PLOS ONE

Check for
updates

E OPEN ACCESS

Citation: Hong S, Zhang J, Zheng G, Yang H,
Aslam B U (2025) Linear programming-based
stabilization and synchronization of positive
complex networks with dynamic link
subsystems. PLoS ONE 20(5): e0321582.
https://doi.org/10.1371/journal.pone.0321582

Editor: Gang Wang, University of Shanghai for
Science and Technology, CHINA

Received: January 02, 2025
Accepted: March 07, 2025
Published: May 15, 2025

Copyright: © 2025 Hong et al. This is an open
access article distributed under the terms of the
Creative Commons Attribution License, which
permits unrestricted use, distribution, and
reproduction in any medium, provided the
original author and source are credited.

Data availability statement: All relevant data
are within the paper and its Supporting
Information files.

Funding: This research was supported by the
National Natural Science Foundation of China
(62463007, 62463005, and 62073111), Natural
Science Foundation of Hainan Province
(625RC710 and 625MS047), Science Research
Funding of Hainan University
(KYQD(ZR)22180), and Postgraduate Innovative
Research Funding of Hainan Province
(Qhys2023-278, Qhys2023-279 and
Qhys2023-280).

RESEARCH ARTICLE

Linear programming-based stabilization
and synchronization of positive complex
networks with dynamic link subsystems

Shouting Hong', Junfeng Zhang®'*, Gang Zheng?, Haoyue Yang', Bhatti Uzair Aslam'’

1 School of Information and Communication Engineering, Hainan University, Haikou, China, 2 Inria,
University of Lille, CNRS, Centrale Lille, Lille, France

* ifzhang@hainanu.edu.cn

Abstract

This paper investigates the stabilization and synchronization of positive complex net-
works with dynamic links. A class of positive complex networks is constructed by intro-
ducing dynamic link between nodes. A controller and the corresponding coupling term
with respect to links are designed to achieve the positivity and stability of complex net-
works and link systems, respectively. Then, a synchronization controller and the cor-
responding coupling term with respect to links and node states are proposed, respec-
tively. The main contributions are as follows: (i) A novel coupling term is constructed to
achieve stability and synchronization of positive complex networks, (ii) A stabilization
and synchronization framework is constructed by designing two classes of controllers
and coupling terms, and (iii) A tractable design, analysis, and computation method is
introduced by virtue of linear programming and copositive Lyapunov function. Finally, a
simulation example is provided to verify the effectiveness and feasibility of the proposed
approaches.

Introduction

Complex networks (CNs) have become the focus in the field of control theory and engineer-
ing due to their high interconnection, nonlinearity, and time-varying nature. It covers a wide
range of complex systems from power systems to ecological and transportation networks

[1]. In practice, there is a complex class of systems whose dynamic behavior maintains non-
negativity under non-negative initial conditions. Such systems are defined as positive sys-
tems [2]. In the past few decades, positive system theory has received extensive attention due
to its applicability in various fields such as economics, communications, and biology; etc.
[3-5]. Due to the unique advantages of positive systems, the combination of CNs and pos-
itive systems forms positive complex networks (PCNs). This allows for good characteriza-
tion and optimization of real-world systems with complex characteristics and non-negative
constraints. In transportation networks, CNs formed by traffic flow can be modeled using
PCNs because the traffic flow keeps non-negative. Since the power output and input are non-
negative, PCNs can also be used for modeling power systems. Therefore, PCNs have potential
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applications in accurately capturing and analyzing real-world systems with positive dynamics
and interactions.

The current research on PCNs remains in an early stage. Multiple challenges arise when
combining positive systems with complex networks. First, there are essential differences in
research approaches between positive and non-positive systems. The design and analysis of
positive systems often require specific strategies such as co-positive Lyapunov function (CLF)
and linear programming (LP) [6-8]. In addition, traditional complex networks do not con-
sider positive constraints and the positivity of PCNs increases the complexity of the design.
At present, there is a lack of a unified and efficient design framework to integrate positive sys-
tem theory with complex networks. Therefore, a comprehensive framework needs to be con-
structed to smooth the study of PCNs. This includes not only the development of new theories
and methods, but also the exploration of synchronization strategies that can effectively deal
with positive constraints.

Synchronization of complex networks has attracted much attention and various synchro-
nization frameworks have been established such as pinning synchronization [9], exponen-
tial synchronization [10], local synchronization [11], etc. [12,13]. To effectively address the
modeling and control of complex nonlinear systems, T-S fuzzy systems have emerged as a
significant tool. T-S fuzzy systems characterize the behavior of the systems using a set of “IF-
THEN?” fuzzy rules, each corresponding to a linear subsystem [14]. This approach breaks
down complex nonlinear issues into multiple local linear problems, thus the modeling and
control processes are simplified. Therefore, the combination of synchronization framework
and fuzzy systems can more effectively analyze and solve synchronization problems in CNs.
This approach simplifies the modeling and control process by decomposing a nonlinear prob-
lem into multiple local linear problems. The cluster synchronization of fuzzy CNs with semi-
Markovian switching characteristics was studied using the inequality analysis technique [15].
A fuzzy memory pinning impulsive control was proposed to solve the pinning synchroniza-
tion problem of stochastic fuzzy time-delayed CNs [16]. The bipartite synchronization of
signed networks with time-varying delays was solved based on fuzzy systems [17]. These stud-
ies demonstrate the wide applications and effectiveness of fuzzy systems in the synchroniza-
tion problems of CNs.

In fact, the topology of the network changes in CNs due to random changes such as node
failures, environmental disturbances, and machine failures. These changes can be charac-
terized by the topological state described by the Markovian chain. Markovian jump models
can effectively capture system mutations caused by random environmental disturbances and
node interconnection changes. Therefore, Markovian jump systems (M]Ss) are widely used
to model these uncertainties and mutations in practical engineering applications. Positive
M]JSs (PM]Ss) refer to a type of MJSs with positive characteristics [18]. So far, a large num-
ber of research results have been accumulated in the field of PM]JSs. A nonlinear CLF was
used to design a non-fragile saturation control of nonlinear PMJSs [19]. The event-triggered
state feedback and dynamic output feedback control for PMJSs have been proposed [20]. The
double sensitive fault detection filter for PMJSs is explored [21]. In the field of Markovian
jump complex networks (MJCNs), synchronization is a core problem. A number of relevant
research results have been reported [22-25]. Several criteria for stochastic synchronization
of MJCNs were derived by constructing time-dependent Lyapunov-Krasovskii functions and
applying inequality techniques [22]. Based on Lyapunov’s stability theory, a sample data con-
troller was proposed to ensure the robust synchronization of CNs [23]. A passive synchro-
nization criterion was established for MJCNs by combining integral inequality, free weight-
ing matrix, and convex combination methods [24]. The finite-time synchronization problem
of MJCNs was studied based on dissipative theory and a new delay-dependent finite-time
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stability dissipation rule was derived in the form of linear matrix inequality (LMI) [25]. The
above research mainly focuses on the synchronization of MJCNs and the stochastic synthesis
of PM]JSs. Despite these remarkable advances, the synchronization of fuzzy positive MJCNs
(PMJCNs) remains challenging.

In most results of CNs, the links between nodes are set as a fixed connection manner.
Although many remarkable achievements have been made in the analysis and synthesis of
nodal dynamics [26-28], the change of links should not be ignored in CNs, especially dur-
ing the transmission of data, information, and material. This involves energy distribution in
power systems, cargo transportation in logistics networks, and signal transmission in bio-
logical networks. By precisely controlling the state of each link, the overall performance of
the network can be significantly improved [29-31]. Some important progress has been made
in the study of the dynamics of positive link systems. The consensus of links in node net-
works was discussed [32-34], where the links of the networks were described by positive sys-
tems. The non-negative link consensus of network systems was analyzed using state feed-
back protocols [35]. Although the dynamic characteristics of nodes and links have been con-
sidered for CNs [36,37], the dynamic coupling mechanism of links has not been discussed
for PCNG. This paper attempts to fill this gap in the field. In addition, real systems are often
affected by unpredictable internal and external factors and perturbations can affect the stabil-
ity and synchronization of the system. Therefore, it is necessary to consider the perturbation
in PCNs.

Inspired by the above results, this paper studies the stabilization and synchronization prob-
lems of PCNs coupled by node subsystems (NSs) and link subsystems (LSs). The main contri-
butions of this paper are as follows: (i) A model of fuzzy PMJCNs composed of NSs and LSs
coupling is proposed, (ii) A novel coupling term is designed in LSs to achieve stability and
synchronization of the NSs, (iii) The L;-gain controller is designed to achieve the stochastic
stability and synchronization of fuzzy PMJCNs with L;-gain performance, and (iv) A simple
design and analysis approach is presented using LP and CLE. The paper is structured as fol-
lows: Some preliminaries are provided in the section of Problem formulation, the section of
Main results presents the stabilization and synchronization of PCNs, an example is given in
the section of Illustrative example, and the main conclusions of this paper are summarized in
the section of Conclusions.

Notation The symbols R” and R"™" denote the set of n-dimensional real vectors and the
set of n X n real matrices, respectively. N'* represents the set of positive integers. The Kro-
necker product of two matrices A and B is represented as A @ B. The identity matrix in R”
is denoted by I,,. For a matrix A, the notation A" signifies its transpose and a;; represents
the entry at the ith row and jth column. Additionally, A > 0 (> 0) means that all elements
a;j are non-negative. A matrix is considered as Metzler if the off-diagonal elements are non-

negative. Define 1,, = (1,..., 1), and the n-dimensional vector with a single entry of one at the
—
n

tth position is denoted by 1 = (0,...,0,1,0,...,0) 7. The summation ;' _, is denoted as:
~—— ~—— v

-1 n-t
Yo 2 > . 1-norm of a vector x is defined by |x|;. Given a function w(t) : [0, 00) - R",
its L; norm is defined as: |@(t)[ 1, = [, [ (t)[: dt. Denote by the L; space L; ([0, 00),R") £

{w(®) [ (t)]1, < oo}

Problem formulation
Consider fuzzy PMJCNs with the controlled node i described as:
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Rule b: IF ¥, (1) is ¢pp1, P2 (1) is @pa, -, and P, () is ¢, THEN

xi(t) = Ap(ro)xi(t) + Fo(re)f(xi(1)) + szil i (8) Ao (re ) (5 (2))
+ By(r)u;(t) + Ep(rr)w;(t), (1)
yi(t)  =Cp(r)xi(t), i=1,2,-,N,

where x;(t) = (x;1(£), xi2(£), oo xin(£)) T € R, yi(t) € R", u;(t) € R" denote state, output and
control input of node i, respectively; /;i(t) € R is the time-varying weighted value of the link
from node j to node i; w;(t) € R" represents the disturbance that satisfies E{ [, [ ()1 }dt <
@and @ > 0 is given; f(x;(£)) = (f(xi1 (£))s e fu(xi(£))) T € R" denotes a vector-valued
nonlinear function and h;(x;(t)) = (hj1 (xj1(£)), .., hjn(xjn(t))) T € R™ is a coupled function;
A, (1) represents the jumping inner coupling configuration matrices of the system which is a
positive diagonal matrix; x > 0 is the coupling strength, A,(7;) is a Metzler matrix, By(r;) > 0,
Cy(re) = 0, Fy(r:) > 0, and Ep(r;) > 059 (£) = (P1(),12(t), ..., Pg(£)) T are the premise vari-
ables; @p1, Ppas. . .» Pug are fuzzy sets; b is the number of IF-THEN rules and b = 1, ---, m denotes
the bth rule; r; indicates a continuous-time Markovian process and it represents the system
mode taking numbers from a limited set & = {1,2,...,]}, ] € N'*. Moreover, the transition
probabilities are given by

ApgA+0(A), p#g,

Pr(rua=qlre=p) = { 1+ ApA+0(A), p=q

where p,q € &, At > 0, and lima,_,o U(AA:) =0; Apg > 0(p # q) is the transition rate of the

mode jump from mode p to mode g when time goes from t to ¢ + At and satisfies 4, =
- qug)q +pApq- By the fuzzy inference method, the defuzzified fuzzy system (1) is rewritten as:

5(t) =2 O ($(0) (Ap(r)xi(1) + Fy (r)ftxi(t))
=1 L (D) Ap(ro)hi(x;(0)) + By (ro)ui(£) + Ep (ro)wi(1)), )
yi(t) =2l On(B(1))(Co(r)xi(1)),

g .
where ©,(¢(t)) is the membership function and ©,(¢(t)) = E;f _lili‘éib:;liigz()t)) >0,

Yioe @6(9(1)) = 1.

Assumption 1 The nonlinear functions f(x;(¢)) and h;(x;(t)) have a slope restriction:

¢ < Jelxi() ~fi(s(1) _ o< hi (xi (1)) = hi(s(2))

= x(D-s(t) T xi (1) = s(1)

<¢ 3)

where x; () represents the kth element of x;(¢) for k € {1,2,...,n},0<e<¢e,0<p<g, fx(0) =
0, and hy(0) =0.

Remark 1 Assumption 1 sets the slope constraint for the nonlinear part of the system. Such
an assumption has also been applied to nonlinear problems [38-40]. Multiplying all terms of
the slope inequality by (x;(t) - s¢(¢))? > 0 and choosing s, (t) = 0, the slope restriction con-
dition is transformed into a sector inequality. The sector condition ensures that the response
of the nonlinearity is kept in the first and third quadrants under given parameter conditions
[41-43]. Therefore, the slope restriction is more stringent than the sector condition. More-
over, Assumption 1 can smooth the positivity of the systems.
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Assumption 2 For the inner coupling function h; (x;(t)), it holds that 0 < hy (x;(t)) <h
foralli=1,2,--,Nand k=1,2,--,n.

Remark 2 Generally, a norm bounded condition is usually used for CNs [44]. This
assumption reflects the practical limitation in describing finite energy. The condition
hi(x;(t)) > 0 is also frequently encountered in network control issues. Thus, each element of
the inner coupling function k;(x;(t)) is bounded by 0 and / for PCNGs.

Next, some preliminaries on positive systems are introduced.

Definition 1 [2] A system is positive if for any non-negative initial conditions, inputs, and
disturbances, all states and outputs are non-negative.

Definition 2 [45] The system (1) is stochastically L, stable for the initial state x, € R" and
mode ry € @ if the following conditions are satisfied:

(i) When w(t) = 0, the system is stochastically stable, that is,

E{ [, Ix(t)1dtlxo ro } < co.

(ii) There exists a positive constant y such that

E{ S5 Iy(Ohdtlxo, ro} <yE{ [y lo(t) [t}

holds for zero initial state and w(t) € L; ([0, o0),R").

Lemma 1 [2] A matrix A is Metzler if and only if there exists a constant « such that A +
al> 0.

Lemma 2 [2] The system

x(t) = Ax(t) + Bu(t) + Ew(t),
y(1) = Cx(1),

is positive if and only if A is Metzler, B> 0, C > 0, and E > 0.

Main results

This section consists of two sections. First, the positivity and stochastic L, stability of NSs
and LSs are addressed by designing two different coupling terms and the corresponding
controllers. Then, the synchronization of fuzzy PMJCNs is presented.

Stabilization

Assume that the stability of LSs is only affected by the topology between links and is not

related to NSs. It means that the coupling term design of LSs is independent of the node state.

For sake of simplicity, set ; = p. Based on the fuzzy rule, the controller u;(¢) is designed as:
Rule 7: TF 9, (t) is ¢n1, P2(t) is 2, -+ and P, (t) is ¢y, THEN

M,‘(l’) = Knpx,»(t),

where K, is the control gain matrix to be determined. Then, the defuzzified controller is
rewritten as:

ui(t) = Xy On(®(1)) Kipxi(1). (4)

Define X(£) = (] (£), 2] (), e, x5(£))T € R™, F(x(2)) = (fT (31 (£))ofT (22(£) s o
I Gen())T €R™, H(x(£)) = (hy (x1(£))s By (%2(£) )5 oo r iy (e (£))) € RPN, and W(1) =
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(@] (t), @] (£), ..., 05 ()T € R™. By (1) and (4), and the properties of Kronecker product,

the following closed-loop system is obtained:

X(8) = X1 ©6(8(0))0n(8(1)) (I ® (Abp + BupKip))X(£) + (I ® Fip ) F(x(t))
+x(In ® AppH(x(£)))L(1) + (Iy ® Egp) W(1)),

Y(1) =250, 05(8(1)((In ® Cyp)X(1)).

The model of LSs can be expressed as:

Rule b: IF ¥, (1) is pp1, P2 (1) is @pa, -, and P, () is ¢y, THEN

Li(t) = QupLi(t) + Ti(2),

(5)

(6)

where L;(t) = (Li (£), li2 (£), ..., in(t)) T € RY is the state vector of incoming links of node i,
Qup € R™ is given matrix, and T;(t) € R" is the coupling term. Using the properties of the

Kronecker product, the system (6) is defuzzified into:

L(t) = Xy Ou(6(1) ((Iy ® Qup)L(t) + T(1)),

(7)

where L(£) = (LT (£), LT (£), ..., LE ()T € RN, T(£) = (TT (£), T (), ... TN(£)) T € RV, and

the coupling term T';(¢) is designed using fuzzy model:

Rule 7: IF 1,01 (t) is ¢b1, ¢2(t) is ¢b2, ey and l,bg(t) is ¢bg> THEN

Ti(t) = KpLi(2),

where K, is the control gain matrix to be determined for LSs. Then, the defuzzified coupling

term is rewritten as:

Ti(t) = 272, 0n(6(1)) (KipLi(1)).-

(8)

Theorem 1 If there exist constants E >0,58>0, Y>0,7>0,x>0, o>0, 4y >0, up > 1, 3 >

0, R” vectors 2

wp < 0,Vp>0,v,>0, RN vectors ZS;) >0, 7, >0, 7, > 0such that

App +Byp 2, lfsl)Z;S;)T +€Fpp + ol 20, (9a)

<17, <B, (9b)

Qi+ Ty L' aly) T + il 20, (9¢)

y<1VTB v, <7, (9d)

(A, +€F)vp+7 2y z,(é,) + Z{Fl ApgVq + HaCl1, <0, (9e)

Qthfp + 3 zf;,) +xHTAJv, + Z{]:l ApgTq + 31y <0, (9f)

Ep,vp - 71, <0, (%9g)
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hold for each p, g € &, then the systems (5) and (7) are positive and stochastically L, stable
under the reliable controller (4) with

Kup= Y0, 100257, (10)
and the coupling term (8) with
ONON
1,z
N AIm Zp
K :Zz=1 o1 - (an
| P

Proof: First, the positivity of the system (7) is considered. From the coupling term (8), the
system (7) can be rewritten as:

L(t) = X1 ©6(8(1))0:($(1)) ((In ® (Qup + Kip) )L(1)).- (12)

From (9b), (9¢), and (11), we have Q)+ Ky + 1y > 0. Thus, Qp, + K,y is Metzler by Lemma
1 and the system (7) is positive by Lemma 2. Then, the positivity of the system (5) is achieved.
Using Assumption 1, it is easy to have

X(15) 2 Zpner O($(10))©n($(10)) (AX(t0) + BW(to)),

where

Ny xpha(to) Ay -+ xphn(to) Ay
A- kPl (to) Avp Ny o xphn(to) Ay
kplni (to) Aoy kpINz(t)App - Nn

Wii=Ap + ByKyy + €Fy + pxlii(to)Ay and B=Iy & Ep,. From (9a) and (10), it derives
that Ay, + BypK,y + €Fp, + pol, > 0.By Lemma 1, Ay, + By,Ky, + €Fy, is Metzler, that is,
App + By Kiyp + €Fyp +1plii (to) App is Metzler for i = {1,2, ..., N}. Noting the condition J;;(ty) > 0,
it yields that xpl;;(to) App = 0 for i # j. Then, A is Metzler. Since Ey, > 0, then 3 > 0. Thus, we
have X(t{) > 0 for X(t) > 0. Then, it is easy to give that X(¢) > 0 for any initial state X(¢,) >
0 using recursive derivation. Therefore, the system (5) is positive by Definition 1.

Consider the following candidate CLF:

VX)) =X"()(In®@v) + LT () (1IN ® 7).
Then, the weak infinitesimal operator of V(X,(¢)) is

TV(Xc(1) =X, On(#(1)0(4(1))0,(4(1))
X (XT()(In ® (A, + KB}, )Vp
+ 21 Ap(In @ ) + FT(x(1)) (1y ® Fp, ) (13)
+LT () (In @ xH' Ay, + In ® (Qp, + K7,)7)
+ X A (I ® 7)) + W () (In @ Ev,)).
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From Assumptions 1 and 2, we have

FT(x(1))(In®vp) <eX' () (In ® vp),
kLT (6)(Iy ® H' (x(1))AL,vp) <xLT () (1 ® HT )AL, v,

]zlll 1:112 I:llN
where H= |2t M2 B
]jlnl }_an BnN

Then, it deduces that

TV(X(1):1e=p) < Xprms On(9(1))On($(1))O,(8(1)) (X (1) (1y
® (A], + KL,BL)vy + In®€FL vy + 31, Apg(1x ® V) .
+LT()(In @ kH A,y + 1In ® (Qg, + K77,
+ 20 Apg(Iy®Ty)) + WT (1) (Iy ® Ej,vp)).
By (9d), (10), and (11), it gives that

TV(X():1) < Dt ©(#(8))©n(8(1))0:((1)) (X7 (1) (1y
® (ALvp+7 Xy 2s)) + €N @ FLvy) + T Ay (In @ vy))
+ W (@ ELv,) + LT(H (v ® (7 + Xy, 7))
+x(In@ HTALY,) + 30, Apg(In ® 7).

Consider the case W(t) = 0. Combining (9¢) and (9f) yields that

TV(Xc(t),11) < X4y O6($(1)) (- X (1) (In ® Cj, 1)
-l (D) (1y® 1y)) (15)

< D1 ©u((1)) (=p285 | Xy — ps[IL]1),

where §; = min,eg {min;_; . » E]’-' ng)} and ng) is the ith row jth column element of Cy,.
Applying Dynkin’s formula to (15) gives

E{V(Xc(),r0)} - V(Xc(0)70)

(16)
< it ©($(0) (S E{ Jy [1X(5) 15| Xc(0), 70} = iaE{ J [L(s) sl Loy ro}).

Due to E{V(x(t),r:=p)} >0, we can obtain

limy—oo E{fy |X(s) [1d5]Xc(0), 70} < 3L, ©5((1)) 5, V(Xe(0). 70) < oo,

limy o E{ 3 |L(s)[1s|Lo, 70} < iV(XC(O), 1) < 00.

Therefore, the systems (5) and (7) are stochastically stable by Definition 2.
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Next, consider the case W(t) # 0. Under the zero initial condition, we have E{V(X,(t),7,)} =
E{/, TV(X.(t),7)} > 0. Then,

E{fs (1Y -7IWO)dt} < 37, - Ou($()0n($(£)O($(1)) (E{ fy (X (£)
X (IN® Cp) Ly -y WT (£) Ly + X7 () (1y
® (Apvp +¥ Xy z,gﬁ,)) +e(Iv @ Fjvp)
+ 2 A (I ® ) + WT (1) (1y ® B v,)
LT (@ (Q7p + 0y 2)
+x(IN@ HTALYy) + 31y Apg(In ® T5)))dt}).
(17)
By (9¢) and (9f), it gives that

Ly ® (A7, + €F1,)v +7 Ty 2 + T Apgve) < In ® (-2, 1),
Ly ® (QfTp + Xty 21y + KHT ALV, + T ApgTy) < I ® (<43 1)

Then,

E{L UYL -yIW@)dy <35 0u($(0) (E{fy (1 - w2)XT () (Iy
® Cp,) v = LT (1) (1 ® 1) (18)
+ W) (In ® (Ep,vp - y1n))dt}).

Together with (9g) gives E{ [, (|| Y(¢)[1 - y|W(t)|)dt} <0. By Definition 2, the systems
(5) and (7) are stochastically L, stable. m]
Remark 3 The analysis and synthesis of nodal dynamics were addressed in [26-28]. It is
assumed that the coefficient of the coupling term is fixed. Indeed, the coefficient may change
owing to the change of node dynamics, environmental change, and other unexpected factors.

Consequently, the change will affect the stability of NSs. It is interesting to design a dynam-
ical coupling term and explore how the links affect the behavior of the node. In Theorem 1,
a controller and a coupling term are designed such that the node and the link dynamic are

simultaneously positive and stable.

Remark 4 How to define the positivity of a system is key to investigate positive systems.
Up to now, there is no unified framework on the positivity definition of various systems.
Although there have been many results on CNs [12-16], few results are devoted to PCNs.
Existing results on positive systems cannot be applied for PCNs [18-21]. Theorem 1 presents
a design approach to the positivity of PCNs by designing a controller (4) and a coupling term
(8). It should be noted that the coupling design of LSs is only related to the state of the link. A
further consideration is that the coupling design is related to the state of the node.

In Theorem 1, the coupling design of LSs is independent of the node state. Theorem 2 will
discuss the stochastic stability of fuzzy PMJCNs by designing a more general coupling term,
that is, the coupling term is dependent of the node state.

Based on the fuzzy model, the LSs are expressed as follows:

Rule b: IF ¥, (1) is ¢pp1, P2 (t) is Ppa, -, and P, () is ¢, THEN

Li(t) = QupLi(t) + Ti(x(t)), (19)

where x(t) = (x] (), %) (t),...,x5(£)) T € R™ and T;(x(t)) € RY is the coupling term
for the state of the nodes. Define L(¢) = (LT (£), L] (£),...,L5(£))T € RV and T'(x(t)) =
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(TT(x()), T3 (x(£)), .., TH(x(D)) T € RV Using the properties of the Kronecker product,
the system (19) is defuzzified into:

L(t) = Xy ©0($(1)) ((In ® Qup)L(t) + T(x(1))). (20)
Then, the coupling term of LSs in relation to the state of the node is designed as:
D(x(t)) = ~(In ® (§p1% + kM AgpH(x(1))))L(1), 1)
where M > 0 with M € R™¥ is a given matrix.

Theorem 2 If there exist constants ot >0, @ >0, % >0, Yo >0, tt; >0, i, > 1, u3 >0,y >0, R"
vectors z,(;,) <0,7,> 0,74 >0, and RN vectors &, >0, &, > 0 such that

Qup - £p1% - kM AppH + poIy > 0, (22a)

Ay + By T 102807 4 ¢Fyy + g, > 0, (22b)
a<1TB 5, <, (22¢)

Aanp +ay, z,gé,) + erTpnp + Zgzl Apghg + /,zzcgpln <0, (22d)
Q}fﬁp + Zé:l Apg€q + M3y <0, (22¢)

E} 7 - 71, <0, (22f)

hold for each p, g € &, then the systems (5) and (20) are positive and stochastically L stable
under the reliable controller (4) with (10) and the coupling term (21).

Proof: Give the initial state L(#;) > 0. From the coupling term (21), the system (20) can be
rewritten at time £, as:

L(65) = 2yt ©u($(t0)) Iy ® (Qup = §15 ~ kM AppH(x(10)))) L (ko). (23)

From Assumption 2, it follows that ~xM" Ay,H(x(ty)) > -xM' Ay, H. Then, the system
(23) becomes:

L(t5) = 25, ©u(@(t0)) (In ® (Qup - Ep1Y - €M AypH))L(1o). (24)

From (22a) and Lemma 1, it is easy to have that Q;, - ‘fplztr - KMTApr is Metzler. Thus,
it follows that L(#}) > 0 given L(#,) > 0. Then, it can be readily shown that L(¢) > 0 for any
initial state L(#y) > 0 through recursive derivation. Therefore, the system (20) is positive by
Lemma 2.

Choose the stochastic CLF: V(X,(t), 7 = p) = X (t)s, where X (t) = (X" (¢), LT (¢))", ¢ =
(1} ® 77;, 1 ® §pT)T, and 7, = M§,,. Then, the weak infinitesimal operator of V(X.(t),r;) is
given as:

V(D7) = T 0310, ($(0) (XT(1)(1y ® (], + KL, B, )7,)

b,n=1

— kLT () (Iy @ H' (x(£))Aj,ME,) +xLT (£)(1y @ H' (x(£))Ay,7p)

J
+ W) (A @ Epyp) + X' (1) Y, Apg(In ® 1)
q=1
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+LT(0) (v ® Qppép) + FT (x(1)) (1n ® Fyy1p)

]
_LT(t)(1N®1N§;§p—z/1pq(1N®§q)))- (25)
g=1
Since 1), = ME,,, it yields that
TV(X(1):1e) = Xne Ou(6(£))@n(p(1)) (XT (1) (1n ® (A, + KBy, )p)
+FT(x(£)) (In ® Fpmp) + L7 (£) (1y ® H' (x(£)) A, M§,)
+ W (1) (In ® Ey,mp) + X' (1) Zq,l/lpq In®7,) (26)
FLT() (I ® QL&) + LT(1)(X, Apg (In ® &)
- Iy ® (kH' (x(1) ) Aj,MEp + 1n€, §))).-
From Assumption 1, we have that F' (x(¢)) < eX" (¢). Then,
TV(Xc(1):1e) < ey O($(1))On($(1)) (X (1) (1n ® (A, + K3, B;,)7p)
+eXT (1) (v ® Fymp) + WT (1) (In ® Ey7p) 27
SXT(O T A (e ®7,) + LT(1) (1x ® QL&)
() (n® T E) + LT () X, A (1x @ £,)).
By (22¢) and (10), it gives
TVX(1),r) < Xp o ©u($(D)Oa($()) (X (1) (1n ® (Afmp + & T, 259)
<IN ® Fl) + i1 Ao (v ®79)) + W (D1 © EL )
+LT(0) (In ® (Q & — Indy &) + Ty Apg (I ® &)
Since £, > 0, then —1N§pT§p < 0. Therefore,
DV(X(D.m) < Zpt,ny Ou($(1)Ou(S(N(XT () (1w @ (AL, +a T, =)
~e(IN® Flp) + Tt Ao ®7)) + W (D1 © ELy)
+LT(H)(In® prgp + Zq 1 Apg(In ® &5))).-
Consider the case W(t) = 0. Combining (22d) and (22e) yields that
Iv® (AL +a Xr, zs) +e(In®FL1,)) < Iy ® (~Cl, 1),
Iy ® Q&+ X0, qu(lN ® &) <In® (~us1y).
Then,
TV(Xe(£):7e) < Xy On(b(1) (~p285 | X1 - s L]1). (28)
Applying Dynkin’s formula to (28) gives
E{V(Xc(£),r) } - V(Xe(0), 10) t (29)
< D1 O6($(0)) (~p2SE{ Jy |1X(5) [1s|Xc(0), 70} = psE{ fy L (s) 15| Lo, 70 }).
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Due to E{V(X,(t),r: =p} >0, it is clear that

lim o E{ /' |X(s) |15|Xc(0), 0} < T3, ©6(#(1)) /5, V(Xe(0). 70) < o0,
lim oo E{fy |L(s)[1ds|Los 70} < iV(XC(O), 1) < 00.
Therefore, the systems (5) and (20) are stochastically stable by Definition 2.
Next, consider the case W(t) # 0. Under the zero initial condition, we have E{V(X.(¢),7,)} =
E{ [, TV(X(),7)} > 0. Then,

E{fs (1Y -7 IWO)de} <3y, O6((1))0u($(0)) (EL fy (X" (1) (In® Cp)
X L~ W (D + X7 () (15 ® (AL 7,
+ay., zf,;)) +e(In® Fimp) + 2{1:1 Apg(1y

®719)) + LT (AN ® QL& + Th_, Apg(1x
® &) + WT(6)(1n ® Ey,p))dt}).

Using (22d) and (22e) follows that

Iy ® (AL, +a X1 25 + eIy @ Fl,p)) < 1y ® (~42C], 1)
Iv® Q;,;gp + Zg:] lpq(lN ® gq) <1y ® (-u3ly).

Then,

E{L (YO -yIW®h)de} <35, 0u(g(6) (E{fy (1- )X (1)
X (IN® Cp, ) Ln - LT (H(Iv® 1y)  (30)

+ WT (1) (1y ® (Ej,mp - ¥1,))dt}).

By (22f), Iy ® (Ej,mp - 71,) < 0. Thus, E{ [, (| Y(£) [ -y [ W(£) |1 )dt} < 0. By Definition 2,
the systems (5) and (20) are stochastically L, stable. |

Remark 5 When analyzing the dynamic behavior of fuzzy PMJCN:s, it is crucial to consider
the dynamic characteristics of both NSs and LSs. This increases the complexity of the stability
analysis. In Theorem 2, the coupling relationship is embodied in the correlation term involv-
ing the link state in NSs and the coupling term involving the node state in LSs. However, the
coupling term design proposed in Theorem 1 is mainly concerned with the stability of LSs
and the coupling term is independent of the node state. This design form allows us to handle
link dynamics independently without considering the impact of the node state. This coupling
item design is suitable for those cases that the link dynamics has a significant impact on the
overall system performance, but the correlation with the node state is not strong. In contrast,
the coupling term design in Theorem 2 is more general because it takes into account the effect
of node states on the coupling term.

Remark 6 In this paper, the positivity of the system is taken for any initial time. Since the
state equation of NSs contains the state variable of LSs, it is not feasible to prove that the state
of the system is non-negative at any time directly by checking the coefficient matrix of the sys-
tems. Therefore, an indirect but rigorous method is adopted in this paper. First, it is proved
that from any initial time, the coefficient matrix of the differential equation of LSs satisfies
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the positive system condition. Thus, the non-negativity of the state at the next time is guaran-
teed. We can then argue recursively that for all non-negative link initial conditions, the state
of LSs will remain non-negative. Finally, it is derived that the state of NSs will also remain
non-negative for any non-negative initial conditions. This method not only ensures the rig-
orism of the demonstration process, but also provides an effective analytical framework for
verifying the positivity of complex coupled systems.

Synchronization

This section will discuss the synchronization of fuzzy PMJCNs consisting of NSs and LSs.
Let s(t) denote the state of an isolated node given by:

Rule b: IF ¥, () is ¢pp1, P2 (1) is ¢pa, - and P, (t) is ppg, THEN

5(t) = Apps(t) + Fopf(s(2)) + Bypi(t),

- 31
3(1) = Cops 1), (1)

where s(t) € R", y(t) eR”, u(t) € R" denote state, output and control input of the isolated
node, respectively; Ay, Byp, Cip, Fyp are given matrices of appropriate dimensions, and it is
assumed that Ahp is a Metzler matrix, Bhp >0, Cbp >0, Fbp > 0. By the fuzzy inference method,
the defuzzified fuzzy system (31) becomes

5(t) = Xry ©($(1)) (Apps(t) + Fypf(s(1)) + Byyia(1)),

F(t) = Xy Ou($(1)) Caps(1). (32)

Based on the fuzzy model, the controller is designed as:
Rule 7: TF 9y (t) is ¢n1, P2(t) is 2, -+, and P, (t) is ¢y, THEN

() = Kyps(t),

where K,,, is the control gain matrix for each n=1,2, -, m. Then,

() = Do, ©,(d())Kyps(1). (33)

Define the synchronization error between the ith node and the isolated node: ;(t) = x;(¢) -
s(t). Then,

D) = Tt Ou($(0) (A1) + Fyfle(1) + % S, (0 (1) + B ((0))
+ Bypui(t) + Eppeoi(£) + (App - App - BypKinp)s(t) + (Fup = Fop)f(s(2)))
Ji(t) =2y ©u(p(1))(Cupei(1) + (Cop — Cip)s(1)), G
34
where f(ei(t)) = f(xi(t)) - f(s(t)), h (e](t)) h(x;(t)) - h(s(t)) and y;(t) is the controlled out-

put of the error systems. Based on the fuzzy model, the controller is designed as:
Rule 7: TF 9, (t) is ¢n1, P2(t) is 2, -+, and P, (t) is ¢y, THEN

Mi(t) = Knpei(t),
where K, is the controller gain matrix. Then,

ui(t) = 2, O, (1)) Kipei (1) (35)
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Define e(t) = (] (1), 5 (1), ...ex (1)) T, ¥(1) = (51 (), 71 (), ... 3%(1)) T, S(8) =
(sT(0),8T (1), wensT ()T, F(s(1)) = (T (s(0)ofT (5())s o ST (s(D)) T, Ee(1)) = (T (en (1)),
T (ex(t)),....f (en(t)))T. By substituting (35) into (34) and using the properties of the Kro-
necker product, the closed-loop system is:

e(t) =Dt On(#(1)0,(p(1)) ((In ® (Abp + BypKip) e(t)
+ (Iy Q@ Fyy)F (e(t)) + K(IN ® AppH(x(1)))L(t) + (Iy @ Epp) W(1)
+ (IN® (Abp Abp Bbp np))s(t) + (IN® (th Fbp))F(S(t)))
Y(6) =20 06(p(1) ((In ® Cup)e(t) + (Iy ® (Cop - Cip))S(1)).-

(36)

Next, the synchronization problem of sytem (5) is transformed into the stability problem
of system (36) by following theorem.

Theorem 3 If there exist constants & >0, @ >0, % >0, tp >0, iy >0, t, >0, uz > 1,y >0, R"
vectors z,gp) >0, Azﬁg > 0,7, > 0,7, >0,and RY vectors £, > 0, &, > 0 such that the conditions

(10), (22¢), (22e), (22f), and

Ay + €Fyp + By Y 10297 + pol, > 0, (37a)

App = App — By X 19207 4+ e(Fyy ~ Fip) + sl 20, (37b)
A+ By X 10287 4 €Fyy + ol > 0, (37¢)
5<1"B},n, <3, (37d)

A;Tpﬁp +ay,, zf, + erpnp + Zlqzl Apghg + ,u3C,Ipl,, <0, (37e)
hp’7p Abpnp 5 Zi l”z',(,;) + e(FZp —Fb;)np + u3(Cp - Cip) "1, <0, (37f)

hold for each p, g € &, then the system (5) is positive and reaches the synchronization with
L,-gain performance under the coupling term (21) and controllers (33) and (35) with

Kip = 2. l(l)A(n;)T’Knp =X 1’(11)21(1;)T. (38)
Proof: First, the positivity of the system (32) is proved. Give the initial state s(#) > 0. Not-
ing Assumption 1, it follows that exj, (fo) < fi(xix (o) )xik(to) < €x3;.(to) by multiplying both

sides of the inequality ¢ < f% <eby (xi(to) - sk(to))? and choosing si () = 0.

Then, 5(£5) = Y, , 04(¢(10)) 0, (¢(to)) (A + €Fpp + Bbp np)s(to) From (37a) and (38), it
derives that Abp + stp + Bbp p + Mol, > 0. By Lemma 1, Abp + stp + BprnP is Metzler. Thus,
it holds that $(#f) > 0 for s(%) 2 0. Then, s(¢) > 0 for any initial state s(#y) > 0 by recursive
derivation.

Next, the positivity of the error system (36) is considered. Substituting the formula (35)
into (34) yields that

ei(1) =an71@b(¢(t))@ (6())((Asp + BupKyp)ei(t) + Fopf(ei(t))
i1 lj(t)Abp(h (e(t)) +hj(s(t))) + Bypui(t) + Eppei(t)
+ (App - Ahp Bprnp) s(t) + (Fpp - th)f(s(t))).
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Give the initial state e;(y) > 0. Using Assumption 1, we can obtain € < % <e

and p < % < ¢. Consequently, it follows that ee;(ty) < f(e;(ty)) < €ei(t,) and

pei(to) < hi(ei(to)) < gei(to). Thus,

éi(t0) = Xphut ©o(®(10))u($(10)) ((Abp + BopKop +ox T 1y(10) Mgy
+ stp)e (to) + Eppwi(to) + (App — App — BbPK"P +&(Fp - FbP)
+ px Zj:I lij(to) Aup)s(to))-

Let e(to) (e (to),e5 (to), s ef(t0)) T, S(to) = (s"(t0)>s" (£o) -r»s' (o)), and W(ty) =
(@] (to),; (to), . wN(tO))T' Then, e(15) = Xpne Ov((t0))On((t0)) (A X E(to) +
BS(t)) +CW(to)),where

K xpha(to) Ay -+ xphn(to)Asp
A= K,Olz1(to)Abp Kzz - xphn(to) Avp
xpln (tO)Abp xplnz (tO)Abp Kyn

Kii = App + BypKp + €Fpp + xplii(to) App, B=In ® (App — App — BypKyp + €(Fyp — Fpp) +
px Zj:l lii(to) App), and C = Iy ® Eyp. From (10) and (37c¢), it derives that Ay, + By K + £Fpp +
M2l > 0. By Lemma 1, Ay + By, K,y +€Fy, is Metzler, that is, Ay, + By, Kyyp +€Fy, +xplii (to) Ay is
Metzler for i = {1,2,..., N}. Noting the condition [;;(t,) > 0, we have that xpl;;(ty) Ay > 0 for
i #j. Then, A is a Metzler matrix. From (37b) and (38), it holds that Iy ® (A - pr - Ebpl?np +

€(Fpp- E,P) +,u1[ ) > 0. By Lemma 1, IN® (A - pr Ebpknp+E(Fbp ﬁbp)) is a Metzler matrix.
Owing to px Z lij(to) App > 0 and Ey, > 0, we obtain B> 0 and C > 0. Thus, (5 ) > 0 for
é(ty) = 0. Then, e(t) > 0 for any initial state e(fy) > 0 by recursive derivation. Therefore, the
system (36) is positive by Lemma 2.

Choose the stochastic CLF as: V(e (t), ;) = e[ (t)5, where e (t) = (e (t),LT(¢t))7, s =
(17 ® np 1L ® §P )T, and 1, = M&,. Then, the weak infinitesimal operator of V(e(t),r;) is:

I'V(ec(t),rt) an 10(8()0,(8(1)) (e (1) (In ® (A, + K, By, )y
+ o Ap(In ®71y)) +FT(e(t))(1N®FP77p)
+ W) (In ® Epymp) + LT (1) (v @ kH' (x(1)) Agy1p)
+8T(1)(1n ® (A, - A), - KBl )mp) +FT(S(1‘))(1N (39)

® (F], - )np) + L () (1 ® (Q) & - xHT (x(1))
ALME, - WE 8y + 3 A1y ® .)))).

Since 1), = ME,, it yields that

TV(ec(t),rt) = Xpet @($(£)0n(9(1)) (" (1) (In ® (Ay, + KBy )y
+ 21 Apg (I ® 7)) +FT(e(t))(1N®Fpnp)
+ WD) (IN® Epnp) +ST()(In® (A}, - Ay, -KL,By,)mp)  (40)
+F(S(1))T (v ® (Fy, - Fj)mp) + LT (1) (v ® (Q3,6
~ G &+ T A (In® EY)))).
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From Assumption 1, we have F' (e(t)) <ee' (t) and F'(S(t)) <€ST(¢). Then,

TV(ec(t),r1) < Xy On(#(£))0a(p(1)) (T (1) (In ® (A, + K7,Bp,
FeFL )0y + T Ay ®1)) + FT (e(1)) (1y ® . 17,)
+ WT(1)(In ® Efmp) + ST(1) (v ® (A7, - 4y, (41)
- Ki,By,)np) +eST(1)(In ® (Fy, - Fj,)mp) + LT (1) (1y

® (Q&p — Iy & + Ty Ay (N ® E)))))-

From (10), (22¢), (37d), and (38), it deduces that

TV(ec(t),r) < Tpuy @6(B(£)On($(D)) (LT () (In ® QL& + Th; Apg(In ® &7))
+eT () (v ® (AL mp + & Xy 24 +€FLm) + X0 Apg(1n ® 7))
+ST() (W ® (AL - AL 1y =0 Ty Zop) +€(FL, L))

+WT (1) (1n ® Ep,p))-

Consider the case W(¢) = 0. Combining (22e), (37¢) and (37f) yields that

]
In® (Q;—pgp + Zq:l /lpng) <Ixn® (_#31N)’
INn® (Aprﬂp + QZ?ﬂ Zﬁ;) + €F21;777P + Z{F1 qunq) <Iy® (‘/13C2,;,1n)’
—~ _— l o~
In® (AL~ ALy =8 Ty g + €(FL, ~FL,)1p) < 1y ® (~443(Crp — Cip) 1),

Then,

TV(e(t)hr) <24l @u(@()) (—psSslel - Bl S| - pslIL]h), (42)

where 9, = minyeg {mini_; . » Zfaég)} and Egg) is the ith row jth column element of Ebp.
Applying Dynkin’s formula to (42) yields that

E{V(ec(t),)} - V(ec(0),70) t
<X ®bt(¢(t))(—/ls(«9b[E{/0 le(s) ||t1d5|€(0)) ro} (43)
= 9E{ [y [S(s) 1s1S(0), ro} — E{ fy |L(s) [1ds|Lo, o })).-

Due to E{V(e(¢),7;)} > 0, we can obtain

limoo E{ fy [e(s) [1ds]e(0), ro} < 5", @u(4(1)) 75, V(ec(0), o) < oo,
limio E{ fy [S()10518(0), 0} < T3, @ ($(1)) - V(ee(0), ) < oo,

limy— 0 [E{[Ot IL(s)|1ds|Lo, 70} < iV(ec(O),ro) < 00.

Therefore, the system (36) is stochastically stable by Definition 2.
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Next, consider the case W(t) # 0. Under the zero initial condition, we have E{ V(e (¢), 1)} =
E{/, TV(e:(t),7)} > 0. Then,

E{L Y@ -7IW®0)de} <372 On($(5)Ou($(0)) (E{fy (T () (In® C})
X Ly + ST () (In ® (Cpp — Cpp) )Ly
—yWT ()1 +e" ()(In® (AL +a X1, 25
+e(IN® Flmp) + 0y Apg(In ® 7))
+ W) (In ® Eg,mp) + LT (5 (In ® Q1 &,

+ 3 Apg(In® &) +ST()(In ® (AL, ~ ALy
~8Y, 2y +e(EL - F)mp))dt}).

By (22e), (37b), and (37f), it gives

In® (szgp + Zé:l qugq) <1y ® (-u3ly),
Iy® (Abpnp +ay,, znp + erPnp + Zlqzl Apghq) <IN ® (—,u3CZp1n),
1N® (Abpnp Abpnp 5 ZL 1,‘2'51;7) + e(F;;; _’F’Jp)np) < lN ® (_M?’(Cbp - E;;;)ln)

Then,

E{f (¥ -7 W®)de} <35k, 0u($(6) (E{fy (1- )
x (eT (1) (Iv ® Cp,) Liv - 5L (1) (In ® 1)
+8T(£)(In ® (Chp ~ Cp) 1)
+ WT(t)(In ® (Ej,mp - y1n))dt}).

(44)

Using (22f) gives Iy = ®  (Ej,mp, - 7y1,) <0.Since us > L then E{ /" (|Y()]: -
y|W(#)]1)dt} <0. Thus, the system (36) is stochastically L;-gain stable by Definition
2, that is, the system (5) reaches synchronization with L;-gain performance under the
controller (35).

Theorem 3 proposes a synchronization framework for fuzzy PMJCNs by using the iso-
lated node (32). In the following corollary, it is stated that the state synchronization of NSs is
achieved when the coeflicient matrix of the new isolated node system (46) is identical to that
in NSs. Let s(¢) denote the state of the isolated node given by:

Rule b: IF ¥, (1) is ¢p1, P2 (t) is Ppa, -, and P, () is ¢, THEN
§(0) = Apps(1) + Figf(s(0). (45)

By the fuzzy inference method, the defuzzified fuzzy system (45) becomes

5(8) = iy Ou(P(1)) (Arps(t) + Fpf(s(1))). (46)
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Define the synchronization error between ith node and the isolated node: ¢;(t) = x;(t) -
s(t). Then,

(1) = 3 04($(1)) (Aer(1) + Fuf(ex(1)) + Bopus(1)
b=1

+ 33 1i() Agphi(x5(1)) + Eppoi(1)) (47)

=1

510 = 31 04($(1)) (Cuper (1)),
b=1

where f(e;(t)) = f(x;(t)) — f(s(t)). Using the properties of the Kronecker product, the closed-
loop system is:

&(t) =Xyt ©6(8(1))04($(1)) ((In ® (App + BypKp) e(t)
+ (In ® Fyp)F(e(t)) + x(Iy ® AppH(x(£)))L(£) + (I ® Epp) W(E)), (48)
Y(1) =20 0u(6(1)(In ® Cip)e(t).

Corollary 1 If there exist constants & >0, & >0, % >0, u; >0, tp > 1, 43 >0,y >0 and R”
vectors zf,;,) <0,7), > 0,7, >0,and R" vectors &, > 0, &, > 0 such that the conditions (10),
(22b), (22¢), (22d), (22e), and (22f) hold for each p, g € &, then the system (5) reaches the
synchronization with L,-gain performance.

Proof: The proof process is similar to Theorem 3 and thus it is omitted.

Remark 7 The synchronization problem of MJCNs was investigated in [22-25]. Compared
with existing synchronization results, the proposed approach considers the dynamics and
coupling mechanism between NSs and LSs. In order to achieve the synchronization of NSs,
the design of the coupling term needs to take into account the dynamic characteristics of two
classes of subsystems. In addition, the final values of the states are finite non-zero values and
they are independent of initial conditions.

Remark 8 This paper focuses on the synchronization issue of PCNs, where the connec-
tivity and the network topology evolve dynamically over time. This characteristic is reflected
through the proposed LSs model. The synchronization design of traditional CNs typically
employs static topological graphs to represent fixed interconnections among nodes and con-
centrates on the synchronization of nodal dynamic behaviors. This paper needs to consider
both node dynamics and link dynamics. Therefore, the corresponding synchronization prob-
lem is more challenging. Furthermore, a core feature of positive complex networks is that the
state variables remain non-negative under all non-negative initial conditions. Such a positivity
constraint is generally not considered in traditional CNs.

lllustrative example

In the field of electric energy, an integrated power supply network for generation, storage,
transmission and distribution is designed to meet the growing challenge of clean energy. The
network consists of several nodes, such as power stations and substations, and transmission
lines connecting these nodes. Fig. 1 is an energy storage and transmission unit. Fig. 2 gives
the network topology through the layout of nodes and links. The isolated nodes represent an
independent power generation facility, while the other nodes are connected to each other by
transmission lines, forming a complex network. Fig. 3 shows a network switching electric cir-
cuit system with fuzzy Markovian parameters, where the current source E simulates the power
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Fig 1. The ith energy storage and transmission unit.

https://doi.org/10.1371/journal.pone.0321582.g001

) _’ 1solated node

network layer

Fig 2. The network topology.
https://doi.org/10.1371/journal.pone.0321582.9g002

output of the generating unit, the capacitors C; and C, represent the energy storage elements,
and u; and u, are the voltages of capacitors with value C; and C;, respectively. Together with
resistors Ry, Ro, R, and inductors L, they form the circuit framework of the ith node network.
The configuration of these components ensures the positive value of all state variables in the
circuit.

According to the Kirvchhoff law, the following equations are obtained:

du Ry +R R 2R,(Ro + R R RoR
e e TR 2(Ro 2)iL+ 2 E+ 22 f(wy),
dt G R G R CR G R CR

@ _ Ro R() + R] RIR() + R1R2 - ROR2 R R1 R()Rl

= u + E+ up), 4
i GR™MT GrR R AN Balron TAC U CY)
dip 1 Rs3p
— =—U _71.) :1327"') 5
a L, L, P 4
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] Network Layer

2(Ry+R,)i,

Fig 3. The ith node network circuit framework.

https://doi.org/10.1371/journal.pone.0321582.g003

where R’ = RjR; + RoR, + RoRy, and f(u;) = uy sin®(u; ). Let x;) = uy, X3 = t, X;3 = i, and the
external input as Ww(t) = E. The dynamic of ith node is described as:

5(8) = Apxi(£) + Bin(t) + Cfxa (1)), (50)
where
Ry + R, Ry 2R, (RO + Rz)
C R CR CR
A R() RO + Ry RIR() + RiR; - ROR2
? GR’ GR’ Cj{ ! ’
1
N n
P P
R, RoR,
CR CiR’
B= IE] ,C= RoRy
GR GR'
0 0

Take x; (t) as the premise variable, then the normalized membership functions are
0,(¢(t)) =sin®(xi1 (1)), @2(¢(t)) =1 - sin®*(x;1 (¢)). The T-S fuzzy model is applied to model
the overall network system as follows:

Rule 1: IF sin?(x; (t)) = 0, THEN

xi(t) = Aipxi(t) + Bi(t) +x Ty (D) Aiphy(xi(1),

Rule 2: TF sin?(x;; (¢)) = 1, THEN

(1) = Agpxi(1) + Biw(t) +x Ti1, () Agphy(xi (1)),
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where
Ro + Rz RO 2R2 (RO + Rz)
CiR CiR’ CiR
A Ro RO + Ry RIRO + RiR; - ROR2
LA N3 C,R’ sz '
1
0 _ _%
LP LP
R() + R2 + R()R2 R() 2R2(R0 + Rz)
CR CiR' CiR’
A Ro + RoRy R+ R, RRy+RiR; - RoR;
»- C,R’ R’ cﬁ '
0 s )
Ly

with ﬁ/( l’) = ‘Pbpu,-(t) + prf(x,-(t)) + Ebpw,-(t), and Bbp = B'*pbp, Fbp = Bpr, Ebp = BEbp, where

Wips Qip> and Ey, are suitable dimension matrices. Choose Ry =1, Ry =3, R, = 1, R3; = 4,
Ry =5,C1=06,C,=06,L;=1,L,=2,B= (0.2381,0.7143,0), Yy, = (0.01, 0.02, 0.03),

¥, =(0.03,0.01,0.01), ¥; = (0.02,0.03,0.01), ¥;, = (0.02,0.040.01), Q;; = (0.3,0.1,0.5),

Q1> = (0.2,0.1,0.3), Qy; = (0.1,0.1,0.4), Qs = (0.2,0.2,0.3), Ey; = (0.4,0.2,0.5), By, =

(0.1,0.3,0.2), By, = (0.4,0.3,0.1), E;, = (0.5,0.1,0.3). Similarly, the LSs are modeled as L(t) =
Y01 ©6(8(1)) (In ® Qup)L(1) + T(x(t)), where
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filxa(£)) = 0.1xi() + 5 and by (x(1)) = (cos” (xia(1)avs (1)), sin® (xa (£)xi(1)) , tanh?
-03 03
0.2 —0.2)'

The inner coupling matrix is chosen as A, = diag(0.4,0.3,0.2), A, = diag(0.5,0.7,0.4),

Ay =diag(0.3,0.6,0.4), Ay, = diag(0.1,0.3,0.6). The initial values are: x(0) = randn(3,1)

and L(0) = randn(6,1). Give f = 1.6, 8 = 0.4, € = 0.3 and € = 0.5. By Theorem 2, we obtain the

control protocol gain matrices: B

(xi1(£)x2(t))) 7. The coupling strength is: = 1. The transition rate matrix is: (

-26.4946 -13.7489 -27.1513 -3.6534 -14.9813 -19.2998
Ky =| -3.0568 -19.5003 -15.6439 |,K;,=|-10.7956 -3.8756 -16.8544],
-1.4405 -11.3243 -20.4468 -7.3354 -41.3567 -10.2200
-23.6825 -31.9320 -13.8775 -2.2580 -17.4843 -15.7693
Ky =| -1.3961 -6.1684 -29.9717 |,Ky =|-12.2696 -9.2145 -13.7044].
-2.6498 -12.8818 -15.5571 -16.4248 -17.6377 -39.7504

Figs 4 and 5 provide the simulations of the state trajectories x;(¢) and L;(t),i =
1,2,3,4,5,6, respectively. It can be seen from Figs 4 and 5 that the state trajectories of nodes
and links are non-negative respectively and converge asymptotically to zero. The smoothness
of convergence indicates that the controller has good performance in terms of stability and
response time.

10 15 20 25 30
Fig 4. The trajectories of the states of NSs with the controller (4).
https://doi.org/10.1371/journal.pone.0321582.g004

0

15 20 30
Fig 5. The trajectories of the states of LSs with the coupling term (21).
https://doi.org/10.1371/journal.pone.0321582.9005
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Furthermore, the initial conditions for the isolated node and error are chosen as: s(0) =
randn(3,1) and e(0) = x(0) - s(0). By Corollary 1, we obtain the control protocol gain matri-

ces:
-23.6840 12.6330 -25.6052 -5.3107 -8.6797 -18.4612
Ky =| -3.7964 -17.2268 -15.3550|,K;, =|-8.2772 -2.6338 -16.3188],
-1.9755 -11.4113 -19.6389 -7.1869 -52.3269 -11.1626
-19.2124 -32.1002 - 14.3336 -2.6647 -17.0960 -15.3457
Ky =] -2.2058 -2.7781-30.4840 |,Kj; =|-12.8992 -6.9761 -13.5901
-3.3583 -11.8789 -15.5454 -13.5668 -17.8763 -37.6156

Fig. 6 gives the simulations of the state trajectories x;(t) and s(t),i=1,2,3,4,5,6, Fig. 7 is
the states of LSs, and Fig. 8 shows the tracking error of the six following nodes with respect to
the leader s(t) under the action of the controller (35). It can be observed from Fig. 8 that the
tracking error of each node gradually approaches zero, which indicates that the synchroniza-
tion controller has achieved the synchronization performance.

707
z1(t)
60 5
!y 3 ‘ ‘ - a(t)
Y —r(t
ol . = ()
40 i $4(t)
30; x5(t)
z6(t)
20 —+5(t)
101 N
0 :
0 18 20
Fig 6. The state trajectories of NSs.
https://doi.org/10.1371/journal.pone.0321582.g006
4
s, ——Li(®)
2 Lo(t)
24! —v— Ls(t)
0
14 b Ly(t)
Ls(t)
2 =l —le— L (1)
3
2.5

Fig 7. The state trajectories of LSs.
https://doi.org/10.1371/journal.pone.0321582.g007
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Fig 8. The trajectories of the error e(t) with the controller (35).
https://doi.org/10.1371/journal.pone.0321582.9008

Conclusions

This paper constructs a novel fuzzy PMJCNs model, which describes the dynamic behavior
of the network through the mutual coupling of NSs and LSs. An innovative coupling mecha-
nism is designed. This mechanism aims to achieve the stability and synchronization perfor-
mance of the PMJCN's by introducing coupling terms and related controllers. In addition, a
LP method is proposed to solve all conditions. Future research will focus on further optimiz-
ing the coupling mechanism to improve the stability and synchronization performance of the
PMJCN:s.
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