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Abstract
Measles is a highly contagious illness that can spread throughout a population based on
the number of susceptible or infected individuals as well as their social dynamics within
the society. The measles epidemic is thought to be controlled for the suffering popula-
tion using the susceptible-exposed-infectious-recovered (SEIR) epidemic model, which
depicts the direct transmission of infectious diseases. To better explain the measles epi-
demics, we provided a nonlinear time fractional model of the disease. The solution of
SEIR is obtained by using the Caputo fractional derivative operator of order 𝜇 ∈ (0, 1].
The Homotopy perturbation transform method (HPTM) and Yang transform decompo-
sition methodology (YTDM) have been employed to obtain the numerical solution of
the time fractional model. Obtaining numerical findings in the form of a fast-convergent
series significantly improves the proposed techniques accuracy. The behaviour of the
approximate series solution for several fractional orders is shown graphically which
are derived through Maple. A graphic representation of the behaviours of susceptible,
exposed, infected, and recovered individuals are shown at different fractional order val-
ues. Figures that depict the behaviour of the projected model are used to illustrate the
developed results. Finally, the present work may help you predict the behaviour of the
real-world models in the wild class with respect to the model parameters. It was found
that the majority of patients who receive therapy join the recovered class when various
epidemiological classes were simulated at the effect of fractional parameter 𝜇. These
approaches shows to be one of the most efficient methods to solve epidemic models and
control infectious diseases.
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1 Introduction
Medical research, public health, and health care evaluation are all grounded within the
incredible field of epidemiology. These days, epidemiologists are interested in researching
disease models using anonymous parameters. Mathematical epidemiology has been study-
ing the transmission of infectious diseases since the early 20th century with the use of estab-
lished mathematical models [1–4]. The deterministic and stochastic models of infectious dis-
eases provide the researchers with important new insights. The individual populations for
the deterministic models represent the various compartment-specific stages. The popula-
tion transition rate stated mathematically as a derivative from one part to another depend-
ing on various parts and population transition amounts. The population as a function of time
is represented by the differential equation system. In 1927, Kermack and McKendrick built
a basic deterministic model that was helpful in creating more complex mathematical mod-
els of epidemics, and it is still regarded as a foundational model [5]. After the initial stage of
infection, a latent period often occurs in various infectious diseases. This interval cannot be
skipped while assessing the infectious stage. For this reason, it becomes sense to add an early
stage into the epidemiological model. Four classifications make up the current SEIR model
of disease, which corresponds to infectious diseases based on their condition. The model is
made up of the following individuals: the susceptible 𝔼(𝜒); the exposed 𝔽(𝜒); the infective
𝔾(𝜒); and the recovered ℍ(𝜒). In certain cases, it is discovered that a member of the infec-
tious class does not exhibit symptoms for some time. SEIR models are employed to model
these diseases [6,7]. Comprising, proposing, planning, executing, testing, and assessing differ-
ent detection, therapy, and control programmes are among the applications of mathematical
epidemiological models [8–13].

The calculus of integrals and derivatives of any arbitrary real or complex order is the focus
of fractional calculus [10,14–17]. This makes it possible to think of it as a modification of clas-
sical calculus, which is one specific example that is covered in the theory. The de l’Hospital
letter to Leibniz in 1695, which asked, ”What does the derivative of order 1

3 or
√

2 of a func-
tion mean?” was the moment the notion of derivatives of non-integer order arose. The study
of this field attracted the interest of mathematicians in the eighteenth and nineteenth century.
Famous scientist Abel became the first to investigate tautochrone problems implicitly using
fractional calculus in 1823 [19]. After that, a number of fundamental papers have been pub-
lished on different facets of fractional calculus [18,20–22]. A comprehensive collection of rele-
vant findings, including case studies and examples, can be found in [23]. Additionally, there
exists an extensive amount of work in the background literature pertaining to the exact and
approximate solutions of fractional differential equations (FDEs) of the Riemann Liouville
and Caputo types, as well as non-integer derivatives concerning polynomial products, non-
integer derivatives and non-integer powers of operators, and boundary value problems (see,
for example, [24–28]). Researchers have recently focused a lot of attention on fractional calcu-
lus, and several facets of the topic are being explored for research. This is an illustration of the
fractional derivative’s importance as a tool for understanding the dynamic behaviour of many
physical systems.

The use of fractional calculus in a number of scientific and engineering fields is notewor-
thy and highly significant [29–31]. More specifically, the biological mechanisms underly-
ing a number of diseases have been studied using fractional framework [32–35]. It has been
shown that fractional calculus is useful for modeling a wide range of processes and has many
applications. The nonlocal properties of this differential operator are its strongest strength,
which are absent within integer order differential operators. FDEs are unique in that they may
describe the memory and transmission properties of many different mathematical models. It
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is a known reality that models with fractional orders are more useful and realistic than those
with integer orders. In these models, the fractional order derivative yields a higher degree of
freedom. Strong tools for controlling the dynamic behaviour of different biomaterials and sys-
tems are arbitrary order derivatives [27]. These models most important trait is their global
(nonlocal) properties, which are absent within classical order models [36]. However, there is
also an increasing amount of work on dynamic fractional differential systems that is related
to modern mathematics and is focused on several scientific domains such as control theory,
chemistry, and physics. Fractional calculus may be interesting because it provides a more
detailed description of potential uncertainties in the dynamic model due to the numerical
value of the fraction parameter. In particular, fractional calculus has been applied in a num-
ber of real-world scenarios recently [37–40]. However, there is currently an expanding col-
lection of mathematical literature on fractional differ-integral calculus that can successfully
confirm support for studies conducted in other relevant fields [41,42].

In reality, the analytical analysis of a fractional derivative model is one of its difficulties.
In fact, this restricts attention to the fractional model’s dynamics. To the best of our knowl-
edge, there are no pertinent publications in the available literature that address the process
of deriving analytical solutions for the measles model. Furthermore, not much research has
been done to examine the dynamics of the SEIR model using non-integer derivatives. Over-
all, the literature suggests that more investigation and study are needed to better understand
and study the SEIR model phenomenon. Therefore, we present a comprehensive analysis of
the intricate phenomena of SEIR model to understand the transmission route of this infec-
tious disease. Powerful techniques such as YTDM and HPTM are produced by combining the
adomian decomposition method (ADM), homotopy perturbation method (HPM), and Yang
transform. Adomain polynomials and He’s polynomials are used to decompose the nonlin-
ear terms after the differential equations are transformed into algebraic equations with the
aid of Yang transform. Both deterministic and stochastic differential equation systems can be
solved effectively with these computational methods. More specifically, it can be applied to
a system of fractional order, classical, linear, and nonlinear ordinary and partial differential
equations. The structure of the article is as follows: The standard SEIR model is described in
Sect 2. We give some fundamental definitions of FC in Sect 3. We created the HPTM for dif-
ferential equations of any order in Sect 4. We created the YTDM for differential equations of
any order in Sect 5. We discussed the convergence analysis of the suggested techniques in Sect
6. We solved the SEIR epidemic model in Sect 7 using the suggested methods. Discussion and
numerical simulation are provided in Sect 8. Sect 9 concludes with some final remarks.

2 Model descriptions
To explain the spread dynamics of measles, we design a deterministic, compartmental math-
ematical model. The population is constantly interacting and mimics the demographics of
a normal developing nation while exploring dynamics that are growing exponentially. The
model equations [10] are described by classifying the total population (N) into four cate-
gories: 𝔼,𝔽,𝔾, and ℍ, which stand for susceptible, exposed, infected, and recovered popula-
tion, respectively. The flow chart of these four classes are shown in Fig 1.

d𝔼
d𝜒 =B – 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒),

d𝔽
d𝜒 = 𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒),
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Fig 1. Flow diagram of SEIR model.

https://doi.org/10.1371/journal.pone.0321089.g001

d𝔾
d𝜒 = 𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒), (1)

dℍ
d𝜒 = 𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒),

The class 𝔼 of susceptible is decreased with infected individuals at a rate 𝛽; the rate at
which new immigrants or births occur is B; and the rate at which natural death occurs is
𝜅. The exposed individuals in 𝔽 are formed by interaction with infected persons at a rate of
𝛽; these individuals break into the infected class at a rate of 𝛼, become diminished at a rate
of 𝜅, and are decreased at a rate of 𝜎 through testing and measles therapy. At a speed 𝛼, the
class of infected individual 𝔾 is formed from the exposed individual. It gets weaker at a rate
𝜅 and reduced by infection recovery at a rate 𝜌. This creates a class ℍ that is fully protected
from individual disease. According to [10], the natural death at a rate 𝜅 is diminished by ℍ
recovered individual.

The model’s fractional order expansion was first investigated in [43]. Although at a slower
rate, they exhibit the realistic biphasic decrease behaviour of disease infection. The fractional
SEIR system is the new differential equation system that is represented as follows.

D𝜇1
𝜒 𝔼(𝜒) =B – 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒),

D𝜇2
𝜒 𝔽(𝜒) = 𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒),

D𝜇3
𝜒 𝔾(𝜒) = 𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒),

D𝜇4
𝜒 ℍ(𝜒) = 𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒),

(2)

The above model becomes the classical epidemic model for 𝜇1 = 𝜇2 = 𝜇3 = 𝜇4 = 1.

3 Basic concept
To provide more insight and elucidate the methods of solution, we will draw attention to a
helpful concept pertaining to fractional calculus.
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3.1 Definition
The Caputo fractional operator is as [44]

D𝜇
𝜒𝔼(𝜒) =

1
Γ(k – 𝜇) ∫

𝜒

0
(𝜒 – 𝛾)k–𝜇–1𝔼(k)(𝛾)d𝛾, k – 1 < 𝜇 ≤ k, k∈N. (3)

3.2 Definition
The yang transform (YT) of the function below is as [45]

Y{𝔼(𝜒)} =J (𝜍) =∫
∞

0
e

–𝜒
𝜍 𝔼(𝜒)d𝜒, 𝜒 > 0, (4)

with 𝜍 demonstrate the transform variable.
Some basic properties of YT are as

Y[1] =𝜍,
Y[𝜒] =𝜍2,
Y[𝜒k] =Γ(k + 1)𝜍k+1.

(5)

having inverse YT as

Y–1{F(𝜍)} = 𝔼(𝜒). (6)

3.3 Definition
The YT of the function having n-times derivative is as[45]

Y{𝔼n(𝜒)} = F(𝜍)𝜍n –
n–1
∑
k=0

𝔼k(0)
𝜍n–k–1 , ∀ n = 1, 2, 3,⋯ (7)

3.4 Definition
The YT of the function with non-integer derivative is as [45]

Y{𝔼𝜇(𝜒)} = F(𝜍)𝜍𝜇 –
n–1
∑
k=0

𝔼k(0)
𝜍𝜇–(k+1) , 0 < 𝜇 ≤ n. (8)

4 Analysis of the HPTM
Assume the general nonlinear fractional differential equation as

D𝜇
𝜒𝔼(𝜒) = I(𝔼(𝜒)) +J (𝔼(𝜒)), 0 < 𝜇 ≤ 1, (9)

having

𝔼(0) = 𝜉(𝜗).

By using the YT

Y[D𝜇
𝜒𝔼(𝜒)] = Y[I(𝔼(𝜒)) +J (𝔼(𝜒))], (10)
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1
𝜍𝜇 {F(𝜍) – 𝜍𝔼(0)} = Y[I(𝔼(𝜒)) +J (𝔼(𝜒))]. (11)

After we get

F(𝜍) = 𝜍𝔼(0) + 𝜍𝜇Y[I(𝔼(𝜒)) +J (𝔼(𝜒))]. (12)

On utilizing the inverse YT

𝔼(𝜒) = 𝔼(0) + Y–1[𝜍𝜇Y[I(𝔼(𝜒)) +J (𝔼(𝜒))]]. (13)

In terms of HPM, we may get

𝔼(𝜒) =
∞
∑
k=0

𝜖k𝔼k(𝜒), (14)

with 𝜖 ∈ [0, 1].
Let

J (𝔼(𝜒)) =
∞
∑
k=0

𝜖kHn(𝔼), (15)

with

Hn(𝔼0,𝔼1, ...,𝔼n) =
1

Γ(n + 1)
Dk
𝜖

⎡⎢⎢⎢⎢⎣
J
⎛
⎝

∞
∑
k=0

𝜖i𝔼i
⎞
⎠

⎤⎥⎥⎥⎥⎦𝜖=0
, (16)

where Dk
𝜖 = 𝜕k

𝜕𝜖k .
By switching Eq (14) and Eq (15) in Eq (13), we may get

∞
∑
k=0

𝜖k𝔼k(𝜒) = 𝔼(0) + 𝜖 ×
⎛
⎝
Y–1
⎡⎢⎢⎢⎣
𝜍𝜇Y{I

∞
∑
k=0

𝜖k𝔼k(𝜒) +
∞
∑
k=0

𝜖kHk(𝔼)}
⎤⎥⎥⎥⎦

⎞
⎠
. (17)

Similarly,

𝜖0 ∶ 𝔼0(𝜒) = 𝔼(0),
𝜖1 ∶ 𝔼1(𝜒) = Y–1 [𝜍𝜇Y(I(𝔼0(𝜒)) +H0(𝔼))] ,
𝜖2 ∶ 𝔼2(𝜒) = Y–1 [𝜍𝜇Y(I(𝔼1(𝜒)) +H1(𝔼))] ,
.
.
.

𝜖k ∶ 𝔼k(𝜒) = Y–1 [𝜍𝜇Y(I(𝔼k–1(𝜒)) +Hk–1(𝔼))] ,
k > 0, k∈N.

(18)

Finally, the approximate solution is derived as

𝔼(𝜒) = lim
M→∞

M
∑
k=1

𝔼k(𝜒). (19)
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5 Analysis of the YTDM
Assume the general nonlinear fractional differential equation as

D𝜇
𝜒𝔼(𝜒) = I(𝜒) +J (𝜒), 0 < 𝜇 ≤ 1, (20)

having

𝔼(0) = 𝜉(𝜗).

By using the YT

Y[D𝜇
𝜒𝔼(𝜒)] = Y[I(𝜒) +J (𝜒)],

1
𝜍𝜇 {F(𝜍) – 𝜍𝔼(0)} = Y[I(𝜒) +J (𝜒)].

(21)

After we get

F(𝜍) = 𝜍𝔼(0) + 𝜍𝜇Y[I(𝜒) +J (𝜒)]. (22)

On utilizing the inverse YT

𝔼(𝜒) = 𝔼(0) + Y–1[𝜍𝜇Y[I(𝜒) +J (𝜒)]. (23)

We may get the series form solution as

𝔼(𝜒) =
∞
∑
m=0

𝔼m(𝜒). (24)

The nonlinear term is broken down as

J (𝜒) =
∞
∑
m=0
Am, (25)

with

Am =
1
m!

⎡⎢⎢⎢⎢⎣

𝜕m
𝜕ℓm
⎧⎪⎪⎨⎪⎪⎩
J
⎛
⎝

∞
∑
k=0

ℓkk ,
∞
∑
k=0

ℓk𝜒k
⎞
⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦ℓ=0
. (26)

By switching Eq (24) and Eq (25) in Eq (23), we may get

∞
∑
m=0

𝔼m(𝜒) = 𝔼(0) + Y–1𝜍𝜇 [Y{I(
∞
∑
m=0

𝜒m) +
∞
∑
m=0
Am}] . (27)

Similarly,

𝔼0(𝜒) = 𝔼(0), (28)

𝔼1(𝜒) = Y–1 [𝜍𝜇Y{I(𝜒0) +A0}] .

Finally, the approximate solution is derived as

𝔼m+1(𝜒) = Y–1 [𝜍𝜇Y{I(𝜒m) +Am}] .
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6 Convergence analysis
Here we discuss the convergence analysis of the proposed approaches.

6.1 Theorem
Let us assume that the precise solution of (9) is 𝔼(𝜒) and let 𝔼(𝜒), 𝔼n(𝜒)∈H and 𝜁 ∈
(0, 1), where H symbolizes the Hilbert space. The solution achieved∑∞

q=0 𝔼q(𝜒) will con-
verge 𝔼(𝜒) if 𝔼q(𝜒)≤𝔼q–1(𝜒) ∀q >A, i.e., for any 𝜔 > 0∃A > 0, such that ||𝔼q+n(𝜒)||≤ 𝛽,
∀m,n∈N.

Proof. We take a sequence of∑∞
q=0 𝔼q(𝜒).

Θ0(𝜒) =𝔼0(𝜒),

Θ1(𝜒) =𝔼0(𝜒) + 𝔼1(𝜒),

Θ2(𝜒) =𝔼0(𝜒) + 𝔼1(𝜒) + 𝔼2(𝜒),

Θ3(𝜒) =𝔼0(𝜒) + 𝔼1(𝜒) + 𝔼2(𝜒) + 𝔼3(𝜒),

⋮

Θq(𝜒) =𝔼0(𝜒) + 𝔼1(𝜒) + 𝔼2(𝜒) +⋯ + 𝔼q(𝜒),

(29)

We must demonstrate that Θq(𝜒) forms a “Cauchy sequence” in order to achieve the
desired outcome. Additionally, let’s take

||Θq+1(𝜒) –Θq(𝜒)|| = ||𝔼q+1(𝜒)||≤ 𝜁||𝔼q(𝜒)||≤ 𝜁2||𝔼q–1(𝜒)||≤ 𝜁3||𝔼q–2(𝜒)||⋯

≤ 𝜁q+1||𝔼0(𝜒)||.
(30)

For q,n∈N, we have

||Θq(𝜒) –Θn(𝜒)|| =||𝔼q+n(𝜒)|| = ||Θq(𝜒) –Θq–1(𝜒) + (Θq–1(𝜒) –Θq–2(𝜒))

+ (Θq–2(𝜒) –Θq–3(𝜒)) +⋯ + (Θn+1(𝜒) –Θn(𝜒))||

≤||Θq(𝜒) –Θq–1(𝜒)|| + ||(Θq–1(𝜒) –Θq–2(𝜒))||

+ ||(Θq–2(𝜒) –Θq–3(𝜒))|| +⋯ + ||(Θn+1(𝜒) –Θn(𝜒))||

≤𝜁q||𝔼0(𝜒)|| + 𝜁q–1||𝔼0(𝜒)|| +⋯ + 𝜁q+1||𝔼0(𝜒)||

=||𝔼0(𝜒)||(𝜁q + 𝜁q–1 + 𝜁q+1)

=||𝔼0(𝜒)||
1 – 𝜁q–n
1 – 𝜁q+1 𝜁

n+1.

(31)

As 0 < 𝜁 < 1, and 𝔼0(𝜒) are bound, so take 𝛽 = 1 – 𝜁/(1 – 𝜁q–n)𝜁n+1||𝔼0(𝜒)||, and we get

||𝔼q+n(𝜒)||≤ 𝛽,∀q,n∈N. (32)

Hence, {𝔼q(𝜒)}∞q=0 makes a “Cauchy sequence” in H. It proves that the sequence
{𝔼q(𝜒)}∞q=0 is a convergent sequence with the limit limq→∞ 𝔼q(𝜒) = 𝔼(𝜒) for ∃𝔼(𝜒)∈ I
which complete the proof.
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6.2 Theorem
Assuming that∑k

h=0 𝔼h(𝜒) is finite and 𝔼(𝜒) reflect the series solution that was establish.
Considering 𝜁 > 0 such that ||𝔼h+1(𝜒)||≤ ||𝔼h(𝜒)||, the maximum absolute error is presumed
by the resultant relation.

||𝔼(𝜒) –
k
∑
h=0

𝔼h(𝜒)|| <
𝜁k+1
1 – 𝜁 ||𝔼0(𝜒)||. (33)

Proof. Assume∑k
h=0 𝔼h(𝜒) is finite which indicates that∑k

h=0 𝔼h(𝜒) <∞.
Let us consider

||𝔼(𝜒) –
k
∑
h=0

𝔼h(𝜒)|| =||
∞
∑

h=k+1
𝔼h(𝜒)||

≤
∞
∑

h=k+1
||𝔼h(𝜒)||

≤
∞
∑

h=k+1
𝜁h||𝔼0(𝜒)||

≤𝜁k+1(1 + 𝜁 + 𝜁2 +⋯)||𝔼0(𝜒)||

≤ 𝜁k+1
1 – 𝜁 ||𝔼0(𝜒)||.

(34)

which complete the proof of theorem.

6.3 Theorem
The result of (20) is unique when 0 < (Π1 +Π2)( 𝜒𝜇

Γ(𝜇+1)) < 1.
Proof: Let H = (C[J], ||.||) with the norm ||𝔼(𝜒)|| =max𝜒∈J|𝔼(𝜒)| is Banach space,∀ con-

tinuous function on J. Let I ∶H→H is a non-linear mapping, where

𝔼C
l+1 = 𝔼C

0 + Y–1[𝜍𝜇Y[I(𝔼l(𝜒)) +J (𝔼l(𝜒))]], l≥ 0.

Suppose that |I(𝔼)–I(𝔼∗)| <Π1|𝔼–𝔼∗| and |J (𝔼)–J (𝔼∗)| <Π2|𝔼–𝔼∗|, where 𝔼 ∶= 𝔼(𝜒)
and 𝔼∗ ∶= 𝔼∗(𝜒) are are two different function values andΠ1,Π2 are Lipschitz constants.

||I𝔼 – I𝔼∗||≤maxt∈J|Y–1[𝜍𝜇Y[I(𝔼) – I(𝔼∗)]

+ 𝜍𝜇Y[J (𝔼) –J (𝔼∗)]|]

≤max𝜒∈J[Π1Y–1[𝜍𝜇Y[|𝔼 – 𝔼∗|]]

+Π2Y–1[𝜍𝜇Y[|𝔼 – 𝔼∗|]]]

≤maxt∈J(Π1 +Π2) [Y–1[𝜍𝜇Y|𝔼 – 𝔼∗|]]

≤ (Π1 +Π2) [Y–1[𝜍𝜇Y||𝔼 – 𝔼∗||]]

= (Π1 +Π2)(
𝜒𝜇

Γ(𝜇 + 1)
)||𝔼 – 𝔼∗||

(35)
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I is contraction as 0 < (Π1 + Π2)( 𝜒𝜇

Γ(𝜇+1)) < 1. From Banach fixed point theorem the result
of (19) is unique.

6.4 Theorem
The result of (20) is convergent.

Proof: Let 𝔼m =∑m
r=0 𝔼r(𝜒). To show that 𝔼m is a Cauchy sequence in H. Let,

||𝔼m – 𝔼n|| =max𝜒∈J|
m
∑

r=n+1
𝔼r|, n = 1, 2, 3,⋯

≤max𝜒∈J ∣Y–1 [𝜍𝜇Y [
m
∑

r=n+1
(I(𝔼r–1) +J (𝔼r–1))]]∣

=max𝜒∈J ∣Y–1 [𝜍𝜇Y [
m–1
∑

r=n+1
(I(𝔼r) +J (𝔼r))]]∣

≤max𝜒∈J|Y–1[𝜍𝜇Y[(I(𝔼m–1) – I(𝔼n–1) +J (𝔼m–1) –J (𝔼n–1))]]|

≤Π1max𝜒∈J|Y–1[𝜍𝜇Y[(I(𝔼m–1) – I(𝔼n–1))]]|

+Π[4pt]2max𝜒∈J|Y–1[𝜍𝜇Y[(J (𝔼m–1) –J (𝔼n–1))]]|

= (Π1 +Π2)(
𝜒𝜇

Γ(𝜇 + 1)
)||𝔼m–1 – 𝔼n–1||

(36)

Let m = n + 1, then

||𝔼n+1 – 𝔼n||≤Π||𝔼n – 𝔼n–1||≤Π2||𝔼n–1𝔼n–2||≤⋯≤Πn||𝔼1 – 𝔼0||, (37)

whereΠ = (Π1 +Π2)( 𝜒𝜇

Γ(𝜇+1)). Similarly, we have

||𝔼m – 𝔼n||≤ ||𝔼n+1 – 𝔼n|| + ||𝔼n+2𝔼n+1|| +⋯ + ||𝔼m – 𝔼m–1||,
(Πn +Πn+1 +⋯ +Πm–1)||𝔼1 – 𝔼0||

≤Πn (1 –Πm–n

1 –Π ) ||𝔼1||,

(38)

As 0 <Π < 1, we get 1 –Πm–n < 1. Therefore,

||𝔼m – 𝔼n||≤
Πn

1 –Πmax𝜒∈J||𝔼1||. (39)

Since ||𝔼1|| <∞, ||𝔼m –𝔼n||→ 0 when n→∞. Thus, 𝔼m is a Cauchy sequence in H,
indicating that the series 𝔼m is convergent.

7 Applications
7.1 Example

Assume the fractional epidemic model (2) with below initial conditions.

𝔼(0) = n1,𝔽(0) = n2,𝔾(0) = n3 and ℍ(0) = n4.
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By using the YT

Y(𝜕
𝜇1𝔼
𝜕𝜒q ) = Y

⎛
⎝
B – 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞

⎠
,

Y(𝜕
𝜇2𝔽
𝜕𝜒q ) = Y

⎛
⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠
,

Y(𝜕
𝜇3𝔾
𝜕𝜒q ) = Y

⎛
⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠
,

Y(𝜕
𝜇4ℍ
𝜕𝜒q ) = Y

⎛
⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠
.

(40)

After we get

1
𝜍𝜇1
{F(𝜍) – 𝜍𝔼(0)} = Y⎛

⎝
B – 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞

⎠
,

1
𝜍𝜇2
{F(𝜍) – 𝜍𝔽(0)} = Y⎛

⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠
,

1
𝜍𝜇3
{F(𝜍) – 𝜍𝔾(0)} = Y⎛

⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠
,

1
𝜍𝜇4
{F(𝜍) – 𝜍ℍ(0)} = Y⎛

⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠
,

(41)

F(𝜍) = 𝜍𝔼(0) + 𝜍𝜇1
⎛
⎝
B – 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞

⎠
,

F(𝜍) = 𝜍𝔽(0) + 𝜍𝜇2
⎛
⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠
,

F(𝜍) = 𝜍𝔾(0) + 𝜍𝜇3
⎛
⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠
,

F(𝜍) = 𝜍ℍ(0) + 𝜍𝜇4
⎛
⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠
, (42)

On utilizing the inverse YT

𝔼(𝜒) = 𝔼(0) + Y–1[𝜍𝜇1Y(B)] + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇1

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝

– 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞
⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

𝔽(𝜒) = 𝔽(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇2

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

𝔾(𝜒) =𝔾(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇3

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,
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ℍ(𝜒) =ℍ(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇4

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
, (43)

𝔼(𝜒) = n1 + Y–1[𝜍𝜇1Y(B)] + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇1

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝

– 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞
⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

𝔽(𝜒) = n2 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇2

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

𝔾(𝜒) = n3 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇3

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

ℍ(𝜒) = n4 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇4

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
.

(44)

In terms of HPM, we may get

∞
∑
k=0

𝜖k𝔼k(𝜒) = n1 +B
𝜒𝜇1

Γ(𝜇1 + 1)
+ 𝜖
⎡⎢⎢⎢⎢⎣
Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇1Y
⎡⎢⎢⎢⎢⎣
– 𝛽⎛
⎝

∞
∑
k=0

𝜖kH1
k(𝔼)
⎞
⎠
–

𝜅⎛
⎝

∞
∑
k=0

𝜖k𝔼k(𝜒)
⎞
⎠

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

∞
∑
k=0

𝜖k𝔽k(𝜒) = n2 + 𝜖
⎡⎢⎢⎢⎢⎣
Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇2Y
⎡⎢⎢⎢⎢⎣
𝛽⎛
⎝

∞
∑
k=0

𝜖kH1
k(𝔼)
⎞
⎠

– (𝜎 + 𝜅 + 𝛼)⎛
⎝

∞
∑
k=0

𝜖k𝔽k(𝜒)
⎞
⎠

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

∞
∑
k=0

𝜖k𝔾k(𝜒) = n3 + 𝜖
⎡⎢⎢⎢⎢⎣
Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇3Y
⎡⎢⎢⎢⎢⎣
𝛼⎛
⎝

∞
∑
k=0

𝜖k𝔽k(𝜒)
⎞
⎠

– (𝜌 + 𝜅)⎛
⎝

∞
∑
k=0

𝜖k𝔾k(𝜒)
⎞
⎠

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

∞
∑
k=0

𝜖kℍk(𝜒) = n4 + 𝜖
⎡⎢⎢⎢⎢⎣
Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇4Y
⎡⎢⎢⎢⎢⎣
𝜌⎛
⎝

∞
∑
k=0

𝜖k𝔾k(𝜒)
⎞
⎠

– 𝜎⎛
⎝

∞
∑
k=0

𝜖k𝔽k(𝜒)
⎞
⎠
–

𝜅⎛
⎝

∞
∑
k=0

𝜖kℍk(𝜒)
⎞
⎠

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

(45)

For numerical results, we used the following (Table 1) values of parameters are considered
from [10]. By comparing the 𝜖 coefficients, we may get

𝜖0 ∶ 𝔼0(𝜒) = 600 + 0.32
𝜒𝜇1

Γ(𝜇1 + 1)
,

𝜖0 ∶ 𝔽0(𝜒) = 250,
𝜖0 ∶𝔾0(𝜒) = 100,
𝜖0 ∶ℍ0(𝜒) = 50,

𝜖1 ∶ 𝔼1(𝜒) = –720
𝜒𝜇1

Γ(𝜇1 + 1)
– 0.32

𝜒2𝜇1

Γ(2𝜇1 + 1)
,

𝜖1 ∶ 𝔽1(𝜒) = 485
𝜒𝜇2

Γ(𝜇2 + 1)
+ 0.32

𝜒𝜇1+𝜇2

Γ(𝜇1 + 𝜇2 + 1)
,

𝜖1 ∶𝔾1(𝜒) = –37.5
𝜒𝜇3

Γ(𝜇3 + 1)
,
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Table 1. Parameter values of SEIR measles model.
Parameter Values Description
B 0.32 Birth or immigration at a rate
n1 600 Initial population of 𝔼(𝜒)
n2 250 Initial population of 𝔽(𝜒)
n3 100 Initial population of 𝔾(𝜒)
n4 50 Initial population of ℍ(𝜒)
𝛽 0.01 Infected individual rate
𝜌 0.2 Recovery from infection rate
𝜅 0.2 Natural death rate
𝜎 0.25 Measles therapy rate
𝛼 0.01 Infected class rate

https://doi.org/10.1371/journal.pone.0321089.t001

𝜖1 ∶ℍ1(𝜒) = 72.5
𝜒𝜇4

Γ(𝜇4 + 1)
,

𝜖2 ∶ 𝔼2(𝜒) = 205
𝜒𝜇1+𝜇3

Γ(𝜇1 + 𝜇3 + 1)
+ 0.12

𝜒𝜇1+𝜇3

Γ(𝜇1 + 1)Γ(𝜇3 + 1)
𝜒2𝜇1+𝜇3

Γ(2𝜇1 + 𝜇3 + 1)
+ 864

𝜒2𝜇1

Γ(2𝜇1 + 1)
+ 0.384

𝜒3𝜇1

Γ(3𝜇1 + 1)
,

𝜖2 ∶ 𝔽2(𝜒) = –205
𝜒𝜇2+𝜇3

Γ(𝜇2 + 𝜇3 + 1)
– 0.12

𝜒𝜇1+𝜇3

Γ(𝜇1 + 1)Γ(𝜇3 + 1)
𝜒𝜇1+𝜇2+𝜇3

Γ(𝜇1 + 𝜇2 + 𝜇3 + 1)
–

720
𝜒𝜇1+𝜇2

Γ(𝜇1 + 𝜇2 + 1)
– 0.32

𝜒2𝜇1+𝜇2

Γ(2𝜇1 + 𝜇2 + 1)
– 223.1

𝜒2𝜇2

Γ(2𝜇2 + 1)
,

𝜖2 ∶𝔾2(𝜒) = 4.85
𝜒𝜇2+𝜇3

Γ(𝜇2 + 𝜇3 + 1)
+ 0.0032

𝜒𝜇1+𝜇2+𝜇3

Γ(𝜇1 + 𝜇2 + 𝜇3 + 1)
+ 15

𝜒2𝜇3

Γ(2𝜇3 + 1)
,

𝜖2 ∶ℍ2(𝜒) = –7.5
𝜒𝜇3+𝜇4

Γ(𝜇3 + 𝜇4 + 1)
+ 121.5

𝜒𝜇2+𝜇4

Γ(𝜇2 + 𝜇4 + 1)
+ 0.08

𝜒𝜇1+𝜇2+𝜇4

Γ(𝜇1 + 𝜇2 + 𝜇4 + 1)

– 14.5
𝜒2𝜇4

Γ(2𝜇4 + 1)
,

⋮

Finally, the approximate solution is derived as

𝔼(𝜒) = 𝔼0(𝜒) + 𝔼1(𝜒) + 𝔼2(𝜒) +⋯

𝔼(𝜒) = 600 + 0.32
𝜒𝜇1

Γ(𝜇1 + 1)
– 720

𝜒𝜇1

Γ(𝜇1 + 1)
– 0.32

𝜒2𝜇1

Γ(2𝜇1 + 1)
+ 205

𝜒𝜇1+𝜇3

Γ(𝜇1 + 𝜇3 + 1)
+

0.12
𝜒𝜇1+𝜇3

Γ(𝜇1 + 1)Γ(𝜇3 + 1)
𝜒2𝜇1+𝜇3

Γ(2𝜇1 + 𝜇3 + 1)
+ 864

𝜒2𝜇1

Γ(2𝜇1 + 1)
+ 0.384

𝜒3𝜇1

Γ(3𝜇1 + 1)
+⋯

𝔽(𝜒) = 𝔽0(𝜒) + 𝔽1(𝜒) + 𝔽2(𝜒) +⋯

𝔽(𝜒) = 250 + 485
𝜒𝜇2

Γ(𝜇2 + 1)
+ 0.32

𝜒𝜇1+𝜇2

Γ(𝜇1 + 𝜇2 + 1)
– 205

𝜒𝜇2+𝜇3

Γ(𝜇2 + 𝜇3 + 1)
– 0.12

𝜒𝜇1+𝜇3

Γ(𝜇1 + 1)Γ(𝜇3 + 1)
𝜒𝜇1+𝜇2+𝜇3

Γ(𝜇1 + 𝜇2 + 𝜇3 + 1)
– 720

𝜒𝜇1+𝜇2

Γ(𝜇1 + 𝜇2 + 1)
– 0.32

𝜒2𝜇1+𝜇2

Γ(2𝜇1 + 𝜇2 + 1)
–
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223.1
𝜒2𝜇2

Γ(2𝜇2 + 1)
+⋯

𝔾(𝜒) =𝔾0(𝜒) +𝔾1(𝜒) +𝔾2(𝜒) +⋯

𝔾(𝜒) = 100 – 37.5
𝜒𝜇3

Γ(𝜇3 + 1)
+ 4.85

𝜒𝜇2+𝜇3

Γ(𝜇2 + 𝜇3 + 1)
+ 0.0032

𝜒𝜇1+𝜇2+𝜇3

Γ(𝜇1 + 𝜇2 + 𝜇3 + 1)
+ 15

𝜒2𝜇3

Γ(2𝜇3 + 1)
+⋯

ℍ(𝜒) =ℍ0(𝜒) +ℍ1(𝜒) +ℍ2(𝜒) +⋯

ℍ(𝜒) = 50 + 72.5
𝜒𝜇4

Γ(𝜇4 + 1)
– 7.5

𝜒𝜇3+𝜇4

Γ(𝜇3 + 𝜇4 + 1)
+ 121.5

𝜒𝜇2+𝜇4

Γ(𝜇2 + 𝜇4 + 1)
+ 0.08

𝜒𝜇1+𝜇2+𝜇4

Γ(𝜇1 + 𝜇2 + 𝜇4 + 1)
– 14.5

𝜒2𝜇4

Γ(2𝜇4 + 1)
+⋯

Application of the YTDM
By using the YT

Y(𝜕
𝜇1𝔼
𝜕𝜒𝜇1

) = Y
⎛
⎝
B – 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞

⎠
.

Y( 𝜕
𝜇2𝔽
𝜕𝜒𝜇2

) = Y
⎛
⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠
.

Y(𝜕
𝜇3𝔾
𝜕𝜒𝜇3

) = Y
⎛
⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠
.

Y(𝜕
𝜇4ℍ
𝜕𝜒𝜇4

) = Y
⎛
⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠
.

(46)

After we get

1
𝜍𝜇1
{F(𝜍) – 𝜍𝔼(0)} = Y⎛

⎝
B – 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞

⎠
,

1
𝜍𝜇2
{F(𝜍) – 𝜍𝔽(0)} = Y⎛

⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠
,

1
𝜍𝜇3
{F(𝜍) – 𝜍𝔾(0)} = Y⎛

⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠
,

1
𝜍𝜇4
{F(𝜍) – 𝜍ℍ(0)} = Y⎛

⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠
,

(47)

F(𝜍) = 𝜍𝔼(0) + 𝜍𝜇1
⎛
⎝
B – 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞

⎠
,

F(𝜍) = 𝜍𝔽(0) + 𝜍𝜇2
⎛
⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠
,
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F(𝜍) = 𝜍𝔾(0) + 𝜍𝜇3
⎛
⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠
,

F(𝜍) = 𝜍ℍ(0) + 𝜍𝜇4
⎛
⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠
, (48)

On utilizing the inverse YT

𝔼(𝜒) = 𝔼(0) + Y–1[𝜍𝜇1Y(B)] + Y–1
⎡⎢⎢⎢⎢⎣
𝜍q
⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝

– 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞
⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

𝔽(𝜒) = 𝔽(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇2

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

𝔾(𝜒) =𝔾(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇3

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

ℍ(𝜒) =ℍ(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇4

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

(49)

𝔼(𝜒) = n1 + Y–1[𝜍𝜇1Y(B)] + Y–1
⎡⎢⎢⎢⎢⎣
𝜍q
⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝

– 𝛽𝔼(𝜒)𝔾(𝜒) – 𝜅𝔼(𝜒)⎞
⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

𝔽(𝜒) = n2 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇2

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝛽𝔼(𝜒)𝔾(𝜒) – (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

𝔾(𝜒) = n3 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇3

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
,

ℍ(𝜒) = n4 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍𝜇4

⎧⎪⎪⎨⎪⎪⎩
Y
⎛
⎝
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)⎞

⎠

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
.

(50)

We may get the series form solution as

𝔼(𝜒) =
∞
∑
m=0

𝔼m(𝜒),𝔽(𝜒) =
∞
∑
m=0

𝔽m(𝜒),𝔾(𝜒) =
∞
∑
m=0

𝔾m(𝜒),ℍ(𝜒) =
∞
∑
m=0

ℍm(𝜒). (51)

The nonlinear term is broken down as 𝔼(𝜒)𝔾(𝜒) =∑∞
m=0Am.

∞
∑
m=0

𝔼m(𝜒) = n1 +B
𝜒𝜇1

Γ(𝜇1 + 1)
+ Y–1

⎡⎢⎢⎢⎢⎣
𝜍qY
⎡⎢⎢⎢⎢⎣
– 𝛽⎛
⎝

∞
∑
m=0
Am
⎞
⎠

– 𝜅𝔼(𝜒)
⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

∞
∑
m=0

𝔽m(𝜒) = 𝔽(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍qY
⎡⎢⎢⎢⎢⎣
𝛽⎛
⎝

∞
∑
m=0
Am
⎞
⎠

– (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)
⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

∞
∑
m=0

𝔾m(𝜒) =𝔾(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍qY
⎡⎢⎢⎢⎢⎣
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

∞
∑
m=0

ℍm(𝜒) =ℍ(0) + Y–1
⎡⎢⎢⎢⎢⎣
𝜍qY
⎡⎢⎢⎢⎢⎣
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,
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∞
∑
m=0

𝔼m(𝜒) = n1 +B
𝜒𝜇1

Γ(𝜇1 + 1)
+ Y–1

⎡⎢⎢⎢⎢⎣
𝜍qY
⎡⎢⎢⎢⎢⎣
– 𝛽⎛
⎝

∞
∑
m=0
Am
⎞
⎠

– 𝜅𝔼(𝜒)
⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

∞
∑
m=0

𝔽m(𝜒) = n2 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍qY
⎡⎢⎢⎢⎢⎣
𝛽⎛
⎝

∞
∑
m=0
Am
⎞
⎠

– (𝜎 + 𝜅 + 𝛼)𝔽(𝜒)
⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
, (52)

∞
∑
m=0

𝔾m(𝜒) = n3 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍qY
⎡⎢⎢⎢⎢⎣
𝛼𝔽(𝜒) – (𝜌 + 𝜅)𝔾(𝜒)

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
,

∞
∑
m=0

ℍm(𝜒) = n4 + Y–1
⎡⎢⎢⎢⎢⎣
𝜍qY
⎡⎢⎢⎢⎢⎣
𝜌𝔾(𝜒) + 𝜎𝔽(𝜒) – 𝜅ℍ(𝜒)

⎤⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎦
.

For numerical results, we used the following Table (1) values of parameters are considered
from [10]. By comparing both sides, we may get

𝔼0(𝜒) = 600 + 0.32
𝜒𝜇1

Γ(𝜇1 + 1)
,

𝔼0(𝜒) = 250,
𝔼0(𝜒) = 100,
𝔼0(𝜒) = 50.

On m = 0

𝔼1(𝜒) = –720
𝜒𝜇1

Γ(𝜇1 + 1)
– 0.32

𝜒2𝜇1

Γ(2𝜇1 + 1)
,

𝔽1(𝜒) = 485
𝜒𝜇2

Γ(𝜇2 + 1)
+ 0.32

𝜒𝜇1+𝜇2

Γ(𝜇1 + 𝜇2 + 1)
,

𝔾1(𝜒) = –37.5
𝜒𝜇3

Γ(𝜇3 + 1)
,

ℍ1(𝜒) = 72.5
𝜒𝜇4

Γ(𝜇4 + 1)
.

On m = 1

𝔼2(𝜒) = 205
𝜒𝜇1+𝜇3

Γ(𝜇1 + 𝜇3 + 1)
+ 0.12

𝜒𝜇1+𝜇3

Γ(𝜇1 + 1)Γ(𝜇3 + 1)
𝜒2𝜇1+𝜇3

Γ(2𝜇1 + 𝜇3 + 1)
+ 864

𝜒2𝜇1

Γ(2𝜇1 + 1)

+ 0.384
𝜒3𝜇1

Γ(3𝜇1 + 1)
,

𝔽2(𝜒) = –205
𝜒𝜇2+𝜇3

Γ(𝜇2 + 𝜇3 + 1)
– 0.12

𝜒𝜇1+𝜇3

Γ(𝜇1 + 1)Γ(𝜇3 + 1)
𝜒𝜇1+𝜇2+𝜇3

Γ(𝜇1 + 𝜇2 + 𝜇3 + 1)
– 720

𝜒𝜇1+𝜇2

Γ(𝜇1 + 𝜇2 + 1)
– 0.32

𝜒2𝜇1+𝜇2

Γ(2𝜇1 + 𝜇2 + 1)
– 223.1

𝜒2𝜇2

Γ(2𝜇2 + 1)
,

𝔾2(𝜒) = 4.85
𝜒𝜇2+𝜇3

Γ(𝜇2 + 𝜇3 + 1)
+ 0.0032

𝜒𝜇1+𝜇2+𝜇3

Γ(𝜇1 + 𝜇2 + 𝜇3 + 1)
+ 15

𝜒2𝜇3

Γ(2𝜇3 + 1)
,

ℍ2(𝜒) = –7.5
𝜒𝜇3+𝜇4

Γ(𝜇3 + 𝜇4 + 1)
+ 121.5

𝜒𝜇2+𝜇4

Γ(𝜇2 + 𝜇4 + 1)
+ 0.08

𝜒𝜇1+𝜇2+𝜇4

Γ(𝜇1 + 𝜇2 + 𝜇4 + 1)
– 14.5

𝜒2𝜇4

Γ(2𝜇4 + 1)
,
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Finally, the approximate solution is derived as

𝔼(𝜒) = 𝔼0(𝜒) + 𝔼1(𝜒) + 𝔼2(𝜒) +⋯

𝔼(𝜒) = 600 + 0.32
𝜒𝜇1

Γ(𝜇1 + 1)
– 720

𝜒𝜇1

Γ(𝜇1 + 1)
– 0.32

𝜒2𝜇1

Γ(2𝜇1 + 1)
+ 205

𝜒𝜇1+𝜇3

Γ(𝜇1 + 𝜇3 + 1)
+

0.12
𝜒𝜇1+𝜇3

Γ(𝜇1 + 1)Γ(𝜇3 + 1)
𝜒2𝜇1+𝜇3

Γ(2𝜇1 + 𝜇3 + 1)
+ 864

𝜒2𝜇1

Γ(2𝜇1 + 1)
+ 0.384

𝜒3𝜇1

Γ(3𝜇1 + 1)
+⋯

𝔽(𝜒) = 𝔽0(𝜒) + 𝔽1(𝜒) + 𝔽2(𝜒) +⋯

𝔽(𝜒) = 250 + 485
𝜒𝜇2

Γ(𝜇2 + 1)
+ 0.32

𝜒𝜇1+𝜇2

Γ(𝜇1 + 𝜇2 + 1)
– 205

𝜒𝜇2+𝜇3

Γ(𝜇2 + 𝜇3 + 1)
– 0.12

𝜒𝜇1+𝜇3

Γ(𝜇1 + 1)Γ(𝜇3 + 1)
𝜒𝜇1+𝜇2+𝜇3

Γ(𝜇1 + 𝜇2 + 𝜇3 + 1)
– 720

𝜒𝜇1+𝜇2

Γ(𝜇1 + 𝜇2 + 1)
– 0.32

𝜒2𝜇1+𝜇2

Γ(2𝜇1 + 𝜇2 + 1)
–

223.1
𝜒2𝜇2

Γ(2𝜇2 + 1)
+⋯

𝔾(𝜒) =𝔾0(𝜒) +𝔾1(𝜒) +𝔾2(𝜒) +⋯

𝔾(𝜒) = 100 – 37.5
𝜒𝜇3

Γ(𝜇3 + 1)
+ 4.85

𝜒𝜇2+𝜇3

Γ(𝜇2 + 𝜇3 + 1)
+ 0.0032

𝜒𝜇1+𝜇2+𝜇3

Γ(𝜇1 + 𝜇2 + 𝜇3 + 1)
+ 15

𝜒2𝜇3

Γ(2𝜇3 + 1)
+⋯

ℍ(𝜒) =ℍ0(𝜒) +ℍ1(𝜒) +ℍ2(𝜒) +⋯

ℍ(𝜒) = 50 + 72.5
𝜒𝜇4

Γ(𝜇4 + 1)
– 7.5

𝜒𝜇3+𝜇4

Γ(𝜇3 + 𝜇4 + 1)
+ 121.5

𝜒𝜇2+𝜇4

Γ(𝜇2 + 𝜇4 + 1)
+ 0.08

𝜒𝜇1+𝜇2+𝜇4

Γ(𝜇1 + 𝜇2 + 𝜇4 + 1)
– 14.5

𝜒2𝜇4

Γ(2𝜇4 + 1)
+⋯

8 Results and discussion
The current paper presents the numerical solution of the measles epidemic model using a
nonlinear differential equation system. The behaviour of the model is represented by look-
ing at solutions up to a third-order series. From the plot, we see that when the order is smaller
faster the decay of susceptible population 𝔼(𝜒), this behavior can be observed from the Fig 2
and Fig 3. From Fig 4 and Fig 5, we see that the exposed class significantly grows at smaller
order with the passage of time. Similarly from Fig 6 and Fig 7, one can observes that smaller
the fractional order fastest the decaying process of the infected class with the passage of time.
In the Fig 8 and Fig 9, we may observe that the recovered class grows more rapidly on the
smaller order of the differentiation over time. As demonstrated in all figures, evaluation is
conducted for a range of 𝜇 values in order to conduct a reliable research. In comparison to
ordinary derivatives, we find that the fractional order SEIR epidemic model has a greater
degree of freedom. HPTM and YTDM are used to establish the numerical results of SEIR
population for various values of 𝜇 in Tables 2–9. Outstanding responses from the compart-
ments in the suggested model are obtained by using non-integer values for the fractional
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Fig 2. Nature of the susceptible population 𝔼(𝜒) in terms of HPTM for a time𝜒 (year) at various values of 𝜇.

https://doi.org/10.1371/journal.pone.0321089.g002

Fig 3. Nature of the susceptible population 𝔼(𝜒) in terms of YTDM for a time𝜒 (year) at various values of 𝜇.

https://doi.org/10.1371/journal.pone.0321089.g003

parameter. Another noteworthy thing to keep in mind is that we choose a short time inter-
val because we assumed relatively small initial values. The initial values of the data are taken
large for long intervals of time to prevent negative patterns in the population. The solution
converges to a steady state for a range of 𝜇 values. It provides faster convergence by decreasing
the fractional values of 𝜇. The figures provided demonstrate that the anticipated model has a
higher degree of flexibility and is significantly dependent on the order. The behaviour that has
been described serves as a case study of the capability and efficacy of the suggested solution
strategies. Moreover, the fractional operator under investigation provides more interesting
outcomes for examining and projecting the future of the model under consideration. The cur-
rent study may contribute to our understanding of the deadly virus because epidemic models
depend heavily on genetic characteristics.
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Fig 4. Nature of the exposed population 𝔽(𝜒) in terms of HPTM for a time𝜒 (year) at various values of 𝜇.

https://doi.org/10.1371/journal.pone.0321089.g004

Fig 5. Nature of the exposed population 𝔽(𝜒) in terms of YTDM for a time𝜒 (year) at various values of 𝜇.

https://doi.org/10.1371/journal.pone.0321089.g005

9 Conclusion
Finding the numerical solutions for the fractional SIER model of disease is necessary due to
the increasing number of disease models. A system of coupled, non-linear ordinary differ-
ential equations describes the population dynamics during the illness in the model. To the
best of the author’s knowledge, no precise solution for this model can be found in the litera-
ture. This work suggests comparing two unique approaches for the fractional SEIR epidemic
model namely the YTDM and HPTM. The results are found as a quickly convergent series of
solutions. Additionally, numerical simulations are displayed along with the compression for a
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Fig 6. Nature of the infectious population𝔾(𝜒) in terms of HPTM for a time𝜒 (year) at various values of 𝜇.

https://doi.org/10.1371/journal.pone.0321089.g006

Fig 7. Nature of the infectious population𝔾(𝜒) in terms of YTDM for a time𝜒 (year) at various values of 𝜇.

https://doi.org/10.1371/journal.pone.0321089.g007

Fig 8. Nature of the recovered populationℍ(𝜒) in terms of HPTM for a time𝜒 (year) at various values of 𝜇.

https://doi.org/10.1371/journal.pone.0321089.g008
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Fig 9. Nature of the recovered populationℍ(𝜒) in terms of YTDM for a time𝜒 (year) at various values of 𝜇.

https://doi.org/10.1371/journal.pone.0321089.g009

Table 2. Table demonstrating the behavior of susceptible population 𝔼(𝜒) at various values of 𝜇 in terms of
HPTM.
𝜒 𝜇1 = 1 𝜇1 = 0.99 𝜇1 = 0.98 𝜇1 = 0.97

𝜇2 = 1 𝜇2 = 0.99 𝜇2 = 0.98 𝜇2 = 0.97
𝜇3 = 1 𝜇3 = 0.99 𝜇3 = 0.98 𝜇3 = 0.97
𝜇4 = 1 𝜇4 = 0.99 𝜇4 = 0.98 𝜇4 = 0.97

0.0 600 600 600 600
0.1 533.375504 531.745137 530.087596 528.403183
0.3 432.189408 430.741439 429.332238 427.964436
0.5 373.758000 374.109309 374.560208 375.113438
0.7 358.086272 360.927343 363.902026 367.011849
0.9 385.179216 390.730285 396.419559 402.246714

https://doi.org/10.1371/journal.pone.0321089.t002

Table 3. Table demonstrating the behavior of susceptible population 𝔼(𝜒) at various values of 𝜇 in terms of
YTDM.
𝜒 𝜇1 = 1 𝜇1 = 0.99 𝜇1 = 0.98 𝜇1 = 0.97

𝜇2 = 1 𝜇2 = 0.99 𝜇2 = 0.98 𝜇2 = 0.97
𝜇3 = 1 𝜇3 = 0.99 𝜇3 = 0.98 𝜇3 = 0.97
𝜇4 = 1 𝜇4 = 0.99 𝜇4 = 0.98 𝜇4 = 0.97

0.0 600 600 600 600
0.1 533.375504 531.745137 530.087596 528.403183
0.3 432.189408 430.741439 429.332238 427.964436
0.5 373.758000 374.109309 374.560208 375.113438
0.7 358.086272 360.927343 363.902026 367.011849
0.9 385.179216 390.730285 396.419559 402.246714

https://doi.org/10.1371/journal.pone.0321089.t003

variety of values of a. Tables and graphs show how the fractional parameter affected our found
solutions. As compared to regular derivatives, it is important to note that fractional deriva-
tives exhibit notable modifications and memory effects. By incorporating fractional calculus
into mathematical models, researchers can gain deeper insights into the complex behaviors of
biological systems and develop innovative approaches to address key challenges in biomed-
ical research and health care. According to the authors, biologists will find this study to be
more beneficial and efficient. Moreover, nonlinear fractional-order mathematical models of
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Table 4. Table demonstrating the behavior of exposed population 𝔽(𝜒) at various values of 𝜇 in terms of HPTM.
𝜒 𝜇1 = 1 𝜇1 = 0.99 𝜇1 = 0.98 𝜇1 = 0.97

𝜇2 = 1 𝜇2 = 0.99 𝜇2 = 0.98 𝜇2 = 0.97
𝜇3 = 1 𝜇3 = 0.99 𝜇3 = 0.98 𝜇3 = 0.97
𝜇4 = 1 𝜇4 = 0.99 𝜇4 = 0.98 𝜇4 = 0.97

0.0 250 250 250 250
0.1 292.761006 293.717449 294.683122 295.657274
0.3 343.847380 343.988639 344.070910 344.091313
0.5 349.015833 347.027708 344.924160 342.702421
0.7 308.261886 303.640147 298.875966 293.968000
0.9 221.581060 214.255746 206.791833 199.190007

https://doi.org/10.1371/journal.pone.0321089.t004

Table 5. Table demonstrating the behavior of exposed population 𝔽(𝜒) at various values of 𝜇 in terms of YTDM.
𝜒 𝜇1 = 1 𝜇1 = 0.99 𝜇1 = 0.98 𝜇1 = 0.97

𝜇2 = 1 𝜇2 = 0.99 𝜇2 = 0.98 𝜇2 = 0.97
𝜇3 = 1 𝜇3 = 0.99 𝜇3 = 0.98 𝜇3 = 0.97
𝜇4 = 1 𝜇4 = 0.99 𝜇4 = 0.98 𝜇4 = 0.97

0.0 250 250 250 250
0.1 292.761006 293.717449 294.683122 295.657274
0.3 343.847380 343.988639 344.070910 344.091313
0.5 349.015833 347.027708 344.924160 342.702421
0.7 308.261886 303.640147 298.875966 293.968000
0.9 221.581060 214.255746 206.791833 199.190007

https://doi.org/10.1371/journal.pone.0321089.t005

Table 6. Table demonstrating the behavior of infectious population𝔾(𝜒) at various values of 𝜇 in terms of
HPTM.
𝜒 𝜇1 = 1 𝜇1 = 0.99 𝜇1 = 0.98 𝜇1 = 0.97

𝜇2 = 1 𝜇2 = 0.99 𝜇2 = 0.98 𝜇2 = 0.97
𝜇3 = 1 𝜇3 = 0.99 𝜇3 = 0.98 𝜇3 = 0.97
𝜇4 = 1 𝜇4 = 0.99 𝜇4 = 0.98 𝜇4 = 0.97

0.0 100 100 100 100
0.1 96.349250 96.252373 96.153319 96.052057
0.3 89.643264 89.497868 89.351738 89.204917
0.5 83.731316 83.602821 83.475466 83.349316
0.7 78.613432 78.534546 78.458229 78.384533
0.9 74.289638 74.278402 74.270555 74.266118

https://doi.org/10.1371/journal.pone.0321089.t006

Table 7. Table demonstrating the behavior of infectious population𝔾(𝜒) at various values of 𝜇 in terms of
YTDM.
𝜒 𝜇1 = 1 𝜇1 = 0.99 𝜇1 = 0.98 𝜇1 = 0.97

𝜇2 = 1 𝜇2 = 0.99 𝜇2 = 0.98 𝜇2 = 0.97
𝜇3 = 1 𝜇3 = 0.99 𝜇3 = 0.98 𝜇3 = 0.97
𝜇4 = 1 𝜇4 = 0.99 𝜇4 = 0.98 𝜇4 = 0.97

0.0 100 100 100 100
0.1 96.349250 96.252373 96.153319 96.052057
0.3 89.643264 89.497868 89.351738 89.204917
0.5 83.731316 83.602821 83.475466 83.349316
0.7 78.613432 78.534546 78.458229 78.384533
0.9 74.289638 74.278402 74.270555 74.266118

https://doi.org/10.1371/journal.pone.0321089.t007

infectious diseases such as hepatitis, TB, and Ebola can be studied using the same techniques.
Readers can employ hybrid transforms merging with our proposed schemes as a future study
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Table 8. Table demonstrating the behavior of recovered populationℍ(𝜒) at various values of 𝜇 in terms of
HPTM.
𝜒 𝜇1 = 1 𝜇1 = 0.99 𝜇1 = 0.98 𝜇1 = 0.97

𝜇2 = 1 𝜇2 = 0.99 𝜇2 = 0.98 𝜇2 = 0.97
𝜇3 = 1 𝜇3 = 0.99 𝜇3 = 0.98 𝜇3 = 0.97
𝜇4 = 1 𝜇4 = 0.99 𝜇4 = 0.98 𝜇4 = 0.97

0.0 50 50 50 50
0.1 57.746263 57.979355 58.219579 58.467171
0.3 76.216610 76.766338 77.328063 77.902059
0.5 98.657916 99.470110 100.295655 101.134718
0.7 125.070823 126.094805 127.130693 128.178485
0.9 155.455970 156.631639 157.815398 159.007056

https://doi.org/10.1371/journal.pone.0321089.t008

Table 9. Table demonstrating the behavior of recovered populationℍ(𝜒) at various values of 𝜇 in terms of
YTDM.
𝜒 𝜇1 = 1 𝜇1 = 0.99 𝜇1 = 0.98 𝜇1 = 0.97

𝜇2 = 1 𝜇2 = 0.99 𝜇2 = 0.98 𝜇2 = 0.97
𝜇3 = 1 𝜇3 = 0.99 𝜇3 = 0.98 𝜇3 = 0.97
𝜇4 = 1 𝜇4 = 0.99 𝜇4 = 0.98 𝜇4 = 0.97

0.0 50 50 50 50
0.1 57.746263 57.979355 58.219579 58.467171
0.3 76.216610 76.766338 77.328063 77.902059
0.5 98.657916 99.470110 100.295655 101.134718
0.7 125.070823 126.094805 127.130693 128.178485
0.9 155.455970 156.631639 157.815398 159.007056

https://doi.org/10.1371/journal.pone.0321089.t009

direction to attain better outcomes. The addition of more operators will therefore be highly
desired in the future, especially in light of the benefits of the current operator.
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