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Abstract

Introducing a strong form of soft continuity between soft topological spaces is significant
because it can contribute to our growing understanding of soft topological spaces and their
features, provide a basis for creating new mathematical tools and methods, and have signifi-
cant applications in various fields. In this paper, we define soft super-continuity as a new
form of soft mapping. We present various characterizations of this soft concept. Also, we
show that soft super-continuity lies strictly between soft continuity and soft complete conti-
nuity and that soft super-continuity is a strong form of soft 6-continuity. In addition, we give
some sufficient conditions for the equivalence between soft super-continuity and other
related concepts. Moreover, we characterize soft semi-regularity in terms of super-continu-
ity. Furthermore, we provide several results of soft composition, restrictions, preservation,
and products by soft super-continuity. In addition to these, we study the relationship
between soft super-continuity and soft d-continuity with their analogous notions in general
topology. Finally, we give several sufficient conditions on a soft mapping to have a soft &-
closed graph.

1 Introduction and preliminaries

Molodtsov [1] proposed soft sets as a beneficial alternative to existing mathematical methodol-
ogies for dealing with uncertainty. In contrast to probability theory, fuzzy set theory, and
rough set theory, soft sets do not rely on precise values such as membership grade and proba-
bility. This is because, in most real cases, the genuine possibilities and membership grades are
not well-known enough to assign precise values. This property of soft sets allows them to be
used in various circumstances. Since its debut, the concept of soft sets has received significant
attention and has been successfully used in various applications (for example, see [2-6]).

Several researchers have extended soft set theory to other mathematical structures, such as
soft ideal theory [7], soft group theory [8], soft ring theory [9], soft g-algebras [10, 11], and
others.

Soft topology, which was presented in [12] as a merger of classical topology and soft set the-
ory is one such structure. Noteworthy contributions to the development of soft topology in
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which authors modified and applied numerous traditional topological ideas to the setting of
soft sets, for instance, soft compact spaces [13-15], soft metric [16], soft connected [17], soft
separation axioms [18-22], and soft extremally disconnected spaces [23].

Both weak and strong kinds of soft open sets are essential in the study of soft topology
because they provide a more general and flexible framework for investigating soft topological
spaces and their features. They also provide a versatile framework for capturing uncertainty
and vagueness in soft topology, allowing for variable levels of accuracy and ambiguity in
diverse applications. Furthermore, they enable greater freedom in designing new classes of
continuous functions, allowing us to construct functions that are better suited to specific appli-
cations and challenges. Therefore, this research area was and still is attractive to researchers.
For instance, “soft semi-open” [24], “soft pre-open” [25], “soft B-open” [25], “soft 8-open”
[26], “soft a-open” [27], “soft regular open” [28], “soft somewhere dense” [29], “soft 5-open”
[30], “soft w-open” [31], “weakly soft (7, 7')-open” [32], “soft y-open” [33], “cluster soft sets”
[34], “weakly soft f-open” [35], “weakly soft pre-open” [36], “soft parametric somewhat-open”
[37], “weakly soft a-open” [38], and so on.

Soft continuity was defined as a main concept in the context of soft topological spaces [39].
Afterward, many forms of soft continuity appeared in the literature. For instance, “soft semi-
continuous” [40], “soft pre-continuous” [27], “soft S-continuous” [41], “soft 8-continuous”
[26], “soft @-continuous” [27], “soft §-continuous” [30], “soft w-continuous” [42], “soft w,-
continuous” [42], “weakly soft f-continuous” [35], “weakly soft pre-continuous” [36], “weakly
soft a-continuous” [38], “soft complete continuous” [43], “soft strongly continuous” [43], “soft
C-continuous” [44], “soft almost C-continuous” [44], “soft w-6-continuous” [45], “soft weakly
6,,-continuous” [45], and so on. The authors in [46] proved that soft continuity is useful in
developing computational topological applications and digital images.

In this paper, we define soft super-continuity as a new form of soft mapping. We present
various characterizations of this soft concept. Also, we show that soft super-continuity lies
strictly between soft continuity and soft complete continuity and that soft super-continuity is a
strong form of soft 5-continuity. In addition, we give some sufficient conditions for the equiva-
lence between soft super-continuity and other related concepts. Moreover, we characterize soft
semi-regularity in terms of super-continuity. Furthermore, we provide several results of soft
composition, restrictions, preservation, and products by soft super-continuity. In addition, we
study the relationship between each soft super-continuity soft §-continuity and their analo-
gous notions in general topology. Finally, we give several sufficient conditions on the soft map-
ping to have a soft -closed graph.

This article is organized as follows: In Section 2, we introduce the concept of “soft super-
continuity,” a new type of soft mapping. We present several characterizations of them. Also,
we study their relationships with some other soft continuity types. Moreover, we use them to
characterize soft semi-regularity. Furthermore, we provide several results on soft composition,
restrictions, preservation, and products related to soft super-continuity. In addition to these,
we investigate the correspondence between soft super-continuity and soft 5-continuity and
their analogous notions in general topology. In Section 3, we introduce several sufficient con-
ditions for a soft mapping to have a soft 5-closed graph.

In the rest of this section, we introduce some basic definitions and terminology we will use
in the sequel:

Let E be an initial universe and Z be a set of parameters. A soft set over Z relative to E is a
function K : E — P(Z), where P(Z) is the power set of Z. The collection of soft sets over E rel-
ative to Z is denoted by SS (Z, E). Let H € SS (Z, E). If H (a) = () for each a € E, then H is called
the null soft set over Z relative to E and denoted by Og. If H (a) = Z for all a € E, then H is called
the absolute soft set over Z relative to E and denoted by 1. If there exist b € Eand y € Z such
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that H (b) = {y} and H (a) = 0 for all a € E — {b}, then H is called a soft point over E relative to
Z and denoted by b,. The collection of all soft points over E relative to Z is denoted by SP (Z,
E).Ifforsomeb € Eand X C Z, H (b) = Xand H (a) = () for all a € L — {b}, then K will be
denoted by ay. If for some X C Z, H (a) = X for all a € E, then H will be denoted by Cx. If H €
SS (Z, E) and a, € SP (Z, E), then a, is said to belong to H (notation: a, € H) if x € H (a). Soft
topological spaces were defined in [12] as follows: A triplet (Z, R, E), where R C SS(Z,E), is
called a soft topological space if 0g, 1, € R, and R is closed under finite soft intersections and
arbitrary soft unions.

Throughout this paper, we will use concepts and phrases as they appear in [31, 47].

Let (Z, R, E) be a soft topological space, (Z, &) be a topological space, M € SS (Z, E), and A
C Z. Then Inty (M), Cly(M), Intg(A), and Cl(A), R, and & will denote the soft interior of M in
(Z,R, E), the soft closure of M in (Z, R, E), the interior of A in (Z, ), and the closure of A in
(Z, &), the collection of all soft closed sets in (Z, R, E), and the family of all closed sets in (Z, &).

Definition 1.1. Let (Z, §) be a topological space, and let A C Z. Then A is called a

(a) [48] “regular open set in (Z, &)” if A = Int:(Clg(A)). RO (&) will denote the collection of all reg-
ular open sets in (Z, &).

(b) [49] “S-open set in (Z, £)” if for each z € A, we find U € A such that z € U C Int{(Cl{(U)) C
A. &5 will denote the collection of all 5-open sets in (Z, £).

It is well known that &5 is a topology having RO (£) as a base.
Definition 1.2. A mapping g: (Z, &) — (Z, ¢) is called

(a) [50] “6-continuous” if for every z € Z and V € RO (¢) such that g(z) € V, we find W € RO
(&) such that z € Wand g(W) C V.

(b) [51] “super-continuous (Notation: SC)” ifgfl(V) € & forevery Ve ¢.

Definition 1.3. Let (Z, R, E) be a soft topological space, and let K € SS (Z, E). Then K is
called a

(a) [28] “soft regular open set in (Z, R, E)” if K = Inty(Cly(K)). The soft complement of a soft 5-
open set in (Z, R, E) is called a “soft 5-closed set in (Z, R, E)”. RO(R) (resp. RC(R)) will
denote the collection of all soft regular open (resp. soft regular open) sets in (Z, R, E).

(b) [30] “soft 5-open set in (Z, R, E)” if for each e, € K, we find H € R such that
e, € H C Int,(Cl,(H)) C K. Rswill denote the collection of all 5-open sets in (Z, R, E).

It is well known that Rs is a soft topology having RO(R) as a soft base.
Definition 1.4. A soft mappingf,, : (Z,R,E) — (Y, o, F) is called

(a) [26] “soft O-continuous” if for each e, € SS(Z, E) and each G € p such thatf,,(e,) € G, there
exists K € R such thate, € K andf, (Cl;(K)) C CL(G).

(b) [30] “soft 5-continuous” if for each e, € SS(Z, E) and each G € RO (p) such thatf, (e,) € G,
there exists K € RO(R) such that e, € K and f,,(Cl;,(K)) - CL(G).

(c) [52] “soft almost continuous” if for each e, € SS(Z, E) and each G € p such thatf,,(e,) € G,
there exists K € R such that e, € K and f,,(K) C Int (CL(G)).

(d) [53] “soft almost open” if f,,(K) € g for every K € RO(R).
(e) [43] “soft complete continuous” if f,,' (G) € RO(R) for every G € p.
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Definition 1.5. A soft topological space (Z, R, E) is said to be

(a) [53] “soft Hausdorff” if for every two softPoints ex sy € SP(Z, E) with e, # s,, there exist M,
N e Rsuchthate, € M, s, € N, and MNN = 0,

(b) [53] “soft regular” if for every e, € SP (Z, E) and every T € R such that e, € R, there exists K
€ Rsuchthata, € K C Cly(K) C T.

(c) [54] “soft semi-regular” if for each e, € SS(Z, E) and each K € R, there exists G € RO(R)
such thate, € G C K.

(d) [55] “soft almost regular” if for each K € RC(R) and each e, € 1, — K, there are M\, N € R
such thate, € M, K C N, and MON = 0,

(e) [56] “soft nearly compact” (resp. “soft nearly Lindelof”) if for each™X C RO(R) such that
Uy o H = 1,, there exists a finite (resp. countable) subcollection H, C 'H such
~H € HIH = ]-E'

C

Definition 1.6. [56] Let (Z, R, E) be a soft topological space, and let K € SS (Z, E). Then K is
called a “soft nearly compact set relative to (Z, R, E)” (resp. “soft nearly Lindelof set relative to
(Z,R,E)”) if for each H C RO(R) such that K C U,, _,,H, there exists a finite (resp. countable)
subcollection ”, C HsuchK C Uy, . w H.

Definition 1.7. [13] Let (Z, R, E) and (Y, p, F) be two soft topological spaces, and let
B={MxN:M € RandN € p}. Then the soft topology over Z x Y relative to E x F having
B as a soft base is called the product soft topology and is denoted by pr(R x ).

2 Soft super-continuity

In this section, we introduce the concept of “soft super-continuity,” a new type of soft map-
ping. We present several characterizations of them. Also, we study their relationships with
some other soft continuity types. Moreover, we use them to characterize soft semi-regularity.
Furthermore, we provide several results on soft composition, restrictions, preservation, and
products related to soft super-continuity. In addition to these, we investigate the correspon-
dence between soft super-continuity and soft §-continuity and their analogous notions in gen-
eral topology.

Definition 2.1. A soft mappingf,, : (Z,R,E) — (Y, o, F) is called soft super-continuous
(notation: SC) if f, '(K) € s forevery K € p.

The following result gives several characterizations of soft super-continuous mappings:

Theorem 2.2. For a soft mappingf,, : (Z,R,E) — (Y, p, F), the following are equivalent:

(D). f,: (Z,R,E) — (Y, p, F) is soft SC.
). £,1(T) € (R;)" forevery T € p".
(3). Cly, (' (A))

(4). f,'(Int (A)) - Inty, (f,,' (A)) for each A € SS(Y, F).

IMe

1, (CL(A)) for each A € SS(Y,F).

(5). fov:(Z, Rs, E) — (Y, g, F) is soft continuous.
(6). For a soft base B for (Y, o, F), f,,'(B) € R; forevery B € B.

(7). For a soft subbase S for (Y, p, F), f,}(S) € R, foreveryS € S.
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(8). Foreache, € SP(Z, E) and each G € g such thatf, (e,) € G, we find H € R such that
e, € Handf,(H) C G.

(9). Foreache, € SP(Z, E) and each G € g such thatfqv(ez) € G, wefind K € R such that
e, € Kandf,,(Int,(Cly(K))) C G.

Proof. (1) — (2): Let T € p°. Then 1 — T € . So, by(l),fq;l(lF -T)=1, —fq;l(T) € R;.
Hence, f'(T) € (R;)".
(2) — (3): Let A € SS(Y, F). Then CI,(A) € p°. So, by (2), f,,'(CL,(A)) € (R;)". Since
£ (4) € £,1(CL(A) € (Ry) then Chy (£, (4)) € £,(CL(4))
(3) — (4): Let A € SS(Y, F). Then, by (3),

Ly —Inty (£, (A)) = Cly (1, = £,'(4))
= Chy(f, (1, = 4))

1
S
DS
=T
A,—\
i
mWQ
|>-\
—
5o
=
b
=

and so f,.!(Int (A)) C Inty, (f,,'(A)).

(4) — (5): Let K € p. Then Int(K) = K, and by (4), ., (K) C Inty, (f,,'(K)). Thus,
[, (K) = Inty, (f,' (K)). Hence, f, ' (K) € R;. This shows that f, : (Z, %s, E) — (Y, o, F) is
soft continuous.

(5) — (6) and (6) — (7) are obvious.

(7) — (8): Let K € p. To show that £, [!(K) € R, lete, € £, '(K). Then we find
$,,8,,...,S, € Ssuchthatf,(e,) € $,1S,N...NS, C Kandso
e, € 1 (S)NLH (SN0, (S,) qu;l(K).LetG = £, (SN, (8,)N..0f,'(S,). Then
e, € G,f,(G) C K,and by (7), G € Rs. This ends the proof.

(8) — (9): Lete, € SP (M, Z) and G € g. Then, by (8), H € Rssuch thate, € H and
f(H) C G.Choose K € RO(R) such thate, € K = Int,(Cl,(K)) C H. Therefore, we have
e, € K € Randf,,(Int,(Cly(K))) C f,,(H) C G.

(9) — (1):Let GE pandlete, € fq;l(G). Then f,, (e;) € G, and by (9), there exists K € R
such thate, € Kandf, (Int;(Cl;(K))) C G. Then we have Int,,(Cl,(K)) € R, and
e, € K C Inty(Cly(K)) C Jo! (f (Inty(Cly(K)))) c f,' (G). This shows that
1, (G) € R;.

Theorem 2.3. Iff,, : (Z,R,E) — (Y, o, F) is soft SC, then q : (Z,R,) — (Y, p,(,) is SC for
everya € E.

Proof. Suppose that f,, : (Z, R, E) — (Y, p, F) is soft SC, and let a € E. By Theorem 4.9(5),
Jav: (Z, R, E) — (Y, p, F) is soft continuous. So, by Proposition 3.8 of [58], g : (Z, (Rs)a) — (Y,
©v(a)) is continuous. Since by Theorem 30 of [57], (R;), = (R,);, thenq : (Z, (R,);) —
(Y, 9,(,) is continuous. Hence, q : (Z,R,) — (Y, p,(,) is SC.

The following two results discuss the relationships between soft super-continuity and its
analogous concept in general topology:

Theorem 2.4. Let {(Z, B.) : e € E} and {(Y, ay) : f € F} be two collections of TSs. Letq: Z — Y
and v : E — F be mappings where v is bijective. Then f, : (Z, ®ecgBe E) — (Y, ©pepop F) is soft
SCifand only if q: (Z, B.) — (Y, o)) is SC for all e € E.
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Proof. Necessity. Let fg, : (Z, D e gBe» E) — (Y, ©re o F) be soft SC. Let e € E. Then, by
Theorem 2.3, q: (Z, (BecrBz)e) — (Y, (Drer®p) (o) is SC. But by Theorem 3.11 of [47], (. <
EBe)e = Be and (@fefaf)v(e) = Qy(e)- Hence, g: (Z,B.) — (Y, av(e)) is SC.

Sufficiency. Let q : (Z, B,) — (Y, a,)) be SCfor all e € E. Let K € @y o By Theorem 31 of
[57], it is sufficient to show that (f,,' (K))(e) € (B,); foralle € E. Lete € E. Since q: (Z, B.) —

(Y, aye) is SCand K (v(e)) € aue), then (£,'(K))(e) = 7' (K(v(e))) € (B.);-

Corollary 2.5. Let q: (Z, &) — (Y, ¢) and v : E — F be two mappings where v is a bijection.
Then q:(Z,&) — (Y, ¢) is SC if and only if f,, : (Z, 1(§), E) — (Y, 1(¢), F) is soft SC.

Proof. For each e € Eand f € F, put 8. = £ and ay= ¢. Then () = @ccpfBe and 1(¢) = Dy
By using Theorem 2.4, we get the result.

In Theorem 2.6 and Example 2.7, we discuss the relationships between the classes of soft SC
mappings and soft continuous mappings:

Theorem 2.6. Every soft SC mapping is soft continuous.

Proof. Letf,, : (Z, R, E) — (Y, p, F) be soft SC. Let K € . Then, by Theorem 2.2(5),
£,/ (K) € %5 € R. Hence, fq, is soft continuous.

Theorem 2.6 is not reversible.

Example 2.7. Let Z = R, E={a, b, d}, and R = {0, 1, a,,) }. Suppose that
Inty, (a,)) 7 Og. Then we find x € (0, 1) such that a, € Inty (a,,)). So, we find K € R such
thata, € K C Int,(Cl,(K)) C a,y- Thus, K= a,y), and so
Inty,(Cly(K)) = Inty(1;) = 1, C ay,, . Hence, Inty, (a,,)) = 0. Letq: Z— Zand v: E— E
be the identity mappings. Since f,,' (a 1)) = a1 € R — R, thenf,, : (Z, R, E) — (Z,R, E) is
soft continuous but not soft SC.

In Theorem 2.8 and Example 2.9, we discuss the relationships between the classes of soft
complete continuous mappings and soft SC mappings:

Theorem 2.8. Every soft complete continuous mapping is soft SC.

Proof. Letf,, : (Z, R, E) — (Y, p, F) be soft complete continuous. Let K € . Then
£,/ (K) € RO(R) C R;. Hence, f,, is soft SC.

Theorem 2.8 is not reversible.

Example 2.9. Let Z = {1, 2,3}, £ = {0, Z, {1}, {3}, {1, 3}}, and E = {a, b}. Consider the identity
mappings q: (Z, &) — (Z, &) and v: E — E. It is not difficult to see that RO (§) = {0, Z, {1}, {3}}.
Then q is SC. On the other hand, since {1, 3} € & while g~'({1, 3}) = {1, 3} ¢ RO (£), then q is not
complete continuous. Therefore, by Corollary 2.5 and Corollary 1 of [43], fg,: (Z, T(§), E) — (Z, T
(&), E) is soft SC but not soft complete continuous.

Theorem 2.10. Iff,, : (Z, R, E) — (Y, p, F) is soft 6-continuous, then q : (Z,R,) —

(Y, 9,()) is 6-continuous for every a € E.

Proof. Suppose that f,, : (Z, R, E) — (Y, p, F) is soft 6-continuous. Then, by Theorem 6.2
(6) of [30], fgv : (Z, Rs, E) — (Y, g, F) is soft continuous. So, by Proposition 3.8 of [58], f,, : (Z,
(Rs)a) — (Y, (9s)v(a)) is soft continuous. Since by Theorem 30 of [57], (R;), = (R,), and (ps),
@ = (Pva)s then g : (Z,(R,);) — (Y, (p,,),) is continuous. Hence, by Theorem 2.2(7) of
[50L,q:(Z,R,) — (Y, p,,) is -continuous.

The following two results discuss the relationships between soft §-continuity and its analo-
gous concept in general topology:

Theorem 2.11. Let {(Z, B.) : e € E} and {(Y, o) : f € F} be two collections of TSs. Let q : Z —
Yandv: E — F be mappings where v is bijective. Then f,,,: (Z, ® ¢ gBe> E) — (Y, Oy potp F) is
soft 6-continuous if and only if q : (Z, B.) — (Y, at,e)) is 5-continuous for all e € E.

PLOS ONE | https://doi.org/10.1371/journal.pone.0301705  April 10, 2024 6/18


https://doi.org/10.1371/journal.pone.0301705

PLOS ONE

Soft super-continuity and soft delta-closed graphs

Proof. Necessity. Let fg, : (Z, De e gBer E)— (Y, e ps F) be soft 5-continuous. Let e € E.
Then by Theorem 2.10, q: (Z, (®e ¢ B:)e)— (Y, (Bre r%)y(e)) is I-continuous. But by Theorem
3.11 of [47], (&, € Eﬁe)e =P and (@fe Faf)v(e) = Qy(e)- Hence, g: “, Be) — (Y, av(e)) is 6-
continuous.

Sufficiency. Let q : (Z, B.) — (Y, &) be 5-continuous for all e € E. Let K € (B e p)s
Then by Theorem 31 of [57], K (f) € (ap)s for all f € F. By Theorem 31 of [57] and Theorem 6.2
(7) of [30], it is sufficient to show that (f,'(K))(e) € (B,); foralle € E. Lete € E. Since q: (Z,
B.) — (Y, a,() is 5-continuous and K (v(e)) € (ay(e))s then
(fo (K))(e) = g7 (K(v(e))) € (B.),:

Corollary 2.12. Let q: (Z, &) — (Y, ¢) and v: E — F be two mappings where v is a bijection.
Then q: (Z, &) — (Y, ¢) is 6-continuous if and only if f,,, : (Z, 7(8), E) — (Y, 1(¢), F) is soft 5-
continuous.

Proof. For each e € Eand f € F, put . = £ and ay= ¢. Then 7(a) = @, ¢ B, and 1(¢) =
©feroy By using Theorem 2.11, we get the result.

In Theorem 2.13 and Example 2.14, we discuss the relationships between the classes of soft
SC mappings and soft 5-continuous mappings:

Theorem 2.13. Every soft SC mapping is soft 5-continuous.

Proof. Letf,, : (Z,R,E) — (Y, p,F) be soft SC. Let G € RO (p) C p. Then f,'(G) € R;.
Thus, by Theorem 6.2(7) of [30], f, soft 6-continuous.

Theorem 2.13 is not reversible.

Example 2.14. Let Z = R, & the usual topology on Z, ¢ the co-countable topology on Z, and E
= {a, b}. Consider the identity mappings q: (Z, &) — (Z, ¢) and v : E — E. Since RO (¢) = {0, Z},
then q is 5-continuous. On the other hand, sinceR — Q € ¢ whileq™' (R — Q) = R — Q¢&;,
then q is not SC. Therefore, by Corollaries 2.5 and 2.12, f,,, : (Z, ©(§), E) — (Z, 1(¢), F) is soft &-
continuous but not soft SC.

The following result provides sufficient conditions for the equivalence between soft SC
mappings and soft 5-continuous mappings:

Theorem 2.15. If f,, : (Z, R, E) — (Y, p, F) is a soft 5-continuous mapping such that (Y, o,
F) is soft semi-regular, then f,, is soft SC.

Proof. Let f,, be soft §-continuous such that (Y, g, F) is soft semi-regular. Let e, € SS (Z, E)
and let G € p such thatf, (e,) € G.Since (Y, p, F) is soft semi-regular, then there exists K € ©
such that f, (e,) € K C Int,(Cl(K)) C G. Since f,, is a soft 5-continuous, then there exists H
€ R such thate, € H and f, (Inty,(Cly,(H))) C Int,(Cl (K)) C G.This shows that f,, is soft
SC.

Soft semi-regularity condition cannot be removed from Theorem 2.15, as it can be deduced
from Example 2.14.

Corollary 2.16. Iff,, : (Z, R, E) — (Y, p, F) is a soft 5-continuous mapping such that (Y, g,
F) is soft regular, then fg, is soft SC.

The following result introduces a new characterization of soft semi-regularity:

Theorem 2.17. The following are equivalent for any STS (Z, R, E).

(a) (Z, R, E) is soft semi-regular.
(b) Every soft continuous mappingf,, : (Z, R, E) — (Y, p, F) is also soft SC.

Proof. (a) = (b): Let f,, : (Z, R, E) — (Y, p, F) be soft continuous. By (a), %; = R. Thus, f,,
:(Z, N5, E) — (Y, p, F) is soft continuous. Hence, by Theorem 2.2(5), f,, : (Z, %, E) —
(Y, p, F) is also soft SC.
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(b) = (a): We will show that ® C R;. Let G € R. Take (Y, p, F) = (Z, R, E) and f,, the
identity soft mapping (Z, R, E). Since f,, : (Z, R, E) — (Z, R, E) is soft continuous, then by
(b).f,, : (Z,R,E) — (Z,R, E) is soft SC. Thus, by Theorem 2.2(5), f,,'(G) = G € R;. This
shows that ¥ C R;.

Corollary 2.18. Iff,, : (Z, R, E) — (Y, p, F) is a soft 5-continuous mapping such that
(Z,R,E) and (Y, p, F) are both soft semi-regular, then the following are equivalent:

(a) fqv is soft SC.
(b) f4y is soft b-continuous.
(c) fgv is soft continuous.

Proof. Follows from Theorems 2.15 and 2.17.

Corollary 2.19. Iff,, : (Z, R, E) — (Y, g, F) is a soft continuous mapping such that
(Z,R,E) is soft regular, then f,, is soft SC.

Proof. The proof follows from Theorem 2.17.

In Theorems 2.20, 2.21, and 2.22, we discuss the behavior of soft SC mappings under soft
composition:

Theorem 2.20. Iff,

qavi

1 (Z,R,E) — (Y, p,F)issoft SCandf, , : (Y,p,F) — (W, R, L) is

soft continuous, then f .. (0., is soft SC.

Proof. Letf, , besoft SCand f, , be soft continuous. Let K € R. Since f, , is soft continu-
ous, f,, (K) € p.Sincef, , is soft SC thenf, - (1. (K)) = fiog ) myon) (K) € R;. This shows
that £, .. )0, 18 SOft SC.

Theorem 2.21. Iff, , : (Z, R, E) — (Y, p, F) is a soft almost open, soft SC, and surjective,
andiff, , : (Y,p,F) — (W, R, L) is a soft mapping, then f, is soft SC if and only if
v, 15 SOft continuous.

Proof. Necessity. Let f be soft SC. Let K € . Then

(42041)(mom)
f(q;ql Jrgom) ( )= fqm (fqm( )) € R;. Since f, , is soft almost open, f, , (qujl (fq;2 (K))) € p.
Since f, , is surjective, f, , (f,) (f.., (K))) = qm( ). This shows that f, , is soft continuous.
Sufficiency. Let f, , be soft continuous. Let K € . Then f_| (K) € ¢. Thus, by soft super-
continuity of f, , . f, " (f,.., (K)) = f,. ,(K) € R,. This shows thatf, ) is soft SC.

2091)(v20v1) (92041)(v20v1)

Theorem 2.22. Iff, , : (Z, R, E) — (Y, p, F) is soft almost continuous andf, ,
(Y, 0, F) — (W, R, L) is soft SC, then f ., \,or,) i Soft continuous.

Proof. Letf, , be soft almost continuous and f, ,, be soft SC. Let K € R. Since f, ,, is soft SC,
T, (K) € ©5. Slnce f,.v, 18 soft almost continuous, then by Theorem 3.8(b) of [52],
Foin o (K)) = fio) (K) € R. This shows that f|

42041)(1/2“1)
The following question is natural:

Problem 2.23. Letf, , : (Z,R,E) — (Y, p,F) andf,, : (Y,p,F) — (W, R, L) be two soft
mappings such that f,  is soft almost continuous and f
that f, , is soft SC?

q2v2
The following example gives a negative answer to Problem 2.23:
Example 2.24. Let X =R, Y = {a, b}, Z = {1, 2}, & the co-countable topology on X, ¢ = {0, Y,
{al y=10, Z,{2}},and E=N. Define q, : X — Y, q,: Y — Z, and v, v, : E— E by

(92091)(va0vy)

(4001 )(vyovy) 18 SOft continuous.

(2001) (v30v7) is soft continuous. Is it true

q,(x) =

b if x is rational ’

{a if x is irrational

PLOS ONE | https://doi.org/10.1371/journal.pone.0301705  April 10, 2024 8/18


https://doi.org/10.1371/journal.pone.0301705

PLOS ONE

Soft super-continuity and soft delta-closed graphs

q2(a) =2, q(b) = 1, and vy, v, : E — E are the identity mappings. Then q, : (X, §) — (Y, ¢) is
almost continuous, and q, o q, : (X, §) — (Z, y) is continuous, but g, : (Y, ¢) — (Z, 7/) is not SC.

Therefore, by Corollary 3.4 of [44], Theorem 5.31 of [47], and Corollary 2.5, f, ,
(X,1(&),E) — (Y,1(¢), E) is soft almost continuous, and f, .. \,on : X 7€), E) — (Z, 1(y),
E) is soft continuous, butf, . : (Y,t(¢),E) — (Z,7(y), E) is not soft SC.

In Theorems 2.25, 2.27, 2.30, and Corollaries 2.26, and 2.28, we establish various preserva-
tion theorems using soft SC mappings.

Theorem 2.25. Let f,, : (Z, R, E) — (Y, p, F) be soft SC. If K is a soft nearly compact set rela-
tive to (Z, R, E), then f,,(K) is a soft compact subset of (Y, p, F).

Proof. Let A C g such that f, (K) C U, . 4A. Then
K C Jo (i (K)) c I (U, JA) =0, v (A). Since fg, is soft SC, then

{fqv (A) : A € A} C R;. Since K is a soft nearly compact set relative to (Z, R, E), then we find
a finite subfamily A, C AsuchthatK C U, _ S (A) =f1 (U, 4 A). So,
f(K) C fo0)! U, . 4,4)) Cu,. 4, A- This shows that f,,(K) is a soft nearly compact set rel-
ative to (Y, g, F).

Corollary 2.26. Let f,, : (Z,R,E) — (Y, p, F) be soft SC and surjective. If (Z, R, E) is soft
nearly compact, then (Y, p, F) is soft compact.

Theorem 2.27. Let f,, : (Z,R,E) — (Y, o, F) be soft SC. If K is a soft nearly Lindelof set rela-
tive to (Z, R, E), then f,,(K) is a soft Lindelof subset of (Y, p, F)

Proof. Let A C g such that f, (K) C U, . 4A. Then
Kéf’](fqv( ) quv (Uy e 4A) = U, 4f,,)' (A). Since fy, is soft SC, then
{f,/(A) : A € A} C R,. Since Kis asoft nearly Lindelof set relative to (Z, R, E), then we find

a countable subfamily A, C A such that K C U e afp' (A) = £, (U, 4, A)-So,

@
fou(K) C Jol! (Uy e 4,4)) € U, . 4 A. This shows that f;,(K) is a soft nearly Lindelof set rel-
ative to (Y, p, F).

Corollary 2.28. Let f,, : (Z,R,E) — (Y, p, F) be soft SC and surjective. If (Z, R, E) is soft
nearly Lindelof, then (Y, p, F) is soft Lindelof.

Theorem 2.29. Let f,, : (Z,R,E) — (Y, p, F) be soft SC and bijective such that (Z, R, E) is
soft nearly compact and (Y, , F) is soft Hausdorff. Then fy, is soft almost open.

Proof. Let K € Rs. Then 15— K € (R5)“. Since (Z, R, E) is soft nearly compact, then 1z — K is
a soft nearly compact subset of (Z, R, E). So, by Theorem 2.25, f,,(1 - K) is a soft compact
subset of (Y, g, F). Since (Y, g, F) is soft Hausdorff, then f,,(1; — K) € ©°. Since f, is bijective,
Jo(1g = K) = 15— f,,(K). Thus, f,,(K) € p. This shows that f_, is soft almost open.

Theorem 2.30. Let f,, : (Z, R, E) — (Y, p, F) be soft SC, soft almost open, and bijective. If
(Z,R, E) is soft almost regular, then (Y, p, F) is soft regular.

Proof. Let G € p“and b, € 15— G. Since f,, is soft SC, then by Theorem 2.2(2),
f,'(G) € (R;)". Since f,, is bijective and by, € 1z — G, then
fHb,) = (v7'(b), 1 € £, (1, = G) = 1, — f'(G) € R,. Choose H € RO(R) such that
Jo

)
'(b,) € HC 1, — £ (G). PutS=1;-H. Then § € RO(R) with
£ (b) €1, —S=H c1, — 1,/ (G). Since (Z, R, E) is soft almost regular, then there are M,
Ne §Rsuchthatjf1v (b,) € M,f}(G) € S € N,and MON = 0,.. Now MON = 0, implies
Inty,(Cly,(M))NInty(ClLy(N)) = 0. Since f,, is soft almost open, then f,, (Int,, (Cl,(M))),
fo(Inty,(ClLy(N))) € p. Since f,, is surjective, then b, =

£ (B)) € £,,(M) C f,,(Inty(Cly(M))) and
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G =1,(£,'(G) c fo(N) - f(Inty,(CLy(N))). Since f,, is injective, then
foInty (Cly(M)))OY,, (Inty (CLy(N))) = £,, (Inty (Cly(M))NInty (Cly(N))) = £,,(0) = 1. This
shows that (Y, p, F) is soft regular.

Theorem 2.31. Iff,, : (Z, R, E) — (Y, p, F) is a soft continuous mapping such that (Y, o, F)
is soft regular, then f,,, is soft SC.

Proof. Let G € p. Then, by soft continuity of f,,, f,,'(G) € R. To show thatf, (G) € R;, let
e, € f,'(G). Thenf, (e,) € G,and by soft regularity of (Y, p, F), there exists K € g such that
fu(e.) € K € Cl(K) C G,andso, e, € [, (K) C fH(CL(K)) C £, (G). Since f, is soft
continuous, we have f_ ' (K) € R and CI (f,,'(K)) c [} (CL(K)). Thus, we have
Int (CI(f,,'(K))) € R; and

(3
me

fo ' (K)
Intw(fq;l(K))
Int (CL(f,}(K)))
Int,((CL,(f,,' (K))))
Int,(f,'(G))

= f.(G).

This shows that f'(G) € R;. Therefore, by Theorem 2.2(5), f, is soft SC.

For any mapping ¢: A — B, the mapping h: A — A x B defined by H(a) = (a4, H (a)) will be
denoted by g". The following result explains the relationships between a soft SC mapping and
its soft graph:

Theorem 2.32. Letf,, : (Z,R,E) — (Y, p, F) be a soft mapping. Then f; : (Z, R, E) —
(Zx Y,pr(R x p),E x F) is soft SC if and only if f,, is soft SC and (Z, R, E) is soft semi-
regular.

Proof. Necessity. Suppose that f,  is soft SC. Letp: Zx Y — Y, s: Zx Y —> X,u: ExF —
E,and t: E x F — F be the projection mappings. Then f,, : (Z X Y,pr(R x p),E x F) —
(Y,p,F)andf, : (Zx Y,pr(R x 9),E X F) — (Z, R, E) are soft continuous. So, by Theorem
2.20,f,, = f,, © f,+,+ and the soft identity mapping f, o f.+, : (Z, R, E) — (Z, R, E) are soft SC.
To show that (Z, R, E) is soft semi-regular, we will show that ® C R;,. Let G € R. Since f,, o
Jotvh—s(soqt tovt) 18 SOft SC, then f o 1 (G) = G € R

Sufficiency. Suppose that f,, is soft SC and (Z, R, E) is soft semi-regular. Since f,, is soft SC,
then f,, is soft continuous. So, f, 4+ is soft continuous. Since (Z, R, E) is soft semi-regular, then
by Theorem 2.17, fq#v# is soft SC.

Lemma 2.33. Let (Z, R, E) and (Y, p, F) be two STSs, A € SS (Z, E) — {Og}, and B € SS (Y, F)
—{0g}. Then

(a) A x B € RO(pr(R x p)) ifand only if A € RO(R) and B € RO (p).
(b) A x B € (pr(R x p)), if and only if A € Rs and B € ps.
Proof. (a) Necessity. Let A x B € RO(pr( x ¢)). Then

[N 1N 1M

AxB = Intpr(mxg))(Clpr(mxp) (A X B))
= Int,(ClLy(A)) x Inty(Cly(A)).

Thus, Int;,(Cl;(A)) = A and Int (Cl-(B)) = B. Hence, A € RO(R) and B € RO ().
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Sufficiency. Let A € RO(R) and B € RO (). Then Inty(Cl,(A)) = Aand
Int (Cl(B)) = B. So,

In tpr(D‘\‘tx ©) (Cl

) (A X B)) = Int,

pr(%xgj)(Cl%(A) x Clz(B))
= Inty(Cly(A)) x Int@(le(A))

= A X B.

(b) Necessity. Let A x B € (pr(R x p)),. Lete, € Aandf, € B. Then
(e,f)., € Ax B € (pr(R x p)),. So, there exists D € RO(pr(R x p)) such that
(e.f)ey ED C A x B.Choose G € R and K € p such that (e,f).,) € GXH CDC AxB.
Thus,

(ef)e, € GxH
C  Inty(Cly(G)) x Int (CL(H))

= Int,, 5. (Clpr(ﬁxgﬂ) (G x H))

< Intpr(%xm)(Clpr(.SRxp) (D))
= D
C A x B.

Therefore, e, € G C Inty,(Cly(G)) C Aandf, € H C Int,(Cl-(H)) C B. This shows that
A € Rsand B € ;.

Sufficiency. Let A € Rsand B € g5, and let (e, f) ) € A x B.Thene, € Aandf, € B.
Choose G € RO() and H € RO (p) such thate, € G C A and f, € H C B. Thus, we have
(e.f).,) € GX H C A x B,andby (a), G x H € RO(pr(R x )). This shows that

AxBe (pr(R x p))s.
The following result shows that the soft product of two soft SC mappings is soft SC:
Theorem 2.34. Letf, , : (X,(,E) — (Y, p,F) andf, , : (Z,3,S) — (W, R, T) be two soft
mappings. Let q* : X x Z — Y x Wand v* : Ex S — F x T be the mappings defined by q*(x, z) =
(q1(x), q2(2)) and v¥(e, s) = (vi(e), va(s)). Thenf,... (X x Z,pr(£ x 3),Ex S) — (Y x
W, pr(p x R), F x T) is soft SC if and only if f, , andf, , aresoft SCs.
Proof. Necessity. Suppose that f«,~ is soft SC. Let G € p and H € R. Then G x H € pr(p x
R) and so, f..(G x H) = f.} (G) x f,} (H) € (pr(£ x J)),. So, by Lemma 2.33(b),
fo (G) € Lyand f | (H) € J;. This shows thatf, , andf, , are soft SCs.

Sufficiency. Letf, , andf, , besoft SC.Let G € pand H € R. Then f, | (G) € R, and

11

fo,(H) € 3;.Since f.(G x H) = .} (G) x f._| (H), then by Lemma 2.33(b),

f (G x H) € (pr(£ x J));. Therefore, by Theorem 2.2(6), f+, is soft SC.

Theorem 2.35. If f, . f,, : (Z, R, E) — (Y, p, F) are soft SC mappings and (Y, p, F) is soft

Hausdorff, then U{e, : f,,(e.) = f,,(e.)} € (R,)".

Proof. Leta, € 1, — U{e, : f,,(e,) = f,,(e.)}. Then f,,(e.) # fou(e.). Since (Y, g, F) is soft
Hausdorff, then there exist G, H € p such that f,(e,) € G, f,,(e,) € H,and GNH = 0,. Since
Jaw fpu are soft SC, then f 1(G), £, (H) € R;.

Claim. f,,'(G)Nf,, ()N (Ufe, : f,,(e.) = fu(e.)}) = O

Proof of Claim. Suppose, to the contrary, that there exists b, such thatf, (b,) € G,
fou(b)) € H,and f,,(b;) = f,u(b,). Then f(b,) € GNH = 0,, which is a contradiction.
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Therefore, we have a, € fq;l(G)ﬁ \f,..(H) € R; and by the above claim,
[, (6N, (H) C 1, — Ufe, : f(e.) = f,.(e.)}. This shows that 1z~
O{ez :f;zv(ez) :J;u(ez)} € %6' Hence’ O{ez :f;zv(ez) :J;u(ez)} € (éRé)c'

In the following result, we discuss the behavior of soft SC mappings under soft subspaces:
Theorem 2.36. Let f,, : (Z,R,E) — (Y, p, F) be a soft SC mapping. Then

(a) If U C Z such that Cy € R, then the soft restriction (f,,),c, : (U, Ry, E) — (Y, o, F) is soft
SC.

(b) If {Uy: @ € A} is a cover of Z such that C; € RO(R) and (f,,) ¢, : (U, Ry ,E) — (Y, p,F)
is soft SC for alla € A, thenf,, : (Z,R,E) — (Y, p, F) is SC.
Proof. (a) Let f,, : (Z, R, E) — (Y, p, F) be soft SC, and let U C Z such that Cyy € R. Let

e, € SS(U,E) andlet G € p such thatf, (e,) € G. Since f,, is soft SC, then there exists H € R
such that f, (Int; (Cl,(H))) C G. Then we have HNC,, € R, and

(o), Inty,, (Clyy (HNCy))) = fulInty (Cly (HNCy)))
= f,(CyNInty(CyNCIL(HNAC,)))
[ (CyNInty,(Cy)NInty (ClL,(HNCy)))
fo(CuNInty(Cly(HACy)))

fqv(Int%(Cl%(H)))
G.

My 1M

This shows that (f,,) . is soft SC.
(b) Let {U, : @ € A} be a cover of Z such that C;, € RO(%) and (fqv)‘% (U, Ry, E) —
(Y, p,F)issoft SCforalla € A. Let G € p. Then f, '(G) :]fz;l(GﬁlF) =G

qv
N0, caCu,) = £, (0,2 a(GNCy,)) = U, c of,, (GNCy) = U, (), ) (GNCy). For
eacha €A, (f,,), (U, Ry, E) — (Y, p,F)is soft SC, and so,

(o), )71(GﬁCU1) € Ry,); = (W), Foreacha € A, C; € RO(R), and so
((;;V)‘Cui)*l((;ﬁcux) € RO(R). It follows that £, (G) = U, _ y((£,,), ) (GNCy ) € R,

[Cu,

3 Soft mappings with soft 6-closed graphs
In this section, we introduce several sufficient conditions for a soft mapping to have a soft J-
closed graph.

For a given soft mapping f,, : (Z, E) — (Y, T), the soft set U{(e, v(€)) e
e € E and z € Z} is called the soft graph of f, and is denoted by G(f;,). Thus,
(e,t)..,) € G(f,,) ifand onlyiff,,(e.) =, if and only if q(z) = y and v(e) = t.

We start this section with a result that implies that a soft 6-continuous mapping takes values
in a soft Hausdorff space once its values on a soft dense set are known.

Theorem 3.1. Iff,, : (Z, R, E) — (Y, p, T) is soft 6-continuous and (Y, p, T) is soft Haus-
dorff, then G(f,,) € ((pr(R x ©))s)"

Proof. Letf,, : (Z, R, E) — (Y, p, T) be soft 6-continuous, and (Y, g, T) is soft Hausdorff.
Let (e,t)..,) € 1y — G(f,,). Then f,(e.) # t,. Since (Y, g, T) is soft Hausdorff, then there
exist G, H € p such thatf, (e,) € G, ¢, € H,and GNH = 0,. Now, GNH = 0, implies that
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ClL,(G)NInt (CI (H)) = 0. By soft 6-continuity of f,,, there exists K € R such thate, € K
and f,, (Cl,(K)) Q Cl,(G), and thus, £, (Cl,(K))NInt, (CI (H)) = 0. Since
€ RO

Inty,(Cly(K)) € RO(R) and Int(Cl,(H)) € RO (p), then by Lemma 2.33(a),
Inty,(Cly(K)) x Int (CL,(H)) € RO(pr(R x p)) C (pr(RN x p)),. Since
e, € K C Int,(Cl,(K)) andt, € K C Int (Cl (H)), then
(e,t) ., € Inty(Cly(K)) x Int, (Cl (H)).
Clalm. (Inty(Cly(K)) x Intp(Cl@(H)))ﬁG(f) = 0pp-
Proof of Claim. Suppose, to the contrary, that there exists
(a,b),.,, € (Inty(ClLy(K)) x Int (Cl-(H)))NG(f,). Then a, € Int,(Cly(K)),
b, € Int (Cl.(H)), and f,, (a) = b, Thus, b, € f,,(ClLy(K))NInt,(Cl (H)) = 0., whichis a
contradiction.

This claim ends the proof.
Theorem 3.2. For a soft mapping f,, : (Z, R, E) — (Y, p, T), the following are equivalent:

(@) G(f,,) € ((pr(R x ©)),)"
(b) For every (e, t) ., € lp.p — G(f,,), there exist K € RO(R) and H € RO (p) such that
e, € K,t, € H,andf,,(K)NH = 0.

Proof. (a) — (b): (e, t)(m € 1l — G(f,,). Since by (a), 1, — G(f,,) € (pr(R x p)),
there exist M € pr(R x p) such that

(e;1) ., c M
c Int, ‘Rxp)(Clpr(‘Rng) (M))
g E><T G(f;;v)

Choose A € R and B € p such that (e, t),,, € A x B C M. Thus,

(e,t)., € AXB
C  Inty(Cly(A)) x Int (CI (B))
= Int, n.. (Clpr%xw A X B))
- Int,, 5. ( pr(Rx ) (M))
C Lewr G(fqv)

Let K = Inty(Cly(A)) and H = Int(Cl(B)). Thene, € K € RO(R) andt, € H € RO(p).
To see that f, (K JNH = 0, suppose, to the contrary, that there exists a, € K such that
fy(a,) € H.So, we have (a,v(a)), ., € G(f,)and
(a,(a)) gy € K x H Clyq— G(f,,), which is a contradiction. Therefore, f,,(K)NH = 0.
(b) — (a) Let (e,t)ie,) € lger — G(f,,)- Then, by (b), there exists K € RO(%) and H € RO
(p) such thate, € K, t, € H,and f,,(K)NH = 0,. By Lemma 2.33(a),
K x H € RO(pr(R x p)) C (pr(R x )),. To show that (K x H)NG(f,,) = O, 1, suppose, to
the contrary, that there exists (a,b),,,, € (K x H)NG(f,,). Thena, € K, b, € H,and b,, =
fav (@,). Thus, b, € f, (K)NH = 0y, which is a contradiction.
Theorem 3.3. Iff,, : (Z, R, E) — (Y, o, T) is soft 5-continuous and (Y, p, T) is soft Haus-
dorff, then G(f,,) € ((pr(R x p)),)".
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Proof. Letf,, : (Z, R, E) — (Y, p, T) be soft 5-continuous, and (Y, g, T) is soft Hausdorff.
Let (e, t).,,, € Ly — G(f,,). Then f,(e.) # t,. Since (Y, g, T) is soft Hausdorff, then there
exist G, H € p such that f, (e,) € A, t, € B,and ANB = 0,. Now, ANB = 0, implies that
Int,(Cl (A))NInt,(Cl (B)) = 0,. By soft 5-continuity of f,,, there exists K € R such that
e, € Kandf, (Inty(Cly(K))) C Int (CI (A)). Therefore, we have
e, € Inty(Cly(K)) € RO(R), t, € Int (Cl (B)) € RO(p), and
f,,(Inty(CLy(K)))NInt, (CL(B)) C Int,(Cl (A))NInt,(CL,(B)) = 0,.

Theorem 3.2(b) ends the proof.

Theorem 3.4. Let f,, : (Z,R,E) — (Y, p, T) be a soft mapping such that

G(fy) € ((pr(R x )),)"
(a) I L is soft nearly compact relative to (Y, p, T), then f,'(L) € (R;)".

©

(b) If M is soft nearly compact relative to (Z, R, E), then fu,(M) € (ps) .
(c) If L is a soft compact subset of (Y, p, T), then f,,'(L) € (R;)".
(d) If M is a soft compact subset of (Z, R, E), then f,,(M) € (ps)".

Proof. (a) Let L be nearly compact relative to (Y, ¢, T). We will show that 1, — f (L) € R;.
Lete, € 1, —f.'(L). Thenforeacht, € L, (e,t).., € 1., — G(f,,) and by Theorem 3.2(b),
there exist K(¢,) € RO(R) and H (t,) € RO (p) such thate, € K(t,),t, € H (t,), and
f,,(K(t,))NH(t,) = 0,. Since L is soft nearly compact relative to (Y, g, T) and
LCUO, . ,H (t,), then there exists a finite soft subset L, C LsuchthatL C U, ., H (t,). Put

4 o4
K(e,) = ﬁ[y =1, K(t). Thene, € K(e,) € RO(R) and K(e,) c1, —fq;l(L). This shows that
1, — f,'(L) € ;. Hence, f'(L) € (R,)".

(b) Let M be soft nearly compact relative to (Z, i, E). We will show that 17— f,,(M) € @s.
Lett, € 1, —f,,(M). Then for eache, € M, (e, 1), € 1., — G(f,,) and by Theorem 3.2(b),
there exist K(e,) € RO(R) and H (e;) € RO (p) such thate, € K(e,), t, € H(e,), and
f(K(e,))NH(e,) = 0. Since M is soft nearly compact relative to (Z, ®, E) and
M C U, . K(e,), then there exists a finite soft subset M, C M such that M C U, . ,, K(e,).
Put H(t)) =N, ., K(t,). Thent, € H(t,) € RO(F)and H(t,) C 1, — f, (M). This shows
that 17— f,,(M) € ps. Hence, f,,(M) € (p5)".

(c) If L is a soft compact subset of (Y, @, T), then L is soft nearly compact relative to (Y, p,
T) and, by (a), f,,'(L) € (R;)".

(d) If M is a soft compact subset of (Z, R, E), then M is soft nearly compact relative to
(Z,R,E) and, by (b), f,,(M) € (ps)".

Lemma 3.5. If (Z, R, E) is soft nearly compact and L € RC(R), then L is soft nearly compact
relative to (Z, R, E).

Proof. Let (Z, R, E) be soft nearly compact, and L € RC(R). Let H C RO(Z, R, E) such
that L € Uy, ., H. Let H, = HU{1, — L}. Then H, € RO(R) and 1, = Uy, ., H. Since
(Z,R, E) is soft nearly compact, there exists a finite subcollection H, C H, such that
1, =U,. n,H-Let Hy = H, — {1, — L}. Then H, is a finite subcollection of H such that
LCU,. n, H- This shows that L is soft nearly compact relative to (Z, &, E).

Theorem 3.6. Iff,, : (Z, R, E) — (Y, p, T) is a soft mapping such that
G(f,,) € ((pr(R x p)),)" and (Y, p, T) is soft nearly compact, then f,,, is soft 5-continuous.

e
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Proof. Let L € RC(p). Since (Y, p, T) is soft nearly compact, by Lemma 3.5, L is soft nearly
compact relative to (Y, p, T). So, by Theorem 3.4(a), f,,' (L) € (R;)". Therefore, by Theorem
6.2(8) of [30], f,, is soft 5-continuous.

Theorem 3.7. Iff,, : (Z, R, E) — (Y, p, T) is a soft mapping such that

G(f,,) € ((pr(R x p)),)" and (Y, p, T) is soft compact, then f,, is soft SC.

Proof. Let L € p°. Since (Y, g, T) is soft compact, then L is a soft compact subset of (Y, p, T).
So, by Theorem 3.4(c), f,,'(L) € (R;)". Therefore, by Theorem 2.2(2), f,, is soft SC.

Theorem 3.8. Iff, : (Z, R, E) — (Y, p, T) is soft 5-continuous and M is soft nearly compact
relative to (Z, R, E), then f,, (M) is soft nearly compact relative to (Y, p, T).

Proof. Letf,, : (Z, R, E) — (Y, p, T) is soft §-continuous and M is soft nearly compact rela-

tive to (Z, R, E). Let  C RO(p) such that £, (M) C Uy . oK. Then

[ (M) C £ (Ok oK) = Uy o of,, ! (K). Since fy, is soft 8-continuous, then by Theorem
6.2(7) of [30], {f,,'(K) : K € K} C RO(Z, R, E). Since M is soft nearly compact relative to
(Z, R, E), then there exists a finite subcollection K, C K such that M C U, xS (K)- Thus,
fpM) € Uy o f:H(K) :fqv(fq;l(OKE ., K)) C Uy, x, K. This shows that f,, (M) is soft

qV
nearly compact relative to (Y, g, T).

Corollary 3.9. Soft near compactness is preserved under soft 5-continuous surjections.

4 Conclusion

Numerous aspects of everyday life are uncertain. The soft set theory is one idea put out to deal
with uncertainty. This work focuses on soft topology, a special mathematical framework that
topologists have created by using soft sets.

The uncertain versions of topology, like soft topology, are vital tools to transact with many
impediments that we face in different situations of our lives; this matter can be noted from the
published manuscripts that exploited topological concepts such as compactness, separation
axioms, and generalizations of open sets to address these situations as illustrated [21, 59, 60].

In this paper, soft super-continuity is defined as a new type of soft mapping that is a strong
form of each of soft continuity and soft §-continuity and a weaker form of soft complete conti-
nuity. Several characterizations (Theorems 2.2, 2.17), relationships (Theorems 2.3, 2.4, 2.6, 2.8,
2.13,2.15, 3.6, 3.7, Examples 2.7, 2.9, 2.14, Corollary 2.16), compositions (Theorems 2.20, 2.21,
2.22, Example 2.24), restrictions (Theorem 2.36), preservations (Theorems 2.25, 2.27, 2.30, 3.4,
3.8, Corollaries 2.26, 2.28, 3.9), and products (Theorems 2.32, 2.34) of soft super-continuity
are introduced. In addition, the relationships between soft super-continuity and soft §-conti-
nuity and their analogous notions in general, topology are studied (Theorems 2.3, 2.4, 2.10,
2.11, Corollaries 2.5, 2.12). Finally, several sufficient conditions for the soft mapping to have a
soft -closed graph are given (Theorems 3.1, 3.2, 3.3).

Soft super-continuous functions are anticipated to find use in several fields, including
robotics, soft data analysis, soft image processing, and soft decision-making. They offer a
framework for representing and evaluating ambiguous and imprecise data, resulting in algo-
rithms and systems that are more adaptable and versatile.

In the future, we may look at the following topics: (1) studying further properties of soft
super-continuous functions; (2) defining soft strongly super-continuous mappings; and (3)
finding an application for our new results in the “decision-making problem,” “information
systems,” or “expert systems”.
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