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Abstract

The focus of this work is on the absolute controllability of Hilfer impulsive non-instantaneous

neutral derivative (HINND) with integral boundary condition of any order. Total controllability

refers to the system’s ability to be controlled during the impulse time. Kuratowski measure

and semigroup theory in Banach space yield the results. Furthermore, we talked about opti-

mal controllability in conjunction with appropriate limitations. Our established outcomes are

described using an example.

1 Introduction

The concept of differential equations with non-instantaneous impulses(NII) involves many

physical processes due to its tremendous applications. Impulse is an action, that starts at an

arbitrary fixed point and remains active on a finite time interval is called as NI impulse that

occurs in many physical processes like harvesting, vaccination, natural disasters, and shocks

subjected to unexpected change in their state. The above situations have to be modeled by

impulses [1, 2] if necessary that can not be solved using ordinary differential equations. For

some processes, instantaneous impulsive dynamic systems do not support a perfect descrip-

tion, for example, endorsement of insulin of hyperglycemia patients. The change in the above

system caused by this medication will remain until the total absorption for a finite time, thanks

to the evolutionary process can be modeled with NII. This theory is originated by Hernández

[3]. Recently, Vipin Kumar et al. [4–7] derived the controllability results of fractional systems

with and without NII for various models. To seek more about NI impulse, track and surf the

articles [8–16] and cited references.

On the other hand, the existence and controllability theory extended for both DEs of inte-

ger and non-integer order with NII. Fractional calculus is the most appropriate way to evalu-

ate the exact solutions to the given model. The results on Caputo and R-L fractional

derivatives were discussed in [17–19]. Theory on HFD was introduced by Hilfer [20] and the

results are discussed in [21–24]. One can refer to the monographs [25–29] to know more
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about fractional derivatives. In general, controllability enables directing the system from a

random initial state to the desired ultimate state. The articles [30–35] discuss the controlla-

bility results of Caputo and Hilfer fractional differential system in the nondense domain.

Furthermore, the existence and controllability of the Hilfer fractional system with infinite

delay were examined in [36, 37]. The exact controllability for Hilfer fractional differential

inclusions including nonlocal initial conditions was examined by Du et al. [38]. The approxi-

mate controllability results for the Hilfer fractional system were derived by [39, 40]. Recently,

a prospective field in control systems is optimal control studied in [41–43]. Ultimately, is

more appropriate to evaluate them using an optimization procedure involving fractional dif-

ferential equations.

The outcome of the existence of HINND of arbitrary order was discussed in [44]. More-

over, results on total controllability fractional neutral non-instantaneous system discussed by

[45]. In addition, optimization of the non-instantaneous neutral fractional system is investi-

gated by in [46]. No article was found in the existing literature about the investigation of total

controllability using semigroup theory.

We contribute this article to analyze the total controllability & optimal control results for

HINND of arbitrary order as:

Dp1 ;p2

ek

h
zðtÞ � Kðt; zðtÞÞ

i
¼ A

h
zðtÞ � Kðt; zðtÞÞ

i
þ BuðtÞ þ F

�
t; zðtÞ

�
; t 2

[N

k¼0

ðek; tkþ1�

zðtÞ ¼
1

Gðp1Þ

Z t

tk

ðt � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo; t 2
[N

k¼1

ðtk; ekÞ

Ið1� ZÞ
0þ

zð0Þ ¼ l

Z T

0

zðoÞdoþ c; c 2 R:

ð1:1Þ

Here, Y be a Banach space and A : DðAÞ � Y ! Y is closed together with DðAÞ 2 Y. Dp1 ;p2

ek

represents Hilfer derivative of fractional order with 0< p1 < 1, 0� p2� 1. Also, η = p1 + p2 −
p1p2, t 2 I ¼ ½0;T�;T > 0. Here K : I � Y ! DðAÞ � Y, F : I � Y ! DðAÞ � Y,I k :

½tk; ek� � Y ! Y are relevant functions. tk; ek fulfills

0 ¼ t0 ¼ e0 < t1 < e1 < t2 < . . . : < eN < tNþ1 ¼ T. Moreover, zðt�k Þ ¼ lim
h!0þ

zðtk � hÞ. B :

U ! Y is a bounded linear operator and uð�Þ 2 L2½I ;U�. The integral boundary condition λ =

+ 1 or −1. We briefly orchestrated our objective of this work:

(i) By incorporating HFD with semigroup operator theory and LT, we have introduced the

integral solution of (1.1).

(ii) Kuratowski’s measure with κ–set-contraction theory has been supported very much to the

total controllability of HINND with C0 semigroup operator for the first time in the

literature.

(iii) The results on optimal controllability of HINND had been discussed via Lipschitz

continuity.

(iv) We have gone through with an illustration that enables our analytical outcomes existence.

2 Key notes

The space of continuous functions is defined by CðI ;YÞ be a provided jjzjj ¼ sup
t2I
jjzðtÞjj:

C1� ZðI ;YÞ ¼ fz : Y ! Y provided t1� ZzðtÞ 2 CðI ;YÞg, jjzjjC1� Z
¼ sup

0�t�T
jt1� ZzðtÞj.
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Let PC1� Zððtk; tkþ1�;YÞ defines the space of piecewise functions as

PC1� ZðI ;YÞ ¼
ðt � tkÞ

1� Z
zðtÞ 2 C1� Zððtk; tkþ1�;RÞ

lim
t!tk
ðt � tkÞ

1� Z
zðtÞ; k ¼ 1; 2; . . . ;N;

8
<

:

9
=

;

provided

jjzjj ¼ max
n
sup
t2I
jjt1� ZzðtþÞjj; sup

t2I
jjt1� Zzðt� Þjj

o
:

LðYÞ, characterize the space of all bounded linear operators on Y. A, generates the semigroup

fSp1 ;p2
ðtÞg where t � 0 with supjjSp1 ;p2

ðtÞjjLðYÞ ¼M . Define a convex, bounded and closed set

‘ ¼ fz 2 PC1� ZðI ;YÞ; jjzðtÞjj < r; t 2 I ; r > 0g in PC1� ZðI ;YÞ.
Definition 2.1 [20]. For n − 1< p1 < n, n 2 N and p2 2 (0, 1], HFD is defined by:

Dp1 ;p2

0þ
yðtÞ ¼ I p1ðn� p2Þ

0þ

d
dt
I ð1� p1Þðn� p2Þ

0þ
yðtÞ ¼ I p1ðn� p2Þ

0þ
Dp2þp1n� p2p1

0þ
yðtÞ;

whereDp2þp1n� p2p1

0þ
andI p1ðn� p2Þ

0þ
are R-L derivative and integral respectively.

Definition 2.2 [8, 44, 47]. The Kuratowski noncompact measure ℓ(�) characterized as:

‘ðℏÞ≔ inffr > 0 : ℏ ¼
Sm

i¼1

with diamðℏiÞ � rg, where ℏ is a bounded set on Y.

Lemma 2.3. (see [8, 44, 47]) For ℏ1;ℏ2 � Y, the Kuratowski noncompact measure meets:

1. ‘ðℏÞ ¼ ‘ðℏÞ ¼ ‘ðconvℏÞ;

2. ℓ(ℏ) = 0 iff ℏ is compact;

3. for given λ 2 R, ℓ(λℏ)� |λ|ℓ(ℏ);

4. ℏ1� ℏ2 implies ℓ(ℏ1)� ℓ(ℏ2);

5. ℓ(ℏ1[ℏ2) = max{ℓ(ℏ1), ℓ(ℏ2)};

6. ℓ(ℏ1 + ℏ2)� ℓ(ℏ1) + ℓ(ℏ2), where ℏ1 þ ℏ2 ¼ fz j z ¼ z1 þ z2; z1 2 ℏ1; z2 2 ℏ2g;

7. The Lipschitz function< : Dð<Þ � Y ! Y and the subset W � Dð<Þ, ℓ(<(W))� κ ℓ(W) is
bounded.

Let D � C1� ZðI ;YÞ and t 2 I , DðtÞ ¼ fzðtÞ j z 2 Dg and ‘ðDðtÞÞ � ‘C1� ZðDÞ.
Lemma 2.4. (see [8, 44, 47]) LetD � C1� Zð½c1; c2�;YÞ be bounded and equicontinuous such

that

‘C1� ZðDÞ ¼ max
t2½c1 ;c2 �

‘ðDðtÞÞ;

and ‘ðDðtÞÞ is continuous on [c1, c2].

Lemma 2.5. (see [8, 44, 47]) Assume that Y � Y is bounded and for someD0 � D, the
countable set meets ‘ðDÞ � 2 ‘ðD0Þ.

Lemma 2.6. (see [8, 44, 47]) LetD ¼ fzng � PC1� Zð½c1; c2�;YÞ where −1< c1 < c2 <1.

Hence ‘ðDðtÞÞ on [c1, c2] such that:

‘

��Z c2

c1

znðtÞdt
��

� 2

Z c2

c1

‘ðDðtÞÞdt; n 2 N:
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Lemma 2.7. (see [21, 22, 44]) The system (1.1) becomes:

zðtÞ ¼
tZ� 1

GðZÞ
l

Z T

0

zðoÞdoþ c � Kð0; zð0ÞÞ
� �

þKðt; zðtÞÞ

þ
1

Gðp1Þ

Z t

0

ðt � oÞ
p1 � 1 A z oð Þ � K o; z oð Þð Þ½ � þ BuðoÞ þ Fðo; zðoÞÞ
h i

do; t 2 ð0; t1�;

zðtÞ ¼
1

Gðp1Þ

Z t

tk

ðt � oÞ
p1 � 1
I kðo; zðt

�

k ÞÞdo; t 2 ðtk; ek�;

zðtÞ ¼
1

Gðp1Þ

Z ek

tk

ðt � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ þKðt; zðtÞÞ

þ
1

Gðp1Þ

Z t

ek

ðt � oÞ
p1 � 1 A

h
z oð Þ � K o; z oð Þð Þ

h i

þBuðoÞ þ Fðo; zðoÞÞ
i
do; t 2 ðek; tkþ1�:

Definition 2.8. (see [21, 22, 44]) A function z 2 PC1� ZðI ;YÞ is a solution of (1.1), if

(i)zðtÞ ¼ 1

Gðp1Þ

R t

tk
ðt � oÞ

p1 � 1I kðo; zðt
�

k ÞÞdo; t 2 ðtk; ek�; k ¼ 1; 2; :::;N

(ii)I1� Z

0 zð0Þ ¼ l
R T

0
zðoÞdo þ c,

together with

zðtÞ ¼ Sp1 ;p2
ðtÞ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i
þKðt; zðtÞÞ

þ

Z t

0

Kp1
ðt � oÞ

h
BuðoÞ þ Fðo; zðoÞÞ

i
do; t 2 ð0; t1�;

ð2:1Þ

zðtÞ ¼ Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1
I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� �

þKðt; zðtÞÞ

þ

Z t

ek

Kp1
ðt � oÞ

h
BuðoÞ þ Fðo; zðoÞÞ

i
do; t 2 ðek; tkþ1�; k ¼ 1; 2; :::;N:

ð2:2Þ

Tp1
ðtÞ ¼ p1

Z 1

0

ncyðnÞ<ðt
p1nÞdn; Kp1

ðtÞ ¼ tp1 � 1Tp1
ðtÞ; Sp1 ;p2

ðtÞ ¼ I p2ð1� p1Þ

0þ
Kp1
ðtÞ:

WyðnÞ ¼
1

p

X1

m¼1

ð� 1Þ
m� 1
n� my� 1 Gðmyþ 1Þ

m!
sinðmpzÞ; n 2 ð0;1Þ;

cyðnÞ ¼
1

z
n
� 1� 1

zð ÞWyðn
� 1

zÞ � 0:

Lemma 2.9. (see [8, 44, 47]) If a family fSp1
ðtÞ; t � 0g � BðYÞ satisfies

(i) for all z 2 DðAÞ, Sp1
ðtÞz ¼ zþ Ip1

0þ
Sp1
ðtÞAy, t � 0;

(ii)Sp1
ðtÞ is strongly continuous onRþ, Sp1

ð0Þ ¼ I;
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(iii)ASp1
ðtÞz ¼ Sp1

AðzÞ for each, z 2 DðAÞ; t � 0, D � Y.

Then, it is said to be p1–times resolvent generator by A.

Definition 2.10. A system is defined as totally controllable on I , if for k = 1, 2, . . ., N, it is
controllable on ð0; t1�, ðek; tkþ1� such that zð0Þ ¼ z0 and zðtkþ1Þ ¼ ztkþ1

.

For further discussions, we consider the subsequent assumptions as:

(H1) K : J0 � Y ! Y; J0 ¼
SN

k¼0

ðek; tkþ1� is continuous and for Lp; mp > 0 as

jjKðt; ẑ2Þ � Kðt; ẑ1Þjj � Lpjjẑ2 � ẑ1 jj; ẑ2 ; ẑ1 2 Y; t 2 J0;

also jjKðt; zjj � mp; z 2 Y; t 2 J0;

(H2) for any bounded set D1 � Y, exist Lp∗ > 0, such that

‘ðKðt;D1ÞÞ � Lp∗‘ðD1Þ;

(H3) Function F : J0 � Y ! Y is continuous with Lf > 0, satisfies

jjFðt; ẑ1Þ � Fðt; ẑ2Þjj � Lf jjẑ1 � ẑ2 jj; ẑ1 ; ẑ2 2 Y; t 2 J0:

jjFðt; zÞjj � CðtÞ} jjzjj
� �

and lim
l!1

inf
}ðlÞ
l
¼ n <1;

where } : [0,1)![0,1), a non decreasing continuous function, c : I ! ½0;1Þ, a Lebes-

gue integrable function and ν> 0 such that for all z 2 Y, t 2 I and meets jjzjjC1� Z
� l.

(H4) For k ¼ 0; 1; . . .N;Lk,

‘ðFðt; zÞÞ � Lk ‘ðDÞ; t 2 J0 with L ¼ max
k

Lk;

where the subset D of Y is a countable;

(H5) For Jk ¼ ½tk; ek�; k ¼ 1; 2; . . .N,I k : Jk � Y ! Y are continuous functions, for

KI k
> 0; k ¼ 1; 2; . . .N, provided for every ẑ1 ; ẑ2 2 Y,

jjI kðt; ẑ1Þ � I kðt; ẑ2Þjj � KI k
jjẑ1 � ẑ2 jj; for each t 2 ðtk; ek�; K≔ max

k¼0;1;...N
KIk

:

Moreover,MI , together with jjI kðt; zÞjj �MI ;

(H6) W : L2ðI ;UÞ ! Y defined by:

Wu ¼

Z a

0

Kp1
ða � oÞBuðoÞdo;

is invertible. Also, forM b;M w � 0, and kW � 1k �M w, kBk �M b.

(H7) Given Lu
∗
> 0, for ‘ðuðz; mÞÞ � Lu

∗t1� Zsðz; mÞ‘ðzðmÞÞ, a.e. m 2 I and

sup
t2I

R t

0
sðt; mÞdo ¼ s∗ <1.
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Conveniently, we assign some notations as follows:

C2 ¼
M 1M bM

m
wT

p1

p1

; k1 ¼ maxfMlT þ Lp; M
KI k

t
p1

kþ1

Gðp1 þ 1Þ
þ Lp

 !

þ Lp;
KI k

t
p1

kþ1

Gðp1 þ 1Þ
g;

N 1 ¼M
MI t

p1

kþ1

Gðp1 þ 1Þ
þ mp

� �

þ mp þ
M 1t

p1

kþ1

p1

}ðlÞjjCjjL½0;tkþ1 �
; C1 ¼

M 1M bM
1

wt
p1
1

p1

;

M 1 ¼ supjjKp1
ðtÞjjLðYÞ; N ¼M ljjzjj þ jcj þ mp

� �
þ mp þ

M 1t1
p1

p1

}ðlÞjjCjjL½0;t1 �:

3 Main sequels

Lemma 3.1. Let S � Y and< : S ! Y be called as κ-set-contractive for any bounded set ℵ in
S such that and for κ 2 [0, 1), as

‘ð<ð@ÞÞ � k ‘ð@Þ:

Lemma 3.2. Let ℵ be a convex, bounded and closed subset of Y. If< : ℵ! ℵ is κ-set-contrac-
tive. Then < has at least one fixed point in ℵ.

Lemma 3.3. If the assumptions (H1)–(H7) true, hence

uðtÞ ¼W � 1

"

zt1 � Sp1 ;p2
ðt1Þ
h
l

Z T

0

zðoÞdoþ c � Kð0; zð0ÞÞ
i
� Kðt1; zðt1ÞÞ

�

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

#

; t 2 ð0; t1�;

ð3:1Þ

uðtÞ ¼ W � 1

"

ztkþ1
� Sp1 ;p2

ðtkþ1 � ekÞ

ð�Þ
1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� �

� Kðtkþ1; zðtkþ1ÞÞ

�

Z tkþ1

ek

Kp1
ðtkþ1 � oÞFðo; zðoÞÞdo

#

; t 2 ðek; tkþ1�;

ð3:2Þ

drives to zðtÞ of (1.1) from zðt1Þ ¼ zt1 and zðtkþ1Þ ¼ ztkþ1
, also jjuðtÞjj ¼M 1

u, jjuðtÞjj ¼M k
u

with

M 1

u ¼M
1

wðjjzt1 jj þN Þ; M k
u ¼M

m
w ðjjztkþ1

jj þN 1Þ; k ¼ 1; 2; . . . ;N:
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Proof. For t ¼ t1,

zðt1Þ ¼ Sp1 ;p2
ðt1Þ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i
þKðt1; zðt1ÞÞ

þ

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

þ

Z t1

0

Kp1
ðt1 � tÞW

� 1

"

zt1 � Sp1 ;p2
ðt1Þ
h
l

Z T

0

zðoÞdoþ c � Kð0; zð0ÞÞ
i

� Kðt1; zðt1ÞÞ �

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

#

dt

¼ Sp1 ;p2
ðt1Þ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i
þKðt1; zðt1ÞÞ

þ

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo þ zt1 � Sp1;p2

ðt1Þ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i

� Kðt1; zðt1ÞÞ �

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

¼ zt1 ;

with

jjuðtÞjj �
�
�
�

�
�
�W � 1

h
zt1 � Sp1 ;p2

ðt1Þ
h
l

Z T

0

zðoÞdoþ c � Kð0; zð0ÞÞ
i
� Kðt1; zðt1ÞÞ

�

Z t1

0

Kp1
ðt1 � oÞFðo; zðoÞÞdo

i�
�
�

�
�
�

�M 1

w

 

jjzt1 jj þM
�
�
�

�
�
�l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
�
�
�

�
�
�þ jjKðt1; zðt1ÞÞjj

þM 1

�
�
�

�
�
�

Z t1

0

o1� ZCðoÞ}ðjjzjjC1� Z
Þdo

�
�
�

�
�
�

!

�M 1

w jjzt1 jj þM lTjjzðoÞjj þ jcj þ mp
� �

þ mp þ
M 1t

p1
1

p1

}ðlÞjjCjjL½0;t1 �

� �

�M 1

wðjjzt1 jj þN Þ
¼M 1

u:

Also, for t 2 ðek; tkþ1� and t ¼ tkþ1,

zðtkþ1Þ ¼ Sp1 ;p2
ðtkþ1 � ekÞ

1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� �

þKðtkþ1; zðtkþ1ÞÞ þ

Z tkþ1

ek

Kp1
ðtkþ1 � oÞFðo; zðoÞÞdo

þ

Z tkþ1

ek

Kp1
ðtkþ1 � tÞW

� 1

"

ztkþ1
� Sp1 ;p2

ðtkþ1 � ekÞ

ð�Þ
1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1� 1
I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� �

� Kðtkþ1; zðtkþ1ÞÞ �

Z tkþ1

ek

Kp1
ðtkþ1 � oÞFðo; zðoÞÞdo

#

dt

¼ ztkþ1
;
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with

jjuðtÞjj �Mm
w jjztkþ1

jj þM
MI t

p1

kþ1

Gðp1 þ 1Þ
þ mp

� �

þ mp þ
M 1t

p1

kþ1

p1

}ðlÞjjCjjL½0;tkþ1�

� �

�Mm
w ðjjztkþ1

jj þN 1Þ

¼Mm
u :

Theorem 3.4. The system (1.1) is totally controllable on I , if it meets the assumptions (H1)–

(H7) together with the conditions

½Mlþ 2L∗
p þMI ðM þ 1Þ þ 4L∗

us
∗M 1M bM w þ 4M 1Lk� < 1: ð3:3Þ

Proof. Construct G : PC1� ZðI ;YÞ ! PC1� ZðI ;YÞ as

ðGzÞðtÞ ¼

Sp1 ;p2
ðtÞ
h
l
R T

0
zðoÞdoþ c � Kð0; zð0ÞÞ

i
þKðt; zðtÞÞ

þ
R t

0
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zðoÞÞ�do; t 2 ð0; t1�;

1

Gðp1Þ

R t

tk
ðt � oÞ

p1 � 1I kðo; zðt
�

k ÞÞdo; t 2 ðtk; ek�;

Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

R ek
tk
ðek � oÞ

p1 � 1I kðo; zðt
�

k ÞÞdo � Kðek; zðekÞÞ
h i

þKðt; zðtÞÞ þ
R t

ek
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zðoÞÞ�do; t 2 ðek; tkþ1�;

8
>>>>>>>>>>><

>>>>>>>>>>>:

where uðtÞ is described in (3.1) and (3.2) for ð0; t1� and ðek; tkþ1�, respectively. Moreover, by

Lemma 3.1, zðt1Þ ¼ zt1 and zðtkþ1Þ ¼ ztkþ1
; k ¼ 1; 2; . . . ;N. Let

@g ¼ fz 2 PC1� ZðI ;YÞ : jjzjjPC1� Z
� gg � PC1� ZðI ;YÞ; g > 0, and

g > max N þ C1ðjjzt1 jj þN Þ; max
k¼1;2;...;N

fN 1 þ C2ðjjztkþ1
jj þN 1Þg;

MITp1

Gðp1 þ 1Þ

� �

:

Step 1: G : @g ! @g.

For t 2 ð0; t1�, let z 2 @g

jjðGzÞðtÞjj �
�
�
�

�
�
�Sp1 ;p2

ðtÞ
h
l

Z T

0

zðoÞdo þ c � Kð0; zð0ÞÞ
i�
�
�

�
�
�þ

�
�
�

�
�
�Kðt; zðtÞÞ

�
�
�

�
�
�

þ

�
�
�

�
�
�

Z t

0

Kp1
ðt � oÞFðo; zðoÞÞdo

�
�
�

�
�
�þ

�
�
�

�
�
�

Z t

0

Kp1
ðt � oÞBuðoÞdo

�
�
�

�
�
�

�M ðlTjjzjj þ jcj þ mpÞ þ mp þ
M 1t

p1
1

p1

}ðlÞjjCjjL½0;t1 � þ
M 1M bM

1

ut
p1

p1

� N þ
M 1M bM

1

wt
p1

p1

jjzt1 jj þN
h i

� g:

ð3:4Þ
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Also, for t 2 ðek; tkþ1�,

jjðGzÞðtÞjj �
�
�
�

�
�
�Sp1 ;p2

ðt � ekÞ
1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1I kðo; zðt

�

k ÞÞdo � Kðek; zðekÞÞ
� ��

�
�

�
�
�

þ

�
�
�

�
�
�Kðt; zðtÞÞ

�
�
�

�
�
�þ

�
�
�

�
�
�

Z t

ek

Kp1
ðt � oÞFðo; zðoÞÞdo

�
�
�

�
�
�þ

�
�
�

�
�
�

Z t

ek

Kp1
ðt � oÞBuðoÞdo

�
�
�

�
�
�

�M
MI t

p1

kþ1

Gðp1 þ 1Þ
þ mp

� �

þ mp þ
M 1t

p1
1

p1

}ðlÞjjCjjL½0;tkþ1�
þ
M 1M bM

1

uT
p1

p1

� N 1 þ
M 1M bM

m
wT

p1

p1

jjztkþ1
jj þN 1

� �

� g:

ð3:5Þ

Also, for t 2 ðtk; ek�, and z 2 @g,

jjðGzÞðtÞjj �
MI t

p1

kþ1

Gðp1 þ 1Þ
� g: ð3:6Þ

Hence, from (3.4)–(3.6), for some t 2 I , gives jjðGzÞðtÞjjPC1� Z
� g. Then G : @g ! @g.

Construct G1, G2 as:

ðG1yÞðtÞ ¼

Sp1 ;p2
ðtÞ
h
l
R T

0
zðoÞdoþ c � Kð0; zð0ÞÞ

i
þKðt; zðtÞÞ; t 2 ð0; t1�;

1

Gðp1Þ

R t

tk
ðt � oÞ

p1� 1I kðo; zðt
�

k ÞÞdo; t 2 ðtk; ek�; k ¼ 1; 2; . . . ;N;

Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

R ek
tk
ðek � oÞ

p1 � 1I kðo; zðt
�

k ÞÞdo � Kðek; zðekÞÞ
h i

þKðt; zðtÞÞ; t 2 ðek; tkþ1�; k ¼ 1; 2; . . . ;N;

8
>>>>>>><

>>>>>>>:

and

ðG2yÞðtÞ ¼

R t

0
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zðoÞÞ�do; t 2 ð0; t1�;

0; t 2 ðtk; ek�;
R t

ek
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zðoÞÞ�do; t 2 ðek; tkþ1�:

8
>><

>>:

Clearly, G ¼ G1 þ G2.

Step 2: G1 is contraction.

Let z 2 @g, for any t 2 ð0; t1�,

jj½ðG1z1ÞðtÞ � ðG1z2ÞðtÞ�jj ¼
�
�
�

�
�
�Sp1 ;p2

ðtÞ
�
l

Z T

0

z1ðoÞdo � l
Z T

0

z2ðoÞdo
��
�
�

�
�
�

þjjKðt; z1ðtÞÞ � Kðt; z2ðtÞÞjj

�MlTjjz1ðoÞ � z2ðoÞjjPC1� Z
þ Lpjjz1ðoÞ � z2ðoÞjjPC1� Z

� ðMlT þ LpÞjjz1 � z2jjPC1� Z

� k1jjz1 � z2jjPC1� Z
:

ð3:7Þ
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Also, for z 2 @g, t 2 ðek; tkþ1�,

jjðG1z1ÞðtÞ � ðG1z2ÞðtÞjj � M
KI k

t
p1

kþ1

Gðp1 þ 1Þ
þ Lp

 !

þ Lp

 !

jjz1 � z2jjPC1� Z

� k1jjz1 � z2jjPC1� Z
:

ð3:8Þ

Also, for t 2 ðtk; ek�, and z 2 @g,

jjðG1z1ÞðtÞ � ðG1z2ÞðtÞjj �
KI k

t
p1

kþ1

Gðp1 þ 1Þ
jjz1 � z2jjPC1� Z

� k1jjz1 � z2jjPC1� Z
: ð3:9Þ

For any t 2 I , jjðG1z1ÞðtÞ � ðG1z2ÞðtÞjj � k1jjz1 � z2jjPC1� Z
. Since k1 < 1; G1 is contracting

operator.

Step 3: By step 1, it is clear that G2 is bounded. To prove continuity, consider a sequence

fzng
1

n¼1
in ℵγ such that zn ! z in ℵγ. For t 2 ð0; t1�,

jjðG2z
nÞðtÞ � ðG2zÞðtÞjj

�

�
�
�

�
�
�tZ� 1

Z t

0

ðt � oÞ
p1 � 1
½Fðo; znðoÞÞ � Fðo; zðoÞÞ�do

�
�
�

�
�
�

þ

�
�
�

�
�
�tZ� 1

Z t

0

ðt � oÞ
p1 � 1
½BuznðoÞ � BuzðoÞ�do

�
�
�

�
�
�

�M 1Lf

Z t

0

jjznðoÞ � zðoÞjjdo

þM 1M bM
1

w

Z t

0

h�
�
�

�
�
�Sp1 ;p2

ðtÞðl

Z T

0

znðoÞdo � l
Z T

0

zðoÞdoÞ
�
�
�

�
�
�

þjjKðt1; z
nðt1ÞÞ � Kðt; zðtÞÞjj þ

Z t1

0

ðt � oÞ
p1 � 1
jjFðo; znðoÞÞdo � Fðo; zðoÞÞjjdo

i
dt

�M 1Lf
t
p1
1

p1

jjzn � zjjPC1� Z
þ C1 Lp þM 1Lf

t
p1
1

p1

� �

jjzn � zjjPC1� Z
:

ð3:10Þ

Therefore, jjðG2z
nÞðtÞ � ðG2zÞðtÞjj ! 0 as n!1. Also, for t 2 ðek; tkþ1�; k ¼ 1; 2; . . . ;N,

jjðG2z
nÞðtÞ � ðG2zÞðtÞjj

�

�
�
�

�
�
�t1� Z

Z t

ek

ðt � oÞ
p1 � 1
½Fðo; znðoÞÞ � Fðo; zðoÞÞ�do

�
�
�

�
�
�

þ

�
�
�

�
�
�t1� Z

Z t

ek

ðt � oÞ
p1 � 1
½BuznðoÞ � BuzðoÞ�do

�
�
�

�
�
�

�M 1Lf

Z t

ek

jjznðoÞ � zðoÞjjdo

þM 1M bM
m
w

Z t

ek

 
�
�
�

�
�
�Sp1 ;p2

ðtkþ1 � ekÞ
h 1

Gðp1Þ

Z ek

tk

ðek � oÞ
p1 � 1

�½I kðo; z
nðt�k ÞÞ � I kðo; zðt

�

k ÞÞ�do þ ½Kðek; z
nðekÞÞ � Kðek; zðekÞÞ�

i�
�
�

�
�
�

þjjKðt; znðtÞÞ � Kðt; zðtÞÞjj þ
Z tkþ1

ek

ðtkþ1 � oÞ
p1 � 1
jjFðo; znðoÞÞdo � Fðo; zðoÞÞjjdo

!

dt

�M 1Lf
t
p1

kþ1

p1

jjzn � zjjPC1� Z

þC2 M
KI k

t
p1

kþ1

Gðp1 þ 1Þ
þ Lp

 !

þ Lp þM 1Lf
t
p1

kþ1

p1

 !

jjzn � zjjPC1� Z
:

ð3:11Þ
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Hence, jjðG2z
nÞðtÞ � ðG2zÞðtÞjj approaches to 0 as n approaches to1. Hence from (3.10) and

(3.11) and for each t 2 I , jjðG2z
nÞðtÞ � ðG2zÞðtÞjj ! 0 as n!1.

Step 4: G2 is equicontinuous.

Take τ1 < τ2 on ℵγ, and for t1; t2 2 ð0; t1�,

jjðG2zÞðt2Þ � ðG2zÞðt1Þjj

�

�
�
�

�
�
�t
Z� 1

2

Z t2

0

ðt2 � oÞ
p1 � 1
½Fðo; zðoÞÞ þ BuðoÞ�do

� t
Z� 1

1

Z t1

0

ðt1 � oÞ
p1 � 1
½Fðo; zðoÞÞ þ BuðoÞ�do

�
�
�

�
�
�

�M 1Lf

�Z t1

0

½tZ� 1

2
ðt2 � oÞ

p1 � 1
� tZ� 1

1
ðt1 � oÞ

p1 � 1
�do þ

Z t2

t1

tZ� 1

2
ðt2 � oÞ

p1 � 1do
�

þM 1M bM
1

wðjjzt1 jj þN Þ
�Z t1

0

½tZ� 1

2
ðt2 � oÞ

p1 � 1
� tZ� 1

1
ðt1 � oÞ

p1 � 1
�do

þ

Z t2

t1

tZ� 1

2
ðt2 � oÞ

p1 � 1do
�
:

ð3:12Þ

Similarly, For t1; t2 2 ðek; tkþ1�,

jjðG2zÞðt2Þ � ðG2zÞðt1Þjj

�

�
�
�

�
�
�t
Z� 1

2

Z t2

ek

ðt2 � oÞ
p1 � 1
½Fðo; zðoÞÞ þ BuðoÞ�do

�

Z t1

ek

ðt1 � oÞ
p1 � 1
½Fðo; zðoÞÞ þ BuðoÞ�do

�
�
�

�
�
�

�M 1Lf

�Z t1

ek

½tZ� 1

2
ðt2 � oÞ

p1 � 1
� tZ� 1

1
ðt1 � oÞ

p1 � 1
�do þ

Z t2

t1

tZ� 1

2
ðt2 � oÞ

p1 � 1do
�

þM 1M bM
m
w ðjjztkþ1

jj þN 1Þ
�Z t1

ek

½tZ� 1

2
ðt2 � oÞ

p1 � 1
� tZ� 1

1
ðt1 � oÞ

p1 � 1
�do

þ

Z t2

t1

tZ� 1

2
ðt2 � oÞ

p1 � 1do
�
:

ð3:13Þ

By (H3), jjðG2zÞðt2Þ � ðG2zÞðt1Þjj ! 0 as τ2! τ1. Then G2 is equicontinuous.

The countable subset D0 ¼ fzng
1

n¼1
� D, and by Lemma 2.4, we have

‘ðG2ðDÞÞPC1� Z
� 2 ‘ðG2ðD0ÞÞPC1� Z

; ð3:14Þ

where D is a bounded subset of ℵγ. Since G2ðD0Þ � G2ð@gÞ is bounded and equicontinuous, by

Lemma 2.6,

‘ðG2ðD0ÞÞPC1� Z
� max

t2ðek;tkþ1 �; k¼0;1;2;...;N
‘ðG2ðD0ÞÞPC1� Z

ðtÞ: ð3:15Þ
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Moreover, for t 2 ðek; tkþ1�, (H4), (H7) and G2, with Lemma 2.5, we have

‘ðG2ðD0ÞÞðtÞ � ‘
�
M 1

Z t

ek

h
Buðo; fznðoÞg

1

n¼1
Þ þ Fðo; fznðoÞg

1

n¼1
Þ
i
do
�

� ½2L∗
us

∗M 1M bM w þ 2M 1Lk�

Z t

ek

‘ðfznðoÞg
1

n¼1
Þdo

� ½2L∗
us

∗M 1M bM w þ 2M 1Lk�‘ðDÞPC1� Z
ðtkþ1 � ekÞ:

ð3:16Þ

Then, by (3.14)–(3.16) and (H2),

‘ðG2ðDÞðtÞÞPC1� Z
� ½2L∗

us
∗M 1M bM w þ 2M 1Lk�‘ðDÞPC1� Z

ðtkþ1 � ekÞ

� ½4L∗
us

∗M 1M bM w þ 4M 1Lk�‘ðDÞPC1� Z
:

ð3:17Þ

Now, for any t 2 ðek; tkþ1�, on D 2 ℵγ,

‘ðG1ðDÞÞ � ½Mlþ 2L∗
p þMI ðM þ 1Þ�‘ðDÞ: ð3:18Þ

Also,

‘ðGðDÞÞ � ‘ðG1ðDÞÞ þ ‘ðG2ðDÞÞ

� ½Mlþ 2L∗
p þMI ðM þ 1Þ þ 4L∗

us
∗M 1M bM w þ 4M 1Lk�‘ðDÞPC1� Z

:
ð3:19Þ

Combining Lemma 3.1, and (3.3) and (3.19) it is clear that the mapping G from ℵγ to ℵγ is κ-

set-contractive. Hence, the system G has a fixed point by Lemma 3.2. This completes the proof.

4 Optimal control

(H8) (i) The Lagrange function L : I � Y � U ! R [ f1g is Borel measurable;

(ii) For t 2 I , and for every z1; z2 2 Y, Lðt; z; �Þ is convex on U;

(iii) For almost all t 2 I , Lðt; �; �Þ is sequentially lower semi continuous on Y � U;

(iv) For c1 � 0; c2 > 0, h 2 LPðI ;RÞ,

Lðt; z; uÞ � hðtÞ þ c1jjzjjPC1� Z
þ c2jjujj

P
:

This part deals with the verification of existence of optimal pair for the system (1.1) by

sequencing technique as discussed in [46, 48]. Let the cost function(L) as:

Iðzu; uÞ ¼

Z T

0

Lðt; zðtÞ; uðtÞÞdt; u 2 Uad:

Define the admissible control function Uad as:

Uad ¼ fu 2 L
PðI ;HÞ; uðtÞ 2 }ðtÞ; a:e: t 2 Ig; P > 1;

where uðtÞ takes its values in S � U. A multivalued map } : I ! PC1� Z, is measurable as

}ð�Þ � S. It is clear that Uad is bounded, convex & closed with Uad ¼ 0. Define the solution set

T ðuÞ ¼ fzu 2 @g : zu u 2 Uadg:

Also, the set of all Aad ¼ fðz
u; uÞ; u 2 Uad; z

u 2 T ðuÞg.
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Theorem 4.1. The system (1.1) is optimal controllable together with the assumptions (H1)-
(H8) provided

Ið~zu
0

; u0Þ ¼

Z T

0

Lðt;~zu
0

ðtÞ; u0ðtÞÞdt � Iðzu; uÞ; 8 ðzu; uÞ 2 Aad:

Proof. Define IðuÞ ¼ inf
zu2T ðuÞ

Iðzu; uÞ. Initially we prove Iðzu; uÞ ¼ IðuÞ; zu 2 T ðuÞ. If IðuÞ ¼

þ1 or T ðuÞ has finite elements, the proof is trivial. Using (H8)(iv), IðuÞ > � 1. Let

IðuÞ <1. By infimum properties, a sequence fzung
1

n¼1
2 T ðuÞ satisfies Iðzun; uÞ ! IðuÞ as n

!1. Using reflexive property, fu0g 2 T ðuÞ provided u0 2 Uad.

For n� 1,

ðzunÞðtÞ ¼

Sp1 ;p2
ðtÞ
h
l
R T

0
zunðoÞdo þ c � Kð0; zð0ÞÞ

i
þKðt; zunðtÞÞ

þ
R t

0
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zunðoÞÞ�do; t 2 ð0; t1�;

Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

R ek
tk
ðek � oÞ

p1� 1I kðo; z
u
nðt
�

k ÞÞdo � Kðek; zunðekÞÞ
h i

þKðt; zunðtÞÞ þ
R t

ek
Kp1
ðt � oÞ½BuðoÞ þ Fðo; zunðoÞÞ�do; t 2 ðek; tkþ1�;

8
>>>>>>>><

>>>>>>>>:

where

ðzunÞðtÞ ¼ ðG1z
u
nÞðtÞ þ ðG2z

u
nÞðtÞ ¼ ðGz

u
nÞðtÞ:

To prove ðBzunÞðtÞ : fG2ðtÞ; zun 2 @gg is relatively compact in PC1−η for each t 2 I .

It is clear that Bð0Þ : fG2ð0Þ; zun 2 @gg is relatively compact. For any

u 2 U; t 2 I ; zun 2 @g,

ðG2z
u
nÞðtÞ ¼

Z t

0

Kp1
ðt � oÞ½BuðoÞ þ Fðo; zunðoÞÞ�do:

By (H3), and the property of admissible of control functions the set W� ¼ fKp1
ðt � oÞ

½BuðoÞ þ Fðo; zunðoÞÞ�; 0 � ek � tk � �g is relatively compact. Therefore, W� , the convex hull

of W� is compact due to Lemma 2.3(ii). Using Lemma 2.5, we can conclude ðG�

2
zunÞðtÞ 2W�

for all t 2 I . Therefore B�ðtÞ : fðG�

2
zunÞðtÞ; zun 2 @gg is relatively compact in PC1−η. For

t 2 ð0; t1�,

jjðG2z
u
nÞðtÞ � ðG

�

2
zunÞðtÞjj

�

�
�
�

�
�
�

Z t

0

Kp1
ðt � oÞ½Fðo; zunðoÞÞ þ BuðoÞ�do �

Z t� �

0

½Fðo; zunðoÞÞ þ BuðoÞ�do
�
�
�

�
�
�

�

Z t

t� �

Kp1
ðt � oÞ½Fðo; zunðoÞÞ þ BuðoÞ�do

�M 1Lf

Z t

t� �

jjzunðoÞjjdoþM 1M bjjujjLP :
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Similarly, for t 2 ðek; tkþ1�,

jjðG2z
u
nÞðtÞ � ðG

�

2
zunÞðtÞjj

�

�
�
�

�
�
�

Z t

ek

Kp1
ðt � oÞ½Fðo; zunðoÞÞ þ BuðoÞ�do �

Z t� �

ek

½Fðo; zunðoÞÞ þ BuðoÞ�do
�
�
�

�
�
�

�

Z t

t� �

Kp1
ðt � oÞ½Fðo; zunðoÞÞ þ BuðoÞ�do

�M 1Lf

Z t

t� �

jjzunðoÞjjdoþM 1M bjjujjLP ;

implies that lim �! 0jjðG2z
u
nÞðtÞ � ðG

�

2
zunÞðtÞjj ¼ 0. Hence B�ðtÞ, is a family of relatively com-

pact sets. Moreover, G1z
u
n is bounded and equicontinuous in ℵγ. By (3.16) and (3.18) we have

‘ðzunÞ � ½Mlþ 2L∗
p þMI ðM þ 1Þ þ 4L∗

us
∗M 1M bM w þ 4M 1Lk�‘ðz

u
nÞ;

leads to ‘ðfzung
1

n¼0
Þ ¼ 0 by using (3.3). Hence, fzung

1

n¼1
is relatively compact in PC1−η. Assume

~zu, a subsequence in PC1−η of fzung
1

n¼0
such that zun ! ~zu as lim n!1. Moreover, by Lebesgue

theorem and (H1), (H3), (H5)

ð~zuÞðtÞ ¼

Sp1 ;p2
ðtÞ
h
l
R T

0
~zuðoÞdo þ c � Kð0; zð0ÞÞ

i
þKðt;~zuðtÞÞ

þ
R t

0
Kp1
ðt � oÞ½BuðoÞ þ Fðo;~zuðoÞÞ�do; t 2 ð0; t1�;

Sp1 ;p2
ðt � ekÞ

1

Gðp1Þ

R ek
tk
ðek � oÞ

p1 � 1I kðo;~z
uðt�k ÞÞdo � Kðek;~zuðekÞÞ

h i

þKðt;~zuðtÞÞ þ
R t

ek
Kp1
ðt � oÞ½BuðoÞ þ Fðo;~zuðoÞÞ�do; t 2 ðek; tkþ1�:

8
>>>>>>>><

>>>>>>>>:

Then, ~zu 2 T ðuÞ is continuously embedded in L1ðI ;UÞ, by Balder’s theorem [49] and (H8),

IðuÞ ¼ lim
n!1

Z T

0

Lðt; zunðtÞ; uðtÞÞdt �
Z T

0

Lðt;~zuðtÞ; uðtÞÞdt ¼ Ið~zu; uÞ � IðuÞ;

which shows Ið~zu; uÞ ! IðuÞ. Therefore, IðuÞ reaches its least value at ~zu 2 T ðuÞ for every

u 2 Uad.

Also, consider u0 2 Uad such that IðuÞ ¼ inf
u2Uad

IðuÞ. By the infimum property, fung
1

n¼0
� Uad

provided lim
n!1

IðunÞ ¼ inf
u2Uad

IðuÞ. Since fung
1

n¼0
in LPðI ;UÞ is bounded for P> 1, u0 2 LPðI ;UÞ

and by relative compactness of zun there is a subsequence ~zu
0

2 PC1� Z as lim
n!1

zun ! ~zu
0

. Using

Balder’s theorem [49] and the property that PC1� Z ! LðI ;UÞ is continuous, we conclude

inf
u2Uad

IðuÞ ¼ lim
n!1

Z T

0

Lðt; zunn ðtÞ; unðtÞÞdt �
Z T

0

Lðt;~zu
0

ðtÞ; u0ðtÞÞdt ¼ Ið~zu
0

; u0Þ

¼ Iðu0Þ � inf
u2Uad

IðuÞ:

Therefore, IðuÞ ¼ inf
u2Uad

IðuÞ, leads that I attains its minimum at u0 2 Uad. Subsequently, we

have

Ið~zu
0

; u0Þ ¼ inf
u2Uad

IðuÞ ¼ inf
ðzu;uÞ2Aad

Iðzu; uÞ:

Hence, ð~zu
0

; u0Þ 2 Aad. This completes the proof.
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5 Application

Consider a nonlinear equation of the form given below to validate the outcome,

D
1
2
;2
3 zðB; tÞ � exp z

3Bt

4

� �� �� �

¼
@

2

@t2
zðB; tÞ � exp z

3Bt

4

� �� �� �

þ

Z 1

0

hðB; tÞuðB; tÞdt þ sin expðBtÞ þ z
2Bt

5

� �� �

; B 2 ð0; 3�n ð1; 2�;

zðB; 0Þ ¼ zðB; pÞ ¼ 0; B 2 ½1; 2�;

zðB; tÞ ¼
1

G 1

2

� �

Z t

tk

1

ðB � tÞ
1
2

z 1

2

�
� �

20expðtÞ þ 1

� �

dt; B; t 2 ½1; 2�;

I
5
6

0zð0; tÞ ¼

Z 3

0

zðo; tÞdt þ 5; t 2 ½0; p�;

ð4:1Þ

with BuðBÞðtÞ ¼
R 1

0
hðB; tÞuðB; tÞdt, & p1 ¼

1

2
; p2 ¼

2

3
; Z ¼ 5

6
. Assume N ¼ L2½0; p� and A :

DðAÞ � N ! N by Az ¼ @2

@t2
ðzÞ;

DðAÞ ¼ fz 2 N ; zt; ztt 2 N ; zðB; 0Þ ¼ zðB; pÞ ¼ 0g:

It is clear that A is a strongly continuous semigroup and ðSðBÞzÞ in N ,

ðSðBÞzÞðtÞ ¼

R p
0
M ðB; t � oÞzðoÞdo; B > 0;

zðtÞ; B ¼ 0;

(

with

M ðB; tÞ ¼

ffiffiffi
2

p

r

exp �
t2

4B

� �� �

; B > 0; 0 < t < p;

with zðBÞðtÞ ¼ zðB; tÞ. This leads to the conclusion jjSðBÞjj �M . Let Uad ¼

fu 2 UjjjujjL2 ½½0;3�; U� � 1g: Hence

Iðz; uÞ ¼

Z tkþ1

tk

Z p

0

jzðB; tÞj
2dtdBþ

Z tkþ1

tk

Z p

0

juðB; tÞj
2dtdB

related to the system (4.1) which correlates the system (1.1) with

Iðz; uÞ ¼

Z tkþ1

tk

�
jjzðBÞjj

2
þ jjuðBÞjj

2

U

�
dB:

Therefore, (H1)–(H8) satisfied. This completes the proof.

6 Conclusion

We examine the total controllability of non-instantaneous Hilfer fractional neutral system

under integral boundary condition. By incorporating HFD with semigroup operator theory

and Laplace transform technique, the integral solution is derived. Controllability outcomes

were attained using Kuratowski’s measure with contraction theory. Furthermore, the sequenc-

ing technique has been used to discuss the existence of the optimal pair for the system. To con-

firm the derived consequences, an example is given. The concept can be extended to Hilfer

stochastic differential equations.

PLOS ONE Optimal and total controllability approach of non-instantaneous Hilfer fractional derivative

PLOS ONE | https://doi.org/10.1371/journal.pone.0297478 February 28, 2024 15 / 18

https://doi.org/10.1371/journal.pone.0297478


Author Contributions

Conceptualization: Kottakkaran Sooppy Nisar.

Investigation: K. Jothimani, C. Ravichandran.

Methodology: Kottakkaran Sooppy Nisar.

Software: K. Jothimani, C. Ravichandran.

Supervision: Kottakkaran Sooppy Nisar.

Validation: C. Ravichandran.

Writing – original draft: Kottakkaran Sooppy Nisar, K. Jothimani, C. Ravichandran.

References
1. Kharade J P, Kucche K D, On the impulsive implicitΨ–Hilfer fractional differential equations with delay,

Math. Methods Appl. Sci., (2019); 43(4):1938–1952. https://doi.org/10.1002/mma.6017

2. Kucche K D, Kharade J P, Sousa J V C, On the nonlinear impulsiveΨ–Hilfer fractional differential equa-

tions, Mathematical Modelling and Analysis, (2020); 25(4):642–660. https://doi.org/10.48550/arXiv.

1901.01814

3. Hernández E, O’Regan Donal, On a new class of abstract impulsive differential equations, Proc. Amer.

Math. Soc., (2013); 141(5):1641–1649. https://doi.org/10.1090/S0002-9939-2012-11613-2

4. Kumar V, Stamov G, Stamova I, Controllability results for a class of piecewise nonlinear impulsive frac-

tional dynamic systems, Appl. Math. Comput., (2023); 439:127625. https://doi.org/10.1016/j.amc.2022.

127625

5. Kumar V, Djemai M, Existence, stability and controllability of piecewise impulsive dynamic systems on

arbitrary time domain, Appl. Math. Model., (2023); 117:529–548. https://doi.org/10.1016/j.apm.2022.

12.027

6. Kumar V, KostićM, Tridane A, Debbouche A, Controllability of switched Hilfer neutral fractional dynamic

systems with impulses, IMA Journal of Mathematical Control and Information, (2022); 39(3):807–836.

https://doi.org/10.1093/imamci/dnac011

7. Malik M, Sajid M, Kumar V, Controllability of singular dynamic systems on time scales, Asian Journal of

Control, (2021); 24(5):2771–2777. https://doi.org/10.1002/asjc.2645

8. Chen P, Zhang X, Li Y, Existence of mild solutions to partial differential equations with non-instanta-

neous impulses, Electron. J. Differ. Equ., (2016); 241:1–11.

9. Saravanakumar S, Balasubramaniam P, Non-instantaneous impulsive Hilfer fractional stochastic differ-

ential equations driven by fractional Brownian motion, Stoch. Anal. Appl., (2021); 39(3):549–566.

https://doi.org/10.1080/07362994.2020.1815545

10. Wang J R, Ibrahim G, O’Regan Donal, Zhou Y, A general class of non-instantaneous fractional differen-

tial inclusions in Banach spaces, Adv. Difference Equ., (2017); 287(2017). https://doi.org/10.1186/

s13662-017-1342-8

11. Wang J R, Ibrahim G, O’Regan Donal, Controllability of Hilfer fractional non-instantaneous impulsive

semilinear differential inclusions with nonlocal conditions, Nonlinear Anal. Model. Control, (2019); 24

(6):958–984. https://doi.org/10.15388/NA.2019.6.7

12. Liu S, Wang J R, O’Regan Donal, Trajectory approximately controllability and optimal control for nonin-

stantaneous impulsive inclusions without compactness, Topol. Methods. Nonlinear. Anal., (2021); 58

(1):19–49. https://doi.org/10.12775/TMNA.2020.069

13. Alsheekhhussain Z, Gamal Ibrahim A, Controllability of Semilinear Multi-Valued Differential Inclusions

with Non-Instantaneous Impulses of Orderα 2 (1, 2) without Compactness, Symmetry, (2021); 13

(4):566. https://doi.org/10.3390/sym13040566

14. Ramkumar K, Ravikumar K, Baleanu D, Anguraj A, Hilfer fractional neutral stochastic differential equa-

tions with non-instantaneous impulses, AIMS Mathematics, (2021); 6(5):4474–4491. https://doi.org/10.

3934/math.2021265

15. Agarwal R, Almeida R, Hristova S, O’Regan Donal, Non-instantaneous impulsive fractional differential

equations with state dependent delay and practical stability, Acta Mathematica Scientia, (2021);

41:1699–1718. https://doi.org/10.1007/s10473-021-0518-1

16. Borah J, Bora S N, Non-instantaneous impulsive fractional semilinear evolution equations with finite

delay, J. Fractional Calc. & Appl., (2021); 12(1):120–132. https://doi.org/10.21608/jfca.2021.308746

PLOS ONE Optimal and total controllability approach of non-instantaneous Hilfer fractional derivative

PLOS ONE | https://doi.org/10.1371/journal.pone.0297478 February 28, 2024 16 / 18

https://doi.org/10.1002/mma.6017
https://doi.org/10.48550/arXiv.1901.01814
https://doi.org/10.48550/arXiv.1901.01814
https://doi.org/10.1090/S0002-9939-2012-11613-2
https://doi.org/10.1016/j.amc.2022.127625
https://doi.org/10.1016/j.amc.2022.127625
https://doi.org/10.1016/j.apm.2022.12.027
https://doi.org/10.1016/j.apm.2022.12.027
https://doi.org/10.1093/imamci/dnac011
https://doi.org/10.1002/asjc.2645
https://doi.org/10.1080/07362994.2020.1815545
https://doi.org/10.1186/s13662-017-1342-8
https://doi.org/10.1186/s13662-017-1342-8
https://doi.org/10.15388/NA.2019.6.7
https://doi.org/10.12775/TMNA.2020.069
https://doi.org/10.3390/sym13040566
https://doi.org/10.3934/math.2021265
https://doi.org/10.3934/math.2021265
https://doi.org/10.1007/s10473-021-0518-1
https://doi.org/10.21608/jfca.2021.308746
https://doi.org/10.1371/journal.pone.0297478


17. Zhou Y, Jiao F, Nonlocal Cauchy problem for fractional evolution equations, Nonlinear Anal. Real World

Applications, (2010); 11(5):4465–4475. https://doi.org/10.1016/j.nonrwa.2010.05.029

18. Wang X, Wang L, Zeng Q, Fractional differential equations with integral boundary conditions, J. Nonlin-

ear Sci. Appl., (2015); 8(4):309–314. https://doi.org/10.22436/jnsa.008.04.03

19. Wang J R, Zhang Y, Nonlocal initial value problems for differential equations with Hilfer fractional deriva-

tive, Appl. Math. Comput., (2015); 266:850–859. https://doi.org/10.1016/j.amc.2015.05.144

20. Hilfer R, Applications of Fractional Calculus in Physics, World Scientific, Singapore, (2000).

21. Furati K M, Kassim M D, Tatar N E, Existence and uniqueness for a problem involving Hilfer fractional

derivative, Comput. Math. Appl., (2012); 64(6):1616–1626. https://doi.org/10.1016/j.camwa.2012.01.009

22. Gu H, Trujillo J J, Existence of mild solution for evolution equation with Hilfer fractional derivative, Appl.

Math.Comput., (2015); 257:344–354. https://doi.org/10.1016/j.amc.2014.10.083

23. Hilfer R, Luchko Y, Tomovski Z, Operational method for the solution of fractional differential equations

with generalized Riemann-Liouville fractional derivatives, Fract. Calc. Appl. Anal., (2009); 12(3):299–

318. https://doi.org/10.1515/fca-2021-0023

24. Subashini R, Jothimani K, Nisar K S, Ravichandran C, New results on nonlocal functional integro-differ-

ential equations via Hilfer fractional derivative, Alexandria Engineering Journal, (2020); 59(5):2891–

2899. https://doi.org/10.1016/j.aej.2020.01.055

25. Agarwal P, Baleanu D, Quan Y, Momani C S, Machado J A, Fractional Calculus- Models, Algorithms,

Technology, Springer, Singapore (2018).

26. Kilbas A A, Srivastava H M, Trujillo J J, Theory and applications of fractional differential equations In:

North-Holland Mathematics Studies, Elsevier Science, Amsterdam; (2006):204.

27. Pazy A, Semigroups of Linear Operators and Applications to Partial Differential Equations, New York,

Springer-verlag (1983).

28. Podlubny I, Fractional Differential Equations. An introduction to fractional derivatives, fractional differen-

tial equations, to methods of their solution and some of their applications, Academic Press, San Diego

(1999).

29. Zhou Y, Basic Theory of Fractional Differential Equations, World Scientific, Singapore, (2014).

30. Ravichandran C, Jothimani K, Nisar K S, Mahmoud Emad E, Yahia Ibrahim S, An interpretation on con-

trollability of Hilfer fractional derivative with nondense domain, Alexandria Engineering Journal, (2022);

61(12):9941–9948. https://doi.org/10.1016/j.aej.2022.03.011

31. Nisar K S, Jothimani K, Kaliraj K, Ravichandran C, An analysis of controllability results for nonlinear Hil-

fer neutral fractional derivatives with non-dense domain, Chaos Solitons & Fractals, (2021);

146:110915. https://doi.org/10.1016/j.chaos.2021.110915

32. Nisar K S, Jothimani K, Ravichandran C, Baleanu D, Kumar D, New approach on controllability of Hilfer

fractional derivatives with nondense domain, AIMS Mathematics, (2022); 7(6):10079–10095. https://

doi.org/10.3934/math.2022561

33. Nisar K S, Jagatheeshwari R, Ravichandran C, Veeresha P, High performance computational method

for fractional model of solid tumour invasion, Ain Shams Eng. J., https://doi.org/10.1016/j.asej.2023.

102226

34. Jothimani K, Kaliraj K, Panda S K, Nisar K S, Ravichandran C, Results On controllability of non-densely

characterized neutral fractional delay differential system, Evol. Equ. Control Theory, 2021; 10(3):619–

631. https://doi.org/10.3934/eect.2020083

35. Goufo E F D, Ravichandran C, Birajdar G A, Self-similarity techniques for chaotic attractors with many

scrolls using step series switching, Math. Model. Anal., (2021); 26(4):591–611. https://doi.org/10.3846/

mma.2021.13678

36. Kavitha K, Vijayakumar V, Udhayakumar R, Results on controllability of Hilfer fractional neutral differen-

tial equations with infinite delay via measures of noncompactness, Chaos Solitons & Fractals, (2020);

139:1–9. https://doi.org/10.1016/j.chaos.2020.110035

37. Kavitha K, Vijayakumar V, Udhayakumar R, Ravichandran C, Results on controllability of Hilfer frac-

tional differential equations with infinite delay via measures of noncompactness, Asian J. Control,

(2022); 24(3):1406–1415. https://doi.org/10.1002/asjc.2549

38. Du J, Jiang W, Pang D, Niazi A U K, Exact controllability for Hilfer fractional differential inclusions involv-

ing nonlocal initial conditions, Complexity, (2018); 2018:1–13. https://doi.org/10.1155/2018/9472847

39. Lv J, Yang X, Approximate controllability of Hilfer fractional differential equations, Math. Methods Appl.

Sci., (2020); 43(1):242–254. https://doi.org/10.1002/mma.5862

40. Wang J R, Liu X, O’Regan Donal, On the approximate controllability for Hilfer fractional evolution hemi-

variational inequalities, Numer. Funct. Anal. Optim., (2019); 40 (7):743–762. https://doi.org/10.1080/

01630563.2018.1499667

PLOS ONE Optimal and total controllability approach of non-instantaneous Hilfer fractional derivative

PLOS ONE | https://doi.org/10.1371/journal.pone.0297478 February 28, 2024 17 / 18

https://doi.org/10.1016/j.nonrwa.2010.05.029
https://doi.org/10.22436/jnsa.008.04.03
https://doi.org/10.1016/j.amc.2015.05.144
https://doi.org/10.1016/j.camwa.2012.01.009
https://doi.org/10.1016/j.amc.2014.10.083
https://doi.org/10.1515/fca-2021-0023
https://doi.org/10.1016/j.aej.2020.01.055
https://doi.org/10.1016/j.aej.2022.03.011
https://doi.org/10.1016/j.chaos.2021.110915
https://doi.org/10.3934/math.2022561
https://doi.org/10.3934/math.2022561
https://doi.org/10.1016/j.asej.2023.102226
https://doi.org/10.1016/j.asej.2023.102226
https://doi.org/10.3934/eect.2020083
https://doi.org/10.3846/mma.2021.13678
https://doi.org/10.3846/mma.2021.13678
https://doi.org/10.1016/j.chaos.2020.110035
https://doi.org/10.1002/asjc.2549
https://doi.org/10.1155/2018/9472847
https://doi.org/10.1002/mma.5862
https://doi.org/10.1080/01630563.2018.1499667
https://doi.org/10.1080/01630563.2018.1499667
https://doi.org/10.1371/journal.pone.0297478


41. Bahaa G M, Optimal control problem and maximum principle for fractional order cooperative systems,

Kybernetika, (2019); 55(2):337–358. https://doi.org/10.14736/kyb-2019-2-0337

42. Harrat A, Nieto J J, Debbouche A, Solvability and optimal controls of impulsive Hilfer fractional delay

evolution inclusions with Clarke subdifferential, J. Comput. Appl. Math., (2018); 344:725–737. https://

doi.org/10.1016/j.cam.2018.05.031

43. Pan X, Li X, Zhao J, Solvability and optimal controls of semi linear Riemann- Liouville fractional differen-

tial equations, Abstr. Appl. Anal., (2014);(2014):216919. https://doi.org/10.1155/2014/216919

44. Sousa J V C, Existence of mild solutions to Hilfer fractional evolution equations in Banach space, Classi-

cal Analysis and ODEs, 1812.02213v1

45. Kumar V, Malik M, Debbouche A, Total controllability of neutral fractional differential equation with non-

instantaneous impulsive effects, J. Comput. Appl. Math., (2021); 383:113158. https://doi.org/10.1016/j.

cam.2020.113158

46. Yang H, Zhao Y, Existence and optimal controls of non-autonomous impulsive integro-differential evolu-

tion equation with nonlocal conditions, Chaos Solitons & Fractals, (2021); 148:111027. https://doi.org/

10.1016/j.chaos.2021.111027

47. Banaś J, On measures of noncompactness in Banach spaces, Comment. Math. Univ. Carolin., (1980);

21(1):131–143.

48. Zhu S, Fan Z, Li G, Optimal controls for Riemann-Liouville fractional evolution systems without Lipschitz

assumption, J. Optim. Theory. Appl., (2017); 174(1):47–64. https://doi.org/10.1007/s10957-017-1119-y

49. Balder E, Necessary and sufficient conditions for l1-strong-weak lower semi-continuity of integral func-

tional, Nonlinear Anal., (1987); 11(12):1399–1404. https://doi.org/10.1016/0362-546X(87)90092-7

PLOS ONE Optimal and total controllability approach of non-instantaneous Hilfer fractional derivative

PLOS ONE | https://doi.org/10.1371/journal.pone.0297478 February 28, 2024 18 / 18

https://doi.org/10.14736/kyb-2019-2-0337
https://doi.org/10.1016/j.cam.2018.05.031
https://doi.org/10.1016/j.cam.2018.05.031
https://doi.org/10.1155/2014/216919
https://doi.org/10.1016/j.cam.2020.113158
https://doi.org/10.1016/j.cam.2020.113158
https://doi.org/10.1016/j.chaos.2021.111027
https://doi.org/10.1016/j.chaos.2021.111027
https://doi.org/10.1007/s10957-017-1119-y
https://doi.org/10.1016/0362-546X(87)90092-7
https://doi.org/10.1371/journal.pone.0297478

