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Abstract

In this paper, first we recall and present some basic results about cone and partial order
within the framework of Banach spaces. Next, by means of the properties of cone and
monotone iterative techniques, some new fixed point theorems of mixed monotone oper-
ators with certain concavity and convexity are obtained without any compactness or
continuity condition. Further, the main results are applied to two classes of nonlinear
functional integral equations on unbounded regions. Our results extend and generalize
previous findings.

1 Introduction and preliminaries

Since the notion of mixed monotone operator was established in 1987 (see [1]), a number

of scholars have explored the existence and uniqueness of different types of fixed points for
such operators (see [1-20]). In order to solve the fixed point problems, two common meth-
ods are usually utilized in the study of mixed monotone operators. One is to use the com-
pactness or continuity of the operators whenever such condition is satisfied (see [1-4]), the
other is to take the advantage of certain concavity or convexity by means of cone theory and
monotone iterative techniques once such concavity or convexity property lies in the opera-
tors (see [5-21]). These methods have been widely applied in various fields, including integral
equations (see [22,23]), higher-order mixed integro-differential equations (see [24-33]), frac-
tional integro- differential equations (see [34-37]) and some other related applications (see
[38-44]). These works demonstrate the versatility and applicability of mixed monotone opera-
tors in various mathematical problems.

Among them, the authors in [11] presented a new concept, named ¢ concave-(-3) con-
vex mixed monotone operators. They gained several theorems of this type of operators with
certain concavity and convexity. The advantage of introducing ¢ concave-(-%) convex mixed
monotone operators is that it can unify a large number of mixed monotone operators with
certain concave-convex properties, and thus cope with the fixed point problems together in a
general way. However, in the existing literature, such as [11], a crucial question arises about
the fixed point theorem of ¢ concave-(-1) convex operators, which is as following:

Question A: If we delete the condition (C) :

(C) lims—>t‘ ¢(S’ W0)¢(S’ WO) >t
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in Theorem 2.1 in [11], then do the fixed point results in Theorem 2.1 in [11] remain
true?

In this paper, we positively answer this question. Following [11], we continue to investi-
gate the fixed point problems regarding ¢ concave-(-1) convex mixed monotone operators.
Without requiring any compactness or continuity of the operators, we also get the existence
and uniqueness conclusions for these operators, as well as the convergence of the iterative
sequences. The novelty of this work is that we utilize a new iterative technique to establish
some new fixed point theorems of mixed monotone operators in which the existence and
uniqueness of the fixed points, as well as the convergence of iterative sequences are proven by
only requiring weaker conditions than that in [11] and [20], thus improve the main results in
[11] and [20] greatly. Furthermore, we also obtain a number of new fixed point results about
mixed monotone operators with certain concavity and convexity without requiring coupled
upper or lower solutions. In addition, the main results are applied to two types of nonlinear
integral equations. Our work extends and improves the previous related works.

Now we review some basic definitions, notations and known facts in the theory of cone
and partial order, which can be found in [1], [19].

A real Banach space S is commonly defined as a real normed vector space where all Cauchy
sequences must converge in S.

Let S be a real Banach space and U be a subset of S. Denote by 8 the null element of S and
by intU the interior of U. The subset U is called a cone if:

i) weUand1>0,thenlw e U

(ii)) AUC U (VA 20),ie,UNn(-U)={6},ie, w € Uand ~w € U, then w = 6.

Remark 1.1  Let the cone U C S. Then we have U+ UC Usince foranyoc=w+¢ € U+ U
(wherew,p€U),0=w+9¢=2(3w + 1) € U.

Given a cone U C S, we define a partial ordering < with respect to U by w < ¢ if and only if
¢ - w € U. We shall write w < ¢ if w < ¢ and w # ¢, while w « ¢ will stand for ¢ - w € intU
when intU # @. A cone U is called normal if there exists k € R* such that for all @, ¢ € U,

O0<w<y¢ implies ||w|<k|e¢].

The least positive number of k is said to be the normal constant of U.

A cone U is called solid, if intU is not empty, i.e., intU # &.

Let M CS. An operator F : M X M — S is said to be mixed monotone if (@, ¢) is nonde-
creasing in @ and nonincreasing in ¢, i.e., V9, EM (i=1,2),w; < @, and ¢, < ¢; imply
F(w1,01) < F(w2,¢,). An element w* € M is named a fixed point of F if F(w™, w*) =
w*. F:MCS— Sis said to be convex if for w, ¢ € M with @ < ¢ and each ¢ € [0, 1] we have

Ftw+ (1-t)e) <tFw+ (1-t)Fe;

F is said to be concave if —-F is convex.
Let e > 6, write

U, = {w € S| there exist A, u > 0, such that le < @ < pe}.
If Fw = w for some w € M, then w is named a fixed point of F in M. The operator F :

M — S is said to be increasing or nondecreasing, if for any w,9 € M, w < ¢ implies Fw <

Fo.
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Let 1y, x9 € Sand (y < xp, then
[LO:K()] :{WES“()S’CUSKO}

is said to be an ordering interval.

Definition 1.1 ([11]) LetM=UorM=intUand a € Rwith0<a <1.Let F: M —>M
be an operator.

(1) F is said to be a-concave, if forany w € Mand 0<t<1, F(tw) > t*Fw;

(2) F is said to be (-a)-convex, if forany w € Mand 0<t<1, F(tw)<t*Fw.

Remark 1.2 ([11]) Any a-convex operator (a > 1) must be an e-convex operator, where
the characteristic function 9(t, @) = 1 - t*71,

Definition 1.3 ([11]) Let M C S. An operator F : MXM — § is said to be ¢ concave-(-1)
convex, if there exists a function ¢ : (0,1]XM — (0, 00) and a function ¢ : (0, 1]XM — (0, 00)
such that (¢, @) € (0,1) X M implies t < ¢(t, @) (¢, @) <1 and also F satisfies the following
two conditions:

(H)) F(tw,¢) > ¢(t,w)F(w,9),Vt€ (0,1),V(w,9) € M X M;

(Hz) F(w,t9) < g5y F(w,0), VL € (0,1),¥(w,0) €M X M.

Definition 1.4 ([20]) Let F: U — U be an operator and e > 8. Suppose that

(i) Feel,

(ii) thereis a real number 7 =7(t, @) > 0 satisfying

F(tw) > (1 +n)tFw,Vw € U, Vi€ (0,1). (2.1)

Then F is said to be a generalized e-concave operator, and 7 =7 (t, @) is named its char-
acteristic function.

Similarly, in the above-mentioned definition, if the condition (ii) is replaced by the follow-
ing

(it) F(tw) < sy F @ Yw € U, V€ (0,1),
then F is called a generalized e-convex operator, and & = £(, @) is called its characteristic
function.

2 Some basic results on abstract cones in order real Banach
spaces

In this section, we will show some useful and interesting results about abstract cone and par-
tial order in real ordered Banach spaces.

In what follows, the set S always represents a real Banach space.

Lemma 2.1 Assume the cone U C S is solid and e € intU. Then for any @ € S, there exists
a sufficient small number A > 0 such that e - Aw € U.

Proof. For any w € S, without loss of generality, assume that @ # 0. Since e € intU, it
follows that there is a sufficient small number >0 such that

{weS:|w-e|<r}cCU. (2.1)

Obviously, we see

-r
—e‘:H-wH:rSr. (2.2)
|=

e- —w
||
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By (2.1) and (2.2) we have e- % €U. SetA= ﬁ > 0, then there exists sufficient small 4 >
0 such that e - Aw € U, which completes the proof of Lemma 2.1.

By Lemma 2.1, we can deduce a number of useful results about cone and partial order.

Corollary 2.1 Assume the cone U C Sis solid and @, ¢ € S. If w > ¢, then there exists a
real number 7 > 0 such that @ > (1 +n)e.

Proof. Since w>g,sete=w - ¢,thene€intU. By Lemma 2.1, it follows that for any

o € S, there exists a real number A > 0 such that
w-¢-AoeU.

Take 0 = ¢,7 = 4, then we have
w-¢-1¢ =6,

which implies @ > (1 + 7)g, a desired result.

Remark 2.1 In Corollary 2.1 above, we see the conclusion @ > (1 + 7)g¢ implies ¢ < e,
where € = ﬁ and so 0 < € < 1. Hence Corollary 2.1 can deduce [[45], Lemma 3.1], that is to
say, Corollary 2.1 generalizes [[45], Lemma 3.1].

Proposition 2.1 ([46]) Assume the cone UC Sand w,¢,0 €S.

Ww>¢,9>0=>w>0;

(i) w>g,9>0=>wW>0.

Furthermore, suppose U is solid, we have

(iii) intUC U,so mw > 9> w > ¢;

(ivyw>g0>20>w>0;

V)w>ge>0=>w>o0;

(vi) > 0= AintU C U;

Vi) > 0,1>0=Aw>0; w > 9,1>0=> Aw > A¢.

Proof. (i) Suppose w >¢,¢ >0, then ¢ > 0, so we see w-¢ € Uand ¢-0 € U. Hence w -
o=(w-¢)+(¢-0) € Usince U+ U C U. That is, @ > 0. Now let us show @ # g. Otherwise if
w =0, thenby w > ¢ wesee o > ¢,i.e., 0 — ¢ € U. On the other hand, since¢ > 0,i.e.,9 -0 €
U, wehaveog -¢ € (-U).Soo -9 € UNn (-U) = {0}, which implies o - ¢ =6, i.e, ¢ =0, a con-
tradiction to ¢ > 0. Thus @ # 0. Therefore, @ > 0.

(ii) similar to (i).

(iii) Suppose e € intU, by Lemma 2.1, for any @ € S, there exists 4 > 0 such that e-Aw € U.
Taking w =6, then we gete=e - Aw € U. Hence, intU C U. Besides, if w > ¢,thenw - ¢ €
intU, so by the arguments above we have w -9 € U, i.e., w > ¢.

(iv) Suppose @ > 9,9 > 0. Noting that a basic fact as follows: for any ¢ € § and >0, the
ball B(¢,7) in S can be written as

B(s,r)=¢+B(6,7),

where B(s,r) = {¢ € §||¢-¢| < r}. Then we see w > ¢ = w - ¢ € intU=> there exists r>0 such

that
w-¢+B(6,r)=B(w-¢,r)CU,
hence
w-¢+B(6,r)CU. (2.3)
Since ¢ > o, it follows that
g-oeU. (2.4)
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By (2.3) and (2.4) we have
w-0+B(6,r)=¢-c+w-¢+B(6,r)cU+UCU,

which implies B(w - o,r) C U. That is, @ - ¢ € intU. So, w > 0.
(v) Similar to (iv).
(vi) Suppose 4 >0, w € intU, we need to prove Aw € intU, i.e., there exists r; > 0 such that

B(Aw,r) CU. (2.5)
Since w € intU, there exists >0 such that
w + B(6,r) =B(w,r) C U.
So, for any ¢ € B(6,r), we get w + ¢ € U. Hence, it follows from AU C U(A > 0) that
Amw+loeAUCU, (2.6)
So, Aw + A¢ € AU. Now, we prove
B(Aw,Ar) C U, (2.7)

ie.,
Aw +B(6,Ar) C U.

In fact, for any o € B(6, Ar), we have ||o| < Ar. In order to prove (2.7), it suffices to show
Aw + o € U. Indeed, setting ¢ = %0, then we see || = 1|0 < § - Ar=r,1e, ¢ € B(6,r). So by
(2.6) wehave dw + A9 € U,ie.,Aw + o € U. Thus, (2.7) holds, which implies (2.5) holds by
taking r; = Ar.

(vii) It is obvious that (vi) implies (vii). We only prove the second conclusion in (vii),
namely, @ > ¢,1 > 0= Aw > Ag. The proof of the first conclusion in (vii) is obviously seen
when one takes ¢ = 6 in the second one in (vii). Set 0 =@ - ¢, then w > ¢ implies 0 > 6, i.e.,
o € intU. So by (vi) we have

Ao € AintU C intU

since A > 0. Thus Ao € intU, i.e., Ad > 6. So Aw > A¢.

Lemma 2.2 Assume the cone U C S is solid and w € S. Then w € intU if and only if
there is a point e € intU and a real number A > 0 such that @ > Ae.

Proof. (=): Assume w € intU. Takinge=w,1=1,thenweseew =1 - w >le.Sow >
Ae.

(«): Assume there is a point e € intU and a real number A > 0 such that @ > Ae. Then by
Proposition 2.1 (vii) we see e>> 6 and 1e>> 6. So

w > Ae>0.
Thus it follows from Proposition 2.1(v) that w > 6, i.e., w € intU. Hence, Lemma 2.2 is

true.
Lemma 2.3 Assume the cone U C Sis solid and e € intU. Then U, = intU.
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Proof. (1) Firstly, let us show U, C intU. In fact, for any w € U,, there exist A, g >
0 such that Ae < @ < ge. Take A = A4 > 0. Then w > Ae. So by Lemma 2.2, w € intU.
Hence, U, C intU.

(2) Now we prove intU C U,. For any w € intU, since e € intU, by Lemma 2.2, there exist
A1 >0,1, >0such that w > A;eand e > A,w. Thus, L1e < w < ,lee’ which implies that w €
U,. Hence, intU C U,.

That is to say, U, = intU.

3 Fixed points for ¢ concave-(-y) convex mixed monotone
operators

In this section, using some of the basic results on the abstract cones obtained in the last
section, we will present a number of new fixed point theorems of ¢ concave-(-) convex
mixed monotone operator by virtue of cone theory as well as monotone iterative techniques
in the setting of real ordered Banach spaces.

In what follows, we assume U is a normal cone in the real Banach space S.

Theorem 3.1 Let (), ko € S with tg <% and F : [, %0] X [to, %] — S be a ¢ concave-(-1)
convex mixed monotone operator, where ¢ : (0,1)X[t9,%0] — (0,00) and 9 : (0,1)X[t9,%0] —
(0, ) are two functions such that (t, @) € (0,1) X [, %] implies t < (¢, w)P(t, ™) < 1.
Suppose that

(i) there exists ry € R* such that ¢y > roxy and

to < F (Lo, %0), F (%0, o) < Xo3 (3.1)
(ii) there is a point wy € [, %o ] such that

¢(t@)P(6@) 2 (1, wo)ip(wo), V(8 @) € (0,1) X [10,%0]-

Then the operator F admits the unique fixed point @™ in [y, %o ], and for any (@, go) €
[t0- %0 ] X [t0, %o ], the iterated sequences

Wy = ]:(wm—bem—l): Om = f(em—lawm—l)a m= 1, 2:"' (32)

always converge to @w*. Namely, |w@,, - @*| - 0 and |¢,, - @*| = 0 as m — o0.
Proof. Now we prove the existence and the uniqueness of the fixed point. Set

tm = ]:(lm—l)xm—l)’ Xm = f‘(xm—la[m—l))m =12, (3.3)

Since F is mixed monotone and ¢y < ko, by (3.1) we have ¢y <1 <x; < %¢. By induction, we
see

<< Sy < <Ky 02 <K < K.

Obviously, 0 < rg < 1 since ty > ok, from (i). Without loss of generality, we assume 0 < r <
1. Putt; = sup{¢>0| o > txo }, then we have 0 < ry < #; < 1. In general, we set

tm=sup{t>0| 1y, > tx},m=1,2,--. (3.4)
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Then it follows that 0 < t,, <1 and
b 2 K, M= 1,2, -+, (3.5)
By induction, we can prove that
0<ryg<t1 <ty< <ty <tps < <1 (3.6)

Actually, without loss of generality, let 0 < ,,, < 1. From (3.5) and the fact that F is ¢
concave-(-3) convex mixed monotone, we get

tns1 = F (tns Km ) = F (b ¥om> Km) = (b Km ) F (K> Ko ) (3.7)
Kma1 = F (Kot ) S F (ks tnkem) < m}'(xm,xm) (3.8)
By (3.7) and (3.8), we have
bt 2 P (s Ko )W (bns Km ) K1 (3.9)
From (3.4) and (3.9), it follows that
tine1 = D (tons Ko )P (bns Tom) > s = 1,2, -+, (3.10)

which implies that {¢,,} is increasing and so (3.6) holds. Hence, lim,,,—, o, t,, = t* exists and
0 < t* < 1. We now check

=1 (3.11)

Otherwise, we have 0 < t* < 1. Thus by (3.5) and the fact that F is ¢ concave-(-1)) convex
mixed monotone, we see

tns1 = F (b K ) = F (¥ Ko ) =7-"(tt—7: Ky Ko)
qu(%,t*xm)]:(t*xm,xm)
Z¢(%,t*xm)gb(t*,icm)}'(Km,Km), (3.12)
and
K1 = F (Ko tm) < F (ks tn¥om) = .7:(1{,,,,%1 %)
F (%> t %)

<7
l,b(t%“,t*xm)
1 1

< .
B ¢(%"t*7‘m) Pt %)

F (K Xm). (3.13)
From (ii), (3.12) and (3.13), we get

[# 2
U+l = ¢(t%1> t*Km)¢(t*’Km)¢(?’:’ 2m )P (£ Kom ) Komat
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t
Z £¢(t*akm)¢(t*)Km)Km+l

tm * *
> tj¢(t ,W())Z,b(t ,W())Km+1. (314)
It follows from (3.4) and (3.14) that
tm * *
b1 = tj¢(t s wo)P(t", wp). (3.15)

Letting m — oo in (3.15) we have

> i—iqb(t*,wo)zp(t*,wo) >t
a contradiction. This yields t* = 1. Now, for all m, j > 1, we see
0 <K —tm <% — bk = (1 = by )Km < (1= t) %o
and
0 <tmij =t K = Uy 0 KKy = Kinaj KKy — Ui

So, on account of the normality of the cone U, we get ||x,, — t,u| — 0 as m — oo and hence
{tm} and {x,, } are both Cauchy in S. Hence, by the fact that S is complete, there are two
points t*,x* € S such that ||¢,, - *| = 0, | - x*| = 0(m > 0) and ¢* = x*. Set w* =1* =x*.
Since F is mixed monotone, it follows from (3.2) that

tn ST L Koo b L Om KKy, =0,1,2, -+ (3.16)

Taking m — oo in (3.16) we know |@,,-@w*| = 0, [¢-w*| = 0 (m - o) and 1, < w* <
Km>,m=0,1,2,---.

Using standard method (see [11]) we easily show F(w*,w*) = w* and such fixed point
w* of F is unique in [, %o].

Next, we prove the convergence of the iterated sequences. For any initial @, @y € [t0,%0],
i.e., to <@y < Ko, lp < Qo < Ko, by (3.2) and the fact that F is mixed monotone, we see

j:([O,K())Sf(W(),QO)S]“(KO,[O)

and
f(lo,Ko) < f(Qo,Wo) < f(K(),lo)

ie,y <w; <xyandy <@ <x;. Itis easily seen by induction that t,,, < @, <%, and t,, < @, <
K, m=1,2,.... Hence, it follows that

lim w, = lim ¢,,=w",
m—oo m—oo

since limy,,_, oo Ly = limyy— o %, = @ ™. This shows that the convergence of the iterated sequence

defined as (3.2) holds. Therefore, all the conclusions of Theorem 3.1 hold.
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Remark 3.1 Compared with Theorem 2.1 in [11], Theorem 3.1 deletes the condition
lir¥1 A (s, wo)h(s,wg) >t (3.17)
Ned S

in the condition (iii) of Theorem 2.1 in [11] and the other conditions are unchangeable, but
the conclusions remain hold, so Theorem 3.1 improves Theorem 2.1 in [11]. More- over, the
technique in the proof of Theorem 3.1 is different from that in the proof of Theorem 2.1 in
[11] since the latter depends strongly on the condition 3.17.

Lemma3.l LetF:U X U- Ubea ¢ concave-(-3) convex mixed monotone operator
with ¢(t, @) =¢(t) and P(t,9) =9(¢) forall w,¢ € Uand ¢t € (0, 1). Assume that there is
a point e € U with e > 0 such that F (e, e) € U,. Then F : U, X U, — U,, and moreover, there
exist o, ko € U, and r € (0, 1) such that

1Ko < g < %o, o < F (1o, %0) < F (%0, o) < Ko.

Proof. The method and technique to prove Lemma 3.1 are similar to that in Lemma 2.1
in [15]. We omit the proof to avoid the repeatedness.

Theorem 3.2 Lete>68and F:U, X U, — U, be a ¢ concave-(-3) convex mixed mono-
tone operator with ¢(t, @) = ¢(¢t) and (t,¢0) =(¢t) for all w,¢ € U, and t € (0,1). Then the
operator F admits the unique fixed point @™ in U,. Moreover, for any initial value (@, ) €
U,, the iterated sequences

W :f(wm—lrem—l)a Om :-/T(Qm—l,wm—l)) (m = 1,2,~~-)

always converge to w*. Namely, |w@,, - @w*| - 0and |¢,, - @*| = 0 as m - c0.

Proof. In order to prove Theorem 3.2, we need to use Theorem 3.1. Now we will verify
the operator F satisfies all the conditions in Theorem 3.1.

In fact, since e € U, and the operator F maps U, X U, to U,, it follows that F (e, e) € U,. By
Lemma 3.1, there exist ty, ko € U, and r € (0, 1) such that

roko < lo, Lo < Ko, lo < F (o, ko) < F (%0, o) < Kos

i.e., the condition (i) in Theorem 3.1 is satisfied.

On the other hand, since F is ¢ concave-(-9) convex with ¢(t, @) = ¢(t),P(t,0) =9p(¢)
forall w,¢ € U, and t € (0, 1), it is obvious that the condition (ii) in Theorem 3.1 is also
satisfied. Hence, the conclusions of Theorem 3.2 follow from Theorem 3.1.

4 Fixed points for mixed monotone operators with certain
concavity and convexity

In this section, we will use the main results obtained in last section to deduce some new fixed
point results for mixed monotone operators with certain concavity and convexity in the set-
ting of ordered real Banach spaces.

In what follows, U always represents a normal cone of the real Banach space S.

Theorem 4.1 Lete >0 and 1y, k¢ € U, with ¢y <. Suppose that the operator F: UxXU —
U is mixed monotone and satisfies the following conditions:

(i) there exists ry € R* such that ¢y > roxy and

to < F (1o, %0), F (%0, L) < Ko;
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(ii) for fixed @, F(+,¢) : U— U s generalized e-concave (see Definition 1.4) with character-
istic function 7 =7(t, @ ); for fixed w, F(w,-) : U— Uis (-at)-convex (see Definition 1.1).
Furthermore, the number a and the function 7 = (¢, @) satisfy

(Hy) n(t, @) is monotone in @, and

(Hy) (t, @) €(0,1) X [to, ko] implies

L <
i 1<n(twm) < T
Then F admits the unique fixed point @* in [t9, %], and for any (@0, @0) € [to, %0 ] X [0 %0 ],

the iterated sequences

Wm :]:(wm—lan—l)> Om :]:(Qm—l)wm—l)a(m: 1,2>"')

always converge to w*. Namely, |w,, - @w*| = 0and |¢,, - @*| = 0 as m - 0.
Proof. According to Theorem 3.1, it suffices to check F : [19, 0] X [to, %0] — Sis ¢
concave-(-1) convex with t < ¢(t, @) (t,w) <1 forall (t,w) € (0,1) X [t, %], where

$(tw)=1+n(t,w))tP(te)=t% Vte (0,1), Vw,o € [t ko] (4.1)

Actually, since F(w,¢) is generalized e-concave with regard to the first variable @, and is
(—a)-convex with respect to the second variable g, it follows that for all € (0,1) and Vw, ¢ €

[[0) KO])

F(tw,0) 2 (1 +n(t, w))tF(w,¢) = ¢(t, @) F(w,9);
1
P(te)

and moreover, we know t < ¢(t, @ )i (t, @) < 1 holds by means of (H,) and (4.1). That is to
say, F is ¢ concave-(-9) convex with ¢ and ¢ satisfying (4.1). In addition, by (H;), n(t, @)
is monotone in @, then it follows that the condition (ii) in Theorem 3.1 is satisfied. Indeed,
forall t,@) € (0,1) X [to, ko], we have t € (0,1) and 1y < @ < ko, so it follows that

F(w,tg) < %F(w,g) = F(w,0),

n(t) <n(t,w) <n(tx) (4.2)

since 7)(t, @) is monotone in @ and we suppose 7 (, @) is nondecreasing in @ without loss
of generality. Take @, = ty € [, ko ], then by (4.2) we get

n(t @) 27(t, @p). (4.3)

Considering
Y(t,w)=9¢(t,wo) =1t% Vte (0,1), Vo € [t0,%0 ], (4.4)

by (4.3) and (4.4) we have

¢(t,@)p(t, @) 2 (1, @) (8 @o),
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which means the condition (ii) in Theorem 3.1 is satisfied. Thus, the operator F meets all
the conditions of Theorem 3.1. Hence, the conclusions of Theorem 4.1 hold on the basis of
Theorem 3.1.

Remark 4.1 Compared to Theorem 2.4 in [11], Theorem 4.1 does not acquire the charac-
teristic function 7 =7 (¢, @) should satisfy the continuity condition “7 (¢, @) is continuous in
t from left”, which is the crucial condition in (H;) of Theorem 2.4 in [11], and the conclusions
stay unchanged. So Theorem 4.1 improves Theorem 2.4 in [11].

Lemma4.1 Lete> 0 and the operator F: U, X U, — U,. Then the following are equiva-
lent:

(a) For any 0<t<1 there is 0 < 8 = 8(t) < 1 such that

F(tw,o) > *O F(w,0),Vw,e € U..
(b) For any 0<#<1 there is 0 < 7 = () > 0 such that
F(tw,9) > t(1 +n(t)) F(w,9),Vw,¢ € U,,

where t[1+7(t)] < L.
Proof. In Lemma 4.1, the relation between 3(t) and #(¢) is such that

n(t) =FO1 _1and B(f) = In[t(1 + ()]

Int

Corollary 4.1 Let U, S, 19, %o and F be the same as in Theorem 4.1. Suppose that
(i) there exists ry € R* such that ¢y > roxy and

< f([o,Ko),f(Ko,lo) <Ko

(ii) there exist o > 0 and a nonnegative function § = 8(t) with 0 < & + () < 1 such that for
any t € (0,1), @, ¢ € U,, it holds that

F(tw,0) > PO F(w,), (4.5)

and
1
F(w,tg) < t;]-'(w,e). (4.6)

Then F admits the unique fixed point @™ in [ty, ko], and for any initial value (wy,¢o) €
[t0, %0 ] X [to, %o ], the iterated sequences

Wm = f(wm—lagm—l)a Om = f(?m—b zﬂm—l)) (m =12, )
always converge to w*. Namely, |w@,, - @*| - 0and |¢,, - @*| = 0 as m - c0.
Proof. Let us use Theorem 4.1 to prove it. We merely need to verify that condition (ii)

from Theorem 4.1 is satisfied since the condition (i) has been met in the assumption. In fact,
by (4.5) and Lemma 4.1, we see

F(r@,0) 2 t(1 + (1)) F(w,¢),Vt € (0,1),Vw, ¢ € U, (4.7)
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where (t) = ()1 _ 1. That is to say, F (@, ¢) is generalized e-concave with its characteristic
function () = #)-1 — 1 with respect to the first variable @. At the same time, (4.6) implies
that F(w,¢) is (-a)-convex with regard to the second variable ¢. In addition, the condition
(H,) is satisfied since 7(t, @) = 5(t) = 5D~ — 1foranyte (0,1) and @ € U,. Besides, note
that 0 < a + () < 1, then it follows that

0<1-(a+p(t) <1,

so for any 0 < t < 1, we have

1> tl‘(“‘*ﬁ(t)) >t

hence, we get

toc > tl—ﬁ(t) < t1+oc.

Then it is obviously seen that

LIRS
tO(

- t1+0( >
which implies that

1

tl+0€

! O-1_1_
§—1<tﬁ “1=p(t)<—— -1,
thus (H,) is also satisfied. Based on the arguments above, we know that all the conditions of
Theorem 4.1 are satisfied. Thus, the conclusions hold by Theorem 4.1.

Theorem 4.2 Lete >0 and 1y, k¢ € U, with ¢y <. Suppose that the operator F: UXU —
U is mixed monotone and satisfies the following conditions:

(1) to < F (10> %0)> F (%0, to) < Xo3

(ii) for fixed ¢, F(+,¢) : U— U is generalized e-concave with characteristic function 7 =
n(t,@); for fixed w, F(w,-) : U— Uis convex. Furthermore, the function 7 =7(t, @) satis-
fies

(H;) n(t, @) is monotone in @, and

(H,) there exists € > 0 such that F (1, %) > €F (x0,0) and (¢, @) € (0,1) X [to, %o ] implies

(1-H(1-¢)
12

1-t
o)< ——. 4.8
<n(t ) - (4.8)

Then F admits the unique fixed point @™ in [y, %], and for any initial value (@, gy) €
[t0>%0] X [to, %o ], the iterated sequences

Wy = f(wm—laem—l)a Om = f(g’m—bwm—l)’ (m =1, 2>)
always converge to w*. Namely, |w@,, - @*| - 0and |¢,, - @*| = 0 as m - oo.

Proof. According to Theorem 3.1, it suffices to check F: [t9,%0] X = [to, ko] = Sis ¢
concave-(-3) convex with t< ¢(t, @) (t,w) <1 forall (t,w) € (0,1) X [t, %], where

bt w) = (1+n(t, @) P(te) = ﬁ vie (0,1), Vo, 0 € [tk ]. (4.9)

PLOS One | https://doi.org/10.1371/journal.pone.0325762 June 13, 2025 12/ 23



https://doi.org/10.1371/journal.pone.0325762

PLOS One New fixed points of mixed monotone operators with applications to nonlinear integral equations

In fact, since F(w, ¢) is generalized e-concave with respect to the first variable @, and is
convex with respect to the second variable g, it follows from the fact the operator F is mixed
monotone that for all t € (0,1) and @, ¢ € [, %o ], we see

F(tw,o) 2 (1 +n(t,w))tF (w,¢) = ¢(t, @) F(w,¢),
and

F(w,tg) = F(w,to + (1-1)0) <tF(w,¢) + (1-1)F(e,0)
<tF(w,9)+ (1-1)F(x0,0) < tF(w,g) + 1?_t}"(Lo,Ko)

€

<tF(w.0) + — F(w.g) - [W] F(@.0) = 9(1.6)F ().

Moreover, we know ¢ < ¢(t, @) (£, @) < 1 holds by virtue of (4.8) and (4.9). That is to say,
F is ¢ concave-(-3) convex. In addition, by (H, ), n(#, @) is monotone in @, then it follows
that the condition (ii) in Theorem 3.1 is satisfied. In fact, for all f, @) € (0,1) X [to, k0], we see
t€(0,1) and (p < @ < xp.

Take @y =ty € [, %o ]. Since n(¢, @) is monotone in @, without loss of generality, suppose
71(t, @) is nondecreasing in @, then we have

n(t, @) <n(t @) <n(txo),

so it follows that

(1+n(t@))t > (1+n(t@o))t,
ie, ¢(t, @) > ¢(t, ). Considering

P(t,w)=9(t,wy) = - o Vi€ (0,1), Vo € [, %],

R
(1-¢)
we have

$(t,@)P(t, o) 2 (1, @)Y (8 o),

which yields the condition (ii) in Theorem 3.1 is satisfied. Thus all the conditions of Theorem
3.1 are met for the operator F. Hence, the conclusions of Theorem 4.2 hold on the basis of
Theorem 3.1.

Remark 4.2 Compared to Theorem 2.5 in [11], Theorem 4.2 does not require the char-
acteristic function 7 = 5(t, @) to satisfy the continuity condition “7 (¢, @) is continuous in ¢
from left”, which is the crucial condition in (H;) of Theorem 2.5 in [11], and the conclusions
remain the same. So Theorem 4.2 improves Theorem 2.5 in [11].

Theorem 4.3 Lete> 0 and 1y, k¢ € U, with 1y <. Suppose that the operator F: UXU —
U is mixed monotone and satisfies the following conditions:

(i) there exists ro € R* such that g > ryxo;

(ii) to < F (1o, %0), F (¥0 to) < %os

(iii) for fixed ¢, F(-,9) : U — U is generalized e-concave with characteristic function
n=n(t,@); for fixed w, F(w, ) : U— U is generalized e-convex with characteristic function
& =&(t,9). Furthermore, these functions 7 = 7(t, @) and & = £(t, @) satisfy the following

(H;) the function (1 +n(t,@))(1 + £(t,@)) is monotone in @, and
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(H,) for all (t, @) € (0,1) X [to, %o ], it holds that

1-£
t2

1-
Tt<n+§+n§s (4.10)

Then F admits the unique fixed point @™ in [y, o], and for any (@, o) € [to> %o ] X [t0, %o ]
the iterated sequences

Wm = f(wrn—l’gm—l)’ 9”’1 = f(em—l) wm—l): (m = 1; 2))

always converge to @w*. Namely, |w@,, - @*| - 0 and |¢,, - @*| = 0 as m - o0.
Proof. According to Theorem 3.1, it suffices to check that F : [t9, k0] X [to,%0] > Sis ¢
concave-(-1) convex, where

¢t @) =t(1+n(t@)),P(10) = (1 +§(1,9)),VEE (0,1), @, 9 € [1o, Ko ].

In fact, forall € (0,1) and @, ¢ € [y, %o ], we have

F(tw,0) 2 t(1+n(t,@))F(@,¢) = ¢(t, @) F(w,9),

1 1
F(w,tg) < m}—(mg) = m}—(w@)

and moreover, < ¢(t, @)Y (#, @) < 1 holds by virtue of (4.10). So, F : [, ko] X [to,%0] = Sis
@ concave-(-1) convex. Hence the conclusions of Theorem 4.3 follow from Theorem 3.1.

Theorem 4.4 Lete >0 and 1y, k¢ € U, with ¢y < k. Suppose that the operator F: UX U —
U is mixed monotone and satisfies the following conditions:

(1) 1o < F(to-x0), F (%0, t0) < %o; (4.11)

(ii) for fixed ¢, F(+,¢) : U— U s concave; for fixed w, F(w@,-) : U— U is generalized e-
convex with characteristic function & = (¢, ¢). Moreover, the function & = £(¢, o) satisfies
(Hy) &(t,¢)) is monotone in ¢, and
(H,) there exists € > 0 such that F(6, %) > eF (xo, ) and (¢t,@) € (0,1) X [to, ko] implies

1 1

-1<¢(tw)<—— - 1.
t S(tw) et+(1-¢)f

Then F admits the unique fixed point @™ in [ty, ko], and for any initial value (wy,¢o) €
[t0, %0 ] X [to, %o ], the iterated sequences

W :f(wm—lrem—l)a Om :F(Qm—l,wm—l)) (m = 1,2,~~-)

always converge to w*. Namely, |w@,, - @w*| - 0and |¢,, - @*| = 0 as m - c0.
Proof. Let

b = f([mflskm—l)) Km = f(Km—la Lm—l); m = 1’2,
By (4.11) and the fact that F is mixed monotone, we have

o<t <o Sy < <Ky < -+ < K £ K (4.13)
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Since F is mixed monotone, by (H,), it follows that ¢; > €x;, thus 0 < ¢ < 1. Now, we begin
to show F : [11,%; | X[, %1 ] = S is ¢ concave-(-9) convex. It is sufficient to prove F : [ty, ko] X
[to-%0] = S is ¢ concave-(-3) convex, where

P(tw)=t+e(1-1),P(t,0) =t(1+&(t9)), Vi€ (0,1),Vw,9 € [19, k0] (4.14)
In fact, for all (t,@,¢) € (0,1) X [to,%0] X [t0, k0], we have

F(tw,0)=F(tw + (1 -1)0,9) > tF(w,o) + (1-t)F(6,¢)
> tF(w,0) + (1-1)F(6,%0) 2 tF(w,9) +e(1-t)F(xo,1t0)
> tF(w,9) +e(1-t)F(w,¢) = (t, w)F(w,¢),

F(w,t9) <. F(w,9) = F(w,¢).

v o
(1+§(t9)) P(te)

By (4.12) and (4.14), we obtain t < ¢(t, @) (t, @) < 1 holds for all (t, @) € (0,1) X [to, %o ].
Hence, based on the arguments above we see F : [11,%; ] X [t1,%1] = S is ¢ concave-(-9) con-
vex, and so all the conditions of Theorem 3.1 are satisfied, which means that Theorem 4.4
holds on the basis of Theorem 3.1.

Remark 4.3 Compared to Corollary 3.3 in [20], Theorem 4.4 deletes the continuity con-
dition “£(¢, ) is continuous in ¢ from left”, which is the crucial condition the characteris-
tic function & = £(¢, ¢) should satisfy in the assumption (iii) of Corollary 3.3 in [20], and the
conclusions remain the same. So Theorem 4.4 improves [[20], Corollary 3.3].

Theorem 4.5 Lete >0 and 1y, k¢ € U, with ¢y <. Suppose that the operator F: UXU —
U is mixed monotone and satisfies the following conditions:

(i) there exists ry € R* such that ¢y > ryxo;

(ii) to < F (1o, %0), F (%0 to) < %os

(iii) for fixed ¢, F(-,9) : U — U is at-concave; for fixed w, F (@, ) : U— U s generalized
e-convex with characteristic function & = £(¢,¢). Moreover, the function & = £(t, ¢) satisfies

(H;) the function £(¢,¢) is monotone in @, and

(Ha) forall (t, @) € (0,1) X [t, %], it holds that

tia_1<§(t,w)g Y (4.15)

tl+0{

Then F admits the unique fixed point @™ in [y, %], and for any (@, ¢0) € [to> %0 ] X [0, %o ]
the iterated sequences

Wy = f(wm—lsgm—l)s Om = f(em—l) wm—l): (m =1, 2,‘")
always converge to @w*. Namely, |w,, - @*| - 0 and |¢,, - @*| = 0 as m - o0.

Proof. According to Theorem 3.1, it suffices to check that F : [ty, k0] X [to,%0] > Sis ¢
concave-(-1) convex, where

Pt @) =t%,9(t0) = (1 + £(1,¢)), VL€ (0,1), @, ¢ € [10, %o]-
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In fact, for all t € (0,1) and @, ¢ € [y, %o ], we have

F(tm,0) 2 t*F(@,¢) = $(t, @) F(w, ),

1 1
@) < e e ™0 glig)” Y

and moreover, t < ¢(t, @)Y (t, @) < 1 holds by virtue of (4.15). Hence, F : [t9, %o | X [to, k0] = S
is ¢ concave-(-3) convex. The conclusions of Theorem 4.5 hold by virtue of Theorem 3.1.
Theorem 4.6 Lete>0 and F: U, X U, — U, be a mixed monotone operator. If there exist
ar, o €[0,1) such that 0 < oy + a; < 1 and
(H) for fixed ¢, F(+,¢) : U, = U, is a;-concave; for fixed w, F(w, ) : U, = U, is (-a,)-
convex, then the operator F admits the unique fixed point w* in U,. Moreover, for any initial
value (@, 90) € U,, the iterated sequences

Wy = f(wm—laem—l)a Om = f(em—bwm—l), (m =1, 2>)

always converge to w*. Namely, |w@,, - @*| - 0and |¢,, - @*| = 0 as m - 0.
Proof. Obviously, it can be shown that the operator F is ¢ concave-(-3) convex mixed
monotone, where

B(t,) = $(1) = 12, $(1,) =Y(1) = 2, ¥m,0 € Uy
Note that for all t € (0,1), @, ¢ € U,, since 0 < a; + a, < 1, it follows that

1>M*% 5 ¢

Namely, t < ¢(t, w)¢p(t, w) < L,V(t, @) € (0,1) X U,. So, F is ¢ concave-(-3) convex
mixed monotone operator with ¢ (¢, @) = ¢(t) and (¢, ¢) = 1(t) indeed. Hence, the conclu-
sions of Theorem 4.6 hold by virtue of Theorem 3.2.

Corollary 4.2 Let U be solid and F : intU X intU — intU be a mixed monotone operator.
If there exist o), a; € [0, 1) such that 0 < ay + a; < 1 and

(H) for fixed ¢, F(-,¢) : intU — intU is a; -concave; for fixed w, F(w, ) : intU — intU is
(-az)-convex,
then the operator F admits the unique fixed point @w* in intU. Moreover, for any initial value
(m@0,90) € intU, the iterated sequences

Wm = f(wm—laem—l)’ Om = f(em—la wm—l): (m = 1, 2:)

always converge to @w*. Namely, |w@,, - @*| - 0 and |¢,, - @*| = 0 as m — o0.

Proof. Since U is solid, intU # @. Hence there exists e € intU. By Lemma 2.3, we have
U, = intU, which finishes the proof of Corollary 4.2 by Theorem 4.6.

Obviously, the following simple result is derived from Corollary 4.2; the proof is omitted.

Corollary 4.3 Let U, S, F be the same as in Corollary 4.2. Assume that there exists a €
[0,1) such that

(H) for fixed ¢, F (-, @) : intU — intU is a-concave; for fixed w, F(w,-) : intU — intU is
(-a)-convex.
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Then the operator F admits the unique fixed point @* in intU. Moreover, for any
(w@0,90) € intU, the iterated sequences

Wy = f(wm—lsgm—l)s Om = f(em—l) wm—l): (m =1, 2,‘")

always converge to @w*. Namely, |w@,, - @*| - 0 and |¢,, - @*| = 0 as m - o0.

Remark 4.4 Compared with Corollary 2.1 and Corollary 2.2 in [11], Corollary 4.2 and
Corollary 4.3 delete the following condition of coupled upper and lower solutions

(ii) there exist two points ty, ko € intU with ¢y <%, such that

to < F(to, %0 ), F (0, 10) < Ko

in Corollary 2.1 and Corollary 2.2 in [11], and the other conditions remain unchangeable,
while the conclusions are the same. So Corollary 4.2 and Corollary 4.3 improve Corollary 2.1
and Corollary 2.2 in [11], respectively.

5 Applications

In this section, we will give applications of some main results gained above to nonlinear inte-
gral equations. As a result, it shows that the fixed point theorems of ¢ concave-(-3) convex
mixed monotone operator obtained in the previous section are powerful to study the exis-
tence and uniqueness of the positive solutions to two classes of nonlinear integral equations.

Theorem 5.1 Let G be a closed subset of RY. Suppose K: G X G — (0, ) is a continuous
function and «, § are two positive real numbers with 0 < & + 8 < 1. Then the following nonlin-
ear nonlinear integral equation

@ (1) = (F@)(1)= [ K(t:s)[@*() + =¥ (s)]ds (5.1)

admits a unique positive solution @™ (¢). Moreover, the iterated sequences {w,,(¢) }5_; and
{om (1) }in-1 with

@(1)= [ K095 (5) + 0,0 ()]s
and
on(0) = [ K(65)[gi1(5) + w7 (9)ds
for any initial (@, o) € (0,00) X (0, c0), we have
sup |, (1) - =" (1)) = 0,sup o (1) - = (£)] = 0
teG teG
as m — o0.

Proof. LetS=C(G), the space of continuous bounded functions on G. We define

|@| =sup|@ ()], then S is a Banach space. Let
teG

U={w(t) € C(G) | w(t) > 0,Vt € G}.
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It is not difficult to observe that U is a normal solid cone in S and intU = {w (t) €
C(G) | w(t) > 0,Vt € G}. Obviously, Eq. (5.1) can be written as @w = F (@, @ ), where

F(w,0) =Fi(@) + Fa(e),
Fi(w) = fG K(t,5)@* (s)ds, Fa (o) = [G K(t,5)e P (s)ds.

We now confirm that the operator F fulfills all the requirements specified in Corollary 4.2.
In fact, put @y = @ and a; = 3, then F : intU X intU — intU is a mixed monotone operator and
for fixed ¢, F(-,¢) : intU — intU is a; -concave; for fixed w, F(w,-) : intU — intU is (-a, )-
convex, where0<a; + a;=a + f <1.Thatis to say, all the conditions in Corollary 4.2 are
satisfied. As a results, the conclusions of Theorem 5.1 hold by Corollary 4.2.

Remark 5.1 Ifone takes G= RN, ¢ = %, B = % in Theorem 5.1, then Theorem 5.1 is
reduced to the case of [11, Example 3.1]. Obviously, Theorem 5.1 extends and improves [11,
Example 3.1], since Theorem 5.1 concludes that Eq. (5.1) has a unique positive solution in
intU, the set of all positive continuous bounded functions on G, while Example 3.1 in [11] can
only state that Eq. (5.1) has a unique positive solution in a given interval such as [1072,1], but
cannot in the whole intU.

In what follows, we will use S = Cz(R") to represent the family of all bounded continu-
ous functions of RY. Define the norm | @ | = sup,cgy |@(t)|- Then S is a real Banach space.
Denote by U= Cj(RY) all the nonnegative functions in Cg(RY). It is obvious that S is
ordered by the normal cone U with the order relation as @ < ¢ if and only if @ (¢) < ¢(¢)
(teRN) forall w =w(t),o=9(t) €S.

Theorem 5.2 Let K: RN x RN — R! be a nonnegative and continuous function. Consider
the following Hammerstein integral equation:

w(t)=(Fw)(t) = .[[RN K(t,8)[f(w(s)) + w %(s)]ds, (5.2)
where 0 < a < 1 is a real constant and f: C; (RY) — C}(RY). Further, suppose the following
conditions are satisfied:

(i) f is nondecreasing, i.e., Y, (t), @, (t) € C5(RYN),

@ (1) <w(t) (VEERY) = flwi (1) < flwa(1));

(ii) for any 1 € (0, 1), @ € C;;(RY), there exists a real function 8 = (1) with (1) > 0 and
0<a +fB(A) <1 such that

fw) > ¥V f(w);

(iii) there exist two functions tg = ty(t), %o = ko (t) € Cj(RY) and a real number r, > 0 with
to(t) > roxo(t) (Vt € RY) such that

w(®) < [ KB(s) + 157 ()]ds
k()2 [ K(t5)[fra(s)) + 5%(5))ds.

Then Eq. (5.2) admits a unique continuous positive solution @* (¢) with (o (¢) < @*(t) <
%o(t) (Vt € RN). Furthermore, for any initial value (w, gy) € Cj(RN) X Ci; (RY) with 1o (t) <
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o(£) < o) and (1) < go(t) < () (V1 € RY), the sequences (w,(1)} and (g (1)} with
D)= [ K0 @19 + 6554 (5)ds

and
on(1) = [ K(L)M(onr(5)) + 1 (9) s

always converge to @ *(¢). Namely,

sup |@,(t) - @ (t)] > 0and sup |¢.(¢) - @*(¢)| = 0 as m — .
teRN teERN

Proof. It is easily seen that Eq. (5.2) can be written as @ = F (@, @ ), where F(w, ) =
Fi(w) + F2(¢). Here Fi(w) and F,(¢) are defined as

Fi(@)= [ KEw(s)ds Fale)= [ K(t:)e(s)ds (5.3)

We will prove Theorem 5.2 by means of Corollary 4.1. It is sufficient to check that the
operator F satisfies all the conditions of Corollary 4.1.

At first, we can demonstrate that F (@, ¢) is a mixed monotone operator. Actually, for any
w;,0; € U= Ci(RN) (i =1,2), suppose that @, = w;(t), ¢; = ¢;(t) with @, < @,,0, < ¢; (that
is, @ (t) <@, (1), 02(t) < o1(t),VtE€RY), then by (i) and 0 < & < 1 we see

Fmne) = [ KLo)@i(s)) +ei%(s)ds
< [ K@) + 6:%(s)Jds
= F(w@32,02),

which means F : U X U — U is mixed monotone.
Next, by (iii) and (5.3), we see that there exist tp, kg € U and r > 0 with 1y > 7% such that

to < F(to,%0), F (%0, t0) < Ko

so the condition (i) in Corollary 4.1 is satisfied.

Thirdly, let us check the condition (ii) in Corollary 4.1 is also satisfied. In fact, by (ii), for
any 1 € (0,1), @ € C5(RY) = U, there exists 8 = (1) with (1) >0and 0 < a+f(1) < 1 such
that

fw) 2 # D f(w),
so it follows that for given ¢ € U and for any 1 € (0,1) and @ € U, we have

F(Aw,9) = Fi(Aw) + Fa(g)
= /RN K(t,5)f(Aw (s))ds + /RN K(t,5)0"% (s)ds
> #D [ Kesfi@)ds+ [ Kits)e™(s)ds
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> 2B /R JK(t5) [f(w(s))ds + 97 (s)] ds
=BV F(wm,9), (5.4)

noting that in (5.4) since 1 € (0,1) and 8(1) > 0 we see 0 < AF) < 1.
On the other hand, for given @w € U and for any A € (0,1) and ¢ € U, we get

F(w,A9) = Fi(w) + Fr(Ae)
:/RNK(t,s)f(w(s))ds+fRNK(t,s)[/IQ(s)]'“ds
:fRNK(t,s)f(w(s))der/l'“ fRNK(t,s)Q-“(s)ds

<1 [ [ Kafm)ds+ [ K(t,s)e’“(s)ds]
=1 %F(w,g), (5.5)

noting thatin (5.5) since0 <A<land0<a<1lweseel>A%>Aandso1 <A™,

By (5.4) and (5.5) we hold that the condition (ii) in Corollary 4.1 is satisfied. In a word, all
the conditions of Corollary 4.1 are satisfied. Therefore, the conclusions of Theorem 5.2 hold
by Corollary 4.1.

Remark 5.2 In Corollary 4.1, if we take 8(t) =8 asa constant with0<fS<land0<a +
B <1, then Corollary 4.1 is reduced to [[11], Theorem 2.6]. So Corollary 4.1 generalizes [[11],
Theorem 2.6] and also Theorem 5.2 generalizes [[11], Example 3.1].

6 Conclusions

In this paper, we prove some useful results about abstract cone and partial order in real
ordered Banach spaces. Utilizing these results, we obtain a number of new fixed point theo-
rems of ¢ concave-(-1) convex mixed monotone operators by means of monotone iterative
techniques in real ordered Banach spaces with the normal cones. Then, these results continue
to deduce other new fixed point results for mixed monotone operators with certain concav-
ity and convexity. Our main results improve and extend the previous findings. In order to
explain these results, we show that the results are powerful to study the existence and unique-
ness of the positive solutions to two classes of nonlinear integral equations. The main novelty
of this paper is that much deeper fixed point results about mixed monotone operators with
certain concavity and convexity are presented by virtue of a number of new monotone itera-
tive techniques in the setting of ordered Banach spaces. Future research will be focused on the
applications of the obtained new fixed point results regarding mixed monotone operators to
nonlinear mixed monotone systems and discuss their global dynamical properties.
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