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Abstract

Hepatitis B disease is an infection caused by a virus that severely damages the liver. The
disease can be both acute and chronic. In this article, we design a new nonlinear SVEICHR
model to study dynamics of Hepatitis B Virus (HBV) disease. The aim is to carry out a com-
prehensive mathematical and computational analysis by exploiting preventive measures of
vaccination and hospitalization for disease control. Mathematical properties of proposed
model such as boundedness, positivity, and existence and uniqueness of the solutions are
proved. We also determine the disease free and endemic equilibrium points. To analyze
dynamics of HBV disease, we compute a biologically important quantity known as the repro-
duction number Rq by using next generation method. We also investigate the stability at
both of the equilibrium points. To control the spread of disease due to HBV, two feasible opti-
mal control strategies with three different cases are presented. For this, optimal control
problem is constructed and Pontryagin maximum principle is applied with a goal to put down
the disease in the population. At the end, we present and discuss effective solutions
obtained through a MATLAB code.

1. Introduction

Epidemiology is the study of health and disease as well as the causes associated with them at
the population level. Hepatitis B is an epidemiological disease caused by a hepatitis B virus. It
simply refers to liver inflammation [1]. Generally, most people do not experience symptoms
until the infection becomes fatal. Therefore, hepatitis B virus is called the silent killer. How-
ever, the common symptoms of HBV are fever, fatigue, nausea, vomiting, belly pain, and
joint pain [1-3]. The incubation period of HBV is from 1.5 to 6 months (average 4 months)
(2, 3].

In 1942, a hepatitis outbreak took place that affected 28,585 soldiers. The soldiers were
infected with virus after getting yellow fever vaccine [4]. During second world war, there were
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possibly 16 million cases of hepatitis. Every year, around 4.5 million new HBV infections arise
worldwide with one-fourth of these progressing to liver damage. Mccallum and Bauer first
time coined the terms Hepatitis-A and Hepatitis-B in 1947 to distinguish between infectious
(epidemic) and serum hepatitis [5]. The World Health Organization (WHO) scientific group
working on viral hepatitis adopted these terms in 1973. Blumberg et al. [6] discovered at the
National Institutes of Health (USE) that the serum of an Australian person has a precipitating
antigen on agar gel with the serum of a patient who has received multiple blood transfusions;
this protein is now known as “Hepatitis-B surface antigen HBsAg,” and they named the pro-
tein “Australian antigen-Au antigen.” It became clear over time that this protein is linked to
type B hepatitis. Researchers led by Prince, Okochi, and Murakam discovered Au antigen
(hepatitis B surface antigen) only in the serum of patients infected with type B hepatitis in
1968 [7]. Acute hepatitis B has a fatality rate of 0.5-1%. About 6,00,000 people die every year
due to HBV infection [8-11].

Possible forms of transmission of HBV include vertical transmission (mother to baby) and
horizontal transmission (exposure to infected blood or any other body fluid) [12]. There are
two forms of hepatitis B virus: acute and chronic. The acute hepatitis B virus does not persist
more than 6 months (with or without symptoms) and the infected individual can transmit the
disease to others. In this case, our immune system is capable of removing the HBV from the
body. On the other hand, chronic hepatitis B virus takes 6 months or longer. In this case, our
immune system is unable to eliminate the HBV. The main difference between acute and
chronic/carriers HBV infection is the duration of the infection. Acute HBV infection is a
short-term illness that typically resolves on its own, while chronic HBV infection lasts longer
than six months and can cause serious liver damage over time. There are several treatments
but not a specific treatment for acute infectious hepatitis B virus. Therefore, care is aimed at
maintaining comfort and adequate nutritional balance, including replacement of fluids lost
from vomiting and diarrhoea. The other treatments for acute hepatitis B virus are, Hepatitis B
immunoglobulin (HBIG) and in some cases, HBIG is also helpful to prevent from becoming
this acute to chronic/carrier HBV infection. Chronic hepatitis B infection can be treated with
medications, including antiviral agents taken orally. Cirrhosis treatment can slow the pro-
gression of the disease, lower the incidence of liver cancer, and improve long-term survival
[13]. Depending on the setting and eligibility criteria, WHO estimates that 12% to 25% of
people with chronic hepatitis B infection took treatment in 2021 [14]. The World Health
Organization recommends oral treatments (tenofovir or entecavir) as the most effective
drugs for hepatitis B virus suppression. Most people who begin hepatitis B treatment must
continue it for the rest of their lives. Other treatments for chronic or carriers include antiviral
medication, interferon therapy, and, in the worst-case scenario, liver transplantation. We
should have proper treatment otherwise it can lead to major health problems and possibly be
fatal [15-17].

The mathematical modeling is a useful means that relates real-world problems to mathe-
matical equations. A model gives us a comprehensive picture of the possible outcomes of the
disease [18-21]. Recognizing the severity of HBV disease, many researchers and epidemiologi-
cal scientists of the world started working in understanding and analyzing the disease dynam-
ics and control patterns. A variety of epidemiological models exist in the literature [22-29] to
probe and to control the disease in the human population. The ultimate aim in these articles
was to study the disease spread patterns, virus transmission modes, damages caused by virus
and the possible control or prevention strategies.

Since HBYV is one of the major global health problems and the viral disease is affecting mil-
lions of people every year, it is necessary to explore the disease for best possible treatments.
Controlling HBV disease is still a concern of the world as many governments especially the
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third world countries are trying to eradicate the disease from the society. The purpose of this
manuscript is to design some realistic optimal control strategies and to study the impact of
these strategies in controlling the spread of disease. For this purpose, we design a new
SVEICHR model for HBV disease where the addition of vaccination compartment V and the
hospitalization compartment H is considered for the sake of disease control and treatment. A
similar strategy for disease control is used in [16, 17]. However, in [16] the considered model
does not include the vaccination and hospitalization compartments whereas in [17] the model
is considered with vaccination and treatment compartments but with different disease flow
patterns and controls.

In [17], the same compartmental control strategies were applied, as we have previously
mentioned. However, there are several gaps in the study which we aim to address in our pro-
posed model. Specifically, the authors in [17] did not account for the interaction between vac-
cinated and infectious individuals, particularly those with chronic conditions, which is not a
realistic approach. In addition, the absence of vertical remission from mother to child is
another unrealistic assumption. Although Alrabaiah et al. in [17] employed treatment for
acute and chronic cases in their control strategies, but in model they considered the recovery
rate of under-treated individuals as a treatment strategy. Before applying numerical tech-
niques, the considered model was not verified for the essential well-posed property, as the
existence and uniqueness of the solution was not demonstrated in [17]. To address these
issues, we propose a mathematical model with more realistic assumptions. In our proposed
model, direct interaction between vaccinated and infectious individuals is possible, which can
result in virus transmission to low-immunity vaccinated individuals. Therefore, even vacci-
nated people can be exposed to the virus. Moreover, we consider the transmission of the virus
through vertical transmission from chronically infected mothers to their newborn babies. We
will investigate the validity of our proposed model by demonstrating its characteristic proper-
ties, including positivity and boundedness of the solutions. In order to establish the well-
posedness of the suggested model, we will demonstrate the existence of a unique solution and
conduct stability analysis of the disease-free and endemic equilibrium points. Additionally,
we design an optimal control problem to address the control of HBV disease and to determine
the optimal vaccination rate for susceptible individuals as well as the optimal treatment rates
for those with acute and chronic/carriers hepatitis B virus. To further elucidate the attributes
of the control problem, we perform various numerical simulations using an optimization
algorithm.

In Section 2, we develop an SVEICHR model for HBV disease control. Section 3 deals
with the important property for a system of ordinary differential equations, the existence
and uniqueness of a solution as well as the fundamental properties of the HBV model i.e.,
boundedness and positivity of the solutions. We find out the model’s disease free and
endemic equilibrium points and to check the transmission dynamics of HBV disease, we
compute the biologically important property i.e., the reproduction number R, [30-33] in
section 4. In Section 5, we establish the local and global stabilities of the developed model
at both of the equilibrium points. In Section 6, we perform an optimal control analysis to
control the dynamical behavior of HBV disease at the minimum cost of implemented
strategies [16, 17, 34, 35]. For this, we define an objective functional involving state and
control variables and implement the Pontryagin Maximum Principle [36] to optimize the
control problem. We employ a well known RK-4 method to obtain optimal numerical
solutions that validate the analytical results of the proposed model. Graphical simulations
along with detailed discussions are also part of Section 6. Our study is summarized in sec-
tion 7.
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2. Model formulation

Hepatitis B is a virus-borne infection caused by HBV which assaults and damages the liver. To
develop a mathematical model for HBV disease, we divide the total population into seven com-
partments. N(f) is used to represent the total population at any time ¢ that is sort out into seven
times-dependent classes. The first class is susceptible class S(t), the class which is healthy but
can be effected by the disease. The second class is vaccinated class V(). The third class is
exposed class E(t), the class which is infected but didn’t transfer the disease. The fourth class is
acute infectious individuals I(¢), the class which contracts with the disease and then stick with
it. The fifth class is chronic HBV carriers C(t), the class which is the cause of transmission of
chronic HBV in the population. The sixth class is hospitalized class H(t), the class which con-
tains individual with severe conditions. At the end, seventh class is recovered R(t), the class
which has immunity against the disease either through vaccination or with the human body’s
immune system. Thus, the total population at any time ¢ is given as

N(t) =S(t) + V() + E(t) + I(t) + C(¢) + H(t) + R(¥). (1)

Flow pattern of the disease as well as the connection between the compartments S, V, E, I,
C, H, R along with transmission rates is shown in the Fig 1.

Fig 1. Flow diagram. HBV disease transmission through compartments.

https://doi.org/10.1371/journal.pone.0288024.9001

PLOS ONE | https://doi.org/10.1371/journal.pone.0288024 October 26, 2023 4/30


https://doi.org/10.1371/journal.pone.0288024.g001
https://doi.org/10.1371/journal.pone.0288024

PLOS ONE Computational analysis of control of hepatitis B virus disease through vaccination and treatment strategies

The system of nonlinear ODEs describing the disease flow pattern of Fig 1 can be written in

the form:
ds
i I — (B,1+ (B, +v)C+ B;H)S — B,S — uS,
av
ar =p,S— ¢, VI— (¢2 +:U)Va
dE
ar = (B I+ (B, +v)C+ BH)S + ¢, VI — (Bs + p)E,
dl
E :ﬁsE_(ﬁ6+ﬁ7+ﬁg+ﬂ+51)I, (2)
dcC
i = Bl — (ﬁg + B+t 5C)C7
dH
ar = Bl + B,C — (B, + 0, + wH,
dR
E = ﬁsl + ﬁloc + ﬂuH + @,V — UR,

along with the set of non-negative initial conditions:

where Sy, Vo, Eo, I, Co, Ho, Ry are non-negative initial populations for the respective compart-
ments. Detailed description of the parameters involved in model (2) and their values are given
in the Table 1.

Table 1. Parameters description with their numerical values.

Parameter Description Value Source
I Rate of new arrivals 0.0121 [5, 13, 16]
u Rate of death naturally 0.0121 [16]

By Rate of switching from class S to E after contact with I 0.65 Assumed
B Rate of shifting from class S to E after contact with C 0.5 [16]

Bs Rate of switching from class S to E after contact with H 0.36 [16]

B Rate of vaccinated susceptible 0.2 [22]

Bs Rate of shifting from class E to I 0.1989 [5]

Be Rate of shifting from class I to C 0.025 [16]

B Rate of shifting from class I to H 0.2 Estimated
Bs Rate of shifting from class I to R 0.36 Estimated
Bo Rate of shifting from class C to H 0.5 Assumed
Bro Rate of switching from C to R 0.07 [5]

B Rate os switching from H to R 0.1 Assumed
ol Rate of transmission from V to E after contact with I 0.06 Assumed
¢ Rate of transmission from V to R 0.7 [9]

v Vertical transmission of virus from mother to child 0.035 Assumed
or Fatality rate in I due to disease 0.54 Estimated
dc Fatality rate in C due to disease 0.05 Estimated
O Fatality rate in H due to disease 0.023 Assumed

https://doi.org/10.1371/journal.pone.0288024.t001
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3. Existence and uniqueness of the solution

In this section, we state some fundamental theorems to prove that the HBV model (2) has a
unique solution. Some basic definitions from functional analysis are also presented here to

support the proof of stated theorems. Since the proposed HBV model (2) is autonomous, it
can be written as:

dz
S=T@0), 20 -2, )

where Z(t) € C'[0, Tj and Z(t) : R, — R’ is a real valued function defined by
along with

and

17(t) = (1,(2),T,(2), T,(2), T,(2), T,

b

(2),T4(2),T,(2))",

where 7 (t) is a column vector and 7,(Z), i =1,2,...,7 are its components, 7,(Z), i =
1,2,..., 7 represent the right hand sides of the equations of model (2). To establish the exis-
tence and uniqueness for the solution of model (3), we state some basic theorems and
definitions.

Theorem 1 [37] Let h : D — R" be a continuously differentiable mapping from D C R to R",
x € D. Then h satisfies a Lipschitz condition on each convex compact subset D of D with Lipchitz
constant K. Where K is the supremum of the derivative of h on D, i.e.,

dh
K =su — .
xeg |dx|

Theorem 2 [38] Suppose D = {(t, z)|t € R, z € R"}, and let h(t, z) be continuous on D and sat-
isfies Lipschitz condition there, then the initial value problem

dz
at = h(t,2), z(t,) = z,
has a solution.

Definition 1 [39] A sequence (x,,) in a metric space X = (X, d) is said to be Cauchy if for every
€ > 0 there is an N = N(¢) such that

d(x,,x,) <e€, for every m,n>n, € N.

n)m

Definition 2 [39] A sequence (x,,) is contractive in a metric space X if there exist a constant
C € (0, 1) such that

d(x,,x, ) < Cd(x,_,,x, ),

n?n—1

for alln € N and C is called contractive constant of the sequence.
Theorem 3 [39] A sequence is convergent in a complete metric space X iff it is Cauchy.
Theorem 4 [39] Every contractive sequence is a Cauchy sequence, and therefore convergent
in complete metric space.
Theorem 5 The function T (Z) in (3) is Lipschitz continuous.
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Proof: Let V be a convex compact subset of

D= {(z(t))| L<E<T, Ze Rz}.

Let Z,, Z, € V, then by Mean Value Theorem 3 { € (Z;, Z,) such that

or

and hence,

| T(2,(1) = T(2,(1)) | =| T (£(0)-2,(1) = Z,(0) |,
<7 ON)IZ) = Z.-

Since 7 € C'[0, Ty, hence over convex compact set V, 3 a constant A > 0 such that
17 (Ol <2

Hence,

| T(Zl(t)) - T(Zz(t)) |§ 7\'”21 - ZQHOOa

sup | T(Z,(t)) —T(Z,(1) S A|Z, — Z,]..
t€[0,T7]
or it can be written as

||T(Z1) - T(Zz)Hx < MlZl - ZQH:x:'

Hence 7 (Z) is Lipschitz.
Theorem 6 Suppose that the function T (Z) satisfies the Lipschitz condition

||T(Z2) - T(Zl)Hoo < 7‘”22 - ZlHOCv
then the problem (3) has a unique solution for
k=AT, <1.

Proof. By fundamental theorem of calculus, solution of IVP (3) can be written in the form:
Ty
Z(t) = Z(0) + / T(Z)dt. (4)
0

We will prove that the function u(#) is a solution of (3) iff it satisfies the integral Eq (4). Let
u(t) be the solution of (3), then by fundamental theorem of calculus we can write

u(t) = u(0) + /OTf T (u)dt. (5)
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That is equivalent to (4). For converse implication, we let u,(f) is a sequence of solutions
which converges to the solution (3) with successive iterative form and defined as:

un(t) = uo(t) +/Tf T(un—l(t))dt7 l: 172,.,.,7[, (6)
0
with u(f) = u(0). First of all we show that the sequence (6) is contractive if k = AT < 1. Con-
sider
Ty
[0 =, () = | (0) = T, () |
0 Tf
< [ 1T ) - Tl 0) | e
0 Tf
S RAPRCEPOITE

Using the Lipchitzian property of the function 7, we have

T,

WAQ*%JOIS/WKWPI%JQ*wQWIM

0 t[0,Ty]

Ty
sxwp|wxo—wQM|/ d,
0

t€[0,Ty]

< ATysup | u, () —u, ,(t) |,

t€(0,Ty]
||un - un—lH:x; S 7\‘Tf”url—l - un—?”o@’
||un - unfluoc S k”unfl - un72||oo7

this implies

d(u,,u, ) <k d(u, ,,u,,). (7)

n? “n—1

Thus, Eq (7) implies that the sequence (6) is contractive, hence Theorem 4 verifies it as a
Cauchy sequence. Now for m, n € Nand m > n,
ety = v, |l = Moty = vy F g =ty + 1ty e — vy + 1ty — u, +u, — ]
< oty =ttty = = sl s — 0],
e 1 et | T Y [ R Y [
ST e e < 7R T |8

where

k=M\T, <1.
Hence, right hand side is geometric series which is always convergent for |k|<1.

I
u,l <k

it =0l < K==

|y, — uy || < K"

1 7k||”1 — -

PLOS ONE | https://doi.org/10.1371/journal.pone.0288024 October 26, 2023 8/30


https://doi.org/10.1371/journal.pone.0288024

PLOS ONE

Computational analysis of control of hepatitis B virus disease through vaccination and treatment strategies

Since 0 < k < 1,lim,, (k") = 0. Therefore we infer that sequence (u,,) is Cauchy and
hence from Theorem 3 it convergent. Let lim,, . ..(u,,) = u, then Eq (6) gives

i, (t) = u(t) = u(0) + /0 T ()t (8)

Eq (8) is the required solution.

Uniqueness

To prove uniqueness of the solution we suppose on contrary that the sequence (u,,) converges
to two different limits ©; and u,. Then there exist n;and n, € N such that,

Hun - ul” <€, n 2> n,

[, = ]l < €&, 1y 2.

Let n* = max{n,, n,}, then
uy — o] = [l —u, + 1, — || < oy — || + (1, — ]| <€ +6,=F¢,
which implies,
|, — u,|| = 0.

Hence, we have proved that solution (8) of IVP (3) exists and is unique.

3.1 Boundedness and positivity

To examine the fundamental properties of Hepatitis B virus model, we show that in a feasible
region, for all t > 0, the state variables Z = (S, V, E, I, C, H, R) are bounded and non-negative.
Theorem 7 The state variables Z(t) = (S, V, E, I, C, H, R) of the model (2) are bounded ¥

t>0.
Proof: By using the Eq (1), we can write

aN_ds dv dp di dC di  dR
dtdt dt dt dt dt  dr  dt’
Substituting the right hand side of the model (2) in Eq (1) and by simplification, we get the
following equation that yields the rate at which the total population changes, i.e.,

dN
—p == N = (51 +0,C+0,H). (9)

From Eq (9), we get the inequality

dN
S onmouN 10
S uN, (10)

with initial condition

N(0) <
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Applying the Laplace transformation on the Eq (10), we can write

™) < £ - pegu(o)]

o N
NGs) Ss(s—s—u) s+u

Using partial fraction technique, we get:

ni I 1 N(0)

Applying inverse Laplace transformation on both side of (11), we get

11 1 IT 1 1
LYNG)<—=L'(=)—=¢r" +N()L! ,
(V) <L) = £ () PNOL ()
or
I II
N(t) < T (—ut) + N(0) exp (—put),
I1 I
<——|——N(0)| exp (—put
2 [N e ()
Hence, we can state
lim N(¢) < E
t—00 'u

Thus, we proved that the state variables (S, V, E, I, C, H, R) of the model (2) remains bounded
in the feasible region.

Theorem 8 Consider the model (2) with the given non-negative initial conditions. Then the
solution Z(t) = (S, V, E, I, C, H, R) of this model (2) is either positive or zero ¥Vt > 0.
Proof: Let us consider the first equation of the model (2), i.e.,

BT (B1+ (B, )T+ BH)S + (B + 1S (12)

Since we proved that all the state variables are bounded, hence 3 a finite Y > 0 such that:
Y = sup [(B I+ (B, +Vv)C+ BH) + (B, + )|
Thus,

% > - YS(t). (13)
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Applying Laplace transformation, we get:

z[% > £[I1] — £[YS],

S(5(6)) = S(0) 2= V(s

s(S(s)) + YS(s) > %-l— 5(0),
I S(0)
S) Zs(s—FY)—~_s—FY

Further simplification yields us:

nmi 1 1 N(0)
23 Yer e (14)

o)

Applying inverse Laplace transformation on both side of (14), we obtain:

£ 23— FL ) +S0L ()
(15)
st > % - % exp (—T¢) + S(0) exp (—Y1).

Since 0 < exp(-Y?) < 1, hence § > I exp (—Yt) and also S(0)exp(-Yt) > 0.
Thus, it is obvious from the Eq (15), S(f) > 0, for all ¢ > 0. By using similar approach, we
can easily show that all other state variables Z(t) > 0, V¢t > 0.

4. Equilibrium points

Equilibrium points are computed by solving the the steady-state equations of the model (2) by
considering the absence and presence of hepatitis B virus in the community.
Therefor, HBV free or the disease free equilibrium (DFE) point is computed to give:

P,= (S8 V°, E"I°,C",H° R"),

_/om g1 6,,T1
- Q+m%@+mm+mr““”WM@+mm+mQ’

and HBV present or the endemic equilibrium (EE) point is given as:
Pl - (517 VlaEl7Ilv Cla H17R1)7

where

mn 1
s= >0, Elzﬂ—(jgl) >0,

b

V= Jao |:<[31+(/32—i‘_v)ﬁ6)—|—&<ﬁ7+ﬁﬁ'ﬁg>:|sl>07
Bs 5 Js Js
1 g1 B, + Lo
I'=s —|B,S" — (¢ Vi|>0,C="->0, H=—-21>0
g 88 = (s m)v] >0, ¢ =Fm >0 i |
Rl — ﬁSIl + ﬁlUCl + ﬁ]lHl + ¢2Vl > 0,

u
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along with

o :ﬁ111+(ﬁ2+v)C1—|—[)’3H1+(ﬁ1—|—,u), h=B s gy =0, +u, js =P+ u,
jo =B+ B+ Byt ut+0y, js =B+ Byt 0+ 1y js =Bt 0+ 1

4.1 Reproduction number

The reproduction number Ry is the estimated rate of a disease’s transmission capability and
for disease free equilibrium stability it gives a mathematical criterion. It represents the aver-
age number or mean of new infections that are produced by an infected case throughout the
population. It also generates the criteria for the stability of the system. The next-generation
matrix technique which is introduced by Diekmann and Heesterbeek in 1990 [33, 34], is
used to formulate and compute reproduction number Ry. Basically Ry is a spectral radius of
the matrix FV !, where F represents the Jacobian of the rate of new arrivals in the infected
classes and the Jacobian of terms that are remaining in the infectious compartments is
denoted by V.

To compute Ry, at first, we decompose the right-hand sides of the infection carrying differ-
ential equations of the mathematical model (2) as 7 — V. where F represents the rate of new
arrivals(transmission terms) in the infected classes and the remaining (translation terms) in
the infectious compartments is denoted by V. So, for the computation of Ry, we consider the
infection carrying equations of the mathematical model (2) and write the corresponding col-
umn matrix F of arrival rates for new infected individuals, i.e.,

-, VI
(B I+ (B, +v)C+ B,H)S + ¢, VI
F = 0 ,
0
0

and the transitional terms of the considered equations are represented by the column matrix V
as

_ﬁ4s + (¢2 + .“)V
(Bs + WE
V= 755E+(ﬂ6+ﬁ7+ﬁs+ﬂ+51)1
_ﬂGI + (ﬁg + ﬁl() +u+ 5C)C
_ﬁ71 - ﬁ9C + (:811 + 5H + :“)H

The Jacobian matrix F is obtained by taking the derivatives of 7 at DFE point P, with
respect to state variables Z; = (V, E, I, C, H), i.e.,

F:(ﬁ) . i=1,2,3,4,5,
0z, ) p,

i

and the Jacobian matrix F is written as:

00 —¢V° 0 0
00 ¢V +BS (B+vS B
F=|0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
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Similarly the derivatives of V at DFE point P, presented by
_ %
-(@),
9z, ) p,

i, 0 0 0

yields the below Jacobian matrix V,

<
Il

0
0 B j, 0
0
0

where (21, 25, 23, 24) = (V, E, I, C, H).
The absolute maximum eigenvalue of the matrix FV ! is computed to give the reproduc-
tion number:

R _ ﬁS[j&jGVO¢1 +j5j680181 + So(ﬁ2 + V)IBCJ.G + SOﬁSﬁ?jé + SUIBBﬁGlBQ]
0 — T .. .
JalalsJe

. (16)

The reproduction number is the number of the secondary cases generated in the population
by one infected individual. The transmission potential of a disease is based on the reproduc-
tion number. If Ry < 1, then the transmission rate of disease is very slow in the population. In
this case, the disease will gradually deteriorate and eventually vanish. If Ry = 1, then there is
only one secondary case produced by an infected individual, therefore disease remains con-
stant in the population through out the disease period. If Ry > 1, then disease spread in popu-
lation more rapidly [33, 40]. Behavior of the state variables for Ry < 1 and Ry > 1 is shown in
Fig 2. To compute the solution curves, we used RK-4 method along with the values of the phys-
ical parameters given in Table 1.

5. Stability analysis

This section deals with the local and global stabilities of the HBV model (2) at the DFE and EE
points. Global stabilities are investigated using the Lyapunov theory with LaSalle invariant
principle [18, 25, 26] and Castillo-Chavez approach [41].

5.1 Local stability at DFE

Theorem 9 Model (2) is locally asymptotically stable at Py if Ry < 1 and unstable if Ry > 1.
Proof: Corresponding to the model (2), the Jacobian matrix at disease free equilibrium
point Py is stated as:

—j 0 0 -, =B, +v)S" —BS" 0
B, —j, O -, V° 0 0 0
0 0 —jy B+, V" (By+v)S B,S° 0
](Po) = 0 0 ﬁs —Ja 0 0 0
0 0 0 B —Jis 0 0
0 0 0 ,87 .[))9 _j6 0
0 b, 0 By Bio Bu —H
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Fig 2. Local stability at DEF. Behavior of state variables for Ry < 1 and for Ry > 1.
https://doi.org/10.1371/journal.pone.0288024.9002
We compute the following eigenvalues of Jacobian matrix J(Py),
7‘1 = —Jn (173)
Ay = —fy, (17b)
Ay = —js, (17¢)
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_ _]ds + ﬁ5¢1vo + [3580[31

A, ; (17d)
3
hy = L Ju) £ M (17¢)
Nfifajadiisic
R —1
A A (17f)
A =, (17g)

where,
M= Soﬁ:3ﬁ7j5 + Soﬁsﬁﬁﬂ.‘)'

Considering Ry < 1, all the eigenvalues A; are negative for i = 1, 2,. . .,7. Consequently, when
Ry < 1 the system of equations of the model (2) is locally asymptotically stable at the disease
free equilibrium (DFE) point P,

5.2 Global stability at DFE

To demonstrate that the model (2) at DFE state is globally stable, the Castillo-Chavez [41]
approach is applied [30, 34, 40]. Using the technique introduced by Castillo-Chavez et al., we
reproduce our model in the form of following equations.

ay

E :K(Y,Z),
(18)
‘;—% =G(Y,Z), G(Y,0)=0.

Where the number of persons who are not affected is indicated by Y = (S, V) and
Z = (E, I, C, H) indicates the number of individuals having infection. The last equation of the
model is ignored since other equations do not dependent on it. Here, P, = (Y, 0) is the dis-
ease free equilibrium point.

To verify the GAS of DFE point by the Castillo-Chavez technique, the below mentioned
requirements (C1) and (C2) must be fulfilled.

dy
(C1) For i K(Y,,0) =0, Y, is GAS, (19)
(C2) G(Y,Z)=BZ— M(Y,Z), where M(Y,Z) > 0 forall (Y,Z) € Q, (20)

where B = D,G(Y,,0) is an M-matrix, and Q represents the model’s feasible region. Thus
according to Castillo-Chavez et. al., when the system of Eq (18) satisfies the above mentioned
conditions (C1) and (C2), the following theorem holds valid.

Theorem 10 The GAS is disease free equilibrium point Py of the proposed model, if Ro < 1
and the conditions (C1) and (C2) are satisfied.

Proof: Suppose Y = (S, V) represents uninfected individuals, while Z = (E, I, C, H) sym-
bolize for those who are exposed E(t), acute infected I(¢), carrier infected C(f) and hospitalized
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H(t), and P, = (Z,, 0) is the DFE. Then

@:K(Y,Z): - (BI+ (B, +v)C+ B,H)S — B,S— S . (21)
dt BiS— ¢ VI— (¢, + 1)V
AtP, = (Y,,0), we get
K(Y,,0) = [ M=pS=us | _, (22)
ﬁ4so — (¢, + M)VO
Since, Y, = (8, V") = (ﬁ , %) Thus, Y, is GAS.
Now,
dz _
ar =BZ - M(Y,Z)
—(Bs + 1) BiSy + &V, (B, +V)S, B5S, E
_ ﬁs _(ﬁo +ﬁ7+ﬁ351+ﬂ) 0 0 1
a 0 Bs _(ﬁq + B +.“+5c) 0 C
0 B, By _(ﬁu +u+ 511) H (23)
(ﬁl + [32 + ﬂg + V)(So - S)
_ ¢1(V0 - V)
0 b
0
where
—(Bs + 1) B.S, + &,V (By +v)S, BsS, E
B— Bs —(Bs + B; + Bsd, + 1) 0 0 7 I
a 0 ﬂo 7(ﬁg+ﬂ1o+/‘+5c) 0 , - C 7
0 B By _(ﬁn +p+6y) H
and
(ﬂl + Bz + ﬁs + V)(So - S)
]\_/I(Y,Z) _ ¢1(Vo - V)
0
0

Matrix B indicate that it is a M-matrix. As at disease free equilibrium point § < S, and
V <V, therefore M(Y,Z) > 0. Consequently, disease free equilibrium point P, is globally
asymptotically stable.

5.3 Global stability at EE

To prove Global stability at endemic equilibrium (EE) point, we used Lyapunov technique as
given in [31, 32]
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Theorem 11 The EE point represented by P, is stable if Ry > 1 and it remains unstable if
Ry < 1.

Proof: Suppose the reproductive number Ry > 1 so that the EE point exists. Now, we con-
struct a following Volterra type Lyapunov functional ¢, i.e.,

(S, V,E,I,C,H,R) = (S— St — Slog (;)) + <V— Vvt — Vilog (;))

E I
4—(E—El — E'log (E ) + (I—P — I'log (I—l)>
(24)
1 1 C 1 1 H
—i—C—C—Cloga + H—H—Hlogﬁ
R
+<R—R1—Rllog (E))
Taking the derivative of ¢ with respect to time, we get
do_ (S—SN\dS (V-VN\NdV (E—ENdE (1-I'\dI
dt S )at v ) dt E )at I )at
(C-CN\dC  (H—H\dH ((R-R))dR
A dt H dt R dt’
By using the equations of the state model (2), we obtain
do S—§ V-V
G (5 (s ps—us)+ (Y5) (s - i 6, )
E—E
+( E > ((ﬂ11+ (B, +v)C+ B,H)S + ¢, VI — (B, +.“)E)
I-1
H(555) (BB - 1+ B+ Bt s o)
c-¢
JF( C )(ﬁsl{(ﬁg+ﬂ10+ﬂ+5c)}c>
H—H'
+( H )(B7I+B9C_{(ﬁ11+5H+ﬂ)}H)
R—R!
+( R )(ﬁ81+ﬁloc+ﬂ11H+¢2V_ﬂR)7
where
¢= (B I+ (B, +v)C+ B,H).
17/30
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After rearranging the terms, we have the following form.

do _
dr

12 12 12

-+ (c+ﬁ4+u>%+q/\+<¢l+¢2+ﬂ>v7+c8+¢>1VI+ (ﬁ5+u)%

I o
FBE+ (By+ B+ Bt i+ 0,) 4 Bl + (By+ iy n+ ) =+ Bl + BiC
H" R
+(ﬁ11+5H+:“)7+ﬁsl+ﬂwc+ﬁ11H+¢2v+H?}
(S —s? L8 (V- V1
(c+ﬁ1+u>T+(c+ﬁ,1+u)s +¢§+(¢1+¢2+#)

+¢2+N)V1+ﬂ4sl (ﬁ&’) )@+(C8+¢1V1)%
I—Il)

-
+(
L

Bs+ Br+ By + 1+ 9, +ﬁ5E£+ Bs+ B+ Bs + e+, )T
I

+@ (B + Buo+ 1+ 0c) +ﬂ61%— (B + Bua+ 1+ 00)C + (s + 1) B
(H—H')
H
(R RY

Rl
bR (581+ ByC + B H + ¢2V)].

1

+ (ﬁn + 0y + ﬂ) + (ﬁJ + ﬁgc) % + (ﬁu + 0y + M)H

Now it can be written as % = 6, — 6,. where

0, =

and

T R R s ey )

+

12 12

+ S+, VI+ (B + 1) =

12

[0 (et i) S+ ant(6 0+ 0) o

BB+ (Bt ot Bt ) +/361+(/39+/3m+u+6)C;2+ﬁ71+ﬁgc

H R
Jr(ﬂn +5H+:u>?+ﬁ81+ﬁloc+ﬁllH+¢2v+#?i|7

(v- V1>2

S \%4

1

1+¢2+ﬂ)V1+ﬁ4S— (/&w)@%cswlw)%

+(

(I_p> (/36+/37+ﬁg+u+5)+/35EII—1+(/36+ﬁ7+ﬁg+#+51)11 5
(C Cl) (ﬁg + B +u+5c) +B61%1— (ﬁg + By +u+5c)C‘ + (ﬁs +M)E]
(H Hl> (B + 6 +0) + (ﬁ41+ﬁ9c)%1+ (B + 0+ 0)H
(r- 1)2

Rl
[+ uR' + f (ﬁsl + £ C+ pH+ ¢2V>] .
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Because all of the parameters are non-negative, we have % < 0 when 6, < 6, and % =0if
and only if 6, = 6,. The second case suggests that S=S', V=V, E=E, I=1',C=C',H=H',
and R=R".

Therefore, by using LaSalle’s invariance principle [27, 40], the endemic equilibrium point
of proposed model is globally asymptotically stable.

6. Optimal control problem

In this section, our objective is to create an optimal control problem by formulating a strategy
to vaccinate susceptible individuals and to treat or hospitalize those having acute and chronic
infectious disease. The model assumes that the rate at which susceptible individuals are vacci-
nated is time-dependent and denoted by u;, while the controls for providing treatment to
acute and chronic infectious individuals are also time-dependent and are respectively repre-
sented by u, and u;. With these considerations, we update the model (2) to obtain a new sys-
tem of equations with continuous controls. The purpose of these considerations is to give
some reliable control strategies for HBV disease control through vaccination and treatment.

6.1 Modified HBV model

In this section, we update the proposed model (2) by replacing the three constant parameters
Ba> 57, Bo as time dependent controls u;, u,, u3. These controls are respectively the vaccination
for susceptible and treatments for both acute and chronic HBV patients. In treatment, we care
to maintain the comfort and adequate nutritional balance, including replacement of fluids for
acute HBV patient and interferon therapy and antiviral medications that are the main treat-
ments for HBV chronic/carriers. Interferon therapy involves injecting interferon into the body
to help stimulate the immune system to fight the virus. The drugs like entecavir, tenofovir, and
lamivudine can also help to reduce viral load and prevent the liver damage. Hence, the pur-
posed mathematical model (2) is now updated as follows:

% =T — (B,1+ (B, +v)C+ B,H)S — u,(£)S — uS,

”;_Y = u,(1)S — $, VI — (6, + W)V,

Z_f = (B I+ (By + v)C + B.H)S + &, VI — (B, + )E,

B BE— (B4 wl0) + bt )L =
% = Byl — (uy() + oy + 1+ 6)C,

‘;_I;’ = (O] + uy(£)C — (B, + 8y + p)H,

% =BJI+p,C+ pH+ dV — uR,

with the set of non-negative initial conditions:
$(0) =S, V(0)=V,, EQ©0)=E, I0)=1I, C(0)=C, HQO)=H,, R0) =R,
Now we construct an optimal control problem with an aim to determine optimal vaccina-

tion and treatment rates to control the disease. For this, we define an objective functional that
involves the infected state variables and control variables with an objective to minimize it. In
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addition, we use Pontryagin’s maximum principle to drive the necessary conditions to evaluate
the defined optimal control problem [34, 35, 40].

6.2 Objective functional

We define the following objective functional to be minimized:
7 1 1 1,
JZow) = [ (A0 + AC(0) + AH(E) + 5w (0) + S wati(6) + 5w () ) e, (26)
0

where Tyrepresents the final time, I(t), C(t), and H(t) are state and u(t) = (uy, s, u3) = (B4, 57
Bo) is time-dependent control. The first one of the control variable u;(f) is vaccination rate of
susceptible, the second u,(#) and third u;(f) represent treatment rate of acute infectious I(¢)
and carrier infectious C(f) respectively. Non-negative constants A;, i = 1, 2, 3 are weights asso-
ciated with state variables and w, j = 1, 2, 3 are costs of controls.

Our purpose is to determine the optimal controls u}, u;, u; € U in such a way that the
objective functional (26) get minimized, i.e.,

migl J(Z,u) subject to the system of Eq. (25). (27)
ue

Here U denotes the control set, which is specified as

Uz%ﬁﬂOﬁw@SlJ:LZSAOStgn}

6.3 Necessary conditions

We implement Pontryagin’s maximum principle [35] to develop the conditions that are neces-
sary for optimization of the given control problem (27). These conditions are deduced from
Hamiltonian H. It is stated as the sum of integrand of objective functional and the right hand
sides of each of the equations of the proposed model (25) multiplied by adjoint variables, i.e.,

7
H(t, Zu ) = o(Z,u) + Y _ig(t, Z,w),
j=1
where ¢ = A I(t) + A,C(t) + A;H(t) + 3 wyui(t) + S wyus(t) + Swyus(t),
Z=(S, V,E, I, C, H, R) denotes the state variables, y;j = 1, 2, 3,. . .,7 are the corresponding
adjoint variables and g; (£, Z, u), j = 1, 2, 3,.. .,7 represent the right hands side of system (25).
Thus, the Hamiltonian function for the optimal control problem (27) can be expressed as:

H@meszﬂﬂ+&qﬂ+%HO+;m 1(0) + sl (6) + 5wl (0)

Y (= (B I+ (B, +v)C + B,H)S — (u+ B,)S)
+w2(ﬁs O VI — (¢, +W)V)
+ (BT + (B, +v)C + B,H)S + ¢, VI — (B; + p)E) (28)
Yi(BsE— (Bs + B: + Bs + By + 6, + 1))
(
(
(Bs

+ +

vy ﬂol_(ﬁg'i'ﬁm"'é +u)C)
(B + ByC — (Byy + 0y + ) H)

+, (Bl + By C + B H + ¢,V — UR).
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The first optimality condition:

of the Pontryagin maximum principle offers us the below equations for control variables:

OH

0

u = S(lﬁl B ¢2) ,
Wi

u, = I(lh B lpb) ,
W,

U, = C(lﬁ5 B lpo) ,
W

and the next expressions are updated controls with bounded restrictions, i.e.,

u, = min{ 1, max OM

R el
Uy, = min{l,max{O,W}},
U, = min{l, max{O,C(%T:%)}}.

The optimality second condition

oH  dy;

—=—— i=1,2,3,...,7
8ZJ dt7 ] ) &y Sy ) by

of the Pontryagin maximum principle yields the following system of linear adjoint equations:

% = (ﬂlI + (ﬁz + V)C + ﬁ:ﬂH)l/jl
—(B I+ (By +v)C+ BH)Wy + B,y — ¥,) + pih,,

% = (DY, — (0D + &y (Y, — o) + pihs,

dy, -

ar Bs(Wrs — ) + i,

dy,

W - ﬁls(‘//l - '103) + ¢1 V(‘//Q - l//3) + B6(¢4 - l//5) + ﬁ?(lh - lp(}) (30)
+B8(‘//4 - ‘//7) + (,u + 51)‘#4 - Aw

dgjts = S(ﬁ? + V)(‘pl - ‘ps) + :89(‘#5 - ‘pc) + ﬁw(‘% - lﬁ7)
H(p+0)Ys — Ay,

W B0 — )+ Bl — V) + O+ 10— A,

dy; _

ar s,
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Fig 3. Optimal control variable and corresponding cost functional. The cost functional has reached to its minimum with the optimal vaccine rate S;.

https://doi.org/10.1371/journal.pone.0288024.9003

along with final conditions:
Y(T;) =0, j=1,2,3,....7. (31)

The derivative of the given Hamiltonian H with respect to the adjoint variables y;, j = 1, 2,
3,...,7, lead us to system of state Eq (25). We implement the following algorithm through
MATLAB code to find an optimal solution of the control problem (27).

6.4 Solution algorithm

We implement the following algorithm through MATLAB code to find an optimal solution of
the control problem (27).

Algorithm 1
1. Begin with m = 0 and take a supposed value for control variable

2. Resolve the system of Egs (25) and the associated adjoint system
(30) by using the control uy.

3. Calculate upe, by using the definition of bounded optimal controls
(29) .

4. Use the relation u, = (Upe, + Uy) /2, to update the control up,.

5

. If W < tol. for m > 0, then STOP here, otherwise m — m + 1 and go
to step 2.

The state variables Z;, j = 1, 2,. . .,7, adjoint variables y;, j = 1, 2,. . .,7, and control variables

u;, i=1,2, 3 are all represented by ¢. In step 5, tolerance fol. is established for convergence of

the algorithm.
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Fig 4. Optimized state variables. Figure shows state variables before and after optimization. A decrease in the infected and
carrier individuals is noticed with the implemented vaccine strategy.

https://doi.org/10.1371/journal.pone.0288024.9004

6.5 Optimal solutions

The solutions are determined by using the above mentioned Algorithm 1 as well asa MATLAB
code. The state Z; and adjoint v}, j = 1, 2,. . .,7 variables are calculated by implementing the
Runge-Kutta method of order 4. Simpson’s § rule is used to approximate the objective func-
tional (26). Here we consider three optimal control strategies to minimize the HBV disease in
the population. These strategies are explained below with the help of figures.
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Fig 5. Optimal control variables and corresponding cost functional. The figure shows optimal controllers that have minimized the cost functional with

treatment strategy.
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Case 1: Control with vaccine

In the first strategy, we control the disease at the population level with just one control that is
vaccine. Fig 3 shows the graph of optimal control along with associated objective functional.
We observe from the graph that objective functional attains its minimum value in nine itera-
tions. Under this optimal control (optimal vaccine rate f3,), the state variables before and after
optimization are plotted and shown in Fig 4. We notice from Fig 4 that the size of exposed,
infected, chronic carriers and hospitalized class has a significant decrease after optimization
with optimal vaccination rate f,. For this strategy, we need high vaccination for the first ten
years.

Case 2: Control with treatment

In this case, the control that is considered to overcome the disease is treatment. Fig 5 shows the
graph of objective functional along with the graph of corresponding optimal controls 3, (treat-
ment rate of I) and By (treatment rate of C). We observe from the graph that objective func-
tional attains its minimum value in thirteen iterations under the influence of optimal controls
that vary with time. It is noticed that more treatment of chronic carriers is required as com-
pared to the treatment for infected (acute) individuals. The graphs in Fig 6 shows the state vari-
ables before and after optimization. From Fig 6, we can conclude that the number of exposed,
infected, chronic carrier individuals decrease after optimization under optimal control variable.
However, the hospitalized individuals increase in the beginning and then decrease day by day.
The results obtained for case 2 in controlling disease are better than the result of case 1.
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Fig 6. Optimized state variables. Figure shows state variables before and after optimization. A remarkable decrease in the
exposed, infected and carrier individuals is noticed with the implemented treatment strategy.

https://doi.org/10.1371/journal.pone.0288024.9006

Case 3: Control with vaccine and treatment

In this case, we control the disease by considering all controls together, i.e., vaccine and treat-
ment rates. Fig 7 describes the graph objective functional. From graph, we observe that the
objective functional attains its minimum value in eleven iterations under the effect of optimal
control variables. The optimal controls 34 (vaccination rate), 3, (treatment rate of I) and Sy
(treatment rate of C) that minimize the objective functional are also plotted in Fig 7. The
graphs in Fig 8 shows the state variables with and without optimization. From Fig 8, we

PLOS ONE | https://doi.org/10.1371/journal.pone.0288024 October 26, 2023 25/30


https://doi.org/10.1371/journal.pone.0288024.g006
https://doi.org/10.1371/journal.pone.0288024

PLOS ONE

Computational analysis of control of hepatitis B virus disease through vaccination and treatment strategies

1 T - - - 0.52 T - - T -
v B, (Vaccination rate)
091 1
- - = Treatment rate of |
B, ( ) 05l |
08r B, (Treatment rate of C)| ]
0.7t ]
© 0.48¢1 1
C
0.67 12
(2] (6]
S 5
€ 05} 1 = 0467} .
3 2
0.4} 1 8
2
03k | © 044y 1
\
0.2F\-- ]
\ 0.42¢ 1
0.1} . ]
by ~
0 S : : — 0.4 : - : : :
0 10 20 30 40 50 0 2 4 6 8 10 12
Years itrs

Fig 7. Optimal control variables and corresponding cost functional. Figure shows the optimal vaccine and treatment rates that have minimized the

cost functional.

https://doi.org/10.1371/journal.pone.0288024.9007

observe that there is a remarkable decrease in the curves of exposed, infected, chronic carriers
and hospitalized after optimizations under optimal controls (vaccine and treatment rates).

The analysis reveals that the exposed, infected and chronic carriers can be reduced by
implementing these control strategies. However, the graph shows that the treatment strategy is
more effective in reducing the exposed, infected and chronic carriers as compared to the vacci-
nation strategy.

7. Conclusions

In this current analysis, we discussed a newly designed HBV disease model SVEICHR along
with the optimal control strategies for disease control. We proved that the proposed model has
unique solutions which are positive and bounded. We determined the model’s disease free
point and endemic equilibrium points. To analyze the dynamics of epidemic in the population,
we computed the reproduction number R,. Then, at disease free equilibrium point, we also
checked the local and global stability of the model. We also examined the global stability of sys-
tem of equations at endemic equilibrium point and found that our system is stable there.

For possible eradication of disease in the population, we defined an objective functional to
be minimized. We used the Pontryagin’s maximum principle to develop the optimality condi-
tions. Then to find the optimal solutions of the given control problem, the MATLAB software
is used for coding. We discussed three strategies to control the HBV disease optimally. As a
first strategy, we analyzed the effect on control of disease by vaccination. In the second case,
we studied the optimal control problem under the influence of only treatment. Thirdly, we put
all the strategies (vaccine and treatment) together and visualized their significance on control
of disease. In all these cases, we noticed a significant decrease in the curves of the infected

PLOS ONE | https://doi.org/10.1371/journal.pone.0288024 October 26, 2023 26/30


https://doi.org/10.1371/journal.pone.0288024.g007
https://doi.org/10.1371/journal.pone.0288024

PLOS ONE

Computational analysis of control of hepatitis B virus disease through vaccination and treatment strategies

— — — Before Opt. After Opt.
0.04
3 3
2 b
B c
§ 5 0.02
> © \
] > N
0 0
0 10 20 30 40 50 0 10 20 30 40 50
Years Years
02—~ —-——-—=—= 0.01
® /7 3
§ 0.01 :8 0.005
n IS
0
0 10 20 30 40 50
Years
0.015
i 3
-E’ 001F =~ —~—~ %
5 2
O 0.005 2
T
0
0 10 20 30 40 50 0 10 20 30 40 50
Years Years
1
©
o
(0]
3 0.5
(&)
(@]
o =

0
0 10 20 30 40 50
Years

Fig 8. Optimized state variables. Figure shows optimal behaviour of state variables before and after optimization. A remarkable
decrease in the exposed, infected and carrier individuals is noticed under the strategy when both vaccination rate and treatment
rates are considered together as control variables.

https://doi.org/10.1371/journal.pone.0288024.9008

classes after optimization, particularly the third case has significant effect in preventing the
spread of disease. We also observed that treatment strategy has more impact on disease control
as compared to vaccination strategy.

Our upcoming work will involve demonstrating a clear representation of HBV disease
using a fractional model with an ABC derivative operator and a range of intervention strate-
gies. We will also determine the most effective measures for vaccination and hospitalization
through analysis of a fractional order optimal control problem.
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