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Abstract

By using the semi-discretization technique of differential equations, the discrete analogue of
a kind of cellular neural networks with stochastic perturbations and fuzzy operations is for-
mulated, which gives a more accurate characterization for continuous-time models than that
by Euler scheme. Firstly, the existence of at least one p-th mean almost periodic sequence
solution of the semi-discrete stochastic models with almost periodic coefficients is investi-
gated by using Minkowski inequality, Hélder inequality and Krasnoselskii’s fixed point theo-
rem. Secondly, the p-th moment global exponential stability of the semi-discrete stochastic
models is also studied by using some analytical skills and the proof of contradiction. Finally,
a problem of stochastic stabilization for discrete cellular neural networks is studied.

Introduction

Cellular neural networks (CNNs) [1] have been widely applied in psychophysics, parallel com-
puting, perception, robotics associative memory, image processing pattern recognition and
combinatorial optimization. Most of these applications heavily depend on the (almost) period-
icity and global exponential stability. Specifically, there are many scholars focusing on the
study of the equilibrium points, (almost) periodic solutions and global exponential stability

of CNNs with time delays in literatures [2-7]. For instance, Xu [7] considered the following
CNNs with time delays:

H — om0+ D b 0A0) + Y el - nO) 10 ()

where n denotes the number of units in a neural network, x;(t) corresponds to the state of the
ith unit at time ¢, a; > 0 represents the passive decay rates at time ¢, f; and g; are the neuronal
output signal functions, b;(t) and c;(t) denote the strength of the jth unit on the ith unit at
time t, I;(t) denotes the external inputs at time t, the continuous function 7(t) corresponds to
the transmission delay at time ¢, 4, j =1, 2, .. ., n. In [7], the author studied the existence and
exponential stability of anti-periodic solutions of system (1).
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In real world applications, most of the problems are uncertain. They should be described by
uncertain models and studied by using the research techniques for uncertain models. Stochas-
tic and fuzzy theories are the most general and practical techniques for the research of uncer-
tain models. On one hand, in the actual situations, uncertainties have a consequence on the
performance of neural networks. The connection weights of the neurons depend on certain
resistance and capacitance values that include modeling errors or uncertainties during the
parameter identification process. Therefore, many neural network models described by sto-
chastic differential equations [8, 9] have been widely studied over the last two decades, see
[10-17]. On the other hand, fuzzy theory was conceived in the 1960s by L.A. Zadeh, it took
about 20 years until the broader use of this theory in practice. Fuzzy technology joined forces
with artificial neural networks and genetic algorithms under the title of computational intelli-
gence or soft computing. In recent years, the research on the dynamical behaviours of fuzzy
neural networks has attracted much attention, see [18-22]. To summarize, we consider the fol-
lowing CNNs with stochastic perturbations and fuzzy operations:

F B OG0) + D e 0~ 7y(0) + A zyg st — 5,(0)
J; n = n j= 2)
+/\ Tij:uj + \/ﬁijgj(xj(t - Tij(t))) + \/Sij:“j + I(t) | dt

=1
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where a;;, Bjj, Tjj and S;; are elements of fuzzy feedback MIN, MAX template, fuzzy feed for-
ward MIN and MAX template, respectively; A and \/ denote the fuzzy AND and fuzzy OR
operation, respectively; dy;, 17;; and o; are similarly specified as that in system (1), w; is the stan-
dard Brownian motion defined on a complete probability space, i,j=1,2, ..., n.

Periodicity often appears in implicit ways in various natural phenomena. Though one can
deliberately periodically fluctuate environmental parameters in laboratory experiments, fluctu-
ations in nature are hardly periodic. Almost periodicity is more likely to accurately describe
natural fluctuations [23-30]. The concept of mean almost periodicity is important in probabil-
ity especially for investigations on stochastic processes. In particular, mean almost periodicity
enables us to understand the impact of the noise or stochastic perturbation on the correspond-
ing recurrent motions, is of great concern in the study of stochastic differential equations and
random dynamical systems. The notion of almost periodic stochastic process was proposed in
the 1980s and since then almost periodic solutions to stochastic differential equations driven
have been studied by many authors. On the other hand, the problem of stability analysis of
dynamic systems has a rich, long history of literature [31-35]. All the applications of such sto-
chastic dynamical systems depend on qualitative behavior such as stability, existence and
uniqueness, convergence and so on. In particular, exponential stability is a significant one in
the design and applications of neural networks. Therefore, the mean almost periodicity and
moment exponential stability of various kinds of stochastic neural networks has been reported
in [36-41].

The discrete-time neural networks become more important than the continuous-time
counterparts when implementing the neural networks in a digital way. In order to investigate
the dynamical characteristics with respect to digital signal transmission, it is essential to
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formulate the discrete analog of neural networks. A large number of literatures have been
obtained for the dynamics of discrete-time neural networks formulated by Euler scheme [42-
46]. Mohamad and Gopalsamy [47, 48] proposed a novel method (i.e., semi-discretization
technique) in formulating a discrete-time analogue of the continuous-time neural networks,
which faithfully preserved the characteristics of their continuous-time counterparts. In [47],
the authors employed computer simulations to show that semi-discrete models give a more
accurate characterization for the corresponding continuous-time models than that by Euler
scheme. With the help of the semi-discretization technique [47], many scholars obtained the
semi-discrete analogue of the continuous-time neural networks and some meaningful results
were gained for the dynamic behaviours of the semi-discrete neural networks, such as periodic
solutions, almost periodic solutions and global exponential stability, see [49-55]. For instance,
Huang et al. [52] discussed the following semi-discrete cellular neural networks:

5+ 1) = e (k) + 1”“ Zb ESTCIE 3)

where k € Z, Z denotes the set of integers, i = 1, 2, . . ., n. In [52], sufficient conditions were
obtained for the existence of a unique stable almost periodic sequence solution of system (3)
under assumption of almost periodicity of coefficients of system (3). Similarly, Ji [55] consid-
ered a kind of semi-discrete Cohen-Grossberg neural networks with delays and the same prob-
lems as that in [52] were studied. In 2014, by using semi-discretization technique [47], Huang
et al. [53] obtained the following semi-discrete models for a class of general neural networks:

k1) = (i) + 10 IS S b k- o)+ 1 | @

=1 j=1

where k € Z,i=1,2, ..., n. The authors [53] derived the existence of locally exponentially
convergent 2" almost periodic sequence solutions of system (4). Kong and Fang [50] in 2018
investigated a class of semi-discrete neutral-type neural networks with delays and some results
are acquired for the existence of a unique pseudo almost periodic sequence solution which is
globally attractive and globally exponentially stable.

However, the disquisitive models in literatures [49-55] are deterministic. Stimulated by this
point, we should consider random factors in the studied models, such as system (2). By using
the semi-discretization technique [47], Krasnoselskii’s fixed point theorem and stochastic the-
ory, the main aim of this paper is to establish some decision theorems for the existence of p-th
mean almost periodic sequence solutions and p-th moment global exponential stability for the
semi-discrete analogue of uncertain system (2). The work of this paper is a continuation of
that in [52-55] and the results in this paper complement the corresponding results in [52-55].
The main contributions of this paper are summed up as: (1) The semi-discrete analogue is
established for stochastic fuzzy CNNs (2); (2) A Volterra additive equation is derived for the
solution of the semi-discrete stochastic fuzzy CNNs; (3) The existence of p-th mean almost
periodic sequence solutions is obtained; (4) A decision theorem is acquired for the p-th
moment global exponential stability; (5) A problem of stochastic stabilization for discrete
CNNes is proposed and researched.

Throughout this paper, we use the following notations. Let R denote the set of real num-
bers. R" denotes the n-dimensional real vector space. Let (Q, F, P) be a complete probability
space. Denote by BC(Z, L*(Q, R")) the vector space of all bounded continuous functions
from Z to L (Q, R"), where L(Q, R") denotes the collection of all p-th integrable R"-valued
random variables. Then BC(Z, L* (€2, IR")) is a Banach space with the norm || X||, = sup,_,[X],,
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x|, = maxliiin(E|xi(k)|P)%, VX = {x} = (x,,%,...,x,)" € BC(Z,[?(Q,R")), where p > 1
and E(-) stands for the expectation operator with respect to the given probability measure
P.Setf = sup|f(k)| and f = }(n%‘ |f (k)| for bounded real function f defined on Z.

kez - €

[a,b], = [a,b] N Z,Ya,b e R.

Discrete analogue and preliminaries
The semi-discretization model

For the sake of gaining the discrete analogue of system (2) with the semi-discretization tech-
nique [47], the following uncertain CNNs with piecewise constant arguments corresponding
to system (2) have been taken into account:

a(t) = | — a0+ Db A + D e (g (1 — 7, (1)
+ A\ 516 — 5,60 + AT+ \/ B 506 = 5,1)

/Syt + D )0 1 — (6D (1) + 104 |,

where [t] denotes the integer part of t,i =1, 2, .. ., n. Here the discrete analogue of the stochas-
tic parts of system (2) is obtained by Euler scheme, i.e., dw;(t) = Aw;([t])dt = [w([t] + 1) -
wi([t])]dt, j=1,2,..., n. For each t, there exists an integer k such that k < t < k + 1. Then the
above equation becomes

B0 = |~ a0+ Db EF () + D e, (K sk — 7, (0)
+ A\ o = 5, 00) + ATyt + /g sk = 5,(4)
+\/ Syt + Dy (K)o (o, (k — 11, (K))) Aw, () + I,(k) | dt,

where i =1,2, ..., n. Integrating the above equation from k to t and letting t — k + 1, we
achieve the discrete analogue of system (2) as follows:

x(k+1) = e ¥x(k)

1— e*ai(k)

e S s ) + D (g k5, 6)

g otk =0 + ATy + Vg
PS4 S d (K)o, sk — 1, (80)) A )+ 1K)

wherek € Z,i=1,2,...,n.
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Volterra additive equation for the solution of system (5)

Lemma 1. X = {x;} is a solution of system (5) if and only if

k-1 k=1 k-1 1 — et [
x(k) = He’”"“ )+ Z H lzb
s=kg v=ky s=v+1

—I—ZCU v)g (% (v — 1, —|—/\oc,1gj v—1,(v)))
+/\ u]—&-\/ﬁ,]g] v—1 )>)+_\/si;‘“j

D, 400,50 = 1, () A () + 0

wherek, € Z,k € [k, + 1,400),,i=1,2,...,n

Proof. Let
(k, x)
= Dby (R 0) + D ey (k)g (K = 7, (k))
+/:1\ocij(‘;j(xj(k /\ ity + \/ﬁUg] t,(k))) + ,\j/s"juj

+zn:d,1(k) (k= ny () Aw,(k) + L(k), k€Z, i=1,2,...,n.

Assume that X = {x;} is a solution of system (5). By Alu(k)v(k)] = [Au(k)]v(k) + u(k + 1)[Av(k)]
and system (5), it gets

k-1 k eui(s)[l — e_“l(k)]
A Hea,(s)xi(k) :H—Fi(k,x)v kEZ, i=12,...,n

s=0 s=0 ai(k)
So
k—1 v—1 k—1 a:(s) 1 — —a)
S a| [[eon)| = et ] E(n.)
v=kq s=0 v=ky s=0 ai (V)
is equivalent to
k-1 k-1 ’ 1 -
¢ [T+ 3 TS,
s=0 s=0 v=ky s=0

wherei=1,2,...,n,k € Z. By the above equations, we can easily derive (6).
If X = {x;} satisfies (6), then

k—1 k-1 —L oa i 1 — e I(V)]
x (k) = H )+ Ek H1 F(v,x)
s=ko v=ky s=v+
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which implies that

k a(s —¢ —a;(v
x(k+1) = He’”" )+ Z H 1 }F,.(v,x)

s=kg v=ko s=v+1

k—1
= ek He’“* ©x.(0)

s=ko
k=1 k-1 —a
el lfe“rv] 1— e
—I—Z H —————F(v,x) —&—7“.(]{) F,(k,x)
v=ky s=v+1 i
1 — e 4tk
= e 4iby (k F.(k

wherei=1,2,...,n,k € Z. Therefore, X = {x;} is a solution of system (5). This completes the
proof.

Some lemmas
Lemma 2. ([56]) (Minkowski inequality) Assume that p > 1, E|¢]’ < oo, E|n|f < oo, then

(EIE+nl")"" < (BIEP) + (EnP)"".

Lemma 3. ([56]) (Holder inequality) Assume that p > 1, then

1/p
k k

E]%MS[EZMTMWZ]%Md

pr =1, then Zk|akbk| S (Zk|ak|)(supk |bk|)
Lemma 4. ([9]) Suppose that g € L?([a, b], R), then

t r b %
E[sup /g(s)dw(s) < CPE[/ g(t)|2dt] ;
tefa,b]| Ja a
where
(32/p)", 0<p<2,
CP — 47 p = 27
Pp-l g
] e

Lemma 5. Assume that {x(k) : k € Z} is real-valued stochastic process and w(k) is the stan-
dard Brownian motion, then

Elx(Q)Aw(k)” < CE(K)F, ke Z,

where C, is defined as that in Lemma 4, p > 0.
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Proof. By Lemma 4, it follows that

[ wam

P 3
P
< C,E[x(k)[",

k+1 £
/ x°(k)ds
k
where k € Z. This completes the proof.
Lemma 6. ([57]) Suppose X = {x;} and Y = {y;} are two states of system (5), then we have

Elx(k)Aw(k)]" = E

< CE

Ast) = Mot )] < Sl x) — 50)

and

V) = VB0 | < SIBIG) 10l =12 m

p-th mean almost periodic sequence solution

Definition 1. ([8]) A stochastic process X € BC(Z; L?(Q; R")) is said to be p-th mean almost
periodic sequence if for each € > 0, there exists an integer I(€) > 0 such that each interval of
length I(€) contains an integer w for which

[X(k + @) = X(k)|, = max (Elx,(k + o) — x,(K) PY <e, VkeLZ.

<i<n

4

A stochastic process X, which is 2-nd mean almost periodic sequence will be called square-
mean almost periodic sequence. Like for classical almost periodic functions, the number w will
be called an e-translation of X.

Lemma 7. ([58]) Assume that A is a closed convex nonempty subset of a Banach space X.
Suppose further that B and C map A into X such that

1. Bis continuous and BA is contained in a compact set,
2. x,y € Aimplies that Bx + Cy € A,
3. Cisa contraction mapping.

Then there exists a z € A such that z = Bz + Cz.
Throughout this paper, we always assume that the following conditions are satisfied:
(H)a,>0,i=1,2,...,n.

(H,) There are several positive constants L, Lf and Ly such that

f(w) = (V)] < LfJu— ], (7)
g (1) — g (V)| < Lilu —vl, (8)
|‘7j(”) - Gj(v)l < L7|u =l 9)

VYu,v € R,wherej=1,2,...,n.
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Define

d'=maxd, d4‘'=ming, D= maxZ{bU i (ol 4+ 1B5] +¢,) L5,

1<i<n 1<i<n 1<i<n

% e " ¢ . (1_675) * * pl — 14
Komma) Al 1= g \D P KGp A=

(\ag|+|ﬁg|)|g] o1+ |+|sg|)|u]|+1+2dw ]

j=

Theorem 1. Assume that all coefficients in system (5) excluding the Brownian motions are
almost periodic sequences, (H;)-(H,) hold and the following condition is satisfied:

(H3) r, < 1, wherep > 1.

Then there exists a p-th mean almost periodic sequence solution X of system (5) with

1X[lp < Bp-
Proof. Let A C BC(Z; L*(Q; R")) be the collection of all p-th mean almost periodic
sequences X = {x;} satisfying || X||, < B,

Firstly, X = {x } is described by

k-1 k-1 7,115 l—e x(1,

s =3 JI° Zb
—l—Zc (r—7, >>>+[\aﬁgj<xj<v—fq<v>>>+/j\Tv“j

#Vg (500 + Vs

(10)

D, 00— 1, () A () + 10|

wherei=1,2,...,n,k € Z. Obviously, (10) is well defined and satisfies (6). So we define
®X (k) = BX(k) + CX(k), where

OX (k) = ((9X), (k), (©X),(K), ..., (©X),(K))",

(©X),(k) = (BX),(k) + (CX),(k), (11)

PLOS ONE | https://doi.org/10.1371/journal.pone.0220861 August 7,2019 8/27


https://doi.org/10.1371/journal.pone.0220861

@ PLOS|ONE

Semi-discrete random cellular neural networks with fuzzy operations

/\Tvuj—i_\/ﬁﬂgl Vo (v)))

+\/Syﬂj + Ii(v) ’

j=1

k-1 k-1 e—ai(s)[l_e—“i(")] n

ex) =TI

=—00 s=v+1 ai(v) j=1

wherei=1,2,...,n,k € Z.
Let X° = {x¥} be defined as

k=1 k-1 e—ai(s)[l — e a)

CED || 1800

y=—00 s=v+1 ai(v)

+ZC )+ /\Ot,,g, + /\T,-ju,-
=1

+\7ﬁa& )+ \/SUHJ + Zd SORSIOI

wherei=1,2,...,n, k € Z. By Minkoswki inequality in Lemma 2, we have

0
X1,
< maxsup { lE
1<isn yez

[ kL AL pma()[] — ) " " ?
+|E Q /\“xﬁ+\/ﬁfi gJ(O)‘
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From Lemma 6 and Holder inequality in Lemma 3, it gets from the above inequality that

Xy, < maxsup{%[i(bglé(O)IJngI&(O)I)

I<isn pey,
Z(I%HI/?,,I )lg (0 |+Z ZI il 1S Dlwl + 1,
j=1 =1 j=t

a8 i

y=—00 s=v+1
1

kol koL a9 — pmail¥) ?
x [Z [t ]Emwj(vw] }

v=—00 s=v+1

IN

a(l—e9) 1<l<n =

+Z(|T,]|+ ;1) i) +1, +Zd,} 7, ] =0,

It follows from (11), (12) and (13) that
[oX — X,
k-1 e*“x(“) [1 — e*“i(v)]

k=1 Py
< gg§iupzbuLf {E[Z 11 T'xj(m] }
€Z =—00 s=v+1 i

y=—

. k-1 k-1 e—ai(s)[l _ e*“i(V)]
+max supD;" ¢ E Z TW(V—%(VM

1<ij<n ez

k-1 k-1 _ (s)[]_ —a;( ]
e e
+ max sup K* x.(v (V) Aw
1<ij<n keg { v;osl;L ai(v) | ]( ’71]( ))

which yields from Lemma 3 that
DX — X°],

k=1 k-1 e’“i(s)[lfe’“i(v)] pt
¢ fi‘i’iiupzb“ Z et
k=1 k=1 g
PR | R

y=—00 s=v+1

1<ij<n ez

+ max sup D;” {

v=—00 s=v+1 ai (V)

e Ol — e ]

<3 e E|xj<v—rﬁ<v>>"}

—00 s=v+1 al(v)
CL kL pal] — gat) |
+ max sup K*
1<ij<n keg VZZXJ 511]

- lz(b,,w +2lg 1) + 3 (2 + 18, g 0)
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where D;* = D" —

derives

]'.1:1 l;iij ,i=1,2,..., n. Applying Lemma 5 to the above inequality, it

jox - x7), < L= ke, = 1, < 22 (16)
P Ta(l-e) e T
Hence, VX = {x;} € A, itleads from (14) and (16) to
0 0 rPOCP OCP —
90X, < X, + [9X — X, <, 40 = T (17)
p p

Similar to the argument as that in (17), it is easy to verify that BA is uniformly bounded
and continuous. Together with the continuity of 3, for any bounded sequence {¢,,} in A, we
know that there exists a subsequence {¢, } in A such that {B(g, )} is convergent in B(A).
Therefore, 5 is compact on A. Then condition (1) of Lemma 7 is satisfied.

The next step is proving condition (2) of Lemma 7. Now, we consist in proving
the p-th mean almost periodicity of BX(-) and CX(-). Since X(-) is a p-th mean almost
periodic sequence and all coefficients in system (5) are almost periodic sequences, for any
€ > 0 there exists /. > 0 such that every interval of length [, > 0 contains a w with the prop-
erty that

[Elx(k + @) = xR <€, |a(k+0)—a (k)] <e

b, (k+ @) = by(K)] < &, |e,(k+w) —c,(k)| < e, |d;(k+w)—dy(k)| <,

|Tij(k + w) - Tij(k)| <6 |’7ij(k + w) - ﬂij(k)| <6 |Ii(k + w) - Ii(k)| <€

wherei,j=1,2,...,n,k € Z. By (12), (13) and (H,), we could easily find a positive constant

M such that
E\(BX),(k + )~ (BX), (K1} < Mmaxsup [El(k+0) xR <Me. ()
E|(CX),(k + o) — (CX),(K)F < M maxsup [Elx,(k + o) — x,(k)['} < Me, (19)

wherei=1,2,...,n,k € Z.From (18) and (19), BX(-) and CX(-) are p-th mean almost peri-
odic processes. Further, by (17), it is easy to obtain that BX + CY € A, VX, Y € A. Then con-
dition (2) of Lemma 7 holds.
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Finally, VX = {x;}, Y = {y;} € A, from (13), it yields

[1—e] L
X —-CY < a
CX -y, < . max sup Z He

l<i<n ez y=—00 s=v+1

deij(v)(aj(xj(v - ng(v))) - Gj(yj(v - WU(V))))AWJ'(V)
S @

X Z He‘“E| (v—mn,(v) - yj(V—’?ij(V))]AWj(V)|p}

y=—00 s=v+1

1] {
— max sup K*
a 1<ij<n ez

IA

1 _
_ kga-e9
- a(l-e®)
rlIX - Y],

X = Y1,

A

In view of (H3), C is a contraction mapping. Hence condition (3) of Lemma 7 is satisfied.
Therefore, all conditions in Lemma 7 hold. By Lemma 7, system (5) has a p-th mean almost
periodic sequence solution. This completes the proof.

p-th moment global exponential stability

Suppose that X = {x;} with initial value ¢ = {¢;} and X* = {x; } with initial value ¢* = {¢;} are
arbitrary two solutions of system (5). For convenience, let

1 —

Vp = MaX;qiq, Supse[*llth]Z{(EkPi(s) R AOISENTE max, ;. {T: ;}-

Definition 2. ([9]) System (5) is said to be p-th moment global exponential stability if there
are positive constants k;, M and A such that

X() — X ()], = max (Bl (k) — x ()P < Mye ™, Wk >k, k€2

The 2-nd moment global exponential stability will be called square-mean global exponential
stability.

Theorem 2. Assume that (H,)-(Hs) hold, then system (5) is p-th moment globally exponen-
tially stable, p > 1.

Proof. By Lemma 1, it follows that

(k) — (0
< TIe 10,0 - ;0 + L2205 T ey {b,,Lﬂx«(v)—x;(vn
o+l Db — i) 5 5
ALy = 1y() % (v <>>|Aw<>|} o
< e *g,(0) — i (0) + (1—6176‘“’)51:61(,{4 ) i{b,]L{ lx,(v) — x(v)|

- v=0 =1

+(€ + Lol + 1B DL 16 (v = 7(v) = x5 (v = 7(v))]

+d,L71x,(v — 1y (v) — x; (v — 1, (v) [ | Aw; (v) }v
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(k)}
z,(k) = x,(k) — x;(k),i=1,2,...,n,k € Z. By Lemmas 2 and 3, it gets from (21) that

1Z(K)l, = [X(k) = X*(K)|,
< e’ﬂkyp

k-1 p-1
f —a(k—s—1)
max L “
+ 1<i<n Zaobu 7 { [zﬂ:e ‘|

wherei=1,2,...,n,k € [1,400),. For convenience, let a, =

1

k—1
Ze_ﬂ(k_s_l)E|xj(s) —x;(s) |P}
s=0
p—1
—a(k—s—1)
+P;l,a<)§za0 C + |061]‘ + |ﬁz]| { [Ze ]

S

% Y etV El (s — 1,(5)) — x5 — r,,j(s))r’}

n k—1 -l
J 70 —a(k—s—1)
+ max Z;aod,.ij { lzo:e ]
i= 5=

1 (22)
k-1 7
% S e DBl (s — () — % (5 — n,(5))JAw(s) |P}
s=0
1
e 5
ko —a(k—s—1) —a(k—s—1) p
< ety + {n,a)yle:% i ]{ [Ze ] ;e |Z(s)|P}
k1 p-1
—a(k—s—1)
+{£1ix2a0 ;T Lo | + |/3,.j|)Lf{ [Z}:e ]
1
k-1 7
St s o)
s=0
k-1 Pl
P o —a(k—s—1)
e Y acisf | S
1
k-1
et z(s n,-j<s>>|§} .
s=0
Be aware of (H3) in Theorem 1, there exists a constant A > 0 small enough such that
max y i b, Lere"”’(c + e | + 1B |)Lg+e”°’C”d I'¥p<1
ii<n 4 <1 — g a2k |70 i ij | = P =L
Next, we claim that there exists a constant M, > 1 such that
|Z(K)|, < Myy,e™, VK€ [~u, +00),. (23)
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If (23) is invalid, then there must exist k, € (0, +00), such that
|Z(k,)|, > Myy,e (24)
and
1Z(K)|, < Myy,e ™, Yk € [~u,k)y (25)
In view of (22), it follows from (25) that

1Z(ky)l, < ey,

l
Plp
§ e 4 (kg—s—1) —pks

ko1
—a(ko—s=1)
+{r<1132§2a0b11L1M0/P{ [Zoe !
m
e oM,

ko—1 P11
% § e—g(ko—s 1) E e (kg—s—1) —p}»s 1)
s=0

5

(€5 + log + 1B, DL + G, L"]

< ey,
ko e % s ) (k })
- \ —(a—, —s—1
+{r<1i§2a0byL]M 7, e T o7 Ze (a—ph)(ko—s—1)
s=0
max DM, | &+ log] 4 1B,)L5 + Cod L7 1
=
1 _ e_gko P ko—1 p (26)
Xe—}»koe(u(ﬁrl)k e (a—ph)(kg—s—1)
1—e2 Z
—ak 7kk f Iy
< ethy, +{gfg§zao W7p¢ 0 by A+ €Ty o)+ |8, )L
1
1 — e ko 1 — e (aphko
Lok (P a
tetC d,]L]] l — 1 l e
_ 1 a—\ f
< Mge {ﬁe " max Z% lb”L’
o . o el — e—(g—k)ko]
e (e, o B )L+ ety | S
S Moype’xko {e(ﬂx)k[) -+ p[l — e(ﬂ)‘)ko]}
< Mpy,e o,
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In the fourth inequality from the bottom of (26), we use the fact [1 — e’ﬂko]l_fl’ - e’(ﬂ’l’”kﬂ]% <

1—e@Mhand|[1 — e’ﬂ]% >[1-— e’(ﬂ"’”]'l’. (26) contradicts (24). Hence, (23) is satisfied.
Therefore, system (5) is p-th moment globally exponentially stable. This completes the proof.

Together with Theorem 1, we have

Theorem 3. Assume that all conditions in Theorem 1 hold, then system (5) admits a p-th
mean almost periodic sequence solution, which is p-th moment globally exponentially stable. Fur-
ther, if all coefficients in system (5) are periodic sequences, then system (5) admits at least one p-
th mean periodic sequence solution, which is globally exponentially stable.

Proof. The result can be easily obtained by Theorem 2, so we omit it. This completes the
proof.

In system (5), if we remove the effects of uncertain factors, then the following deterministic
model is obtained:

‘xi(k + 1) = eiai(k)xi(k) +
(27)

wherek € Z,i=1,2,...,n.
Define

# = max QZ(&H +¢,18).

1<i<n 21(1 — e*ﬂ,‘) p=) yJ yJ

Corollary 1. Assume that (H,) and (7) and (8) in (H,) hold. Suppose further that all of coeffi-
cients of model (27) are almost periodic sequences, and t < 1, then model (27) admits at least
one almost periodic sequence solution, which is globally exponentially stable. Moreover, if all of
coefficients of model (27) are periodic sequences, then model (27) admits at least one periodic
solution, which is globally exponentially stable.

Remark 1. In literature [52], Huang et al. studied model (27) with ¢;; = 0(;,j= 1,2, ..., n)
and obtained some sufficient conditions for the existence of a unique almost periodic sequence
solution which is globally attractive. In [53], they considered system (4) and studied the
dynamics of 2" almost periodic sequence solutions. But neither of them considered the
uncertain factors. Therefore, the work in this paper complements the corresponding results in
[52, 53].

Remark 2. Assume that X(k) = (x1(k), x5(k), . . ., x,,(k)) is a solution of (27), the length of
X(k) is usually measured by || X||, = sup, ,max,_,_, |x,(k)|. However, if X(k) is a solution of
stochastic system (5), its length should not be measured by || X||, because X(k) is a random
variable. In this paper, we use norm || X||, = maxlggnsupkez(E|xi(k)|P)fl’ (p > 1) for random
variable X(k). Owing to the expectation E and order p in || X||,, the computing processes of this
paper are more complicated than that in literatures [49-55]. It is worth mentioning that Min-
koswki inequality in Lemma 2 and Holder inequality in Lemma 3 are crucial to the computing
processes. The facts above are obvious from the computations of (14), (15), (22) and (26) in
Theorems 1 and 2. Further, the stochastic term d;;0Aw,(i, j = 1, 2, . . ., n) in system (5) also
increases the complexity of computing. This point is also clear from the computations of (20)
and (22) in Theorems 1 and 2.
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Stochastic stabilization

In this section, we consider the following stochastic cellular neural networks:
dx (1) = | = a,(0x(0) + D by (0 (x,(0)) + L () | dt + rx, (1) dw(z), (28)
j=1

where w(t) is a standard Brownian motion, t € R,i=1,2,..., n.
Let x = 0 in system (28), the following deterministic cellular neural networks is derived:

dﬁit) = —a(t)x (1) + Z by(0f (x(£)) + L,(8), (29)

wheret € R,i=1,2, ..., n. Noting that the unique distinction between (28) and (29) is the sto-
chastic disturbance.

The semi-discretization models of systems (28) and (29)

Regarding the following stochastic differential equations (SDEs):
du(t) = —a(t)u(t)dt + F(t, u(t))dt + xu(t)dw(t), teR,
which yields the following SDEs with piecewise constant arguments:
du(t) = —a([t))u(t)dt + F([t], u([t]))dt + ru(t)dw(t),

where t € R, [¢] denotes the integer part of t. For each ¢ € R, there exists an integer k € Z
such that k <t < k + 1. Then the above equation becomes

du(t) = —a(k)u(t)dt + F(k, u(k))dt + xu(t)dw(t), teR, k€ Z. (30)

Let zi(¢) = a(k)t + 0.5kt — kw(t), Vt € R, k € Z. By using It6 formula and formula of inte-
gration by parts in stochastic theory, it obtains from (30) that

d(e*Du(t)) = u(t)de*" + e*xOdu(t) + (de*?) - (du(t))
(a(k) + 0.5x%)u(t)e*dt — ru(t)e*dw(t)
+0.5k%u(t)e*Vdt + e*du(t) — k*u(t)exdt
= ¢*UF(k,u(k))dt, teRkeZ.

Integrating the above equation from k to t and letting t — k + 1, the following equation is
obtained:

k+1
uk+1) = e®u(k) + e **VE(k, u(k)) / e*ds
: (31)

(1 _ e—u(k)—O.sz)ercAw(k)

a(k) + 0.5x2

e®u(k) +

Q

F(k, u(k)),

where p(k) = —a(k) — 0.5k* + kAw(k), Aw(k) = w(k + 1) — w(k), k € Z.In (31), we use the fact
f:“ e+ ds s g~k fkk“ ea(k)s+(l.5x25ds’ keZ.
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By a similar discussion as that in system (31), we gets the semi-discrete analogue for system
(28) as follows:

x,(k+1) =eMx (k)

(1 _ e—a,‘(k)f[),Src KAw(k

ICE0 5;@ [Zbu (k)] , (SM)

where p;(k) = —ai(k) - 0.55% + kAw(k), Aw(k) = w(k + 1) - w(k), k€ Z,i=1,2,...,n
Let x = 0 in system (SM), the semi-discrete analogue for system (29) is obtained as follows:

(k + 1) = e % k)xi(k 1—e® [Zb’f (k):| s (DM)

wherek € Z,i=1,2, ..., n. Also, the unique difference between (SM) and (DM) is the stochas-
tic disturbance.

Stability analysis of systems (SM) and (DM)

Assume that X = {x;} with initial value X, = {x,,} € R" and X* = {x; } with initial value
X; = {x;,} € R"are arbitrary two solutions of system (SM) or (DM).
Definition 3. ([9]) System (SM) or (DM) is said to be exponential stability if

o PRRCERC]

k—+o00 k

<0, VX, X €R"

System (SM) or (DM) is said to be exponential instability if

o RECERC]

k—+00 k

>0, VX,X,X,—X €R"\{0}.

Lemma 8. ([9]) Assume that w is a standard Brownian motion, then w(0) = 0 and

t
lim@z 0, a.s

t—o00

Theorem 4. Assume that (H,) holds. Suppose further that

(Hy) ©® = max,_,_, [e% % + e ZbUL{] < 1, where a; = min,_,a,(k),i=1,
j=1
2,...,n.
Then system (SM) is exponentially stable.
Proof. From (SM), it gets

i (k+1) — x; (k + 1)

(1 — e a;(k)—0.512 rcAw

< ) -]+ TS ) - )
< @e"'Aw<){r<13;x|x()—xf(k)|, 1—1,2,...,7

which derives

max |x,(k) — x/ (k)] < ©%%® max|x,(0) — x/(0)], ke€Z,

1<i<n 1<i<n
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which implies

In |max,_,,|x;(k) — x; (k
s ()~ 5 0] vt 0

< .
3 < 11’1@“!‘ k k ) ke [17+OO>Z
From Lemma 8, it leads to
i s, () - 56
lim < In®<0.

k—+00 k
Then system (SM) is exponential stability. This completes the proof.
Let x = 0 in Theorem 4, it has
Theorem 5. Assume that (H,) holds. Suppose further that

(Hs) max, _,_, {e“r‘ —l—%ZEﬁL{} < 1.
“ L

Then system (DM) is exponentially stable.

Similar to the argument as that in Theorem 4, the exponential instability of system (DM) is
easily derived as follows:

Theorem 6. Assume that (H,) holds. Suppose further that

(Hg) min,_,_, {e"f - ;11 Zbiijf} > 1, where ] = max, _,a,(k),i=1,2,...,n

j=1

Then system (DM) is exponentially instable.

Definition 4. ([9]) Assume that system (DM) is exponential instability and there exists a
suitable stochastic disturbance coefficient x ensuring that system (SM) is exponential stable,
then system (SM) is a stochastic stabilization system of system (DM).

Together with Theorems 4 and 6, it gains

Theorem 7. Assume that (H,), (H,) and (Hy) are satisfied. Then system (SM) is a stochastic
stabilization system of system (DM).

Remark 3. If (H) is valid, (DM) is exponentially instable. Meanwhile, (Hs) is invalid. By
viewing (H,), one could select a suitable stochastic disturbance coefficient x ensuring that (H,)
is satisfied, which yields system (SM) is exponentially stable. Therefore, stochastic disturbance
could be a useful method, which brings unstable system to be stable. More details could be
observed in Example 2.

Examples and computer simulations

Example 1. Consider the following continuous-time uncertain cellular neural networks with
random perturbations and fuzzy operations:

dx,(t) = [ — x,(t) + 0.01 sin (v/5¢) sin (x, (£)) + 0.05 sin (/7¢t) cos (x,(t — 1))

2 2
+/\0.1x,(t — 1) + \/0.02x,(t — 1) 4 0.01 cos® (\/ﬁt)} dt

j=1 j=1

+0.01 cos (v/3t)dw(t),

(32)
dx,(t) = [ — 0.2x,(t) + 0.02 cos (v/5t) cos (x,(t)) + 0.03 cos (v/2t) sin (x, (t — 1))

2 2
+/\0.04x,(t — 1) + \ /0.2x,(t — 1) — 0.02 sin (\/ﬁt)@ dt
j=1 j=1

+0.01 sin (v2t)dw(t), Vt€R.
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(1) Semi-discrete model: base on model (32), we obtain the following semi-discrete model
by using the semi-discretization technique:

x(k+1) = e'x(k)+(1—et) [0.01 sin (v/5k) sin (x, (k)

+0.05 sin (v/7k) cos (x,(k — 1)) + ;\O.lxj(k -1

=1

2
+1/0.02x,(k — 1) + 0.01 cos (v/3k)Aw(k) + 0.01 cos* (v/17k) |,
j=1

(33)
1 — e—0.2

0.2

x(k+1) = e %x,(k)+ [0.02 cos (V/5k) cos (x,(k))

40.03 cos (v/2k) sin (x,(k — 1)) + /2\0.04xj(k -1

j=1

+\2/0.2x].(k — 1) +0.01 sin (v/2k)Aw(k) — 0.02] sin (v/33k)||,

j=1

where k € Z.
(2) Discrete model formulated by Euler scheme: base on model (32), we obtain the follow-
ing discrete-time model by using Euler method:

x,(k+1) = 0.01sin (v/5k) sin (x,(k)) 4 0.05 sin (v/7k) cos (x,(k — 1))

+/2\O.1xj(k — 1)+ \2/0.02xj(k ~1)

j=1 j=1

+0.01 cos (v/3k)Aw(k) + 0.01 cos® (v/17k),

(34)
x,(k+1) = 0.8x,(k) + 0.02 cos (v/5k) cos (x,(k)) + 0.03 cos (v/2k) sin (x, (k — 1))
+/2\O.04xj(k 1)+ \2/0.2xj(k _1)
+0.01 sin (v/2k)Aw(k) — 0.02| sin (v/33k)],
where k € Z.

In Figs 1 and 2, we give two plots of numerical solutions which are produced by continu-
ous-time model (32), semi-discrete model (33) and Euler-discretization model (34), respec-
tively. Compared with Euler-discretization model (34), semi-discrete model (33) gives a more
accurate characterization for continuous-time model (32).

Remark 4. In literature [43, 44], the authors discussed the dynamics of periodic solutions of
discrete-time neural networks formulated by Euler scheme. From the above discussion, semi-
discrete stochastic system (5) gives a more accurate and realistic formulation for studying the
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Trajectories of X, in (5.1), (5.2) and (5.3)
T T T T
Euler-discretization model (5.3) ‘

’ = continuous model (5.1)

semi-discrete model (5.2)

0.05

-0.05

5 10 15 20 25 30
Fig 1. Trajectories of state variable x; in models (32), (33) and (34), respectively.

https://doi.org/10.1371/journal.pone.0220861.g001

dynamics of discrete-time neural networks. In a way, the work of this paper complements and
improves some corresponding results in [43, 44].

Corresponding to system (5), we havea = 1,a = 2, L{ =L= Ly =1, Eij =0.02,

Eij = 005, 011 =0Qp = 01, ,311 :ﬁlz = 002, 01 =0y = 004, ﬁ21 :ﬁ22 = 02) aij = 001’ 1’] = 1) 2.
Taking p = 2, by simple calculation,

G*=2 D ~074, K =~002 r~085<1l

According to Theorems 1 and 2, system (32) admits a square-mean almost periodic sequence
solution, which is square-mean globally exponentially stable.

Fig 3 depicts a numerical solution (x;, x,) of semi-discrete stochastic model (33). Observe
that the trajectories of (x;, x,) demonstrate almost periodic oscillations. Figs 4 and 5 display
three numerical solutions of semi-discrete stochastic model (33) at different initial values (1.5,
1.5), (0.5, 2.5) and (0.1, 0.2), respectively. They are shown that semi-discrete stochastic model
(33) is square-mean globally exponentially stable.

Trajectories of x, in (5.1), (5.2) and (5.3)

I I I I
’— continuous model (5.1) semi-discrete model (5.2) Euler-discretization model (5.3) ‘

02 \ \ \ \ \
5 10 15 20 25 30

Fig 2. Trajectories of state variable x, in models (32), (33) and (34), respectively.
https://doi.org/10.1371/journal.pone.0220861.9002
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0.1 \
X, (k) X, (k)

=~

~~ 0.05 _
x

©

C

S

=
- 0

<

0.05 \ \ \ \ \ \
10 20 30 40 50 60 70 80

time k
Fig 3. Square-mean almost periodicity of state variables (x;, x,)T in model (33).

https://doi.org/10.1371/journal.pone.0220861.9003

Example 2. Considering the following deterministic cellular neural networks:

{ x,(t) = 0.2x,(¢) + 0.01 cos t|x,(¢)| + 0.01 sin ¢ sin x,(t) + sin (0.1¢),
(35)
%,(t) = 0.3x,(t) + 0.02sin t]x, ()] + 0.01 cos (v/5t) sin x,(t) + cost,
where ¢t € R. The following semi-discrete model for system (35) is obtained:
x(k+1) = e"x (k)
1— eO.Q r
Y 0.01 cos k|x, (k)| + 0.01 sin k sin x, (k) 4 sin (0.1k) |,
_ (36)
x(k+1) = x5k
1— eU.3 r
=053 0.02 sin k|x, (k)| + 0.01 cos (v/5k) sin x, (k) + cos k} ,

where k € Z. Obviously, system (36) satisfies (Hg) in Theorem 6. So system (36) is exponen-
tially instable, see Figs 6 and 7.

02 \ \ \ \
4 6 8 10 12 14

time k
Fig 4. Square-mean global exponential stability of state variable x; of model (33).

16 18 20

https://doi.org/10.1371/journal.pone.0220861.9004
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02 \ \ \ \ \ \ \ \
4 6 8 10 12 14 16 18 20

time k

Fig 5. Square-mean global exponential stability of state variable x, of model (33).
https://doi.org/10.1371/journal.pone.0220861.9g005

Similar to the discussion as that in (SM), we consider a random perturbation in system (35)
and a semi-discrete model with random perturbation is achieved as follows:

(1 _ eU,Z—U,Srcz)eKAw(k)

1) = en®
*(k+1) et (k) + 5 o

[0.01 cos k|x, (k)|

+0.01 sin k sin x, (k) 4 sin (O.Ik)} ,

(1 _ 60370‘5#) e Aw(k)

k+1
x(k+1) 03+ 0.5K2

ePQ (k) x2 (k) +

[0.02 sin k|x, (k)|

+0.01 cos (v/5k) sin x,(k) + cos k} ,

1000

500

-500

-1000

-1500 \ \ \ \ \ \ \ \ \
0 2 4 6 8 10 12 14 16 18 20

time k
Fig 6. Exponential instability of state variable x; of system (36).

https://doi.org/10.1371/journal.pone.0220861.9006
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x10%

10

Fig 7. Exponential instability of state variable x, of system (36).

10

15
time k

20 25 30

https://doi.org/10.1371/journal.pone.0220861.g007

where p;(k) = 0.2 — 0.5 + kAw(k), p(k) = 0.3 — 0.5k + kAw(k), Aw(k) = w(k + 1) — w(k),
k € Z. Here we choose stochastic disturbance coefficient x = 1. It easily calculate (H,) in Theo-
rem 4 is satisfied. Then system (37) is exponentially stable, see Figs 8 and 9. By Theorem 7, sys-

tem (37) is a stochastic stabilization system of system (36).

20 T T T T T T T T T
15 - -
10G .
5 — —
~3
x
_5 — —
-10( D
15 .
20 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
time k
Fig 8. Exponential stability of state variable x, of system (37).
https://doi.org/10.1371/journal.pone.0220861.g008
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15 .

Fig 9. Exponential stability of state variable x, of system (37).
https://doi.org/10.1371/journal.pone.0220861.g009

Conclusions and future works

In this paper, we formulate a discrete analogue of cellular neural networks with stochastic per-
turbations and fuzzy operations by using semi-discretization technique. The existence of p-th
mean almost periodic sequence solutions and p-th moment global exponential stability for the
above models are investigated with the help of Krasnoselskii’s fixed point theorem and sto-
chastic theory. The main results obtained in this paper are completely new and the methods
used in this paper provide a possible technique to study p-th mean almost periodic sequence
solution and p-th moment global exponential stability of semi-discrete models with stochastic
perturbations and fuzzy operations.

With a careful observation of Theorems 1 and 2, it is not difficult to discover that

1. p > 1is crucial to the p-th mean almost periodicity and moment global exponential stability
of system (5).

2. From Example 2, stochastic disturbance could be a useful method, which brings unstable
system to be stable.

3. The time delays have no effect on the existence of p-th mean almost periodicity and p-th
moment global exponential stability of system (5).

In the future, the following aspects can be explored further:

1. The methods used in this paper can be applied to study other types of neural networks,
such as impulsive neural networks, high-order neural networks, neural networks on time
scales, etc.

2. Other types of fuzzy neural networks could be investigated, such as Takagi-Sugeno fuzzy
neural networks.
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3. Other dynamic behaviours of system (5) should be further discussed.

4. The case of p € (0, 1] could be further explored.
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