Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,Rm−1

r ) + Er(tm−2,Sm−2,Em−2
s , Im−2s ,

Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Ω + q(△t)q

ABC(q)Γ(q + 1)
n

∑
m=2

𝜎5ℋ5(tm−2,Em−2
r )

(B5(tm−1) − B5(tm−2)) × Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[𝜎5ℋ5(tm−1,Em−1
r )

(B5(tm) − B5(tm−1)) − 𝜎5ℋ5(tm−2,Em−2
r )(B5(tm−1) − B5(tm−2))] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[𝜎5ℋ5(tm,Em
r )(B5(tm+1) − B5(tm)) − 2𝜎5ℋ5(tm−1,

Em−1
r )(B5(tm) − B5(tm−1)) + 𝜎5ℋ5(tm−2,Em−2

r )(B5(tm−1) − B5(tm−2))] × Ω.

Ir(tn+1) = Ir(0) +
1 − q
ABC(q) Ir(tn,S

n,En
s , Ins ,Rn

s ,En
r , Inr ,Rn

r )

+ q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

Ir(tm−2,Sm−2,Em−2
s , Im−2s ,Rm−2

s ,Em−2
r , Im−2r ,Rm−2

r )

× Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[Ir(tm−1,Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,

Rm−1
r ) − Ir(tm−2,Sm−2,Em−2

s , Im−2s ,Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Θ
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+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[Ir(tm,Sm,Em
s , Ims ,Rm

s ,Em
r , Imr ,Rm

r ) − 2Ir(tm−1,

Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,Rm−1

r ) + Ir(tm−2,Sm−2,Em−2
s , Im−2s ,

Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Ω + q(△t)q

ABC(q)Γ(q + 1)
n

∑
m=2

𝜎6ℋ6(tm−2, Im−2r )

(B6(tm−1) − B6(tm−2)) × Π + q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[𝜎6ℋ6(tm−1, Im−1r )(B6(tm)

− B6(tm−1)) − 𝜎6ℋ6(tm−2, Im−2r )(B6(tm−1) − B6(tm−2))] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[𝜎6ℋ6(tm, Imr )(B6(tm+1) − B6(tm)) − 2𝜎6ℋ6(tm−1,

Im−1r )(B6(tm) − B6(tm−1)) + 𝜎6ℋ6(tm−2, Im−2r )(B6(tm−1) − B6(tm−2))] × Ω.

Rr(tn+1) = Rr(0) +
1 − q
ABC(q)Rr(tn,Sn,En

s , Ins ,Rn
s ,En

r , Inr ,Rn
r )

+ q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

Rr(tm−2,Rm−2,Em−2
s , Im−2s ,Rm−2

s ,Em−2
r , Im−2r ,

Rm−2
r ) × Π + q(△t)q

ABC(q)Γ(q + 2)
n

∑
m=2

[Rr(tm−1,Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r ,

Im−1r ,Rm−1
r ), −Rr(tm−2,Sm−2,Em−2

s , Im−2s ,Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[Rr(tm,Sm,Em
s , Ims ,Rm

s ,Em
r , Imr ,Rm

r )

− 2Rr(tm−1,Sm−1,Em−1
s , Im−1s ,Rm−1

s ,Em−1
r , Im−1r ,Rm−1

r )
+ Rr(tm−2,Sm−2,Em−2

s , Im−2s ,Rm−2
s ,Em−2

r , Im−2r ,Rm−2
r )] × Ω

+ q(△t)q
ABC(q)Γ(q + 1)

n

∑
m=2

𝜎7ℋ7(tm−2,Rm−2
r )(B7(tm−1) − B7(tm−2)) × Π

+ q(△t)q
ABC(q)Γ(q + 2)

n

∑
m=2

[𝜎7ℋ7(tm−1,Rm−1
r )(B7(tm) − B7(tm−1))

− 𝜎7ℋ7(tm−2,Rm−2
r )(B7(tm−1) − B7(tm−2))] × Θ

+ q(△t)q
2ABC(q)Γ(q + 3)

n

∑
m=2

[𝜎7ℋ7(tm,Rm
r )(B7(tm+1) − B7(tm)) − 2𝜎7ℋ7(tm−1,

Rm−1
r )(B7(tm) − B7(tm−1)) + 𝜎7ℋ7(tm−2,Rm−2

r )(B7(tm−1) − B7(tm−2))] × Ω.

Where,
Π = (n −m + 1)q − (n −m)q,
Θ = (n −m + 1)q(2q + 3 + n −m) − (n −m)q(3q + 3 + n −m),
Ω= (n−m+ 1)q[2(n−m)2 + (3q+ 10)(n−m) + 2q2 + 9q+ 12] − (n−m)q[2(k−m)2 + (5q+ 10)(n−m) + 6q2 + 18q+ 12].
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Numerical results and discussions
1. Predictions of different interventions

To formulate more effective interventions for attaining the End TB strategy, this section predicts the impact of the four
single measures along with their combinations on the count of individuals afflicted with DR-TB.

1.1 Adoption of single measures. Fig 3 illustrates the effect on the number of patients with DR-TB when each of the
four single measures is implemented separately:

We can get trends in the number of patients with DR-TB by screening for latent DR-TB infection Er and thereby reduc-
ing the rate of disease progression (v) in patients with Er, this intervention decreased v by 10%, 30%, 60%, 90%, and

Fig 3. Projected number of drug-resistant tuberculosis (DR-TB) patients in 2035 under different single-intervention strategies. (a) Reducing
the v. (b) Improving the c. (c) Reducing the cr. (d) Improving the r.

https://doi.org/10.1371/journal.pone.0335889.g003
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100% compared to the initial value. The simulation results in Fig 3(a) indicate that at the same time point, v is significantly
negatively correlated with the number of Ir, meaning that the lower the disease progression rate, the fewer the number of
patients. However, even when v is reduced to zero, the number of patients with DR-TB cannot fall below the red dotted
line by 2035. That is, even if all Er do not turn into patients with Ir, the target will not be met by 2035.

By increasing the awareness and standard of treatment for DS-TB patients, which in turn reduces the conversion rate
(c) from DS-TB to DR-TB patients, the intervention reduces c by 50%, 62.5%, 75%, 87.5%, and 100% relative to the cur-
rent 0.08. The graph in Fig 3(b) demonstrates that concurrently, as c diminishes, there is a corresponding decrease in the
number of DR-TB patients. However, alternatively, despite the conversion rate dropping to 0, the DR-TB case count will
still remain above the 90% reduction target by the year 2035.

Fig 3(c) illustrates that there exists an inverse relationship between the number of DR-TB patients(Ir) and the cure rate
of DR-TB (cr) patients. That is, as the cure rate of DR-TB patients steadily increases, the number of DR-TB patients con-
comitantly decreases. Given that the current cure rate stands at 0.0493, if it continuously rises and reaches 10 times the
current rate (10cr) by the year 2035, it can be projected that the number of DR-TB patients will witness a significant reduc-
tion of 314,097 cases. This reduction accounts for a substantial 90.72% when compared to the level observed in 2015.
Consequently, it can be inferred that by substantially enhancing the cure rate of DR-TB patients, the targeted goal can be
attained by the year 2035.

Fig 3(d) shows that increasing the proportion of DS-TB cured cases (r) has a positive effect on the reduction of DR-TB
patients. Specifically, when r is gradually increased from 0.85 to 0.88, 0.91, 0.94, 0.97, and ultimately reaches 1, it can be
observed that the proportion of cured cases among DS-TB patients ascends to 100%. Nevertheless, it is projected that
by the year 2035, the number of DR-TB patients will only experience a reduction of 186,343 cases. In relative terms, this
represents a 53.8% decrease when compared to the level witnessed in 2015. This reduction fails to meet the target of
achieving a 90% reduction in the number of cases.

1.2 Taking joint measures. Fig 4 illustrates the impact on the number of patients with DR-TB when joint measures
are taken:

Fig 4. Projected number of drug-resistant tuberculosis (DR-TB) patients in 2035 under different joint measures strategies. (a) Decreasing the c
while increasing the cr. (b) Increasing the r and cr, reducing the v and c.

https://doi.org/10.1371/journal.pone.0335889.g004
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By enhancing the efficacy and the standard of care for DR-TB patients, we aim to reduce the conversion rate of DS-
TB into DR-TB cases(c), while concurrently enhancing the cure rate of DR-TB patients (cr). Fig 4(a) indicates that when c
decreases to 0.01 and cr increases to 0.45 simultaneously, it can be projected that by the year 2035, the number of DR-
TB patients will experience a reduction of 315,773 cases. In relative terms, this represents a 91.2% decrease compared to
the level observed in 2015. However, implementing either a reduction in c to 0.01 alone or an increase in cr to 0.45 alone
will prove insufficient to attain the predefined goal. Consequently, it is evident that the combined implementation of these
measures exhibits a superior effect in contrast to the application of individual measures.

Fig 4(b) demonstrates the impact of the intervention of the four jointed measures on the number of patients with DR-
TB. By simultaneously implementing strategies to decrease the conversion rate of DS-TB to DR-TB patients (c), enhance
the cure rate of DR-TB patients (cr), elevate the proportion of cured DS-TB cases (r), and diminish the disease progres-
sion rate (v) of DR-TB, significant outcomes can be observed. it has been found that when c is maintained at 0.3, cr
attains a value of 0.25, r exceeds 91%, and v is contained at 3.55e–5, the population of DR-TB patients will witness a
decline of 311,641 cases by the year 2035. This remarkable reduction accounts for 90.01% when compared to the base-
line level in 2015, thereby effectively fulfilling the objective of achieving a 90% decrease in DR-TB cases by 2035. It is
noteworthy that should the combined measures be further intensified, there exists the possibility of meeting the target
ahead of the scheduled time.

2. Relationship between the number of persons in each category and the order q

In this section, we perform numerical simulation of the fractional stochastic differential equations model. We conduct
numerical simulations for different fractional orders model by the Atangana-Baleanu-Caputo differential operator and the
numerical method of Newton polynomial interpolation.

Figs 5 and 6 respectively describe the numerical simulation results of the solutions derived from the fractional stochas-
tic differential equation model (6) and the fractional differential equation model (1), at varying orders of q, under the con-
dition where R0 is less than 1. Figs 5(a), 5(d), 5(g) and 6(a), 6(d), 6(g) both show that the number of susceptible, DS-TB
and DR-TB recovered individuals gradually increases with increasing order q. Meanwhile, Figs 5(b), 5(c), 5(e), 5(f) and
6(b), 6(c), 6(e), 6(f) depict that the number of individuals infected with DS-TB and DR-TB, as well as the number of individ-
uals latently infected with DS-TB and DR-TB, both decrease with the increasing order q. That is to say, although the fluc-
tuations are observed in the solution of model (1) due to the incorporation of the random term, the overall trend remains
consistent with that observed in the absence of the random term. Through numerical simulations, it has been discerned
that the memory effect inherent in the disease’s spreading process exerts a significant influence on its dissemination,
which is not adequately captured by an integer-order model.

3. Impact of stochastic disturbances on disease transmission

In this section, we investigate the effect of noise intensity on the number of patients with DR-TB. Select q=0.95 and the
strong noise parameters: 𝜎1 = 0.0006, 𝜎2 = 0.0016, 𝜎3 = 0.0040, 𝜎4 = 0.0020, 𝜎5 = 0.0020, 𝜎6 = 0.0030, 𝜎7 = 0.0024 and
the low noise parameters: 𝜎1 = 0.0003, 𝜎2 = 0.0008, 𝜎3 = 0.0020, 𝜎4 = 0.0010, 𝜎5 = 0.0010, 𝜎6 = 0.0015, 𝜎7 = 0.0012. As
shown in Fig 7, the solution of the fractional stochastic model is perturbed around the curve of the solution of the frac-
tional order deterministic model, with the degree of perturbation related to the intensity of the noise. By comparison, it is
found that when the noise intensity is relatively low, the effect of random interference on the stochastic model is weak.
However, high-intensity noise can rapidly reduce the number of infected individuals, thus effectively controlling the spread
of DR-TB.
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Fig 5. Solutions of the model (6) with ABC operator for four values of the order q when. 𝝈𝟏 = 𝟎.𝟎𝟎𝟑, 𝝈𝟐 = 𝟎.𝟎𝟏𝟎, 𝝈𝟑 = 𝟎.𝟎𝟑𝟎, 𝝈𝟒 = 𝟎.𝟎𝟒𝟎,
𝝈𝟓 = 𝟎.𝟎𝟏𝟎, 𝝈𝟔 = 𝟎.𝟎𝟐𝟓, 𝝈𝟕 = 𝟎.𝟎𝟑𝟓. (a) Stochastic behavior of S. (b) Stochastic behavior of Es. (c) Stochastic behavior of Is. (d) Stochastic behavior
of Rs. (e) Stochastic behavior of Er. (f) Stochastic behavior of Ir.

https://doi.org/10.1371/journal.pone.0335889.g005
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Fig 6. Solutions of the model (6) with ABC operator for four values of the order q. (a) Deterministic behavior of S. (b) Deterministic behavior of
Es. (c) Deterministic behavior of Is. (d) Deterministic behavior of Rs. (e) Deterministic behavior of Er. (f) Deterministic behavior of Ir. (g) Deterministic
behavior of Rr.

https://doi.org/10.1371/journal.pone.0335889.g006
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Fig 7. The solution curves of model for different noise intensities.

https://doi.org/10.1371/journal.pone.0335889.g007

Conclusion

In this paper, we incorporate stochasticity in disease transmission within a fractional order model based on Atangana-
Baleanu-Caputo operator to analyze its effect on DR-TB transmission. The non-negative boundedness of the solutions of
is investigated and the basic reproduction number is calculated. Using real data on DR-TB patients in China from 2008
to 2023, we employed the least squares method for fitting. After experimenting with various parameter values, we found
that the model achieved better fitting results when q was set to 0.95. Based on this, we have predicted the number of DR-
TB patients from 2024 to 2035, and it is anticipated that without implementing control strategies, it will be challenging to
achieve the set targets by 2035. The existence and uniqueness of solutions for the DR-TB model under stochastic con-
ditions was subsequently proved theoretically and the Atangana-Baleanu-Caputo fractional stochastic model was solved
numerically using Newtonian polynomial interpolation techniques.

We predicted the number of DR-TB patients in 2035 by adopting four single intervention measures and joint measures
respectively. After comparison, we found that the effect of joint measures was better than that of single measures. Fur-
thermore, numerical simulations were conducted to plot the time evolution of solutions for both of fractional stochastic
models and deterministic models with different orders. It can be found that both the memory effect and the random effect
will affect the disease transmission, and the disease development trends of the models with and without random terms
are consistent. To investigate the impact of random disturbance intensity on disease transmission, we compared strong
noise with low noise and found that the degree of disturbance of the solution of the fractional stochastic model is related
to the noise intensity. The greater the noise, the greater the degree of disturbance, and higher noise may lead to the early
disappearance of DR-TB.

Therefore, through analysis, we can conclude that the strategy can be achieved by 2035 by vigorously increasing the
cure rate of DR-TB patients or simultaneously controlling the DS-TB to DR-TB conversion rate at 0.3, the cure rate of DR-
TB at 0.25, the proportion of DS-TB cured cases at 91%, and the progression rate of disease at 3.55 × 10−5. On the other
hand, even if DR-TB persists in the deterministic model, when the environment is subject to strong random disturbances,
it is also possible to achieve the End TB Strategy by 2035.
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