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Abstract

HIV/AIDS and COVID-19 co-infection is a common global health and socio-economic prob-
lem. In this paper, a mathematical model for the transmission dynamics of HIV/AIDS and
COVID-19 co-infection that incorporates protection and treatment for the infected (and
infectious) groups is formulated and analyzed. Firstly, we proved the non-negativity and
boundedness of the co-infection model solutions, analyzed the single infection models
steady states, calculated the basic reproduction numbers using next generation matrix
approach and then investigated the existence and local stabilities of equilibriums using
Routh-Hurwiz stability criteria. Then using the Center Manifold criteria to investigate the pro-
posed model exhibited the phenomenon of backward bifurcation whenever its effective
reproduction number is less than unity. Secondly, we incorporate time dependent optimal
control strategies, using Pontryagin’s Maximum Principle to derive necessary conditions for
the optimal control of the disease. Finally, we carried out numerical simulations for both the
deterministic model and the model incorporating optimal controls and we found the results
that the model solutions are converging to the model endemic equilibrium point whenever
the model effective reproduction number is greater than unity, and also from numerical sim-
ulations of the optimal control problem applying the combinations of all the possible protec-
tion and treatment strategies together is the most effective strategy to drastically minimizing
the transmission of the HIV/AIDS and COVID-19 co-infection in the community under con-
sideration of the study.

1. Introduction

Infectious diseases are diagnostically proven illnesses caused by tiny microorganisms such as
viruses, bacteria, fungi, and parasites and have been the leading causes of death throughout the
world, for example; viruses cause both COVID-19 and HIV/AIDS infections [1-3].

Human immunodeficiency virus (HIV) is one of the most dangerous viruses that is spread-
ing around the world. AIDS, or acquired immunodeficiency syndrome, is one of the most
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devastating epidemics in history, caused by HIV, which has been a worldwide epidemic since
1981 [4-10]. It remains a significant world health issue that impacts almost seventy million
people worldwide and has been a significant cause of morbidity and mortality [11,12]. HIV is
transmissible through sexual contact, needle sharing, and direct contact with virus-infected
blood or other body fluids, as well as from mother to child during giving birth [10,13-15].

In early December 2019, a coronavirus called COVID-19 was reported in Wuhan, China,
with symptoms similar to pneumonia. According to reports, it is one of the most devastating
infectious diseases caused by the novel coronavirus SARS-CoV-2, which has been a significant
impact on the health, social, and economic integration of communities worldwide [16-29].
On March 11, 2020, the World Health Organization (WHO) confirmed it as a global pan-
demic, and on July 25, 2020, the world total number of COVID-19 infected individuals was
15,762,007, with 640,276 deaths [25,28,29]. It was suspected to be pneumonia or a common
cold-like illness, with symptoms such as fatigue, alter in taste, fever, muscular pains, shortness
of breath, ironical cough, and sore throat [25,27,30]. Despite massive efforts to reduce the vir-
us’s transmission and survivability, the death rate from COVID-19 remains high [15].
COVID-19 can be transmitted through sneezing or coughing droplets expelled from the
human lungs, as well as when humans come into contact with contaminated dispatched mate-
rials [17,26,31]. Among the unfortunate aspects of the COVID-19 pandemic is that patients
over the age of 60 are more likely to be infected than anyone below the age of 60 [31]. It is an
extremely infectious contagious agent that has spread throughout most of the world’s nations
and has a significant impact on the global economy and public health [24,32]. COVID-19
infection may be more common in people with compromised immunity from other infections
such as tuberculosis, HIV, pneumonia, and cholera [1,25,33-37]. WHO unanimously imple-
mented vaccination, quarantine, wearing face masks, hand washing with alcohol, and signifi-
cant discrepancies as possible prevention and control strategies [26,27,31]. Symptomless and
pre-symptomatic transmission, a low incidence or lack of dominant systemic symptoms such
as fever, airborne transmission that may require a high infectious dose and super-spread
events are the essential aspects of COVID-19 spreading that make it challenging to handle
[16].

A co-infection is the infection of a single individual with two or more different pathogens
or different strains of the same pathogens, leading to co-existence of strains (pathogens) at
population level [10]. Co-infection of two or more diseases in one individual is a regular occur-
rence in today’s society [2,14]. Different researchers have investigated that COVID-19 infec-
tion could be high in people living with other infections like TB, HIV, and cholera who have
compromised immunity [1,8,21,25,30,33-44].

Mathematical modelling approaches have been crucial to provide basic frameworks in
order to understand the transmission dynamics of infectious diseases [37]. Many scholars
throughout the world have been formulated and analyzed mathematical models to investigate
the transmission dynamics of different infectious diseases using ordinary differential equations
approach like [2,9,15,17,19,22,23,26-29,31,32,45-47] using stochastic approach like [48], and
using fractional order derivative approach like [1,5,49,50]. In the structure of this study, we
have reviewed research papers that have been done on the transmission dynamics of different
infectious diseases especially co-infections of HIV/AIDS and other infectious diseases. Teklu
and Rao [14] constructed and examined HIV/AIDS and pneumonia co-infection model with
control measures such as pneumonia vaccination and treatments of pneumonia and HIV/
AIDS infections. Hezam et al. [40], formulated a mathematical model for cholera and COVID-
19 co-infection which describes the transmission dynamics of COVID-19 and cholera in
Yemen. The model analysis examined four controlling measures such as social distancing,
lockdown, the number of test kits to control the COVID-19 outbreak, and the number of
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susceptible individuals who can get CWTs for water purification. Anwar et al. [15], con-
structed a mathematical model on COVID-19 with the isolation controlling measure on the
COVID-19 infected individuals throughout the community. Ahmed et al. [1] formulated and
analyzed HIV and COVID-19 co-infection model with ABC-fractional operator approach

to investigate an epidemic prediction of a combined HIV-COVID-19 co-infection model.
Numerical simulations were carried out to justify that the disease will stabilize at a later stage
when enough protection strategies are taken. Teklu and Terefe [3] analyze COVID-19 and
syphilis co-dynamics model to investigate the impacts of intervention measures on the disease
transmission.

Similarly, various Scholars have formulated and analyzed mathematical models with opti-
mal control strategies to investigate the effect of prevention and control measures on HIV/
AIDS, COVID-19, HIV/AIDS and COVID-19 co-infection and other various infectious dis-
eases transmission throughout nations in the world. For instance, Tchoumi et al. [37] pro-
posed and investigated the co-dynamics of malaria and COVID-19 co-dynamics: with optimal
control strategies. The numerical simulation results verifies the theoretical optimal control
analysis and illustrates that using malaria and COVID-19 protection measures concurrently
can help mitigate there transmission compared with applying single infections protection mea-
sures. Omame et al. [25] investigated a mathematical model for the dynamics of COVID-19
infection in order to assess the impacts of prior comorbidity on COVID-19 complications and
COVID-19 reinfection with optimal control strategies. The authors recommended that the
strategy that prevents COVID-19 infection by comorbid susceptible is the best cost-effective of
all the other control strategies for the prevention of COVID-19. Ringa et al. [43] formulated
and analyzed a mathematical model on HIV and COVID-19 co-infection with optimal control
strategies. Their analysis suggested that COVID19 only prevention strategy is the most effec-
tive strategy and it averted about 10,500 new co-infection cases. Keno et al. [51] investigated
an optimal control and cost effectiveness analysis of SIRS malaria disease model with tempera-
ture variability facto. Their result suggested that the combination of treatment of infected
humans and insecticide spraying was proved to be the best efficient and least costly strategy to
eradicate the disease. Keno et al. [52] investigated a mathematical model with optimal control
strategies for malaria transmission with role of climate variability. Their result suggested that
the combination of treated bed net and treatment is the most optimal and least-cost strategy to
minimize the malaria. Goudiaby et al. [39] formulated and analyzed a COVID-19 and tubercu-
losis co-dynamics model with optimal control strategies. They suggested that COVID-19 pre-
vention, treatment and control of co-infection yields a better outcome in terms of the number
of COVID-19 cases prevented at a lower percentage of the total cost of this strategy. Asamoah
et al. [53] constructed a mathematical model on COVID-19 to investigate optimal control
strategies and comprehensive cost-effectiveness. Okosun et al. [54] formulated a mathematical
model on HIV/AIDS to investigate the impact of optimal control on the treatment of HIV/
AIDS and screening of unaware invectives. Their analysis recommended that the combination
of all the control strategies is the most cost-effective strategy. Furthermore, notice that optimal
control modeling and cost-effectiveness analysis model have been applied in recent infectious
diseases models like [55,56].

As we observed from review of literatures done by various epidemiology and medical schol-
ars, HIV/AIDS and COVID-19 co-infection is a public health concern especially in developing
nations of the world. The main purpose of this paper is to investigate the impacts of COVID-
19 protection with quarantine, COVID-19 treatment, HIV protection and HIV treatment pre-
vention and controlling strategies on the transmission dynamics of HIV/AIDS and COVID-19
co-infection in the community with mathematical modelling approach. We have reviewed lit-
eratures [1,43] invested much effort in studying HIV/AIDS and COVID-19 co-infection, but
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did not considered COVID-19 protection with quarantine, COVID-19 treatment, HIV/AIDS
protection, and HIV/AIDS treatment as prevention and control strategies simultaneously in a
single model formulation which motivates us to undertake this study and fill the gap.

2. Mathematical model construction
2.1. Basic frameworks of the model

In this paper, we partitioned the total human population at a given time t denoted by N(#), into
eleven mutually-exclusive classes depending on their infection status: susceptible class to both
COVID-19 and HIV S(#)), COVID-19 protection by quarantine class (Cy(t)), HIV protected
(such as by using condom, limit sexual partners, creating awareness etc.) class (H, (%)),
COVID-19 protection by vaccination class (C,(t)), COVID-19 mono-infection class (Ci(t)),
HIV unaware mono-infection class (H,(t)), HIV aware mono-infection class (H,(t)), HIV
unaware and COVID-19 co-infection class (M,,(t)), HIV aware and COVID-19 co-infection
class (M,(t)), COVID-19 recovery class (R(t)), and HIV aware treatment class (H,(¢)) so that;

N(t) = S(t) + C, (t) + H, (t) + C,(t) + C(t) + H,(t) + H,(t) + M, (t) + M,(t) + C,(t) + R(t).

Since HIV is a chronic infectious disease the susceptible individuals acquires HIV infection
at the standard incidence rate given by

_h

 (Hu(0) + o H(8) + poM, (8) + p3M, (1)) (1)

(1)

where p; > p, > p; > 1 are the modification parameters that increase infectivity and B, is the
HIV transmission rate. Since COVID-19 is a very acute infection the susceptible individuals
acquires COVID-19 infection at the mass action incidence rate as stated in [50,51,54].

he(t) = By(Cilt) + 0, M, (1) + 0,M, (1)) (2)

where w, > w; > 1 are the modification parameters that increase infectivity and B, is the
COVID-19 transmission rate.
Additional model assumptions

o ki, ky, k3, and ky where ky =1 — k; — k, — k; are portions of the number of recruited individu-
als those are entering to the susceptible class, the COVID-19 protected class, the HIV pro-
tected class and the COVID-19 vaccination class respectively.

o The susceptible class is increased by individuals from the COVID-19 vaccinated class in
which those individuals who are vaccinated against COVID-19 but did not respond to vacci-
nation with waning rate of p and from COVID-19 recovery with treatment class who develop
their temporary immunity by the rate 7.

« COVID-19 vaccine is may not be 100% efficient, so vaccinated individuals also have a chance
of being infected with portion £ of the serotype not covered by the vaccine where 0 < e < 1.

o 0 < v <1isthe modification parameter such that COVID-19 infected individual is less sus-
ceptible to HIV infection than a susceptible individuals due to morbidity.

o There is screening and testing mechanisms for the previous and current status in each class.
o The human population distribution is homogeneous in each class.
 HIV treated individuals do not transmit infection to others due to awareness.

« Population of human being is variable.
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Table 1. Biological meaning of model parameters.

Parameters

Biological definitions

u

Human natural mortality rate

A

Recruitment of new born and immigrants

a

COVID-19 protection lose rate

[25]

HIV protection lose rate

£

Proportion not covered by the COVID-19 vaccine

0

Progression rate

(’)1) ¢2

Modification parameters

di

COVID-19 death rate

d;

HIV/AIDS death rate for unaware

ds

HIV/AIDS death rate for aware

K

The rate at which COVID-19 infected are recovered by treatment

HIV aware infection treatment rate

COVID-19 vaccination waning rate

Modification parameter

B

HIV/AIDS transmission rate

B2

COVID-19 transmission rate

ky

Portion of recruitment entered to susceptible

ko, ks

Portion of recruitment entered to COVID-19 and HIV protections respectively

k,

Portion of recruitment entered to COVID-19 vaccination class

13

Co-infection progression rate

01, 6,

COVID-19 treatment rates

n

The rate at which recovered individuals loss temporary immunity

dy, ds

Co-infected death rates

https://doi.org/10.1371/journal.pone.0284759.t001

o There is no dual-infection transmission simultaneously.

« No vertical HIV transmission.

« No permanent immunity for COVID-19 infection.

In this section using parameters given in Table 1, model variables given in Table 2, and the
model basic frame work, and assumptions given in (2.1), the schematic diagram for the trans-
mission dynamics of HIV/AIDS and COVID-19 co-infection is given by Fig 1.

Table 2. Biological definitions of model variables.

Variables

Biological Definitions

Susceptible class to both HIV and COVID-19 infections

&Om

Individuals who are protected by quarantine against COVID-19

Individuals who are protected against HIV infection

Qm:c

COVID-19 vaccinated class

o

COVID-19 infected class

o

Individuals mono-infected with HIV and unaware

Jou

Individuals mono-infected with HIV and aware

=

Co-infected individuals unaware of HIV infection

S

B

Co-infected individuals aware of HIV infection

el

COVID-19 recovered class

H,

HIV/AIDS treated class

https://doi.org/10.1371/journal.pone.0284759.t1002
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Fig 1. The schematic diagram of the HIV/AIDS and COVID-19 co-infection transmission dynamics.
https://doi.org/10.1371/journal.pone.0284759.9001

Now using Fig 1 the system of differential equations of the HIV/AIDS and COVID-19 co-
infection is given by

§ =kA+0,C,+ 0,H, + pC,+ nR — (i + i + S,

C, =k,A— (A +a, +p)C,,

H, = kA — (2, + p+ ic)H,,

C,=kA—(p+pu+i,+ei)C,

C, =28+ 2.C,+ €4.C, — (u+d, + K +v2,)C,

H, = iyS+ 7yC,+ iyC, + O, M, — (0 + 1+ d, + 6,7)H,, (3)
H,=0H,+0,M, — (y+d, +p+ ¢4 H,,

M, = ¢, iH, +02,C, — (u+d,+06+6,)M,,

M, = 0M, + ¢, 2cH, — (u+ds + 0,)M,,

R =kC — (t+nR,

H, =vH, — uH,
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with the corresponding initial conditions
$(0) > 0,C,(0) = 0, H,(0) = 0, C,(0) = 0,C,(0) = 0,H,(0) = 0,H,(0) =0, M,(0)
>0,M,(0) >0, R>0, andH, > 0.(4)

The sum of all the differential equations in (3) is

N=A-uN- (d,C + dyH, + d;H, + d,M, + d;M,). (5)

2.2. The basic qualitative properties of the model (3)

The COVID-19 and HIV/AIDS co-infection model given in Eq (3) is both biologically and
mathematically meaningful if and only if all the model solutions (state variables) are non-nega-
tive and bounded in the invariant region

A
Q= { (s, C,.H,C, C, H, H, M, M,R, H,) €RY,N < } (6)
u

Theorem 1 (Positivity of the model solutions)

Let us given the initial data in Eq (4) then the solutions S(t), Hy(f), C,(f), Ci(t), M,(t), H,(%),
H(t), M(t), R(t), Cy(t), and H(t) of the COVID-19 and HIV/AIDS co-infection model (3) are
nonnegative for all time ¢ > 0.

Proof: Let us consider S(0) > 0, C,(0) > 0, H,(0) > 0, C,(0) > 0, C,(0) > 0, H,(0) > 0,
H,(0) > 0, M,,(0) > 0, M,(0) > 0, R(0) > 0, and Ht(0) > 0 then for all t > 0.

We have to show that §(¢) > 0, C,(f) > 0, Hy(t) > 0, C,(t) > 0, Ci(t) > 0, H,(t) > 0, H,(t) >
0, M,,(t) > 0, M,(t) > 0, R(0) > 0, and H,(t) > 0.

Define: 7 = sup{S(t) > 0, C,(t) > 0, Hy(t) > 0, C,(t) > 0, C(t) > 0, H,(t) > 0, H,(t) > 0,

M, (t) > 0, M(t) > 0, R(0) > 0, and H,(t) > 0}. Now since the entire co-infection model state
variables are positive and all the state variables are continuous, we can justify that 7 > 0. If 7=
+00, then non-negativity holds. But, if 0 < 7 < +00 we will have S(7) = 0 or C,(7) = 0 or H,(1)
=0orC,(1)=0o0r Ci(t)=0o0r H,(1) = or H,(t) =0 or M,(7) =0 or M,(t) =0 or R(7) =0 or
Hy(7) =0.

Here from the first equation of the COVID-19 and HIV/AIDS co-infection model (3) we
have got

S+ (Ay + Ac + 1)S = k,A + o,C, + 0,H, + pC, + nR.
and integrate using method of integrating factor we have determined the constant value
S(t) = M,S(0) + M, [} exp) enttsictna (%G, +2.H, + pC, + MR)dt > 0

where

e [ Gy (w)+2c(w)

Mlexp< 0 >>0,S(O)>O,
and from the meaning of 7, the solutions Cy(f) > 0, H,(t) > 0, C,(t) > 0, R() > 0. Moreover,
the exponential function is always positive, then the solution S(z) > 0 hence S(z) # 0. Thus fol-

lowing the same procedure for 7 = +00, all the solutions of the COVID-19 and HIV/AIDS co-
infection system (3) are non-negative.
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Theorem 2 (The invariant region): All the feasible positive solutions of the co-infection
model (3) are bounded in the region (6).
Proof: Let (S, ¢,H,C,C,H,H,,M,M,R, Ht) € Rf is an arbitrary non-negative

solution of the system (3) with initial conditions given in Eq (4). Now adding all the differential
equations given in Eq (3) we have got the derivative of the total population N which is given in
Eq (5) as

N = A - IUN - (dlci + dQHu + dSHa + d—lMu + d5Ma)'

Then by ignoring the infections we have determined that N < A — uN and using separa-
tion of variables whenever t — 0o, we have obtained that ) < N < %. Hence, all the positive
feasible solutions of the co-infection model (3) entering in to the region given in Eq (6).

Note: Since the model (3) solutions are both positive and bounded in the region (6) the
HIV/AIDS and COVID-19 co-infection model (3) is both mathematically and biologically
meaning full [45,47,57], then we can consider the two mono-infection models, namely; HIV
mono-infection and COVID-19 mono-infection models. This is fundamental for the analysis
of the COVID-19 and HIV/AIDS co-infection model.

3. Analytical result of the models

Before analyzing the HIV/AIDS and COVID-19 co-infection model given in Eq (3), it is very
crucial to gain some basic backgrounds about the COVID-19 and HIV/AIDS mono-infection
models.

3.1. Mathematical analysis of HIV/AIDS mono-infection model

In this subsection we assume there is no COVID-19 infection in the community i.e. C; =,
Cy=Ci=M,=M,=R=0in (3) then the HIV/AIDS sub-model is given by

S =kA+ oa,H, — (2, + p)S
Hp = k,A — (o, + WH,

H,=),S— (04 u+dy)H, (7)
Ha = eHu - (’y + d3 +:u)Hu
Ht ="H, — uH,

where the total population N;(t) = S(¢) + H,(t) + H,(¢) + Hu(t) + H/(t), and the HIV sub-model
force of infection given by 1, = 1[\}711 (H, + p,H,) and initial conditions S(0) > 0, H,(0) > 0,
H,(0) > 0, H,(0) > 0and H,0) > 0. In a similar manner of the full co-infection model (3) in

; A
the region Q, = { (S, H,H,H, Ht) eR,N, <— }, it is sufficient to consider the dynam-
n

ics of the sub-model (7) in €, as biologically and mathematically well-posed.

3.2. Disease-free equilibrium point of HIV mono-infection model (7) local
stability

The disease-free equilibrium point of the HIV mono-infection system in (7) is obtained by
making its right-hand side is equal to zero and setting the infected classes and treatment class

tozeroas H,=H,=H;=0 which yields, SO = M7 H° = ks . Hence the disease-free
w(og+p) P agt+u

equilibrium point is given by E},,, = (S‘),HE,HS,HS,H?) = (M kA 7O,O,O).

nlog+p) Y agtu
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The local stability of the HIV mono-infection model (7) disease-free equilibrium point is
examined by its effective reproduction number denoted by R,,,,, which is calculated by using
the next generation operator method determined by Van den Driesch and Warmouth stated
in [2]. Applying the method stated in [29], the transmission matrix F and the transition matrix
Vi.e., for the new infection and the remaining transfer respectively, are given by

,81080 ﬁlplgso

oy T 0 0+ p+d, 0 0
F= 0 ! 0 o andV = -0 y+d,+pu 0
0 0 0 0 S

After some computations we have determined that

1
— 0 0
(0+p+d,)
. 0 1
V - )
(O+p+d)(y+p+dy) (7 + p+dy)
70 Y 1
O +p+d)(y+u+dy) p@+up+d) p]
and
B.S’ + B.p,08° frp,08°
— (8" + H)((0+p+dy)) (S°+Hg>(0+y+d2)(y+u+d3) <3°+H§)(7+u+d3)
0 0 0
0 0 0

Then, the effective reproduction number of the HIV mono-infection model (7) is defined
as the largest eigenvalue in magnitude of the next generation matrix, FV' given by

ﬁl(l — k3)(a2 + :“) + ﬁlOC?kS ﬁlple(l — k3)(a2 + ,u) + ﬁ1p10a2k3
(oy + 1) (0 + u+d,) 0+ p+dy)(y+ptdy) .

Rum =

The value R,,,, is defined as the total average number of secondary HIV unaware and HIV
aware infection cases acquired from a typical HIV unaware or HIV aware individual during
his/her effective infectious period in a susceptible population. The threshold result R, is the
effective reproduction number for HIV mono-infection.

Theorem 3: The disease-free equilibrium point of the HIV mono-infection model given in
Eq (7) is locally asymptotically stable (LAS) if R,;,, < 1, and it is unstable if R, > 1.

Proof: The local stability of the disease-free equilibrium point of HIV mono-infection
model (7) is evaluated by applying the Routh-Hurwitz stability criteria stated in [52].
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The Jacobian matrix of the HIV mono-infection model given in Eq (7) at the disease-free
equilibrium point E},,, is given by

_ o @ -
u " B _ BS'p, 0
S+ H! S+ H!
0 —(oy+p) 0 0 0
](EUHM) = .3180 ﬁlsopl
0 0 —0+u+d) 0
S+ HY S + H
0 0 0 —(y+d,+u) O
L 0 0 0 Y — ]

Then the corresponding characteristic equation of the Jacobian matrix J(E,,) is given by

B, B.S’p,
H=4 * S+ HY S+ H) 0
0 —(oy +p) — A 0 0 0
.[))180 ) ﬁ1SO =0,
0 0 GESTE O+ u+d,)— 4 GRSty 0
0 0 0 —(y+dy+u)—4i 0
0 0 0 Y —u—2
: B.S’ 0p,5°p
ﬁ%—u—@&%%+u%wm—u—wl<—yiH¢—@+u+dﬂ—i(—W+%+u%ﬂ0—y;H$
P p

Finally we have determined

(=t = A)(—(oy + 1) = ) (—p = 2) (> 4 ai+ b) = 0,

wherea = (y+dy + ) + (0 + p+d,) — 25 and b =

0L {0
N +Hp

(5 = O+ i+ ) ) 5+ dy 4 ) = BB = (04 i )+ dy + p)—

0 0
S'+H,

(y+d, + ) £is” 058 0+ u+d)(y+dy + p) (1 _ /3101H(I—kg)(xz+u)+ﬁmﬂazk3> —

SO+Hy  SO+H) T (O+ptdy) (y+utds)
O+ p+dy)(y+ds+ 1) (1 — Ryyy)
Then we have gotA; = —u < 0ord,=—(a, + ) <0ori;=-pu <0or

P 4al+b=0 (8)

On Eq (8) we applied Routh-Hurwitz stability criteria stated in [47] and we have deter-
mined that both eigenvalues are negative if R ;,, < 1. Furthermore, we can conclude that the
disease-free equilibrium point of the model (7) is locally asymptotically stable whenever
R < 1since all the eigenvalues are negative when R ;,, < 1. The biological meaning of The-
orem 3 can be stated as HIV infection can be eradicated from the population (whenever
R < 1) if the initial size of the sub-populations of the HIV mono-infection model given in
Eq (7) is in the basin of attraction of the disease-free equilibrium point EY,,,.
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3.3. Existence of HIV mono-infection endemic equilibrium point(s)

LetEj,, = (S*, H;, H,, H, Ht) be an arbitrary endemic equilibrium point of the HIV mono-

infection model (7) which can be determined by making the right hand side of Eq (7) as zero.
The after a number of steps of computations we have got

_ kAmy + kA k,A Ky Amy 2+ ok Ady,

S§' = * 9 H* = H:; * )
m, (;tH + ,“) Poom m,m, (/IH + M) (9)
o k,AOm, A7, + ok, AOAL, _ k, AOym, 7, + o,k ABy L,
! m,myms (’“;f + ,u) t Hm, 1,y (}“; + /1)
where m; = (o, + p), my=(0 + p + dy), and ms = (y + ds + p).
Now substitute H' and H! given in Eq (9) in to the HIV/AIDS force of infection
" S+ H +H, +H,+H
Then we have the result
(my +mgdy —m,) iy, = 0. (10)

where my = BikiAmymsmap + BropksAmsmsp + B1p1kiAOmymap + Br1p100ksABmisy, ms =

ki Amymomap + opksAmamsp + ksAmymsuy, me = ksAmomap + kiyAmymsp + opksAmap +

ki ABmyp + aksABu + ki ABymy + 0k;ABy.
Then the non-zero solution of (10) is 4;, =

my—mg

p— Therefore, the required non-zero solution

_ [y Amy momgputkgAmyms (2o +0)]( Ry —1)

kg Amgmg pi+ky Amy m o kg Amg piky AOmy pi+-op kg AOu-+y ABymy +ugk3 AGy”
Then we have got /,, > 0 whenever R,;,, > 1. Thus, the HIV/AIDS mono-infection model (7)
has a unique positive endemic equilibrium point if and only if R, > 1.

Theorem 4: The HIV/AIDS mono-infection model given in (7) has a unique endemic equi-

librium point if and only if R, > 1.

(force of infection is obtained as 4,

3.4. COVID-19 sub-model analysis

The corresponding COVID-19 sub-model of the system (3) is determined by making H, = H,
=H,=M,=M,=H,=0,and it is given by

$ = kA +2,C,+pC, + 1R — (Ae + S,
Cq = k2A — (0(1 + ,u)cqa
C,=kA—(p+u+el)C, .
Ci = )”CS JFS)LCCV — (,Ll + d] + K)Ciﬂ
R = KCi - (ﬂ+’7)R7

with COVID-19 infection initial conditions S(0) > 0, C,(0) > 0, C,(0) > 0, C;(0) > 0, R(0) > 0,
total population N5() = S(t) + C,(t) + C(t) + Ci(t) + R(t), and COVID-19 force of infection
given by Ac = B,Ci(t). Here like the full model (3) and the HIV/AIDS sub-model (7) in the

A
region Q, = { (S, C,,C,C, R) ER’,,N, <— }, it is sufficient to consider the dynamics of
n

model (11) in Q, be both biologically and mathematically meaningful.
3.4.1. Local stability of COVID-19 mono-infection model (11) Disease-free equilib-
rium. Disease-free equilibrium point of the COVID-19 mono-infection model (11) is

PLOS ONE | https://doi.org/10.1371/journal.pone.0284759 May 5, 2023 11/47


https://doi.org/10.1371/journal.pone.0284759

PLOS ONE

Bifurcation analysis and optimal control for COVID-19 and HIV/AIDS co-infection

obtained by making its right-hand side as zero and setting the infected class and recovered
with treatment class to zero as C; = R = 0 and after some simple steps of calculations we have

determined that §° = bACHEWENtnkApttkApn ) 0 — kA 5nq 00 = BA Hence the
(o +4) (p+i) > T g i o+

COVID-19 mono-infection model (11) disease-free equilibrium point is given by

EgM = (Soa C;)’ CS’ C?vRU)
_ (k1A(°‘1 +1)(p+ 1) ok Alp + 1) + kAp(oy + 1) kA k,A 0 0)
(o + )(p + 1) o >+

Here we are applying the Van Den Driesch and Warmouth next-generation matrix
approach stated in [2] to determine the COVID-19 mono-infection model (11) effective repro-
duction number R . After long computations, we have determined the transmission matrix
given by

B,S* +eB,C) 0
0 ol

and the transition matrix given by

pAtd, +x 0

o et

Then using Mathematica we have determined as

1
_ 0 S0 .
) ﬂ+d1+K ) ﬁzs +8[32C§)
V= andFV*'= | u+d +x
K
0 0
(u+d +x)(pu+n) pt+n
ﬁzSO + SB2C? _, "
The characteristic equation of the matrix F Viis| u+d +x =0.
0 0—4

Then the spectral radius (effective reproduction number R.) of FV" of the COVID-19

0 0
_ BS +ehC — Boki Al +1) (p+1) +Bo ko Alp+1) +Paka Ap(on +10) +Poeky Ao +11)
ptdy K (o +1) (p+) (ptdy +1)

Theorem 5: The Disease-free equilibrium point E7,, of the COVID-19 mono-infection

mono-infection model (11) is R

model (11) is locally asymptotically stable if R . < 1 otherwise unstable.
Proof: The local stability of the disease-free equilibrium of the system (11) at point E,,, =

kiAo Hi) (ptm)+or ko Alp i)+ Ap(og +11) koA kyA
o) (p+i) Yo tp ) ptp

,0,0 ) can be studied from its Jacobian matrix and

Routh-Hurwitz stability criteria. The Jacobian matrix of the dynamical system at the disease-

PLOS ONE | https://doi.org/10.1371/journal.pone.0284759 May 5, 2023 12/47


https://doi.org/10.1371/journal.pone.0284759

PLOS ONE Bifurcation analysis and optimal control for COVID-19 and HIV/AIDS co-infection

free equilibrium point is given by

i _BQSO n i
—H %y p
0 —(g,+p) 0 0 0
J(Eo) = | 0 0 —(p+p) —B,eC 0
0 0 0 B.AT + BQSC? —(u+d, +x) 0
0 0 0
L K —(u+n) |

Then the characteristic equation of the above Jacobian matrix is given by

_ﬁQSO n
—H %y P
0 —(o, +u) 0 0 0
0 0 —(p+u) —peC? 0 =0,
0 0 0 M 0
0 0 0
K —(utn)

where M = 3,8" + B,eC? — (u+ d, + k) and after some steps of computations we have got 1,
=—p<0ord,=—(ay+p) <0o0rAz=—(p+p) <0ori, =, + f,eC’ — (p+d, +x) =

B28"+PaeC)
ut-dy+ic

(u+dy )|

Therefore, since all the eigenvalues of the characteristics polynomials of the system (11) are
negative if R < 1 the disease-free equilibrium point of the COVID-19 mono-infection model
(11) is locally asymptotically stable.

3.4.2. Existence of endemic equilibrium point (s) of the COVID-19 mono-infection
model. Before checking the global stability of the disease-free equilibrium point of the
COVID-19 mono-infection model (11), we shall find the possible number of endemic equilib-
rium point(s) of the model (11). Let E¢. = (§", C;, C;, C;, R") be the endemic equilibrium
point of COVID-19 mono-infection and /.. = f3,C; be the COVID-19 mono-infection mass
action incidence rate (“force of infection”) at the equilibrium point. To find equilibrium point

1} =p+d +K)[Re—1] <0if R, < Lords=—(u+n) <O0.

(s) for which COVID-19 mono-infection is endemic in the population, the equations are
solved in terms of A, = f3,C; at an endemic equilibrium point. Now setting the right-hand
sides of the equations of the model to zero (at steady state) gives
g — bs (b, + 8758)2 + by (b, + 8’1::)2 + by (b, +elg) + byls Cc— k,A c— k,A
bbb, (b, + L) (Vg + ) —bm(b, +e22) 2 1 b (byted)

by (b, + £20) 20+ by (by + €22) e+ (b0 + byedi2)  bii + (byby + byedt) (222 + phe) — bighe® — by, 25

G == v T NIl merra—
by (by + eic)Q (Z¢ + 1) = by (b, + ‘CJ'C)Z}“C by (b, + g)LC)Q(j‘C +p) = by (b, + 8;”c)2}“c
and
=5,

where bl =o;t+ i, b2 =ptu b3 =U+ d] + K, b4 =ut+n, b5 = klAb1b3b4, b6 = alszb3b4, b7 =
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pk4Ab1b3b4, bg = k4Ab1nK8, bg = b1b3b4k4A8, bl() = bzbank4A£, bll = b1k4A8nK8, blZ =
b1b3b3b4, b13 = b1b3T]K'.
o bs(b2+szz)zxg+b6(b2+szz)2;{+(b2b7;~g+b7g;{2)

Then we have substituted C* oL it
i h12(h2+sz’é) (/h::+;4)71713(1,2+g/gc) P

gt 2+ (boby+bgerl.) (A2 4pit ) —brot2 —by 283 . . .
e+ ) (e i) b — in the COVID-19 force of infection given by A, = ,R" we

blz(h2+8/12)2(/12+y)—b13(b2+5/12) P

have got the non-zero solution of 4, is obtained from the cubic equation

A 4 A + ¢ e+ ay = 0, (12)
where
¢, =b,e? —b,e2 >0
¢, = 2b,b,e + b ,ue* — 2b,b e — b.e® — be® — be + b,
¢, = b,%by, + by, + 2b,b,ep — b,%b,, — 2b,be — 2b,be — be — by — byby — byue,
¢, =bbbbl— R >0if R. <1.

(13)

It can be seen from and (13) that ¢; > 0 (since the entire model parameters are nonnega-
tive). Furthermore, ¢, > 0 whenever R < 1. Thus, the number of possible positive real roots
the polynomial (12) can have depends on the signs of ¢;, and ¢,. This can be analyzed using the
Descartes’ rule of signs on the cubic flx) = 63 + X% + e x + ¢ (with=x = ). Hence, the fol-
lowing results are established.

Theorem 6: The COVID-19 mono-infection model (11) could have

(a). a unique endemic equilibrium point if R > 1 either of the following holds.
(i) c; >0and ¢, > 0.
(ii) ¢; < 0and ¢, < 0.
(b). more than one endemic equilibrium point if R > 1 either of the following holds.
(i) c; >0and ¢, <O.
(ii) ¢; < 0and ¢, > 0.
(). two endemic equilibrium points if R, < 1, ¢, < 0and ¢, < 0.

Here, item (c) shows the happening of the backward bifurcation in the model (11) i.e., the
locally asymptotically stable disease-free equilibrium point co-exists with a locally asymptoti-
cally stable endemic equilibrium point if R < 1; examples of the existence of backward
bifurcation phenomenon in mathematical epidemiological models, and the causes, can be seen
in [8,17,26,31,58-60]. The epidemiological consequence is that the classical epidemiological
requirement of having the reproduction number R, to be less than one, even though neces-
sary, is not sufficient for the effective control of the disease. The existence of the backward
bifurcation phenomenon in sub-model (11) is now explored.

Theorem 7: The COVID-19 mono-infection model (11) exhibits backward bifurcation at
R = 1 whenever the inequality D, > D, holds, where

BB o) () =By B exp(utn) —Bye” exu(p-+n) _ Born(ptn)
D, = (o) (i) and D, = (o) ()
In this section, we have used the center manifold theory stated in [60] to ascertain the local

asymptotic stability of the endemic equilibrium due to the convolution of the first approach
(eigenvalues of the Jacobian). To make use of the center manifold theory, the following change
of variables is made by symbolizing S = x;, C, = x, C, = x3, C; = x4 and R = x5 such that N, = x;
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+ X5 + X3 + x4 + x5. Furthermore, by using vector notation X = (xy, X, X3, X4, xs)%, the COVID-
19 mono-infection model (11) can be written in the form & = F(X) with F = (f,, fo. 5. fu f5) >
as follows

dx

== kA, o pxg e — g = Aox,

dx

7; :f2 = kQA - (OCI + ﬂ)xza

dx. )

d; =fi=kA—(p+u+eic)x,, (14)
dx,

71": = dox, + Edcxy — (u+d, + 1)x,,

dx;

= kx, — (14 n)xs,

with Ac = B,x, then the method entails evaluating the Jacobian of the system (14) at the DFE
point EY,,, denoted by J(EY,,) and this gives us

—u % p —B,x n
0 —(o+p) 0 0
E)=| 00—+ ~pex 0
0 0 0 Box" + Brexy — (n+d, + x) 0
0 0 0 K —(u+n)

Consider, R = 1 and suppose that 8, = §* is chosen as a bifurcation parameter. From

_ _ Boebox] ok Al 1) (o) + By ko Alp-+i0)+Boky Ao +10) (pHie) _
Re=1las Re =570 = (o1 +4) (o 10) (- +) =1
— p(oy +1) (p+p) (petdy +10))

ki Ao +u) (ptp)+o ko Alp+) +hy Aoy +p) (p+ue)”

Solving for B, we have got 5, = f°

— % p —B'x n

0 — (o +p) 0 0
Jp=1 0 0 —(p+ —pex 0

0 0 0 Bxl + Bexs — (u+d, +x) 0

0 0 0 K —(p+n)

After some steps of the calculation we have determined the eigenvalues of Jg« as 1, = —y, 1,
=—(a;+y)ororis=—(p+u)ordy=0o0rAs=—(u+n). It follows that the Jacobian ](EgM) of
Eq (14) at the disease-free equilibrium with 8, = 8%, denoted by J4+, has a simple zero eigen-
value with all the remaining eigenvalues have negative real part. Hence, Theorem 2 of Castillo-
Chavez and Song stated in [60] can be used to analyze the dynamics of the model to show that
the model (11) undergoes backward bifurcation at R = 1.

Eigenvectors of Jg: For the case R = 1, it can be shown that the Jacobian of the system
(14) at B, = B* (denoted by J4+) has a right eigenvectors associated with the zero eigenvalue
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. T
given by u = (uy, Uy, Uz, Uy, Us)" as

—q % p —p'x} n U, 0

0 —(+u 0 0 u, 0

0 0 —(p+w — B ex} 0 u, | =(01]. (15
0 0 0 Bx) + Bexs — (n+d, + ) 0 u, 0

0 0 0 K —(u+n) uy 0

Then solving Eq (15) the right eigenvectors associated with the zero eigenvalue are given by

_ —Bxu(p+ @) (u+n) — Brexsp(u+ n)u, + kn(p + wu,
wlp +w)(u+mn)

* 0
Pex K
u, =0, u; = — vy, uy=u, >0, u; = u
Htn

u, )

4°

Similarly, the left eigenvector associated with the zero eigenvalues at 3, = f* given by v =
(V1> V2, V3, Vs V) s

T * O
v, —p % P —B'x) n 0
v, 0 — (o +p) 0 0 .
va| x| O 0 —(p+u) —pex 0 ol (16)
v, 0 0 0 D 0
vy 0 0 0 K —(u+mn) g

where D = f'x) + fex) — (u+d, + k).

Then solving Eq (16) the left eigenvectors associated with the zero eigenvalue are given by
Vi =¥ =v3=v4=0and vy, = v4 > 0. After long steps of calculations the bifurcation coefficients
a and b are obtained as

5 82f/ an aZf
a = oV uiu, 4 = 2v, A 4 2 : ‘
Zz,},k—l 4 J 8xiaxj ViU, 8361 aX4 + Vattsthy 8X38x4

& o8
= 2v,u, lul ﬁi/a)qax4 + uy J[A‘/axgaxj o= 2vu[Bouy + Boguy

~opy? [—ﬂzﬁ*x?(p + ) +n) = Bfexip(u+m) + Byxn(p + 1) — BB exsuu +n)
o p(p + ) (i +n) ’
= 2v,u,[D, — D],

— BB X0 (p+10) (1) — P €0 p (1) — P& f* €0 () e . .
where D, = ——1 H(; ot e E ,and D, = % Thus, the bifurcation
coefficient a is positive whenever D, > D,.

Moreover

5 82 / 5 2
b= E v,k ) — 5 ‘ o, 9
e " g (Be) = 2y it / oxop = Vi ﬁl/ 0x,0p

— 0 0
= vu, [¥u, +exju,] > 0.
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Fig 2. Backward bifurcation diagram.
https://doi.org/10.1371/journal.pone.0284759.9002

Hence, from the theory of Castillo-Chavez and Song stated in [60] the COVID-19 mono-
infection model (11) exhibits a phenomenon of backward bifurcation at R, = 1 and whenever
D, > Dy.

The diagram representation of this bifurcation is given in Fig 2 below.

Fig 2 shows the appearance of backward bifurcation, which results in the coexistence of sev-
eral equilibrium points. In such a case, the common conditions of disease eradication such as
making Rc < 1 will not work, and the initial number of infected persons also plays a crucial
role.

3.5. Analytical result of HIV/AIDS and COVID-19 co-infection model
3.5.1. Disease-free equilibrium point. The disease free equilibrium point of the dynam-

ical system (3) when the state variable C;=H,=H, =M, = M, =0is given by E, =

(s . 1y €, @, HO, B, MY, MO R, HY ) =

(M#‘l"—?w%jtM A kA kA 00 0, 0,0, 0).

u o+ og+p pu oA ag+p? ptp?
3.5.2. Effective reproduction number of the co-infection model. The effective reproduc-
tion number of the dynamical system (3) by applying the next generation operator method is

the largest (dominant) eigenvalue (spectral radius) of the matrix: FV~! = [()fd—;fo)] [%} 5
] ]
where F, is the rate of appearance of new infection in compartment i, v; is the transfer of infec-

tions from one compartment 7 to another, and E, is the disease-free equilibrium point. After
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some steps of calculations we have determined that

Ry 0 o X 0 00
0 8, p,N, p.N, pR, 0 0O
0 0 0 0 0 0 0
F=|0 0 0 0 0 0 0f,
0 0 0 0 0 00
0 0 0 0 0 00
00 0 0 0 0 0]
mmmﬁ4w+@m+$§wm:%@+g+q)md
[(n+d, +x) 0 0 0 0 0 0]
0 O+ u+d,) -0, 0 0 0 0
0 0 (u+d,+0+6) 0 0 0 0
V= 0 0 -5 (u+d; +96,) 0 0 0
0 -0 0 -0, (y+d,+p) 0 0
—K 0 0 0 0 (u+n) 0
i 0 0 0 0 -7 0 iy
Applying Mathematica we have determined as
m ay, 000 0O
N, N,0
" Grara g rarm 0000
Py — 0 Ay 0 00 0O
0 Ay, 00 0 00
0 Gy 00000
0 . 00000
i 0 ay, 0 00 0 0]

After some computations and simplifications we have determined the dominant eigenvalue
in magnitude of the matrix FV~" which is the HIV/AIDS and COVID-19 co-infection effective
reproduction number given by

Bok, Aoy + p)(p + 1) + Boo k,Alp + p) + ok, Ap(oy + 1) + Boek, Ap(o, + )

RIC = max{ R, R = max
’ {Rer R} { ploy + @) (p + 1) (p +dy + x)

Bi(1 —ky) (o, + 1) + Broks | BipiO(1 — k) (o, + 1) + Bip, 0ty

kg},where Re =

T () O+ ptdy) O+ pu+d)(y+p+dy)
BoS +eBoCY ok Aoy +10) (1) +Booy ko Alp+10)+Boka Ap(oy +1) +Bogky Au(og +p1) .
Fr o) oAy ) 22 E is the COVID-19 effective repro-

duction number and R,,,, = £ ‘(1(;2‘1)}5;?91":15;;2’{3 + b lo%jfl;?)z’fg:f 1 %ok js the HIV/AIDS effec-

tive reproduction number.
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3.5.3. Locally asymptotically stability of the disease-free equilibrium point. The Jaco-
bian matrix of the system (3) at disease free equilibrium point is given as

o, oy p —B,A, - %Al — %Alp1 —N, —N; n 0
— (o, + 1) 0 0 0 —%A,_, —%Azp1 —%A2p2 —%Ang 0 0
0 —(oy + ) 0 —B,A, 0 0 B A0, —PBA,0, 0 0
0 0 —(p+p) —eBA, — %A,1 - %A,ip1 —N, —N, 0 0
0 0 0 N, 0 0 o,R, W,R, 0 0
0 0 0 0 N, PR R0, pR, 0 o |
0 0 0 0 ) N, 0 0, 0 0
0 0 0 0 0 0 R, 0 0 0
0 0 0 0 0 0 5 N, 0 0
0 0 0 K 0 0 0 0 —(u+n) 0
0 0 0 0 0 7 0 0 0 —u

where R, = B, (8 + H, +2C,) = (u+dy + 1), X, = (B, + B,0,)8", R =
(%p2 +eB,w,)C,, Ry = (%ps + By,)8" and R, = (%pa +eB,m,)C,, Ry =

%(Sl]+cq+cv) _(9+:“+d2)7 Ngz_(y+d3+ﬂ)a Nlo:_(ﬂ+d4+5+el)v R, =
—(u+d; +0,).

Then the eigenvalues of the matrix J(Ey) are A; = —y < 0or A, = —(a; + ) < 0or A3 = —(or,
+p)<0ordy=—-(p+p)<0ords=—-pu<0ordg=—(u+n) <0ori, =

Bk (R 1) <Oordg=—(u+dy+8+0;) <0orde=—(u+ds+0,) <0orA>+ [(y

(p+p) (ptdy +ic)
+ds+u)+O+pu+dy) - Rg]A—-[(Rg—(O+p+dy))(y+ds+p) +6p; Xg]=0.

Then after some calculations we have got the last two eigenvalues of the quadratic equation
asA;o < 0and A, < 0 whenever R|'“ = max{ R, R} < 1. Thus, since all the eigenvalues
are negative, the disease-free equilibrium point of the full model (3) is locally asymptotically
stable whenever R|© = max{ R, R} < 1.

3.5.4. Global asymptotic stability of disease-free equilibrium point. In this sub-section
we have used the method derived by Castillo-Chavez et al. and stated in reference [61] to look
into the global asymptotic stability (GAS) of the co-infection model (3) disease-free equilib-
rium point. We mention two requirements that, if satisfied, also ensure the disease-free equi-
librium is globally asymptotically stable. Then the new system (3) is rewritten as:

d¥y
E =F (‘Pv Y)a

ay
E = G(lP7Y)7 G(Ta O) = 07

where ¥ = (S, C, H, C,) € R" denotes the number of uninfected components and z =
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(C, H,, H,,M,, M,, R, H,) € R" denotes the number of infected components. [Ty = (¥, 0),
denotes the disease-free equilibrium point of the system. The following requirements must be
satisfied to ensure the globally asymptotic stability:

(H,) For ££ = F(¥,0), I, is globally asymptotically stable.

(Hy) G(W,Y) = AY — G(2,Y), G(¥,Y) > 0, for (¥, Y) € Q, where A = DyG(¥,, 0) is a
Metzler matrix (the off diagonal elements of A are nonnegative) and € is the region where
the model makes biological sense.

Theorem 8: The fixed point I, = (‘Fy, 0) is a globally asymptotically stable equilibrium
point of system (3) provided Rff © <1 and the assumptions (H;) and (H,) are satisfied other-

wise unstable.
Proof: The system (1) is rewritten as

kA + 0, C, +o,H, +pC, + MR — (A +Ac+1)S
a¥ kyA — (2 + oy +1)C,

— =F(?,Y) = )
dt kA — (o, + p+ Ac)H,
kA= (p+ 1+ 2y +€40)C,
kA+o,C +o,H, +pC, — uS
k,A — (o, +p)C
F(¥,0) — 2 (o, + 1) q ’

ksA — (o, + p)H,
kA= (p+u)C,

where W represents the number of non-infectious compartments and Y represents the number

of infectious compartments.
And

AcS+ AcHp +€4.C, — (1 +dy + 1+ viy)C
IS+ 2y Cy+ 24 C, + O,M, — (0 + p+ dy + ¢, A0)H,
0H, + 0,M, +0,.M, — (y+d, + p+ ¢, )H,
G(Y,Y) = ¢ AH, +viyC — (u+0,+d, + 6+ O0,)M,

M, + ¢y AcH, — (n+dy + 0,)M,
kG, — (k+mR
vH, — pH,

PLOS ONE | https://doi.org/10.1371/journal.pone.0284759 May 5, 2023 20/47


https://doi.org/10.1371/journal.pone.0284759

PLOS ONE

Bifurcation analysis and optimal control for COVID-19 and HIV/AIDS co-infection

Then G(¥,Y) = AY — G(¥,Y), where,

50 0 Bon(S+H,+£C)  Pow(S+ H,+&C,) 0 0

0%, I, ﬁ;\']o? (s +C,+ cv) +0, ﬁ}\f“ (s +C,+ cv) 0 0

0 0 3, 0, 0, 0 0
A=10 0 0 —(u+0,+d,+5+6,) 0 0 o |

0 0 O o —(u+d;+96,) 0 0

k 0 0 0 0 —(u+1n) 0

0 0 vy 0 0 0 —u

where X, = f,(S+ H, + £C,) — (u+d, + k), %, :%(s+ Cq+cv) - 0+u+d), Z, =
ﬁl—l\‘,’l(SJquJer) and X, = —(y + d5 + y), so that

re(S+H,+€C)— (u+d, +x)C,
—(0+ u+d)H, + 1y (s +C,+ Cv) +0,M,

HHu - (y + ds + ‘Ll)Ha + eJMu + 92Ma

AY = _(ﬂ+93+d4+5+@1)Mu
5Mu - (/.l + d5 + OZ)Ma
kC, — (u+mR
'))Ha 7:th
We have determined that,
A k 1)k. 1k
28 (k1 n ko (o +1) 3,“+ (p+1) 4:“) —/"LC(S—}-Cq—i—er) +v4,C,
H oy + p oy + M p+nu
. A kopt(oy +1) | okyp  kpu(p+1)\
Jy— |k, + 22— + 23 4 —y(S+C +C, )+ ¢, A .H
H <1 (Xl"_,u/ O(2+H p_i_'u /LH( q v) ¢1Cu
poAcH,
G(¥,Y) = o
—¢1AcH, —v2,C
_QSZ;“CHa
0
0

It is clear from the above discussion, that, é(‘P, Y)£0. Hence by the same reason given by
results in reference [38], the disease-free equilibrium point may not be globally asymptotically
stable.
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4. Analysis of the optimal control strategy

In this section, we provide a thorough qualitative analysis of the time-dependent HIV/AIDS
and COVID-19 co-infection model (3). The Pontryagin’s Maximum Principle stated in litera-
tures [25,43,51,52,55] is used to describe this analysis, with the aim of minimizing the HIV/
AIDS infection aware individuals denoted by H,, the COVID-19 infected individuals denoted
by C; and the total HIV/AIDS and COVID-19 co-infected individuals denoted by M,, + M,. In
the case of time-dependent optimal control, we employ Pontryagin’s Maximum Principle to
derive the necessary conditions for diseases control mechanisms. After incorporating the con-
trols into the HIV/AIDS and COVID-19 co-infection transmission model (3), the optimal
control problem is as follows:

S =kA+o,C +a,H,+ pC,+ MR — (1 — ;)2 — (1 — w,)A.S — S,
C, =k,A — (1 —u)2,C, — (%, + u)C,,
Hp =kA = (1 —w)icH, — (o, + p)H,,

C = k4A - (1 - ul)/lHCv - (1 - uz)g’lccv - (,0 + :U)Cva

v

C=1=u)2S+ (1 —w)dcH, + (1 —u)ed.C, — (1 —w)viyC — (n+d; +ux)C,
Hu = (1 - ulV“HS + (1 - ul))“HCq + (1 - ul)/lHCv + u:ielMu - (1 - u2)¢1;LCHu - (9 +u+ d2)Hua (17)

Ha = eHu + uSOZMa - (1 - u2)¢2lCHa - (u4y =+ dd + lu)Hm

M, = (1 —-uy)¢iH, + (1 - ul)D}'HHp —(u+d, + 0 +u0,)M,,
Ma =0M, + (1 - u2)¢2/1ch = (U +d; +u,0,)M,,

R= u,kA; — (1 +n)R,

H, = u4pr — pH,,
with the corresponding initial conditions

5(0) > 0,C,(0) 2 0, H,(0) > 0,C,(0) > 0,C,(0) > 0,H,(0) > 0, H,(0) > 0,M,(0)
> 0,M,(0) > 0,R(0) > 0, and H,(0) > 0, (18)

and 0 < u,(t) < 1 represents HIV/AIDS infection protective control, 0 < u,(t) < 1 repre-
sents the COVID-19 infections protective control using quarantine, 0 < u,(t) < 1 represents
the COVID-19 infection treatment control, and 0 < u,(t) < 1 represents the HIV/AIDS
treatment control.

The objective is to find the optimal control values u* = (u}, uj, u;, ;) of the
controls u = (u,, u,,u,, u,) such that the associated state trajectories

(S*, G, H,,C, C, H,H), M, M, R", Ht) are solution of the optimal control system (17)

in the intervention time interval [0, Ty with initial conditions as given in (18) and minimize
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the objective functional given by

](u17 u2’u37 u4)

= I} (10,C + o, Hy -+ 10,M, + 1o, M, + 3 + B + 3 + 3a ), (19)

where the coefficients to,, tv,, 10,,

3 B
27 2
of interventions associated with the controls u,, u,, u, and u,, respectively, and also balances
the units of integrand. In the cost functional, the term v, A; refer to the cost related to
COVID-19 infected class, the term tv, H, refer to the cost related to individuals mono-infected
with HIV and aware, the term 1, A, refer to the cost related to co-infected individuals unaware
of HIV infection and the term v, M, refer to the cost related to co-infected individuals aware

of HIV infection.
1(37 C, H,C,, C, H, H, M, M,R, Ht,u> =10, C, + v, H, + to,M, + 1o, M, +

. . P » :
and tv, are positive weight constants and , > and <! are the measure of relative costs

Zru? + 2202 + 212 + Z1u?, measures the current cost at time t. The set of admissible Lebes-
gue measurable control functions is defined by

Q, = {1, (6), (), w,(6), () € L3 0 < wy(6), (1), 1, (0), w,(0) < 1, £ € [0,7; | }.(20)

More precisely, we seek an optimal control pair
J(uy, wy,u, uy) = ming J(uy, 1y, 1), (21)

Theorem 9 (Existence Theorem): There exists an optimal control u* = (u}, u5, 13, u}) in

Q, and a corresponding solution vector (S*, ¢, H,,C,, C, H;, H;, M;, M;, R", H:) to

the optimal control dynamical system (17) with the initial values (18) such that
](u;v Uy, Uy, u:) = minQu](uu Uy, U, u,).

Note: We utilize Pontryagin’s Maximal principle stated in literatures [51,52,55], to deter-
mine the prerequisites for the optimal control model (17). The optimal control problem (17)
and (19) defined Hamiltonian (H) function is expressed as

B , B,, B, , B .
H :m1Ci+m2Hu+m3Mu+m4Mu+7luf+72u§+75u§+74ui+zizlﬂigi, (22)

where G, stands for the i state variable equation and 1,(¢), A,(8), A3(t), 14(1), A5(8), A6(t), A,(1),
Ag(t), Ao(), A1o(t) and A, (¢) are adjoint variables. Similarly to obtain the co-state variables by
using Pontryagin’s Maximum Principle stated in literatures [51,52,55], with the existence
result the following theorem is stated:

Theorem 10: Let u* = (1}, u},uj, u;) be the optimal control and
s, G, H,C, C, H,, H;, M;, M;, R*, H; be the associated unique optimal solutions of the
optimal control problem (17) with initial condition (18) and objective functional (19) with
fixed final time T (20). Then there exists adjoint function Z;(-), i = 1,.. ., 11 satisfying the
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following canonical equations

dl . ‘/n )
7; = (1= u)dy(h = Ag) + (L = uy)Ac(Ay = 4) + s,
di, . ,

a (I —u) Ay (dy = 4g) + o, (Ay — 4y) + s,

d, /) ) )
d_; =1 —uy)Ac(dy — A5) + oy (A3 — Ay) + pds,

di, . .
d—; = (1 =)y (4 = A¢) + (1 = w)edc(Zy — 45) + p(Ay = 4y) + udy,

dJ. ; , . .
7; = =10, + (1 = wy) B AT (4 — Z5) + (1 —wy)BoAL (A5 — 45) + (L — w,)eB,A5 (4, — Z5) +

(1= u,)¢,BoAg (s — Ag) + (1 = 1,)05BoA% (A7 — Ag) + (1 — w0l (A5 — Ag) + (0 + d)) A5 + uyic(A5 — Ay),

PN B P

I - (1 u]) NAl()“l jLo) + (1 u ) N ()~2 /“6) + (1 ul) NA4()~4 /“G) +
(1= w0 RE ALy — 1) 4 (L w0 ie g — 1) + (0t )iy + O, — i),

dlz By, By, By,

T 1o, + (1 —u,) N Al(d = 2g) + (1 =) N A2y = 2g) + (1 =) N A2y — 4¢) + (23)
(1- ul)vﬁ;\j}l AL(2s = Ag) + (1 = uy)PyAc (A — o) + (dy + 1) 27 +u,7(Ar — 41y),

P ot ) P2, )+ (- B iy — ) + (1) P24, i) (1)

N
By, A(Ay — 45) + (1 —w)) ﬁll\?z Ay = 24g) + (1 — uy)eBym, AL (2, — 4) + (1 — ul)Uﬁ;\fz Ai(2s — Ag) + 10,

(Ag = 46) + (1 =)@, By, AL (g — Ag) + (1 — 1y) By By, AL (A — 4g) + (1 + d,) 25 + 0( 2 — 2),

d;'tﬂ = 1o, + (1 — ) ﬂ}‘é’u;(zl —2g) + (1= ) By, Al (A — 25) + (1 — ) ﬂ}& A3y — 2g) + (1= 1)) B,,A]
(g = 25) + (1 — ;) ﬁ;\fsA;(z4 —2g) + (1= )Py, A (2, — 2) + (1 — ul)u%A;(zs — )+
(1= 10,)y B Ay (g — 2) + 1050, (2 — 27) + (1= 1), By, A5 Ay — 29) + (1 + ds) oy,

% = A+ (1),

with transiversality conditions
Af(Tf) —0,i=1,2, ...,11. (24)

Moreover, the corresponding optimal controls 1} (), u;(t), u;(¢), and uj(t) are given by

u;(t) = max

. ’11*-15*(/15 B j’l) + ZLCZ,(AG - ;“2) + i;;q(% B )»4) + UALC}*()-S B 25)
0, min 3 e e,
1

(45 — A1) +AH, (l — Jy) + €4 C(As — Ay) + O AH, (As — 2) + ¢212H;()“9 =) 1}}
(25)

S )
max{&mm{@‘M +@M3£3 )+KC,(A5—,1]O)’1}}7
{50}

= maxy 0, min
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Proof: To obtain the form of the co-state equations we compute the derivative of the Hamil-
tonian function (H), given in (22), with respect to S*, C;, H,,C;, C}, H;, H;, M;, M, R’
and H; respectively. Then the adjoint or co-state equations obtained are given by:

o T ()i = 2) 4 (=)l — ) 1,
o 7(‘% (= )y — ) + (= ) + B,
% _ _g_; = (L= )iy — 23 + oy (g — 24) + iy
% —g—g (1= ) — ) + (1= w)eds(y — 4a) + (g — 21) +
d;f = fg—z =—w, + (1 —w)BAT (4, — 45) + (1 — u,)BoAs (A — A5) + (1 — w,)ePoAL (A, — A5) +

(1= )6, BuAL (g — 72) + (1= 1) 3uBoAL (= 20) + (L= w0y — 23) + (1 )y + 11y — ),
L —g—;‘u = - Baio )+ 0 B, i)+ 0w B, i+

(1— ul)U%A;(Xs C )+ (L= )by 7 g — 4) + (4 dy)ig + O — 40),
ddit? = fg—;;a = 1, + (1 —,) /3}51 Ay = 2g) + (1 - ) ﬁ}\? Ay = 25) + (1~ ul)ﬁ;\f] Ay = 7) + (26)

(1= w0 PGy 00) (1= )0, — ) + (0 90— ),
% = —;ZZ = —to,+ (1 —,) ﬁ}\fm;(@ — )+ (1= ) By, AT (A, — 25) + (1 - ul)'B}\?zA;(A"Q —Jg) +

(1= )R A3 — i) + (1= ) P23, ) 1 (1 ey A3, — o) + (0 —u P2

(A5 = Ag) + 1,0, (Ag — 4¢) + (1 — )8, By, AG(Ag — Ag) + (1 — 1,) B0, A2 (A7 — Ag) + (1 + dy)Ag + 6(Ag — Zg),

i, o Bioy . o Bios ..
9—————m4+(1—u,) - 3A1(}~1_/“6)+(1_u2)B2w2A1()“1_/“5)+(1_u1) &1A2(22—16)+

dt oM, N

1 “ i y 1 Bips .., y 1 () , 1 ﬁlp‘S*A 1

(1 = uy) By, As(2y — 45) + (1 — ul)TAq(’% — Zg) + (1 —u,)eB,m,A5 (4, — 45) + (1 — ul)UTAr)( 5 — Ag) +

(1 = ), By Ag (2 — Ag) +130,(Ag — A7) + (1 — 1) 9, B0, A% (27 — Ag) + (1 + d5) Ay,
dl oH s
d_lio TR =Ny + (1) Ay,
i,  OH _

ar oH, = fthys
with transiversality conditions
A;‘(Tf) —0,i=1,2, ...,11. (27)

To obtain the control values, we compute the partial derivative of the Hamiltonian, given
by:

%:0, fori=1,2, 3,4 (28)

i
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Moreover, the corresponding optimal controls with the boundary condition of each control
u;(t), w(¢), u;(t), and u;(t) are given by

dgS (A = 20) + 2y Ci (Ag = 2o) + 2 Co (A — Ay) + 025 Ci (Mg — 25)

wi(#) max{(), min{ ,1}},
B,

/‘L:ZS*(;{ -4 ) + 4 H*(/1 ;“3) + gi*cC:(/ls - /14) + ¢1}"2H;(;‘8 B ;{6) + ¢2’IZH;(’19 - ’17)

w;(#) = max< 0, min ,1
- (9
ug(t) _ max{(), min{glMu()“B — /16) + @2Ma(/19 — /17) + KCi ()Ls — /110) ’ 1}}7
B,

H (A, — A

wi(t) = max{(), min{y = 4) , 1}}
%,

From the previous analysis, to get the optimal point, we have to solve the system
§ = kA +0,C, + 0,H, 4+ pC, + MR — (1 —u}) 4,8 — (1 —u3) S — uS*
C: =kA— ((1—u) Ay + o, +u)C,,
Hy = kA — (o, + p+ (1 —w) A0)HY,
Ci=kA—(p+u+1—-u)i+e(1-w)i)C,
Cr=(1—w) S icH, +e(1 —wy)icH, — (1 — ) 4, C — (u+d, +wK)C;,
H, = (1—u})/,S + (1 —u})2,C, + (1 —u}) 4, C + w0, M; — (1 — w) ¢, AcH, — (0 + u+ d,)H,
H: = OH: +w;0,M; — (1 — u})¢,AcH: — (wyy + dy + p)H,
B, = (1 )00 7H, + (1 )0y G — -+ d, 0+ 110, )M;.
M =M + (1 —up) p,AcH: — (u+ dy +u30,) M,
R =ujkC; — (u+n)R’,
H; = ujyA; — uH;

9

with the Hamiltonian

H =10,C + v, H + to,M;, + 1o, M; + % ()" + % ()" + % ()" + % (1})" + 4, (k,A + 0,C; + 0, H: + pC; + R —
(1) — (1) Ais — 1)
2, (kA = (1= )25+ 04+ 1)) ) + Au(ke = (3 + i+ (1= ) AV H) + 2, (kA — o+ e+ (1= ) 5, + (1 — 1)) C) +
A((1 =) 268 + (1 —w) 2cH, + (1 —w) AcH, —v(1 — ) 4;,C — (4 d, +u;K)C)+
,16((1 — )25+ (1= ) 4,C + (1= 1) 25, C + 10, M; — (1 — 1) g AeH, — (0 4+ p+ dZ)H;)
+7, (0H; +w;0,M; — (1 — u*)qﬁzﬂch; —(upy+d,+ w)H) + 2 ((1 —wy) g AcH, + (1 — u}) i, H: — (u+d, + 6 +w6,) M)
F2g (OM; + (1 — 13) dp 2 H, — (u+ds +uy0,)M2) + Ay (wikH:, — (u+n)R") + Ay, (wyH: — uH;),

where

it = 5y (Hi(0) + puH;(8) + p,M () + puM; (1)) and Ag = B, (H(1) + 0, M (1) + 0,M; (1))
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5. Numerical results

In this section we have presented the numerical result we have obtained using the parameters
value collected in Table 3 below. We have collected data from a variety of sources, and have
compiled the values in the table for the convenience of the constructed model numerical simu-

lations and to verify the analytical results.

5.1. Numerical simulations and discussions of the deterministic model (3)

In this section, a numerical simulation of the entire HIV/AIDS and COVID-19 co-infection

model given in Eq (3) is performed. We used ode45 fourth order Runge-Kutta scheme to

examine the effect of various parameters on the spread and control of COVID-19 mono-infec-
tion, HIV/AIDS mono-infection, and HIV/AIDS and COVID-19 co-infection. The parameter

Table 3. Parameter values used for the co-infection model simulation.

Symbol Value Source

A 2500 [32]

I 0.019 [32]

o, 0.31 Assumed
a, 0.43 Estimated from [1]
d, 0.33 [39]

d, 0.315 [26]

0 0.21 [43]

0, 0.30 [43]

0, 0.30 [43]

05 0.38 Assumed
v 0.3 [43]

6 1 [43]

) 1 [43]

P1 1.25 Assumed
P2 1.5 Assumed
P2 1.8 Assumed
Y 0.2 [10]

ds 0.34 Assumed
dy 0.42 Assumed
ds 0.51 Assumed
n 0.200 [26]

S 0.53 Assumed
e 0.002 [14]

B 0.3425 [43]

B 0.1175 [43]

w, 1.1 Assumed
W, 1.4 Assumed
ky 0.40 [27]

k> 0.20 Assumed
ks 0.20 Assumed
ky 0.20 Assumed
P 0.30 Assumed
K 0.05 [23]

v 0.85 Assumed

https://doi.org/10.1371/journal.pone.0284759.t003
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stability of endemic equilibrium
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Fig 3. The feature of the co-infection model (3) solutions at ’Rffc =32>1.

https://doi.org/10.1371/journal.pone.0284759.9003

values presented in Table 3 are used for numerical simulation. Moreover, we have investigated
the stability of the endemic equilibrium point of the co-infection model (3), the effects of
parameter on reproduction numbers, and the impact of treatment primarily on dually-infected
individuals in the community.

5.2. Simulation of co-infection model (3) whenever Rff €=32>1

The above Fig 3 was plotted using ode45 Runge-Kutta fourth order method to observe the
numerical simulation of the full co-infection model (3) by using parameter values from

Table 3. We can deduce from the figure that after a year, the solutions of the COVID-19 and
HIV/AIDS co-infection dynamical system (3) are approaching the endemic equilibrium point
of the given dynamical system whenever the co-infection effective reproduction number

ROHC = max{R,,;; Rey} = max{2, 3.2} =3.2> 1.

5.3. Numerical simulation to show the effect of k3 on R,

The effect of the HIV protection rate on the HIV/AIDS effective reproduction number R, is
depicted in Fig 4. The graph shows that as the value of protection rate k; increases, the effective
reproduction number R, decreases and for k; > 0.771 indicates that R,,,, is reduced to less
than one. As a result, the public health and policymakers must focus on increasing the values
of the HIV/AIDS protection rate k3 in order to control HIV/AIDS spread which may causes
for existence of co-infection in the community.
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5.4. Simulation to show the effect of Kk on R .

A numerical simulation in order to show the effect of COVID-19 treatment on the COVID-19
effective reproduction number R is given by Fig 5. The graph shows that as the value of the
treatment rate raises, the COVID-19 basic reproduction number decreases and for the value of

k > 0.776 implies that R, < 1.
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Fig 5. Simulation of COVID-19 treatment rate k versus R.
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Fig 6. Numerical simulation of COVID-19 protection rate k, versus R,,.
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5.5. Numerical simulation to show the effect of k, on R .,

Fig 6 depicted the effect of the COVID-19 protection rate k, on the COVID-19 effective repro-
duction number R. As we can observe from the graph as the value of k;, increases, the
COVID-19 effective reproduction number decreases, and k, > 0.654 implies that R < 1. As
a result, all the stakeholders must focus on increasing the values of COVID-19 quarantine rate
k, in order to prevent and control COVID-19 spread in the community. Biologically, this
means that COVID-19 infection decreases as the quarantine rate k; rises.

5.6. Numerical simulation to show effect of #, on R .

Fig 7 shows the influence of the COVID-19 transmission rate 8, on the COVID-19 effective
reproduction number R .. The graph shows that as the value of j, rises, so does the COVID-
19 effective reproduction number and the value of 8, < 0.225 means that R < 1. As a result,
public health authorities must focus on reducing the value of COVID-19 transmission rate 3,
in order to avoid and regulate COVID-19 spread in the community.

5.7. Simulation to show effect of #; on R,

Fig 8 depicts a numerical simulation on the influence of HIV transmission rate 3; on the HIV/
AIDS effective reproduction number R,;,,. The graph shows that as the value of 3; grows, so
does the HIV/AIDS effective reproduction number and whenever ; < 0.193 significantly
R, reduces to less than unity. Therefore it is recommendable to give an attention on mini-
mizing the value of the HIV transmission rate 3, to prevent and control HIV/AIDs expansion
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https://doi.org/10.1371/journal.pone.0284759.g009

in the community. Biologically, this indicates that the HIV/AIDS infection lowers as the trans-
mission rate 3, drops.

5.8. Simulation to show effect of k, on R .

Fig 9 looked at how the COVID-19 immunization (vaccination) rate k, affected the COVID-
19 effective reproduction number R.. The graph shows that when the value of k, grows, the
COVID-19 effective reproduction number decreases, and values of k, > 0.9 suggest that

R < 1. As aresult, public health authorities must focus on increasing the COVID-19 immu-
nization rate k4 in order to prevent and control COVID-19 spread in the community. Biologi-
cally, this indicates that the COVID-19 infection reduces as the immunization rate k, rises.

5.9. Numerical simulation to show effect of xk on COVID-19 infectious (C;)

Fig 10 examined the effect of COVID-19 treatment rate on the number of COVID-19 mono-
infectious population. The graph shows that when the value of x increases, the number of
COVID-19 mono-infectious people decrease. As a result, public officials should focus on
increasing the value of the treatment rate at which COVID-19 infected individuals recovered
from COVID-19 illness increase.

5.10. Simulation to show effect of 8, on the co-infectious (M,,)

Fig 11 looked at how 0, affected the number of COVID-19 and HIV/AIDS co-infected individ-
uals. The graph shows that when the value of COVID-19 treatment rate 0, rises, the number of
COVID-19 and HIV/AIDS co-infected individuals’ decreases. As a result, public officials
should focus on maximizing the value of COVID-19 treatment rate 6; in COVID-19 infected
persons.
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5.11. Simulation to show effect of 6, on the co-infectious (M,)

Fig 12 show that the impact of 6, on the number of COVID-19 and HIV/AIDS co-infected
people. The graph shows that when the value of the COVID-19 treatment rate 0, rises, the
number of COVID-19 and HIV/AIDS co-infected individuals decrease. As a result, public offi-
cials must focus on maximizing the value of COVID-19 treatment rate 6, in COVID-19
infected persons.

5.12. Numerical simulations of optimal control strategies

To verify the analytical results, the optimal control model system (17) is simulated using the
parameter values given in Table 3 with positive weight constants w; = w, = w3 = wy = 18. The
optimal control system is composed of two dynamical systems, the state dynamical system
(17) and the adjoint dynamical system (27), each with its own initial and final-time conditions,
with the control value state in Eq (26). The fourth forward-backward Runge-Kutta iterative
method is used to solve this optimality system. The state Eq (17) is solved with the initial values
of state variables using the fourth-order forward Runge-Kutta method. We used backward
fourth order Runge-Kutta to solve the adjoint equations once we had the solution of the state
functions and the value of optimal controls. To determine the impact of control measures on
the reduction of the HIV/AIDS and COVID-19 co-infection we have the following three cases
of optimal control strategies:
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Case 1: Controlling HIV infection H, with the combinations of strategies: strategy 1: use
u, = 0, and u, # 0, strategy 2: use u, # 0, and u, = 0 and strategy 3: use u, # 0 and
u, #0.

Case 2: Controlling COVID-19 infection C; with the combinations of strategies: strategy 1: use
u, = 0, and u, # 0, strategy 2: use u, # 0, and u, = 0 and strategy 3: use u, # 0, and
u; # 0.

Case 3: Controlling the total HIV/AIDS and COVID-19 co-infection M, + M, with the combi-
nations of strategy 1: use the strategy u, = 0, u, # 0, u, # 0, and u, # 0 strategy 2: use the
strategy u, # 0,u, = 0, u; # 0, and u, # 0 strategy 3: use the strategy u, # 0, u, # 0,

u, # 0, and u, # O strategy 4: use the strategy u, # 0,

5.13. HIV infection (H,) simulation with strategy 1 (u, = 0, and u, # 0)

In this subsection simulation is done for the HIV/AIDS infection (H,) when there is no control
strategy in place and when there is only HIV/AIDS treatment control measure. Fig 13 shows
that the HIV/AIDS treatment control measure efforts are implemented then the number of
individuals infected with HIV decreases throughout time to zero.

5.14. HIV infection simulation with strategy 1 (1, # 0, and u, = 0)

In this subsection simulation is done for the HIV/AIDS infection (H,) when there is no control
strategy in place and when there is only HIV/AIDS protection control measure. Fig 14 shows
that the HIV/AIDS protection control measure efforts are implemented then the number of
individuals infected with HIV decreases throughout time to zero.
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Fig 13. Simulation of HIV infection (H,) with HIV/AIDS treatment strategy.
https://doi.org/10.1371/journal.pone.0284759.g013
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Fig 14. Simulation of HIV infection (H,) with HIV/AIDS protection strategy.
https://doi.org/10.1371/journal.pone.0284759.g014

5.15. HIV infection simulation with strategy 1 (u, # 0, and u, # 0)

In this subsection simulation is done for the HIV/AIDS infection (H,) when there is no control
strategy in place and when there are HIV/AIDS protection and treatment control measures.
Fig 15 shows that the HIV/AIDS protection and treatment control measures efforts are
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Fig 15. Simulation of HIV infection (H,) with both HIV/AIDS protection and treatment strategies.

https://doi.org/10.1371/journal.pone.0284759.9015

PLOS ONE | https://doi.org/10.1371/journal.pone.0284759 May 5, 2023 36/47


https://doi.org/10.1371/journal.pone.0284759.g015
https://doi.org/10.1371/journal.pone.0284759.g014
https://doi.org/10.1371/journal.pone.0284759

PLOS ONE

Bifurcation analysis and optimal control for COVID-19 and HIV/AIDS co-infection

Optimal control impact on COVID-19 infection

700 T - -
: — Without controls,i.e, u2=u3=0

—With treatment contol mechanism u2=0, ug# 0

2o 1] ), SR AAAAA
500
400
300
200

100

Time in years

Fig 16. Simulation of COVID-19 infection (C;) with treatment strategy.
https://doi.org/10.1371/journal.pone.0284759.g016

implemented then the number of individuals infected with HIV/AIDS decreases rapidly to
zero after seven years.

5.16. COVID-19 infection simulation with strategy 1 (u, = 0, and u, # 0)

In this subsection simulation is done for the COVID-19 infection (C;) when there is no control
strategy in place and when there is COVID-19 treatment control measure. Fig 16 shows that
the COVID-19 treatment control measure effort is implemented then the number of individu-
als infected with COVID-19 decreases to zero through time.

5.17. COVID-19 infection simulation with strategy 1 (u, # 0, and u; = 0)

In this subsection simulation is done for the COVID-19 infection (C;) when there is no control
strategy in place and when there is COVID-19 protection control measure. Fig 17 shows that
the COVID-19 protection control measure effort is implemented then the number of individu-
als infected with COVID-19 decreases to zero after five years.

5.18. COVID-19 infection simulation with strategy 1 (u, # 0, and u, # 0)

In this subsection simulation is done for the COVID-19 infection (C;) when there is no control
strategy in place and when there are COVID-19 protection and treatment control measures.
Fig 18 shows that the COVID-19 protection and treatment control measures efforts are imple-
mented then the number of individuals infected with COVID-19 decreases quickly to zero.

5.19. Co-infection simulation with strategy 1 (1, = 0, u, # 0, u; # 0, and
u, # 0)

In this subsection simulation is done for the cumulated HIV/AIDS and COVID-19 co-infec-
tion when there is no control strategy in place and when there are controls involving COVID-
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Fig 17. Simulation of COVID-19 infection (C;) with treatment strategy.
https://doi.org/10.1371/journal.pone.0284759.9017

19 protection, treatments for both HIV and COVID-19 single infections without HIV protec-
tion measure. Fig 19 shows the result that all the prevention and control strategies except HIV
protection efforts are implemented, the number of individuals co-infected with HIV and
COVID-19 decreases drastically to zero after year seven.
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Fig 18. Simulation of COVID-19 infection (C;) with both protection and treatment strategies.

https://doi.org/10.1371/journal.pone.0284759.9018
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Fig 19. Simulation of the co-infection with COVID-19 protection and COVID-19 and HIV/AIDS treatments
strategies.

https://doi.org/10.1371/journal.pone.0284759.g019

5.20. Co-infection simulation with strategy 2 (u, # 0, u, = 0, u, # 0, and
u, #0)

In this subsection simulation is done when there is no control strategy in place and when there
are controls involving HIV protection, treatment strategies for both HIV and COVID-19 sin-
gle infections without COVID-19 protection measure. Fig 20 shows the result that all the pre-
vention and control strategies except COVID-19 protection efforts are implemented, the
number of individuals co-infected with HIV and COVID-19 decreases drastically to zero.

5.21. Co-infection simulation with strategy 3 (u, # 0, u, # 0,u, = 0, and
u, #0)

In this subsection simulation is done when there is no control strategy in place and when there
are controls involving HIV protection, COVID-19 protection, and HIV treatment without
COVID-19 treatment measure. Fig 21 shows the result that all the prevention and control
strategies except HIV treatment strategy efforts are implemented, the number of individuals
co-infected with HIV and COVID-19 decreases drastically to zero after 7 years.

5.22. Co-infection simulation with 4 (u, # 0, u, # 0, u, # 0,and u, = 0)

In this subsection simulation is done when there is no control strategy in place and when there
are controls involving HIV protection, COVID-19 protection, and COVID-19 treatment with-
out HIV treatment measures. Fig 22 shows the result that all the prevention and control strate-
gies except HIV treatment strategy efforts are implemented, the number of individuals co-
infected with HIV and COVID-19 decreases drastically to zero after 8 years.
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Fig 20. Simulation of the co-infection with HIV protection and COVID-19 and HIV/AIDS treatments strategies.

https://doi.org/10.1371/journal.pone.0284759.9020
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Fig 21. Simulation of the co-infection with HIV protection, COVID-19 protection and HIV/AIDS treatment
strategies.
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Fig 22. Simulation of the co-infection with HIV protection, COVID-19 protection and COVID-19 treatment
strategies.

https://doi.org/10.1371/journal.pone.0284759.9022

5.23. Co-infection simulation with strategy 5 (u, = 0, u, = 0, u, # 0, and
u, # 0)

In this subsection simulation is done when there is no control strategy in place and when there
are controls involving treatment strategies for COVID-19 and HIV single infection without
HIV and COVID-19 protection measures. Fig 23 shows the result that treatment strategies
efforts are implemented without protection strategies, the number of individuals co-infected
with HIV and COVID-19 decreases drastically to zero in the long run.

5.24. Co-infection simulation with strategy 6 (u, # 0, u, # 0,u, = 0, and

u, =0)

In this subsection simulation is done when there is no control strategy in place and when there
are control strategies involving protection strategies for COVID-19 and HIV single infection
without HIV and COVID-19 treatment measures. Fig 24 shows the result that protection strat-
egies efforts are implemented without treatment strategies, the number of individuals co-
infected with HIV and COVID-19 decreases drastically to zero after 8 years later.

5.25. Co-infection simulation with strategy 7 (u, # 0, u, # 0, u, # 0, and
u, #0)

In this subsection simulation is done when there is no control strategy in place and when there
are all the control strategies involving protection and treatment for both COVID-19 and HIV
single infections. Fig 25 shows the result that all the protection and treatment strategies efforts
are implemented, the number of individuals co-infected with HIV and COVID-19 decreases
drastically to zero after 3.
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Fig 23. Simulation of the co-infection with only HIV and COVID-19 treatments strategies.
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6. Conclusions

In this paper, we formulated and investigated a continuous time dynamical model for the
transmission of HIV/AIDS and COVID-19 co-infection with protection and treatment strate-
gies. The mode incorporate four non-infectious groups the susceptible group, the HIV
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Fig 24. Simulation of the co-infection with only HIV and COVID-19 protections strategies.
https://doi.org/10.1371/journal.pone.0284759.9024
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Fig 25. Simulation of the co-infection with all possible strategies.

https://doi.org/10.1371/journal.pone.0284759.g025

protection group, the COVID-19 protection group, and the COVID-19 vaccinated group and
this made the model highly nonlinear and challenging for the qualitative analysis of the co-
infection model. The model has been mathematically analyzed both for the sub-models associ-
ating the cases that each disease type is isolated and in the case when there is co-infection. In
addition an optimal control problem model that minimizes the cost of the infection as well as
minimizes the control efforts to control the diseases transmission in the community is formu-
lated and analyzed. The model includes the intervention strategies, protective as well as treat-
ment and numerical simulations of both the deterministic model and optimal control problem
models are presented. In the analysis it has been indicated that the effect of protection as well
as treating the infected ones with the available treatment mechanisms affects significantly the
optimal control strategy and its outcome. From the optimal control problem simulation results
it can be concluded that applying both protective and treatment control mechanisms at the
population level yields both economic as well as epidemiologic gains. Therefore, we recom-
mended to the stake holders to give more attention and the overall optimal effort to implement
both the protective as well as treatment control strategies to minimize the single infections as
well as the co-infection diseases transmission in the community.

This study did not considered the stochastic method, fractional order method, impacts of
the environment, structure of human age, the spatial structure, and real population primary
epidemiological data. Based on these limitations potential researcher can consider to extend
this study.
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