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Abstract

This paper examines the household commuting problem in a bi-modal transportation
that includes both autos and school buses. Traditional studies of household com-
muting have assumed that adults first drop off their children at school before driving
to work. However, with the increasing use of school buses in metropolitan areas,
household commuting patterns have changed. This paper investigates the impact of
school buses on household travel behavior during morning peak hours. Simultane-
ously, this paper also takes into account the positive utilities of household commuters’
activities at home, school and workplace, as well as the negative utilities of travel
time and schedule delay. In this paper, based on activity approach, first, a net utility
function is developed using these factors. Then, based on the net utility function, the
occurrence conditions of all the possible equilibrium travel patterns are analytically
solved and the properties of the user equilibrium are researched. Specifically, this
paper examines how equilibrium travel patterns are affected by school bus fares and
school-work start time difference, and at equilibrium travel patterns, the net utilities of
household commuters are also analyzed. Finally, a first-best time-varying toll model
is suggested to alleviate traffic congestion caused by household commuting.

Introduction

The widespread popularity of autos has led to serious traffic congestion in many
metropolitan areas, which causes both economic losses and environmental pollution.
To address this issue, numerous researchers [1-6] have focused on managing traffic
congestion during morning peak hours. One of the seminal contributions to morning
peak commuting was made by Vickrey [7], who proposed a classic bottleneck model
that remains the basis for studying morning peak commuting. In his model, a single
bottleneck with a fixed capacity or service rate is on the road between home and
workplace. Every morning, a fixed number of homogeneous commuters must pass
through the bottleneck to reach their workplaces. At the bottleneck, if the arrival rate
exceeds its service rate, a queue will be formed, that is, not all commuters can arrive
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at their workplaces on time. In this context, commuters must trade off queuing time
against schedule delay to minimize their travel costs. Equilibrium is achieved when all
commuters are unable to further reduce their travel costs by changing their departure
times. Vickrey’s model has therefore produced several model extensions to address
a series of issues, such as user heterogeneity [8—10], road pricing [11,12], tradable
credits [13,14], carpooling or carsharing [1,15,16], stochastic travel demand and/or
bottleneck capacity [17—19]. More details can be found in [20].

Most previous research on morning peak commuting issues has focused primarily
on individual travelers [21-25], however, during morning peak hours, most commut-
ers are household travelers [26]. Compared with individual commuters, household
travelers must consider travel cost of all household members with travel needs when
choosing their departure time. For the particularity of household travelers, Jia et al.
[26] developed a model to study their departure time choice behavior and analyzed
equilibrium trip scheduling. Moreover, a one-step toll strategy and a tradable credit
scheme were provided to manage household commuting. Liu et al. [27] and Zhang
et al. [28] studied the mixed travel patterns, including both household and individual
travelers, during travel congestion in morning commute. Their results shown that at
user equilibrium with mixed travelers, the dynamic departure pattern varies with the
ratio of individual travelers to household travelers, as well as the school-work start
time difference, and they found total travel cost can be reduced by appropriately coor-
dinating the schedule gap. He et al. [29] examined mixed travel patterns in a Y-shape
network with two bottlenecks, considering the impact of the school-work start time
difference, as well as bottleneck capacity expansion on social welfare. Their results
shown that the optimal staggering policy on system performance depends on the
demand distribution of the two groups. Dai et al. [30] investigated the morning com-
mute problem for household travelers with different activities, such as school travel
(home-school-home) and household travel (home-school-work). They concluded that
adjusting the school-work start time difference could reduce total system travel costs.
Li et al. [31] analyzed the impact of bottleneck capacity expansion on households
of different income levels under various congestion pricing strategies. Their results
shown that the benefits of bottleneck capacity expansion for households of different
income levels vary depending on the pricing scheme. Zhang et al. [32] examined
the impact of parking space constraints and parking reservation mechanisms on the
morning commute of household travelers in a two-mode transport system, where
travelers use either cars or rail. Their study concluded that appropriate parking
reservation allocation and a suitable school-work time difference can minimize total
travel costs, reduce congestion, and improve social welfare. Li et al. [33] conducted
a comparative analysis of the impact of school locations on the commuting problem
during the morning peak period in a Y-shaped road network, and examined the wel-
fare effects of staggered school and work start times. Their results indicated that the
location of schools significantly influences policy performance, and that, under certain
conditions, staggering school and work start times can simultaneously improve the
welfare of both individual and household commuters. However, most existing studies
on household travel focus primarily on scenarios where household members share

PLOS One | https://doi.org/10.1371/journal.pone.0324561 May 29, 2025 2/19




PLO\Sﬁ\\.- One

a single vehicle, limiting their applicability to more diverse commuting patterns. In contrast, this study expands upon the
existing literature by considering the broader dynamics of household travel, including the interactions between household
members with varying travel needs and the implications these interactions have on departure time and mode choice. In
contrast to previous works, which mainly examine single-vehicle households or individual vehicle use, our model accounts
for the collective decision-making process in households with multiple travelers. By incorporating both private vehicles and
school buses, this study provides a more comprehensive understanding of household commuting behavior and its impact
on congestion during the morning peak period.

With the increasing popularity of school buses in metropolitan areas, this transportation mode will change house-
hold commuting patterns. Consequently, households must consider both their departure time and the travel mode in the
morning. Moreover, the existing models [22,26,27] for household travel only consider bottleneck congestion and schedule
delays, neglecting the motivations for trips, temporal constraints, and dependencies of activities in destination. These
omissions may lead to inaccurate guidance for the formulation of transport policy [34]. For example, Li et al. [34] pro-
posed an activity-based bottleneck model and their research showed that departure time of commuters will be incorrectly
estimate if the impact of activity utility on commuters is not considered. Kim and Kwan [35] analyzed the crowdsourced
real-time traffic congestion data and activity-travel data of 250 individuals in Los Angeles, and they found that ignoring the
impact of activities on travel may lead to significantly underestimating traffic congestion. Therefore, based on the impact of
activities, this study investigates household commuting issues in a bi-modal transportation system that includes both autos
and school buses. Different from previous studies of household commuting, this study considers two groups of household
travelers, namely Group 1 and Group 2. In Group 1, household travelers need to drop off their children at school before
heading to work, while in Group 2, adults of household travelers drive themselves to work and their children go to school
by school bus. Each household traveler must choose their departure time and transportation mode every morning to max-
imize their utility. Equilibrium is achieved when no one can increase their utility further by changing their departure time or
transportation mode.

The contributions of this paper are threefold. First, based on the model developed by Jia et al. [26], we extend their
framework by incorporating two transportation modes and considering the activity utilities of household travelers at home,
school, and workplace. Second, we identify all equilibrium travel patterns and analyze the properties of these equilibria.
Finally, we derive the first-best time-varying toll for eliminating congestion externalities. Our findings show that when the
total number of household travelers remains constant, the ratio of the two groups of household travelers is determined
endogenously by the school bus fare. Additionally, we identify seven equilibrium patterns, which are influenced by the
school bus fare and the school-work start time difference.

The remainder of this paper is organized as follows. Section 2 introduces the problem description and the model.
Furthermore, the traffic patterns at departure equilibrium with two groups of household travelers are analyzed. In Section
3, the impacts of school bus fare, work start time and school start time on the user net utility are examined. Section 4 pro-
vides a first-best time-varying toll strategy for eliminating travel congestion caused by the bottleneck. Section 5 provides
numerical illustration and verification. Last section presents some conclusions of this study.

Problem description and model formulation

This paper examines a network consisting of a public transportation lane and a general lane, as illustrated in Fig 1. During
morning peak hours, autos use the general lane while school buses use the public transportation lane. A bottleneck with a
fixed capacity (S) is located between school and home. There are two groups (Group 1 and Group 2) of commuters, that is,
in Group 1, adults of household travelers first send their children to school and then drive to work, while in Group 2, adults of
household travelers have their children take school bus to school and they drive directly to work. The school start time and
the work start time are denoted by t; and £}, respectively. Simultaneously, the situation where work starts later than school,
ie, t; <t, is considered. At = t;, — t{ represents the difference between the work start time and the school start time.
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Fig 1. City network.
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Household travelers in Group 1

In Group 1, the net utility includes the negative travel utility (travel time cost and schedule delay costs) for adults and chil-
dren, as well as the positive utility of activities (home, school and workplace activity).
The negative travel utility for household travelers in Group 1 can be expressed as:

Ci(t) = aTu(t) + Bmax{0, (t," —t—Tu(t))} +ymax {0, (t+ Tu(t) —t,")}
+ aTs(t) + pmax{0, (ts* —t—=Ts(1)) } + ymax {0, (t+ Ts(t) - ts*) }, (1)

where a represents the unit cost of travel time, and g and v represent the unit costs of arriving early and late, respec-
tively. It is assumed that v > 2« > 23 [26]. The travel time of adults and children at departure time t are denoted by T, ({)
and T(t), respectively, and can be expressed as

Tw(t) = TV + T(1), (2)

Ts(t) = T° + T(1), (3)

where T and T represent the fixed free-flow travel time from home to school and from home to workplace, respectively.
Without loss of generality, T = 0 and T" = 0 are assumed [26]. Thus, T, (t) = Ts(t) = T(t) is obtained. Eq. (1) can be
reformulated as

Ci(t) = 2aT(t) + Bmax{0, (t," —t—T(t)) } + ymax {0, (t+ T(t)—t,")}
+ Bmax{0, (ts" —t—T(t))} + ymax {0, (t+ T(H) —ts") } . 4)

In equation (4), we assume identical schedule early/delay costs for both adult and child household members to maintain
model simplicity and avoid unnecessary complexity. While we recognize that in reality, there could be differences between
adults and children in terms of flexibility and time constraints. Future research might address this issue, along with con-
sidering a more general user heterogeneity among different groups of travelers. Let D(t) denote the length of the queue at
time t. It is defined as the difference between the cumulative arrival rate and the cumulative departure rate at the bottle-
neck. Therefore, D(f) can be expressed as
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where t denotes the most recent time at which there was no queue, and r(t) represents the departure rate at time t. Then,
queuing time T(tf) can be expressed as

s (6)

A constant marginal-activity utility is assumed. Then, in Group 1, the positive utility of activities for household travelers can
be expressed as

Us () = 2un (t—) + (us + uy) (£ —t=T(1)), @)

where t_and t denote the start time and the end time of morning peak commute, respectively, and uy, us and u,, repre-
sent the unit utility of activities at home, school and workplace, respectively. Assuming adults and children have the same
up. Additionally, it supposes that uy > ug > Uy, which ensures that household commuters have an incentive to travel during
morning peak hours.

Based on the above analysis, in group 1, the net utility of household commuters can be expressed as follows:

Y1(t) = Ur(t) = Ci(t) = 2up (t—t2) + (Us + Uw) (F —t=T(t)) — [2aT(t) + Bmax{0, (t," —t—T(1))}
+ ymax {0, (t+ T() —t,") } + Bmax{0, (ts" —t—T(t))} +ymax {0, (t+ T(t) - t:") }]. ®8)

Due to tf < t#, Eq. (8) can be expressed as a piecewise function:

(2up — us — Uy + 2B) t= (Us + Uw + 2a = 23) T(t)- <
B (ty + ts") = 2upt_ + (Us + ty) £, t+ Tt <t
Bty + vt = 2upt- + (us + uy)
(2up — Us — Uy — 27) t= (Us + Uy + 2 + 27) T(E)+ *

. s t+ T(H) > t,
7 (" +157) = 20t + (U5 + ) +T0 > b ©

t* <t+T(H) <t .

As mentioned above, it can be known that t; < t;. Based on the research by Jia et al. (2016), the departure time of house-
hold commuters in Group 1 can be classified into three periods: i) early for both school and workplace; ii) late for school
but early for workplace; iii) late for both school and workplace. According to the equilibrium condition dngt) =0, the depar-
ture rates for these three periods can be expressed as

_ 2up+2
rny = us—i-Lle’—i-ch?—Qﬁs’ t+ T(t) < ts*

i (t * *
w;t() =0 { iz = a2 s 67 <t T(H) < b
2 20 "
Ns = gratianse ST T(H) > b o)

Based on the departure rate provided by Eq. (10), the following proposition can be deduced.
Proposition 1. When all household commuters belong to Group 1, queueing occurs at the bottleneck if and only if
2up + 28 > us + uy, otherwise there is no queuing.

Proof: To prove this proposition, we can compare the relationship between the departure rate and the capacity s at the
bottleneck. Based on Eq. (10), it can be known that when 2uy, + 28 < us + Uy, 3 < 2 < r; < sis obtained. Therefore,
the departure rates of all periods are less than the capacity s at the bottleneck, which means that there is no queuing
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before the bottleneck. However, when 2uy, + 28 > us + uy, 11 > s is obtained. When the departure rate exceeds the capac-
ity s, then queuing will inevitably occur. Therefore, the proposition is proved.

Although there are three possible departure periods, however, not all three periods will occur simultaneously in dynamic
traffic patterns. For instance, when At is large enough, whether the household travelers arrive at school early or late, they
will arrive at workplace early. Thus, in this case, there are only two periods as follows: i) early for school and workplace; ii)
late for school but early for workplace.

Household travelers in Group 2

In Group 2, adults of household members drive to work while their children go to school by school bus. During morning
peak hours, school buses can use the public transportation lane, so the children who use school buses do not experi-
ence traffic congestion. It is assumed that school buses can arrive at the school on time, that is, the children do not incur
any schedule delay costs. Based on this analysis, the negative travel utility of household commuters in group 2 can be
expressed as

Co(t) = aT(t) + Bmax{o, (t," —t = T(t))} + ymax {0, (t+ T(H) —t,")} + P, (1)

where P is the fare of school bus.

Different from the household commuters in Group 1, children of household travelers in Group 2 do not experience traf-
fic congestion and are able to arrive at school on time. Therefore, the positive utility of activities for household travelers in
Group 2 can be expressed as

Us(t) = up (ts* —t) 4 us (f_—ts*) +up(t—t) 4+ uy (E=t=T(1), (12)

where the first two items (namely, up, (t* —t.) and us (- —t5*)) of Eq. (12) are the children’s activity utilities and the latter
two items (namely, up, (t—t) and uy, (t” —t—T(t))) are the adult’s activity utilities. In addition, it can be seen from Eq. (12)
that the children’s activity utility has nothing to do with departure time t.

According to Eq. (11) and Eq. (12), in Group 2, the net utility of household commuters can be expressed as

Da(t) = Us(t) = Co(t) = Up (ts" = £2) + Us (= ts") + Un (E= 1) + Uy (£ —t=T(t))
—[aT(t) + Bmax{0, (t," —t — T())} +ymax {0, (t+ T(t)—t,)} + P], (13)

Due to tf < t, the net utility can also be expressed as a piecewise function:

(Un=Uw + B) t=(Uw + o= B) T(t) = Btw"+
w (t)_ (Uh—us) ts*_2uht—+(us+uw)t_—P,
PN (Un—tw =) t= (Uw + o+ ) T(H) + 7t "+ T > b .

(up—us) ts" —2upt. + (Us + uy) =P, =W (14)

t+ T(t) <t

As d"’Tgt) = 0, the departure rates of adults from home who reach the workplace before and after desired arrival time £, are
expressed as follows:

din(t) _ { ray = s t4 T(t) <t

at o = U:ﬂ;iﬁ/& t+T(t) >t

(15)

According to Eq. (15), the following proposition are obtained.
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Proposition 2. When all household commuters belong to Group 2, queueing occurs at the bottleneck if and only if
up + B > uy, otherwise there is no queuing.

Proof: The reasoning to verify Proposition 2 is similar to that for Proposition 1.

This paper focuses on the scenario where queueing occurs at the bottleneck, which means that the conditions for
queuing at the bottleneck in Proposition 1 and 2 must be met simultaneously, that is, inequality u, + 8 > u,, > us must be
satisfied. Moreover, based on Eq. (10) and Eq. (15), it can be known that the departure rates are sorted in the following
order: ri1 > ra1 > o > riz > ro.

Dynamic user equilibrium

Each household commuter aims to maximize their net utility by choosing their departure time and transportation mode.
When no household commuter can unilaterally change their departure time or transportation mode to increase their net
utility, the dynamic user equilibrium will be obtained. It is assumed that the total demand number N of household com-
muters is fixed, but the number of households in Group 1 (N;) and Group 2 (N,) is endogenous and can be controlled

by school bus fare P. Based on At and P, seven possible equilibrium travel patterns can be derived as shown in Fig 2,
and the occurrence conditions for each pattern are summarized in Table 1. The proofs of the occurrence conditions are
provided in Appendix A. Additionally, Table 2 presents the critical time points for each equilibrium travel pattern. The equi-
librium travel patterns are described as follows. Let 75 be the departure time of household commuters who arrive at school
on time, i.e., YS +T 78 =", and 7.,., is the departure time of household commuters who arrive at workplace on time, i.e.,
b+ T(ty) =t let ty and ty represent the start and end times of morning peak, respectively.

Pattern 1: In this case, At is relatively large. Household commuters in Group 1 depart near school start time t;*, while
those in Group 2 depart near work start time t,,*. As a result, the travels of the two groups are completely separated.

Pattern 2: In this case, At is smaller than that in Pattern 1. For two groups of household commuters, the travels are
connected, which means that the first household commuter of Group 2 will join the queue behind the last household com-
muter of Group 1.

Pattern 3: In this case, At is relatively small compared to that in Pattern 2, and school bus fare P is high. Due to the
high cost, most household commuters choose to drive their children to school by themselves. As shown in Fig 2(c), the
household commuters of Group 2 depart near 7.,., to maximize their net utilities. Since the number of commuters in Group
1 is relatively large, some commuters of Group 1 are forced to depart after the commuters of Group 2.

Pattern 4: In this case, school bus fare P is moderate, which means that a similar number of household commuters
are in two groups. As shown in Fig 2, the departure times of the two groups of household commuters are interleaved with
each other. Due to the impact of the school utility, in Group 1, most of the household commuters depart near time ts. Due
to the impact of the work trip utility, in Group 2, most of the household commuters depart near time ?W. In Group 1, the
small number of household commuters are forced to leave at the end of morning peak hours, while, in group 2, the small
number of household commuters are forced to leave at the beginning of morning peak hours.

Pattern 5: Similar to Pattern 3 and Pattern 4, At is small. However, P is very low in this case, which means that
most children go to school by school bus, resulting in a relatively large number of household commuters in Group 2.
Therefore, some commuters of Group 2 are forced to leave before all household commuters of Group 1, as shown in
Fig 2(e).

Pattern 6: In this case, At is the smallest compared to Pattern 3-5, and P is high. This results in the relatively large
number of household commuters in Group 1. As shown in Fig 2(f), all household commuters of Group 2 depart before
those in Group 1 to arrive at workplace early.

Pattern 7: In contrast to Pattern 6, school bus fare P is low, which leads to the relatively large number of household
commuters in Group 2. As shown in Fig 2(g), all household commuters in Group 1 depart after those in Group 2 and arrive
at workplace later than those in Group 2.
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Fig 2. Seven possible equilibrium travel patterns. (a) Pattern 1. (b) Pattern 2. (c) Pattern 3. (d) Pattern 4. (e) Pattern 5. (f) Pattern 6. (g) Pattern 7.
https://doi.org/10.1371/journal.pone.0324561.9g002
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Table 1. The occurrence conditions of all possible equilibrium travel patterns.

Patterns Conditions Figs
1 Y—UptUw N _ Us+2Uw=3Up—28+y a
At S~ ot t2un28) (U= @
2 < YUptluw N _ Us+2Un—3Up—2B+~ b
At Bty s (Ustuw—2up—283)(Up—Us—) P ®
2up—Us=Uw+28 N 2
At > B+ s T Us+’7_UnP
Uy+y=tn N _ 1
At> B+y S Up—Ustf
3 < YUptlw N _ Us+2Un—3Up—2B+~ c
At By s (Ustuw—2up—23)(up—Us—y) ( )
2Up—Us—Uw+28 N 2
At < Bty s T us+wfuhp
Us+Uw+2y=2up N _ 2
At> B+ S Un—UstB P
4 < YUptluw N _ Us+2Uw—3up—28+~ d
At B+y s (ustuw—2up—28)(up—us—y) P (d)
Ustuy+29=2un N _ 2
At< B+ s up-us+B

1 uw=up— N
At< Us+’Y—UnP+ B+y s

1 P+ (=Un+uw=B) (2up—Us=Uw—=27) N

Atz (us+~=un) (Uuw—us—28-27) (Us+y-up) s

(uw=Us=2p-27) p_ 2up—Us—Uy—=2y N
T (e (M) LAy e

Upty=up N _ 1
5 At< tosthll_ oL p (e)

1 Un=Un=5 N
At> Us+“/*UnP + Wﬂ_+‘r s

6 < YUntUw N _ Us+2uw—3Uup—28+~ (f)
At Bty s (Ustuw—2up—2p)(Up—Us—Y)

P+ (=Un+uw=B) (2Uup—Us=Uw=2v) N

At (uw—us=23-27)(us+~-up) s

1
<
(us+y=un)

(uw=Us=2p=27) p_ 2up—Us—Uy—=27 N
AL 5 it ) B s

< UstUwt29=2upn N _ 2
At B+ s up-us+f

7 y=Uptuw N _ Us+2Uw—3Up—28+~
At< Blw s (U5+Uw—2l‘;,h_—2ﬂ)(uh—us—"/) (g)

(uw=Us=28-27) p_ 2up—Us—Uy—27 N
B N e (vew) Lty Fe

(=Un+uw=B) (2up—Us=Uw—27) N
P+ i sty s

1
At> (us+=Un)

1 Uw—up—B N
At< Us+'Y_uhP+ Bty s

https://doi.org/10.1371/journal.pone.0324561.t001

Based on an assumption that the number of household commuters in both groups is positive, all possible equilib-
rium travel patterns have been analyzed. However, due to the impact of school bus fare, two extreme cases exist, i.e.,
one of the two groups of commuters disappeared, as depicted in Fig 3. Fig 3(a) shows an extreme scenario (i) in which
all household commuters drop off their children at school before heading to work. In contrast, Fig 3(b) shows another
extreme scenario (ii) in which all children go to school by school bus, while all adults drive to work. Table 3 summa-
rizes the occurrence of these two extreme cases in all possible equilibrium travel patterns. Both two extreme cases are
in Pattern 1 and Pattern 2, only one extreme case is in Pattern 3, Pattern 5, Pattern 6 and Pattern 7, and no extreme
case is in Pattern 4. This is because, as the school bus fare increases or decreases, the equilibrium travel pattern will
remain unchanged in Pattern 1 and Pattern 2, while other patterns will change to another pattern. For example, in Pat-
tern 3, when P increases to P = {2ttt 20) W lut20=2u) W . 2un b3t 23 At the household commuters of Group
2 will vanish. This means that all household commuters will drop off their children at school before heading to work.
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Table 2. Critical time points in each equilibrium travel pattern.

Pat- | Time | Expressions
terns | points
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2(B+7) (Us—tw+B+7) 2(Us—tw+B+7) S 2(Us—tw+B+7) W Us=Uy+B+v
t. (2up—Us—Uyw+23) (2Up—Us—Uw—27) N (—2Up+3Us—Uw+27) 4 * 2u —Us—Uy—2 2
? 2(B+7) (us=uw) + 2(Us=Uw) ts h2(uss—uw) tw” + Us_uwP
, 2up—Us—Uy+28 N | 1
ty %WE Lty +t57)
Up—Us— * _ 2Up—Us—Uw—2y N _ 1
4 fq Un—us—ﬁ 2'ytw Uh_’l'ls—ﬁjz"fts - UZ_US—B 277 s Un—us—ﬁ—2'7P
t (=Un+uy=B)(B+7) b+ (uw—us)(uh—us—«,)+(5+»,)(—u,,+us—ﬁ)t *_ Ut B) (2Uun-UsUw2y) N uwUs=28-2y  p
(uw—us) (un—us—p-27) (uw=us) (un—us=Pp-27) (uw—us)(up—us=B-27) s (Uw—Us)(Un—Us—PB-27)
t, Clnttw=p)(Bty) g * | (UnUs=26-2) (Un—Us=y) 4 * _ (“UntUy—) (Un—Us~Uy=27) N _ Un—Us=2B-2 P
(Uw=us=B—) (up—us—B-27) "W (uw—s=B—) (up—us=B-27) S (Uw—Us=B—y) (Un—Us=B-27) S (Un—Us=B—) (Un—Us=B—27)
ts (—zuh+uw+us+27)(ﬁ+v>t + (Unw—s—26-27) (Un—ls—y) ¢ * _ (Un+Un—B) QUn-Us=Uw=20) N _ __ Uw—Us—2B-27
(uw=Us) (Un—us—B~27) (uw—us) (u—us—B-27) S (uw=Us) (Un—us—p-27) s (uw=Us) (Un—us—B~27)
’ B+ * Up—Us—y * Up—uw+B N 1
fy Up—us—B—2~ tw uh_,l'ls—ﬁ_z"f ts" = Un—hus—ﬂ—2'v s Un—us—B—Q’vP
Un—tw—y N
5 fy Thre s T
t (Un—Uw+B) (Un—tw—) N _ h—Uw+ﬂt * n—Us+Et 1 p
(B+7) (uw—Us) s Uy—Us Up—Us S~ Uy—Us
t (un—tw+B) (Un—Uw=y) N _ Up—Un+B 3 * Up—Us—y § * _ 1
2 BT (0o B) 5~ Twtiefy W+ Gyt ls ~ Graep
t., Up—Uw+8 N
a B+v it
2up—Us—Uy—2y N B+ * Up—Us— * 1
6 tq u:—us—ﬁv—l;,(’Y s u,,—us—g—%/ tw un—’l'ls—ﬂ—’yh ts" — Lln—us—/?—?“/P
t (2Uh—Us—Uw=2) (Un—Uw+15) N 4 (B UntwtB) g x| (Uwetis) (Un=tis—y)~ (ﬁ+v)(uh—us+ﬂ)t 4+ (2B42y-twtus)
(uw=Us) (Un—us—p—27) (Uw—us) (up—us—B-2~v) "W (uw=Us) (Un—us—p—27) S (uw—us) (Up—us—p—2v)
tq, Uw=up—3 N _ B+~ t* Up—Us—y * 1 P
Up—Uus—B-2v s Up—Us—B—-2y w Up—Us—B—-2~y S Up—Us—B—-27y
7 2Up—Us—Uw—27 N B+y * Up—Us—Y * 1
fq u:—u:—ﬁgv s T Upus—B-2y tw Uh_,Ls_B_z'Y ts" = Uh_us_ﬁ_z"IP
t; (2up=Us=Uw=27) (Up=Un+5) N _ (ﬂ+’Y)(2Uh—Us—Uw—2’7)t * (uh_us_’Y)(us—Uw+26+2’Y)t * __ (Us=Uw+2B+27) P
(Un—us=B=27)(Us=tw) s (up—us—PB—27)(us—uw) W (Un—us=B=27)(Us=tw) S~ (Us—tw) (Un—Us—B~27)
" uw—Up—= N B+~ * Up—Us—y * 1
fq 27 s " ity W T Gyl Uh—us—ﬂ—2'7p

Notes: A = (up—Uw—7) (Uy— B —Up) + (2uUp — Us — Uy + 23) (Us + Uy + v — 2Up = f3).

https://doi.org/10.1371/journal.pone.032456 1.t002

PLOS One | https://doi.org/10.1371/journal.pone.0324561 May 29, 2025

10/19


https://doi.org/10.1371/journal.pone.0324561.t002

PLO\Sﬁ\\.- One

Cumulative deaprtures Cumulative deaprtures

N>

" Time Time
Fig 3. Extreme cases. (a) Extreme case i. (b) Extreme case ii.
https://doi.org/10.1371/journal.pone.0324561.9003
Table 3. The occurrence conditions for extreme cases.
Patterns Conditions Extreme cases
1 P> (2Un—us—uw+2ﬂ)$;+Uw+7—2uh—ﬂ) N (Up— U + B) At (i)
P< —(Un—“w—’v)(uw—ﬁ Up) N + (Up— Uy + B) Al (i)
2 P> (Us+/3+2’7_gh)(i‘:;h)‘*’zﬁ_us_uw) % _ (2Un—2'»§+5—1) At (i)
P < (ty=ty) U 5-2us—) N _ (un2us+B—y) At (i)
3(B+7) 3
3 2up—ts—tw+23) (Us+Uw+27-2 N —2up+3Us—Uy+2 j
P>(Unu u 4(ﬁfv)u V=200 N | =2up Lilu Y AL (i)
4 - -
5 P < Urtht Dt N _ (1, —y,, + §) At (if)
6 s+ Uw+27-2 —Us+8) N —Us j
P> (us+u, ;win))(uh u )E _ U l;+ﬁ At (i
7 P < Ottt Ut DN 4 (4 ug - up) At (if)s

https://doi.org/10.1371/journal.pone.032456 1.t003

However, when P decreases to P = (”S+“W+2;(_;iﬁ3)(”“ UstPIN _ (Ut tP) At the equilibrium travel pattern will change

from Pattern 3 to Pattern 4. In Pattern 4, as P continues to decrease to P = (us + v —up) At— %‘W N(or
[ (fIVZL(S‘i”Q‘[;’_W; ‘;) At + (“”'”S*{ZL(_”ZS‘_“;;QL?(‘;”;‘;S; Uw27) Ny the equilibrium travel pattern will change from Pattern 4 to Pattern
5 (or Pattern 7). From the above analysis, it can infer that Pattern 3 has only one extreme case, while Pattern 4 has no

extreme case.

User net utility

This section examines the influence of school bus fare P, school start time { and work start time £, on user net utility

. At the equilibrium, all household commuters have the same net utility. According to the analysis in Section 2: Problem
description and model formulation, net utility of household commuters for each equilibrium travel pattern is calculated, and
more details are listed in Table 4.

From Table 4, the following propositions are concluded.

Proposition 3. For given school start time £ and work start time £}, it can be obtained as follows:
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Table 4. User net utility.

Patterns User net utility
1 (Un=Uw—y) (Uw—=B~up) (2up=Us=Uw+23) (Us+Uw+~y=2up—B) N _ ﬁ(”h_uw_"/)(Uw_ﬂ_uh>_(uh_uw>(Quh_us_uw+2[3>(us+”w+7_2Uh_ﬁ)t * 4 (2up—tw=us+8) (Us
(B+7)A s A w
2 (up—uw—y) (2up—Us—Uw+28) N B(up—uw)+~(2up—Us—uw+p8) 4 * (un—us) (2up—Us—tw+28)+B(Un—Uw—) ¢+ * _ (2up—Us—Uw+23)
: u;,yfuﬁf?ﬂJr'y s + : uh7l+2%+,y b + ’ ’ Up=Us+2B+v ’ . s = Uhh*US+2,3+W P~ 2upt- + (US +u
3 (2un—us—uW+22(%>J£27t;n—Us—uW-27)g + (ZUh—gs—“W (tw" +ts*) = 2upt. + (Us + Uw)
4 (Up—=tw+B) (2Un—Us—Uw—27) N (up=uw=B)+B(2un—Uw—Us) 4 * | (Un—Us)(2Un—Uw—Us=27)—(Un—Un+B)7 4 * _ (2Up—Us—Uw—27)
" (uh—us—;i—zw . s = (uh—us—ﬂ—why) b+ h(“h—us_ﬂjZ’Y) . - (u:—us—ﬂ—Zv;{ P=2upt- + (Us + Uy
5 7(“”’“”5&"’””’4*) Nt (Un—uw) b + (Un—Us) ts" — P—2upt + (Us + Uw)
6 (Up—uw+B) (2up—Us—Uw—2v) N (Up—Uw—B)+B(2Up—Un—Us) 4 * (up—Us) (2up—Uw—Us—2~)—(Up—Uw+B) * (2up—Us—Uyw—27v)
B e R N (=== e i) " = ey P 2unt + (Us + Uw
7 (Un=tw+B) (2Un—Us=tw=27) N _ ~(Up—Uw—=B)+B(2un—Uw=Us) ¢ * (Un=Us) (2Uup—Uw—=Us=27)~(Un=Uw+B)7 ¢ * _ (2Un—Us=Uw=27) p _
nusp27) s (u-pzy (Un=us==27) " = ruepozy) £~ 2unt+ (Us + Uy
https://doi.org/10.1371/journal.pone.0324561.t004
el <0
aP = (28)

Proof: The validity of Proposition 3 can be readily confirmed by referencing Table 4.

As Proposition 3 highlights, for given school start time t; and work start time t;,, a reduction in school bus fare proves
advantageous to all household commuters.
Proposition 4. For given school bus fare P and work start time t;,, we have:

(1) The following inequality is established in Pattern 2, Pattern 3 and Pattern 5:

L
dit (29)

(2) In Pattern 1, two situations exist:
OWhen(2up — uy — Us + B) (Un— Uy —7) (Uw— B —Up) < (Us—Up) (2up — Us — Uy + 28) (Us + Uy + v —2up — 3), we have:
dif <0
dit; (30)
@When (2up — Uy — Us + B) (Up — Uy —7) (Uw— B —Up) > (Us— Up) (2Up — Us — Uy + 23) (Us + Uy + v —2up — 3), we have:
I
it (31)

(3) In pattern 4, pattern 6 and pattern 7, two situations exist:
® When (up — us) (2up — Uy — Us —27) > (Up — Uy + ) v, we have:

W,
dty (32)

@ When (up — us) (2up — Uy — us —27) < (Up — Uy + B) v, we have:
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W

dts — (33)

Proof: This proposition can be easily proved by referring to Table 4.
Proposition 5. For given school bus fare P and school start time £, we have:
(1) In Pattern 1, 3, 4, 5, 6 and 7, the following inequality is established:

dw* <0.

dt, (34)
(2) In Pattern 2, two situations exist:

® When 8 (uy—up) > v (2up — us — Uy + (), we have:

70/1/}* <0;

dt, (35)
@ When S (uy—up) < v (2up—Us— Uy + 3), we have

dw* > 0.

dtw (36)

Proof: This proposition can be easily proved by referring to Table 4.

Proposition 4 and 5 indicate that, in different patterns, due to the impact of activity utility and schedule delay, the user
net utility varies differently with changes in £}, or t;. Therefore, to increase the net utility of household commuters by adjust-
ing school or work start time, the impact of activity utility and schedule delay must both be considered. For example, when
B (uw—up) >~ (2up — us— uy + B), advancing work start time will increase the net utility of users in Pattern 2. However,
when S (uy — Up) < v (2up —us — Uy + 3), advancing work start time will decrease the net utility of users in Pattern 2.

System optimum

This section proposes a first-best time-varying toll to manage morning household commuting problems. It is assumed

that school bus fare is within a reasonable range, which means that there are two groups of household commuters in the
network. In the system optimum, there should be no queuing at the bottleneck (D(f) = 0), and the negative utility of house-
hold commuters should be the smallest. This can be achieved by setting At = 0 (t; = t,*) and implementing a first-best
time-varying toll (7(t)) [27]. In this situation, household commuters of Group 1 need to depart near the school start time
(also the work start time) because they need to consider the net utility of both adults and children. According to Eq. (9) and
Eq. (14), under the first-best time-varying toll, the net utilities of both groups of household commuters can be expressed as

b (t) = J (2Un=Us =ty + 28) t= 288 =2t + (s + uy) =7 (B, 1<

' B (2uh_us_uw—2"y)t+ 2’)/t*—2uht_+ (US —+ uw) t_—T(t),t> o (35)
Uo(t) = (Uh—uw+ B)t+ (up—us—B) " —=2upt- + (Us + Uy) E —P—7(t), t< t*

2\8) = (Uh—uw_'Y)t‘f'(Uh—Us+’Y)t*—2Uht_—|—(Us—|—uw)t__P_7-(t)1tZ t (36)

where school and work are the same start time, namely t*. Given t* and P, according to Eq. (35) and Eq. (36), the first-
best time-varying toll can be expressed as
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0,t<tg

(Un—Uw + B) t= (Up—Uw + B) t* + wh_”“gif:“”"”” Nt <t<t

(2 = Us = Uy + 28) t = (2Up = Us — Uy + 25) t* + L DIV N p fy < <
(2Up — Us — Uy — 29) t— (2Up — Us — Uy — 29) t* + (”’1_””5&”7_”’1) Nipt<t<t, '
(Up— Uy =) t+ (Uw—Up+ )t + (“”_””gﬁwﬂ_“”) Nt <t<ty

h
0,t>ty (37)

where t = t* — S N oy =t — ol Pty = b 4+ 2 Pty = 4+ e tB I Fig 4 fllustrates the optimal toll value.

As shown in Fig 4, the maximum toll occurs at time t*. The specific value of maximum toll can be obtained by using Eq.

(37)

o (Un=Uw+B) (Uw+v—un) N
T(t)— ﬁ""}/ §+P- (38)

The system total net utilities at system optimum (excluding toll) can be expressed as

2(8+1) s (39)

Eq. (39) shows that the system total net utility at system optimum is inversely proportional to school bus fare P, that is, if
school bus charge is higher, then the system total net utility will be smaller. This can also indicate that as the number of
children taking school bus increases, the system total net utility also increases.

Numerical experiments

This section verifies and illustrates the proposed model and the propositions by several numerical experiments.
The parameters used in this experiment are listed in Table 5, based on the study by Li et al. [36], with some minor

()4
()
W =27
(1) ‘
t 4 t t t t

Fig 4. First-best time-varying toll.

https://doi.org/10.1371/journal.pone.0324561.9g004
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Table 5. Parameters in numerical experiments.

N(veh) s(veh/h) t t el B v Un Us Uw
(EURS$/h) (EUR$/h) (EURS$/h) (EURS$/h) (EURS$/h) (EURS$/h)
5000 2000 6:00 12:00 8 6 18 8 10 12

https://doi.org/10.1371/journal.pone.032456 1.t005

adjustments. By varying the school bus fare and the school-work start time difference, the occurrence of all equilibrium
travel patterns is presented in Fig 5. The results show that seven possible equilibrium travel patterns and two extreme
cases exist, which is consistent with the above analysis.

This section studies the relationship between 3 variables (namely school bus fare, school start time and work start time)
and the net utility of household commuters, respectively. Firstly, the school start time and the work start time are fixed at
8: 00 and 8 : 30, respectively, so At = 0.5(h). Fig 6(a) shows a trend that the net utility of household commuters varies
with school bus fare. As the fare increases, the equilibrium travel pattern shifts from Pattern 5 to Pattern 2 and eventually
Pattern 3. Additionally, when the fare is either very low or very high, two extreme cases exist. It is noteworthy that as the
school bus fare increases, the net utility of users decreases sharply at first, then more gradually and eventually reaches a
stable state. This phenomenon can be attributed to the fact that when the fare becomes sufficiently high, no children go to
school by school bus, which leads to no impact on the net utility of household commuters.

Secondly, the school start time and the school bus fare are set to 8: 00 and 6 (EUR$/day), respectively. Fig 6(b) illus-
trates the impact of the work start time on the net utility of household commuters. The equilibrium travel pattern follows a
path: Pattern 6 — Pattern 4 — Pattern 5— Pattern 2 — Pattern 1, as the work start time is delayed. According to Proposition
5, when 8 (uy —up) = 24 > v (2up —us — Uy + ) = 0, the net utility of users is inversely proportional to the work start time
across all possible travel patterns. Therefore, as the work start time is delayed, the net utility of users will decrease, as
demonstrated in Fig 6(b).

Finally, the work start time and the school bus fare are set to 9: 00 and 6 (EUR$/day), respectively. Fig 6(c)
shows the relationship between the net utility of household commuters and the school start time. Interestingly, the
net utility of household commuters varies in the opposite direction to that observed in Fig 6(b), with the equilib-
rium travel pattern following a path: Pattern 1 — Pattern 2 — Pattern 5— Pattern 4 — Pattern 6. As Proposition 4,
when(2up —uy —Us + ) (Uup— Uy —7) (Uw = B—Up) = 0 < (Us—Up) (2Up — Us — Uy + 203) (Us + Uy + v —2up — B) = 216, the
school start time is delayed, which leads to a reduction in the net utility of users. This trend also evident in Fig 6(c).

14} extreme
case (ii)
12+
a
O 10t
o pattern 1
o gl :
a ~._ pattern 2
(Tg 61/ pattern 6 9 ;
5 ~~pattern 4 \\\\ z:src':egl)e
v 47 pattern 5 T~
| pattern 7
.0 0.5 1.0 15 2.0 2.5

Schedule difference At

Fig 5. The occurrence of the different equilibrium travel patterns and the extreme cases.

https://doi.org/10.1371/journal.pone.0324561.9005
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Fig 6. The net utility varies with school bus fare (a), work start time (b) and school start time(c).

https://doi.org/10.137 1/journal.pone.0324561.g006

To analyze the efficiency of first-best time-varying toll, both school and work start time are set to 8:00, and
bus fare is set to 6 (EUR$/day). Based on Fig 5, it can be obtained that the equilibrium travel pattern without toll
is in Pattern 6. Based on the user net utility of Pattern 6 in Table 4, the total net utility of system without toll as:
TC, = N - 95 = 547500(EURS), is calculated. Using Eq. (39), the total net utility in first-best time-varying toll scenario as:
TCso = [(2up — Uy — Us) t* — 2upt_ + (Us + Uy) ] N = {=te D) Wuty=un) N _ pp\ ~, 558542 (EURS), is also calculated. Thus, it

2(B+7) s
can be concluded that the first-best time-varying toll can increase the system total net utility by 11042(EURS).

Conclusions

Based on activity method, this paper studies the household commuting problem in a bi-modal transportation system with
autos and school buses. A bottleneck model is developed to capture the household commuting behaviors, and the user
equilibrium travel patterns are analyzed. Additionally, a first-best time-varying toll is proposed to manage the household
commuting. The following results are obtained: (i) the number of household commuters who use school bus is deter-
mined endogenous by school bus fare; (ii) the equilibrium travel patterns depend on the school bus fare and the school-
work start time difference, and up to seven patterns may occur; (iii) a lower school bus fare results in higher net utility for
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household commuters; (iv) by adjusting the start time of school or work, it can increase the net utility of household com-
muters; (v) by implementing the first-best time-varying toll, it can eliminate traffic congestion and improve travel efficiency.

Although this study establishes an initial theoretical framework for travel mode choice, its applicability is limited by
simplifications in factors such as traffic conditions, travel purposes, origin-destination variations, and route choices. Future
research will focus on enhancing the precision of model and real-world applicability by incorporating more complex ele-
ments, such as traffic flow, route selection, and diverse origin-destination patterns, to better simulate and analyze travel
behavior. Furthermore, we plan to gather relevant datasets, leverage field data sources, and employ more sophisticated
parameter estimation techniques to improve the accuracy of model and the reliability of its conclusions. In subsequent
studies, we also intend to extend the model to encompass more detailed family travel categories, including variations in
school distances and the specific travel needs of family members, thereby increasing both the complexity and accuracy of
the model.
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