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Abstract

In this study, we propose an improved unbiased estimator in estimating the finite population
mean using a single auxiliary variable and rank of the auxiliary variable by adopting the Hart-
ley-Ross procedure when some parameters of the auxiliary variable are known. Expres-
sions for the bias and mean square error or variance of the estimators are obtained up to the
first order of approximation. Four real data sets are used to observe the performances of the
estimators and to support the theoretical findings. It turns out that the proposed unbiased
estimator outperforms as compared to all other considered estimators. It is also observed
that using conventional measures have significant contributions in achieving the efficiency
of the estimators.

1. Introduction

In literature, many researchers have constructed or modified several forms of ratio, product,
and regression type estimators by using the auxiliary information in estimating the finite pop-
ulation mean. The auxiliary information can be used either at survey stage or designing stage
or estimation stage or at all stages to enhance the precision of the estimators by taking the
advantage of correlation between the study variable and the auxiliary variable. In this study, we
use the auxiliary variable as well as rank of the auxiliary variable at estimation stage to estimate
the finite population mean. [1] were the pioneer whom used the idea of ratio of the study vari-
able and the auxiliary variable in estimating the population mean. Singh and Singh [2] sug-
gested the [1] type estimator when some parameters of the auxiliary variable are known in
advance. 3] slightly modified the idea of [1] and suggested a new estimator for estimating the
population mean. [4] used the known population parameters of the auxiliary variable in their
suggested estimator for mean estimation. [5] extended the [1] estimator by using two auxiliary
variables to estimate the population mean. [6, 7] modified the [1] type estimator for mean esti-
mation in simple and stratified sampling. [8] have given justification in their proposed estima-
tor by using dual use of the auxiliary variable in their study. [9] used the dual auxiliary variable
in estimating the mean of the sensitive variable under randomized response technique (RRT).
[10] modified the existing ratio estimator by using the dual auxiliary information for mean
estimation. [11] suggested a difference type exponential estimator based on dual auxiliary
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variable for mean estimation. Recently [12] suggested a difference type estimator using the
dual auxiliary variable under non-response in simple random sampling.

There are several estimators exist in literature which give the biased results and conse-
quently variance or MSE tend to be inflated. This serious drawback encouraged us to construct
the unbiased estimator which should be better than other considered estimators in literature.
So combining the ideas of [1] and [2], we suggest an improved unbiased estimator for estimat-
ing the finite population mean.

In Section 2, we introduce some useful notations and symbols. Section 3 gives the existing
estimators in literature. The proposed estimator is discussed in Section 4. The numerical
results based on four real data sets are mentioned in Section 5. The conclusion is given in Sec-
tion 6.

2. Symbols and notations

Consider a finite population A = A{A}, Ay, ..., Ay} of N units. A simple random sample with-
out replacement (SRSWOR) is used to draw a sample of size  units from a population. Let y;,
x;, and r; be the observed values of the study variable (Y), the auxiliary variable (X) and rank of

the auxiliary variable (R) respectively. Lety = > y,/n,x = >_ x,/nand 7 = > _ r,/n respectively
i=1 i=1 i=1

B N B N
be the sample means corresponding to the population means Y = >y, /N, X = > x,/N
i=1 i=1

n

and R = 3 r/N.Lets? = 3 (y, — 7)°/(n — 1), = 3° (x,— )*/(n — 1), and

2

s> =3 (r, — 7)*/(n — 1) respectively be the sample variances corresponding to population

M-

I
—

N . N _ N _
variances ? = Y (y, — Y)?/(N = 1),82 =Y (x, = X)*/(N — 1),and §* = }_ (r, - R)*/

i=1 i=1 i=1
(N—1).LetC,=S8,/Y,C, = S,/X,and C, = S, /R be the coefficients of variation of Y, X, and
R respectively. Let py, = S, / (S, Sx)s pyr = Sy / (S, S,), and py, = S,/ (Sxc S,), be the correlation

N — —
coefficients between their respective subscripts, where S, = > (y, — Y)(x;, — X) /(N — 1),
i=1

S, = i (y,—Y)(r,—R)/(N—1),andSS,, = i (x, — X)(r, — R)/(N — 1) be the population

i=1
covariances between their respective subscripts. Corresponding sample covariances are

5= Z@ — ) — %)/ (n— 1), = z<y —9)(r,—7)/(n— 1), and

Se = 2. (6 = X)(r; =7)/(n = 1).

i=1
We define the following relative error terms to derive bias and MSE or variance
expressions.

LetW)=¢—1land¥, =5 -1, ¥Y,=L-1%, :;—z— 1, such that E('W,) =0,

x r
X R

(i=0,1,2,3), E(¥2) = YC2 E(¥?) = YC% E(¥2) = YC, E(¥2) = Y(APT - 1), E(¥,¥)) =
YC,p, E(¥'¥2) = YC,, E(¥W;) = YC, 724 E(¥1¥)) = YC,, E(¥,¥;) = YC, 512

>
Pyx

E(P,¥,) = YC, AnT where C,,. = p,.C,C,, Cy, = p,,C,C,, Cor = prCiCrr Ay, =~

Ha00H020H002

.uabc = (N

- il (s — 7) (= X)'(r, — R)yand Y = (1 — 1),
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3. Existing estimators

Now we discuss some well-known estimators in estimating the finite population mean.

1. The usual sample mean estimator is y,, = y, and its variance, is given by

Var(y) = YY*C,. (1)

2. A general class of Hartley-Ross unbiased type estimators, is given by

n(N—-1) -

) _ 090 R
7Y = kXY 4 N =) (7 — kK9x9), 2)

where XV = cx +d, X = X +d, k¥ = 1Z:k(’ kY :yT ' =cx, +d,E(y) =Y

. o N
E(kY) = K9, K9 = L3 kY; j=0, 1, 2; c and d are the known population parameters of
i=1

the auxiliary variable which may be coefficient of variation (C,), coefficient of skewness
(B1x)> coefficient of kurtosis (8,,) and correlation coefficient (p,,).

Using the assumption 5> —) ~ 1 and (Y" — K¥X) ~ 0, an unbiased general estimator is

(
given by

Pio) A7+ kP (XD —x0). (3)
The variance of )_/Eg)) , is given by

Var(7(e)) ~ Y[8: + K922, — 2KYS,], (4)

1
(N-1)

N N o
(x” = XY and S . = 5 o0, = V)& = X9) = p,8,S,0.-

e

where §%, =
<0)

I
_
Il
_

i

Note:

_ o n B N
1. Putc=1,d=0,in (3),50j=0,i.e. X" =, X© = X,k =13 k” and KO = L3 k!",

where k¥ = <ty = %, we get the usual Hartley-Ross estimator and its variance as:

Viom ~§ +EO (X = 20), (5)
and
Var(7() ~ T [sﬁ +RO22, zf<<°>syx<o>] . (6)
2. Putc=C,,d=B,in(3),s0j=1,ie.x" = Cx + B> =CX + By kD =
ié kY and KO = ﬁﬁ:kfl)’ where ki = :(’_1) — W’ we get the [4] estimator with its
Va;iance, are given by:
Vish =7+ RO (XY —5), )
and
Var(7(s)) ~ Y[Si + K83, — 2KS 0 } (8)
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Putc=C,,d=p,,in(3),s0j=2,ie. xC

3.
> N 2 2
and K@ = %; k” where k¥ = =g Hp , we get another [4] estimator and its vari-
ance, is given by:
V) -, 7O (7 _
Vi =Y+ k® (X(z) - x(Z))v )
and
- 21’<<2>syx<2>} . (10)

Var(jiﬁéj;)) ~Y [Sj + K282,

A difference type estimator using a single auxiliary variable with its ranks, is given by
(11)

= [)_’+d1(X 3_6) +d2(R _7)]7

where d;(i = 1, 2) are constants.

The variance of )’/fg)) , is given by
Var(7'2)) {yY2C2 + &X*m, + d;R*m, — 2d,YXm, — 2d,YRm, + 2d,d,XRm }

where
2 2
m, = YC,m,=YC ,my=YC,,m =YC, m;=YC,.
The minimum variance of )‘/Egi , at optimum values of di(i = 1,2) i.e. d,,,,) = =1 (%)
and d,,,, = ¥ (%) is given by
(12)

2 A,
ch (m1m2 - mi) 7

Var@gg; )min ~ ?2

where
— 2mym,m.

A, = mm’ + m,m;
[6] suggested the following unbiased estimator using the single auxiliary variable and is

given by:
_ cX+d ' _ (t+1) Lo 22 Sy
= = - (Q-1)y —QYy Y o aYt-2=
@ (oc(ca_c A+ (=o)X + d)) @-1y-Q [ Comoltsg)
where c and d are defined earlieri.e. t =-1,0, 1; ¢ = 0, 1 and Q is a constant whose value is

to be estimated.

For a =t = 1, the above estimator becomes
—(U) [ X+d _ | 5w Sy
= - (Q—-1)y —QY o —— 1
Yicx) Qy<w_€+d (Q-1y-Qly|gC —g 5| (13)
g = c);)j»d
The minimum variance of }_/(U at optimum values of Qi.e. Q,, = g—f, is given by
VZ
Var(y(CK )mm ~ Y2 |:YC2 v :| ? (14)
1
4/13
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where V, =V, + Vips

, ‘ ) A, 5 A,
Vla:Y3g4CjCj+Yngf+Y2nygCy%—Y2g4Cﬁ—Y2g2C2 +Y? C g <p 1),
yX

yx

yxTx Ty
rx »x

. A A
V., =4Y¢’C,C; — 2Y°¢’C, . C,—% - 2Y’¢’C, C:C pm
2 22 2 2 A210
V,=-1gC, - YgCC +1gC, yp .
yx

6. [8] suggested an idea of using rank of the auxiliary variable in the following estimator, is
given by

un = [H+ (X =) + R = lewp( 05 o705 ): (15)

where H,(i = 1,2,3) are constants; ¢ and d are defined earlier.
The bias of the estimator y ,, is given by

. _ (3
B(uy) ~ (H, — 1)Y—|—H1YY(—

1 -1 -1
*C:—-4C H,X-gYC!+ H,R-¢YC,. (16
Sg X 2g yx) + 2 2g x+ 3 2g xr ( )

Since X and R are known, so replacing Y and C,,, by their consistent estimates y and

ny = ;y—; in (16), the estimated bias of y ,;, becomes

E(}/(H))%( )y+H1yY( gC272g )+HX2gTC2+HR gYcC,,. (17)

Subtracting B(y(m) from y ), we get an unbiased estimator by replacing H(i = 1,2,3) by
L;(i = 1,2,3) which is considered by [10] as:

)7%) :)7(1-1) - B@(H)) (18)
or
—wy _ _ = _ = _ C(X — .9?) _
Yy = [y +L(X —X) + Ly(R —7)]exp (m — (L, -1y )
_ e Lo xloye el
LlyY( gC— ng?_() LQXZgYCx L3R2gYCx,.
Rewriting in terms of errors, we have
JO ¥ o~ VW, 4 LY | - SY@RCW, — LW, +1YC g ¥, — LW, + o g
Y ~ i ] gL Ty 2g 1+2 8 L3 2g 0 1+8g 1
3 , 1
—gngCj+§Ygny] LX{ g‘{’2 5 gwrc2 (20)

_ 1 1
_LJR |:LPQ - igLPILPZ + §gYer:|
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Solving (20), the bias of )‘/(X) becomes zero. Now squaring and taking expectation of (20),

the variance of 7! Y Y becomes:

Var(y,)) = YY?C?+ L2Y*h, + L3X*h, + L3R*hy + 2L, Y*h, — 2L, Y Xh,

- _ " __ (21)
—2L,YRhy; — 2L, L,Y Xh, — 2L,L,Y Rhy + 2L,L, X Rh,,
where
1 2 M2 9 2 4 ~4 2 2 2 1 2 2 AIZU 3 2 3 2
h, = ZYg C - 64YgC Yg ny—iYgnyCxp Yg C,.C,
yx
9 A, 3 A.
_Y3 4c2c\4 Y} 2c2 7220 1 Y? 3c2c C =210
+64 g + g yx p},x 8 g x Tyxy pyx )
1
I’l2 = YC}% — ZY2g2Ci,
h3 = ch 4Y2g2Cﬁr,
B = -y 2C2C2+ Ly C,C, B Y C,
4 3 g & — — 514
yx
h, = TCW
hy = Y'Cy,7
h _ _EYQgZC C2 _ _ch2 + ng AIQU + Y2g3C4
7 8 yx x yx x py 16
h = —3vecc —Lyeo +iviec ¢ Bw Y’¢CiC Y2 ’C,.C
8__§ 4 xyr_§ g + gyx rp +1 xrz__ yx xr?
h9 = Yer Y2g2 x xr
The optimum values L;(i = 1,2,3) are L, ,,,, = — %, Loty = z G—l‘), Lyopry = I (%)
The minimum variance of y y( 1) is given by
Var(3\").  ~ Y| YC? _5 (22)
(I) /min 'y Tl ’

where
T, = h,hyhy — h bl — hyh? — h,h2 + 2k hoh,,
T, = hyh,h, — hyhshg — hyhsh, — hyhi + hshghy + hohhg,
T, = h hyhy, — h hshy — hyh,h, + hhohy — bkl + hgh,hg,
T, = hhyhg — hhshy — hyh,hg + hyhohy + hshohg — hgh?,
T, =T, + T,
Ts, = h bk + hyh,h — 2h,h hohg + bbb — 2 hohghy — 2h,h,hoh,

T., = —K2h2 + 2h,hhihy + 2h,hohohy — W2h2 + 2h hghohy — h2h2.
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4. Proposed almost unbiased estimator

On the lines of [1, 8, 10], we propose the following alternative new unbiased estimator. This
estimator is based on usual ratio, difference, and exponential ratio type estimators. The pur-
pose is to construct an unbiased estimator that should be better than all considered estimators
in estimating the finite population mean.

Vo = {sly (%) +8,(X — %)+ S;(R — 7)} exp (ﬁ%) , (23)

where S;(i = 1,2,3) are constants.
Rewriting (23) in terms of errors, we have

_ - . 3 3 15 .
Yoy — Y= (§-1D)Y+8Y [lpo - igqll - §gq‘ol{l1 +§g2\{lf]
) ) (24)
-$,X [‘I’l - §g‘~I’f} — SR {‘1’2 - §g‘P1‘I‘2}
From (24), the bias of y ;, is given by
_ - |15 , 5 3 1 ) 1-
B(p) ~ (S, — DY +8,YY | 2g'Cl — T6C,. | + 8,5 XgYCL + 8,5 RgYC,.. (25)
The estimated bias of y ;, is given by
YA _ I T R 1 ) 1
Bw) = (S =1y + 85T 58C —58 75 | + S XV G+ S5 Re¥C, - (26)

Subtracting estimated bias given in (26) from the proposed estimator given in (23), the
unbiased proposed estimator becomes:

)7211319 = )7(P) - B@(P)) (27)

or

() (X +d . I (X — %)
= |Sy|—— S, (X — S.(R — = 77
A= (s (S) + s -0 + s R-new (52
(28)
S, =Dy —syr| R — 33 g Lyove — s Lreve
1 y ly Sg X 2g}—)X 22 g x 32 g xr

Solving (28) in terms of errors, we have
_ _ _ 15 3 3 3
yo —Y= Y¥ +SY { - ng“’Cz‘PO —58¥ +5C g%, +5YgC,

15 15 3 o 1 1
g WG+ - §g‘1’o‘1‘1} - 8.X {‘Pl -8V 3 0eC| (29

- 1 1
_SdR I:ql2 - §g‘P1LP2 + 2gYer:|

From (29), we have
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Squaring (29) and then taking expectation, we get the variance of )_’Ell’l)) as

Var(y(y)) = YY'C: + $:Y%q, + SiX’q, + SiR*q, + 25, Y?q, — 25,V Xq,

o . - - (31)
—28,YZq, — 25,5,Y Xq, — 25,8,V Rq, + 25,8,RXq,,
where
2254342 9 2 2 9322A220 9222 22524
= Dy °y Y S g} Ty 22y
4 64 g Cxcy +4 g Cx + 4 g ny pyx 4 g ny C4
A 9 A
Yd 5C2C C 210__Y2 2C C 120 Y? JC CQ
R pyx+4 e
1.
q3 = Y<C3 Yg xr>7
15, 3 3 oA
7Y 2c2c2 _ *Y Y? 210
q4 8 g 2 g + g yx y pyxv
qS = Yny?
q(i = YCyr?
Y2 *C €2 -3l 43 %0C C, ] Y2 icl
q7 g yx ~x 2 g x+2 g yx p +5 g
yx
15 3 3 A 15 3
9=~ —Y¢’CcC, - 5 YeC, + §Y2gnyC, 1 + 16Y2g3c§cx, - —YQgQnyer,

qg = chr Y2g2 CZ C

x xre

The optimum values of §;(i = 1,2,3) are S, ,,,, = 02 s Soop) = X (8—;‘), Ssiop) = & (g),

where

O, = 0,9:9; — 0195 — D95 — 8:9; + 29:959s,
O, = 42939, — 929695 — 939597 — fmﬁ T 45939 + 9697995
O, = 419395 — 919699 — 959497 + 949599 — qsqﬁ + 4697955

O, =499 — 99599 — 92995 + 9:9:9 + 9:9:9s — qﬁqi’
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Substituting the optimum values of S;(i = 1,2,3) in (31), we get the minimum variance of

)_/EI[’]))’ which is given by

_ 6]
Var@Eg))min ~Y? {ch — —05],
1

where
O; = G;, + Oy,

O;, = 4,995 + 9959 — 292959695 + 9:9:9: — 261959695 — 2959:959-»

Oy, = —41q; + 29,959:95 + 24,969:95 — ©:95 + 295959:95 — 94>

5. Numerical example

We use the following 4 real data sets for a numerical study.

Population 1: [source: [13]]
Y = Number of tube wells, X = Net irrigated area.

(32)

N=69,n=10,Y = 135.2609, X = 345.7536, R = 34.9565, K©' = 0.4246, KV = 0.4981,
K® =0.4804, C, = 0.8421, C, = 0.8478, C, = 0.5731, p,,. = 0.9224, p,, = 0.7140, p,, =
08193, Azzo = 80922, A210 = 21398, AIZO = 21 183, AIOZ = 03920, ﬁlx = 23808, ﬂzx = 72159

Table 1. Results of different estimators for Population 1.

Estimator PRE Parameters PRE values of three estimators
—(U) —(U) =(U,
¢ d y Ecx) y Ez) y EP))

}7233 100.00 1 C, 335.54 738.08 858.78

}-,E:L) 561.22 1 Bix 334.81 737.35 856.32

)‘;Eg’)) 359.21 1 Box 332.55 735.15 848.92

1

—(U

)’Es;) 403.69 1 Pyx 335.51 738.04 858.66

}78)’; 695.01 C, 1 335.39 737.92 858.24
C, Bix 334.61 737.15 855.64
C, Pox 331.95 734.58 847.04
C, Pyx 33543 737.96 858.39
Bix 1 335.75 738.28 859.47
Bix C, 335.78 738.31 859.58
Bix Box 334.50 737.05 855.29
B Py 335.77 738.29 859.53
Box 1 335.90 738.41 859.93
Box C, 335.90 738.42 859.97
Box Bix 335.79 738.32 859.62
B Py 335.89 738.42 859.95
Pyx 1 335.43 737.96 858.39
Pyx C, 335.51 738.04 858.66
Pyx Bix 334.72 737.26 856.00
Pyx Pox 332.27 734.88 848.03

https://doi.org/10.1371/journal.pone.0270277.t001
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Population 2: [source: [13]]

Y = Number of tube wells, X = Number of tractors.

N=69,n=10,Y = 135.2609, X = 21.2319, R = 34.1159, K© = 7.1821, K = 8.0432,
K® = 6.3598, C, = 0.8421, C, = 0.7969, C, = 0.8654, p,,. = 0.9118, p,, = 0.7409, p,, =
0.8654, Ay = 6.7066, Ay1o = 1.9555, A = 1.8119, Ao, = 0.3825, B, = 1.855, B, = 3.7632.

Population 3: [source: [14]]

This data set is based on Marmara region of Turkey in 2007.

Y = Number of teachers, X = Number of classes.

N=127,n=31,Y = 703.74,X = 498.28, R = 63.8897, K = 1.2071, KV) = 0.8906,
K® =1.0663, C, = 1.2559, C, = 1.1150, C, = 0.5769, p,,. = 0.9789, p,,, = 0.8312, p,, =
0.8516, Agyo = 4.7079, Agro = 1.6136, Ajao = 1.6171, A = 0.4233, By, = 1.7205, By, = 2.3149.

Population 4: [source: [14]]

This data set is based on Marmara region of Turkey in 2007.

Y = Number of teachers, X = Number of students.

N=127,n=31,Y = 703.74, X = 20804.59, R = 64.0, KV = 0.0433, KV = 0.0296,

K® =0.0295, C, = 1.2559, C, = 1.4654, C, = 0.5751, p,, = 0.9366, p,, = 0.8240, p,, =
0.7834, Agso = 4.7079, Ag1o = 1.5674, Ao = 1.7115, Aygr = 0.4015, By, = 2.1638, B, = 4.5928.

The results based on Populations 1-4 are given in Tables 1-4. Tables 1-4 give the results

when no conventional measures and conventional measures are used. We use the following

Table 2. Results of different estimators for Population 2.

Estimator PRE Parameters PRE values of three estimators
¢ d Fiek b2t Vi
}723 100.00 1 C, 309.18 641.20 752.07
)72;)2) 519.04 1 Prx 303.34 636.46 738.04
Ei’)) 402.10 1 Box 293.93 629.77 718.67
91
y ;’2)) 589.26 1 Pyx 308.52 640.64 750.39
y g; 627.44 Cy 1 306.59 639.04 745.63
Cy Prx 300.89 634.60 732.62
Cy Box 289.65 627.10 711.00
C, Pyx 307.20 639.55 747.13
Pix 1 310.68 642.50 755.94
Bix C, 311.33 643.07 757.65
Bix Box 302.43 635.76 735.99
Bix Pyx 310.96 642.75 756.68
Bax 1 312.31 643.95 760.29
Bax C, 312.64 644.24 761.18
Pox Bix 310.95 642.74 756.66
Pox Pyx 312.45 644.07 760.68
Pyx 1 307.47 639.77 747.79
Pyx Cy 308.73 640.83 750.94
Pyx Pix 302.40 635.74 735.93
Pyx Pox 292.28 628.71 715.62

https://doi.org/10.1371/journal.pone.0270277.1002
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Table 3. Results of different estimators for Population 3.

Estimator PRE

)723 100.00
)78;1)2) 1108.83
yzs"l)) 460.04
}72;’1)) 729.92
yég; 2397.13

Parameters

d

https://doi.org/10.1371/journal.pone.0270277.t003

—(v)

PRE values of three estimators

Y (cx)

1068.26
1067.57
1066.90
1068.42
1068.51

1067.77
1067.17
1068.53
1068.87
1068.79
1068.00
1068.88
1069.04
1068.98
1068.68
1069.05
1068.37
1068.23
1067.53
1066.84

expression to obtain the percent relative efficiency (PRE) as:

where i =0, HR, S, S,, D, CK, I, P.

PRE =

()

Var(j/Eg)))
_(U X
Var(y

100,

2449.65
2449.38
2449.12
2449.72
2449.75

2449.46
2449.22
2449.76
2449.89
2449.87
2449.55
2449.90
2449.96
2449.94
2449.82
2449.97
2449.70
2449.64
2449.37
2449.10

4339.58
4328.87
4318.48
4342.01
4343.48

4332.00
4322.64
4343.82
4349.14
4347.94
4335.49
4349.37
4351.84
4350.94
4346.23
4352.08
4341.23
4339.16
4328.22
4317.62

In Tables 1-4, the proposed unbiased estimator yﬁﬁff outperforms in all four Populations but

the [4] estimators j/ESUI)) in Populations 1-3 and [1] estimator )’/EZ}Q) in Population 4 are perform-

ing poorly.

6. Conclusion

In this study, we have proposed an unbiased class of estimators in estimating the finite popula-
tion mean in simple random sampling using the single auxiliary variable and rank of the auxil-
iary variable. Expressions for biases and MSEs or variances are obtained up to first order of
approximation. Four data sets are used for numerical study. The proposed estimator outper-
forms in all four populations as compared to all considered estimators. It is observed that use
of conventional measures i.e. Cy, B4, B2 and p,, have significant role in increasing the effi-
ciency of the estimators in Tables 1-4.

[4] estimators j/g)) in Populations 1-3 and [1] estimator j/g})z) in Population 4 show the

poor performance but the proposed unbiased estimator yﬁf,’f have an excellent performance as

compared to all considered estimators in all four populations 1-4.
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Table 4. Results of different estimators for Population 4.

Estimator PRE Parameters
¢ d Viek
}7%; 100.00 1 Cy
)721‘;1)2) 230.94 1 Bix
}725"3 769.77 1 Box
}72;’1)) 773.16 1 Pyx
)72 g >) 983.47 C, 1
Cx Bix
Cs Box
Cs Pyx
Bix 1
Bix Cx
Bix Box
Bix Pyx
Box 1
Box Cs
Bax Bix
Bax Pyx
Pyx 1
Pyx Ce
Pyx Brx
Pyx Box

https://doi.org/10.1371/journal.pone.0270277 1004

Acknowledgments

PRE values of three estimators

sl

Y

964.64
964.64
964.64
964.64
964.64

964.64
964.64
964.64
964.64
964.64
964.64
964.64
964.64
964.64
964.64
964.64
964.64
964.64
964.64
964.63

5U)

Y

1040.86
1040.78
1040.49
1040.92
1040.95

1040.86
1040.66
1040.96
1040.78
1040.98
1040.78
1041.01
1040.99
1040.98
1040.98
1041.01
1040.91
1040.85
1040.76
1040.46
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