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Abstract

In this paper, we propose a new model of memristive multidirectional associative memory
neural networks, which concludes the time-varying delays in leakage terms via sampled-
data control. We use the input delay method to turn the sampling system into a continuous
time-delaying system. Then we analyze the exponential stability and asymptotic stability of
the equilibrium points for this model. By constructing a suitable Lyapunov function, using the
Lyapunov stability theorem and some inequality techniques, some sufficient criteria for
ensuring the stability of equilibrium points are obtained. Finally, numerical examples are
given to demonstrate the effectiveness of our results.

Introduction

Associative memory is one of the most important activities of human brains. It includes one-
to-many association, many-to-one association and many-to-many association. Due to the
complexity of human brains, many-to-many associative memory is more suitable for simulat-
ing the associative memory process of human brains than one-to-many association or many-
to-one association.

Multidirectional associative memory neural networks(MAMNNSs) were proposed by Japa-
nese scholars in 1990 [1]. They are used to realize many-to-many association. Moreover,
MAMNNE are the extension of bidirectional associative memory neural networks(BAMNN:S),
and they are similar in structure, i.e. there is no connection between the neurons in the same
field, but there exist interconnections between the neurons from different fields. In recent
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years, some studies have analyzed and dealt with MAMNNSs in [2-4]. In [2], the authors pro-
posed a multi-valued exponential associative memory model, and they analyzed the stability of
this system. The global exponential stability of MAMNNSs with time-varying delays were ana-
lyzed in [3]. In addition, MAMNNS with almost periodic coefficients and continuously distrib-
uted delays were studied in [4]. So far, there have been few results on the stability of
MAMNNE, therefore, it is significant to analyze the stability of MAMNN:S.

Due to the characteristics of a memristor, it has been found to be the best device for simu-
lating variable synaptic weights of human brains. Therefore, according to using the memristors
in neural networks(NNs) instead of resistors, memristive neural networks(MNN5s) was
designed in [5, 6]. Since then, the dynamic behaviors of MNNs have attracted the attention of
many researchers in [7-10], and they have been widely applied to associative memory [11],
medical image processing [12], etc. Meanwhile, BAMNNS as a special case of MAMNNS,
memristive bidirectional associative memory neural networks(MBAMNNSs) have been exten-
sively studied in [13-17]. As an extension of MBAMNN:S, the study of memristive multidirec-
tional associative memory neural networks(MMAMNNSs) have attracted the attention of
researchers [18]. However, it is worth noting that, because of the complexity of MMAMNNS,
their research results are few. Thus, it is meaningful to analyze the dynamic behaviors of
MMAMNNE.

It is well known that stability of systems plays an important role due to their potential
applications to image encryption [19, 20], associative memory [11], medical image processing
[12], information storage [18], etc. In the past few years, the stability of MNNs and
MBAMNNES have attracted the attention of many researchers [21-24]. Global exponential sta-
bility of MNNSs with impulse time window and time-varying delays was discussed in [21]. The
problem of exponential stability for switched MNNs with time-varying delays was studied in
[22]. The theoretical results on the global asymptotic stability and synchronization of a class of
fractional-order MNN’s with multiple delays were analyzed in [23]. Based on above discus-
sions, the existence, uniqueness and exponential stability for complex-valued MBAMNNs
with time delays were studied in [24]. As we all know, a stable equilibrium or a periodic solu-
tion is stored as an associative memory pattern. The storage capacity of a system is the collec-
tion of associative memory patterns. In other words, the more equilibrium points, the larger
the storage capacity. Recently, some results about the multistability of MNNs have been
found in [25, 26]. At present, there are few literatures about the stability of MM AMNNS,
accordingly, stability and multistability of MM AMNNS are still a problem that deserves
investigation.

Delays play an important role in the system. The time-varying delays are inevitable in the
hardware implementation due to the switching of amplifiers [27-32]. The leakage delays (or
forgetting delays) exist in the negative feedback of NNs [33, 34]. These two delays have great
impact on the dynamical behaviors of the systems. Simultaneously, time delays can cause oscil-
lation and instability of a system. So it is necessary to adopt some control strategies to stabilize
a system. Various types of control methods, such as output-feedback control [35], switching
control [36], adaptive control [37] and sampled-data control [38-43] are often considered. In
practical applications, the system cannot be in a stable state for a long time, and it is difficult to
ensure that the state variables are continuous. Thus, we choose periodic sampling control,
which has good flexibility and easy maintenance.

Motivated by the above discussions, the main contributions of this paper can be summa-
rized in the following:

1. We propose a novel model of MMAMNNS, which considers time-varying delays in leakage
terms via sampled-data control. Comparing with the previous results, our model combines
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the characters of both MAMNNSs and MNNSs, which can simulate the associative memory
process of human brains more effectively.

2. The exponential stability and asymptotic stability of equilibrium points for this model are
studied. Sufficient criteria guaranteeing the stability of the MMAMNNSs with time-varying
delays in leakage terms are derived, which based on the Lyapunov functions and some
inequality techniques.

3. In practical applications, the system cannot be in a stable state for a long time, and it is diffi-
cult to ensure that the state variables are continuous. Thus, we use sampled-data control to
ensure the stability of a system in this paper. Compared with continuous control methods,
the sample-data control method is more effective and realistic.

The rest of this paper is organized as follows. In the next section, the model of MMAMNNs
with time-varying delays in leakage terms via sampled-data control are proposed and some
preliminaries are introduced. In section 3, by constructing a suitable Lyapunov function, using
the Lyapunov stability theorem and some inequality techniques, some sufficient criteria for
ensuring the exponential stability and asymptotic stability of system are obtained. In section 4,
numerical examples are given to demonstrate the effectiveness of our results. In section 5, we
present our main conclusions.

1 Preliminaries
In this section, we consider the following MMAMNNSs with time-varying leakage delays:

dngt) = I;(t) — dy (%, (1)), (t — y(2)) + E Za jki (o (¢ J;’ P]( )

p=1, j=1
p#k

+Z Z piki xkt gp] ( ijki(t)))ﬂ

p=1, j=1
p#k

where x,(t) denotes the voltage of the ith neuron in the field k at time ¢. m is the number
of fields in system (1) and 7, corresponds to the number of neurons in the field p. d;(x(t)),
Apiki(X1i(t))s bpji(x1i(t)) are connection weights. fi;(x) and g;(x) are activation functions. The
time delays yy;(t) and 7,;(t) are leakage delays and time-varying delays, respectively. Ii;(t) rep-
resents the sampled-data state feedback inputs of the ith neuron in the field k.

According to the feature of memristors and the current-voltage characteristic, for conve-
nience, we let

d (O < T e 50| < T,
dki<xki(t)) =93 . apjkl(xkl(t)) = \pfk | ki (t)| - Fk
dy,  |x(0)] > Ty, Apjikis 1 Xni ki
by ()] <T @
piki» xki t S ki’
bpjki(‘xki(t)) = { N
bpjki? |xki(t)| > rkia

where the switching jumps I'y; > 0,fork=1,2,---,mandi=1,2,- -, n. dk,. >0, aki > 0,

dpjki> Apjki» b jxi» b i are constants.
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Remark 1. According to the definitions of connection weights, d;(xii()), apjii(xii(t))
and bpii(xi(t)) are varying with the state of memristance of system (1). Therefore, we
con31der the MMAMNNS with time-varying leakage delays as state-dependent switching sys-
tem. When dj;(xyi(t)), apjii(xi(t)) and bpjii(xi(t)) are constants, system (1) becomes a general
MAMNNE.

Because di(xki(t)), apjki(xki(t)) and byi(xi(t)) are discontinuities, the solutions considered
in this paper are defined in the sense of Filippov. co[¢, § represent the convex closure on

[€, & ]. A column vector is defined as col(x,;) = (x;,,%,, - s Xy Xopy o ,xmnm)T. For a contin-

uous function k(t): R — R, Dk(t) is the upper right Dini derivative of k(¢), and defined as

D*k(t) = lim, . “*#=49 Some notations are defined as follows:

aki = max{dki’ dki}7 dy = min{dki’ dki}7 Ay = max{a Apikis p]kz}

Qp]k - mln{ pjkﬂ p]kz} bpjkz - max{ pjki? pjkl} bp i mll'l{ piki? p]kz}

Vi = supy (1), Ty = supfpjk,( ), y=supiu(t), B= supfp,k,( ).
teR teR

In the Banach space, all sets of continuous functions are expressed as C([-7, 0], R"). The ini-
tial condition of system (1) are given as follows:

B(s) = (¢1,(5), 15 (s), "'7¢1n1 (8); Do (s), -+ 7¢mnm(s))T € C([-7,0],R"), in which

T= max max {‘cwkz,yk,}
1<p<mp#k 1<j<n,

By applying the set-valued mapping theorem and the differential inclusion theorem, we
define the following equations

dki? [ ()| < Ty,
co(dy;(x(t))) = co{dy, dy}, |x,(t) =Ty,
dy, I ()| > Ty,
Ay e (O] < Ty,
Co(ap]k,(xk,(t))) = Co{a pjki? p]kz} |xki(t)| = 1—‘ki7 (3)
B xu ()] > Ty,
épjki? [ ()] < Ty,
Co(bp]kt (‘xkz(t))) = Co{bp]kﬂ p]kt} |xki(t)| = 1—‘ki7
i’pjkiv | ()] > T

ObViOUSIY’ Co{dki7 dki} [dkx7 ko Co{ap]kﬂ p;kt} [ﬂpjkﬂ ‘D]kt] and Co{bp;kt’ p]kt}
b, b Lfork,p=1,2,-- mp#ki=1,2,nuj=12,--, nP.Accordmgtotheabove

piki® * pjki
definitions, system (1) can be written as follows

dxgt“) € Ly(£) — cody (x,(6)))x (£ — 7, (¢ +Z Z o (51 () )y (35(1))
p#k

" (4)
ZCO ]k, x4 ( gp]( ( ijki(t)))7

p—l j=1
p#k
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or equivalently, fork=1,2, -+, m, p#£k,i=1,2, -+, ny, there exist d,.(x,,(t)) € co(d,(x,,(1))),
i (%5(1)) € €0(ay;(x5(1)))s bys (x,5(£)) € cO(byi(x5(2))), such that
dx,,(t) .
Zt = Ikz(t) - dki(xki(t))xkz th + Z Zapjkl xkl ./;7] p]( ))

p=1, j=1
p#k

., (5)
Z byya(5(1))g, (5, (t = T (1)).
p#k

Remark 2. In [44], the effect of leakage delay on stability was discussed. It was shown that
larger leakage delay can lead to instability of a system. In order to reduce the effect of leakage
delay, we will use the sampled-data control method to ensure the stability of the system.

In this paper, we consider the following sampled-data controller:

L,(t) = Lyx(t), (6)

where Ly; denotes the sampled-data feedback control gain matrix, x;(t;) are discrete measure-
ment of x,(f) at the sampling instant #;. Besides, there exists a constant A(A > 0) such that

1 — t; <A, VIE€ N, i.e. Ais the maximum sampling interval. The initial condition becomes
¢(s)€C([-7,0], R"), in whicht = max max {1, A}

1<p<mp#k 1<j<n,

Remark 3. Due to the existence of the discrete term Iy (#) = Lyxy, (1)), it is difficult to analyze
the stability of system (4). The input delay method was proposed in [45]. By applying it, system
(4) will be changed into a continuous system.

The input delay method is applied, we define

h=t—(t—1)=1t-A), (7)
where 0 < A(f) < A and the sampled-data controller can be written as
Iki(t) = Lkixki(t - A(t))' (8)

Then we get

dt € Lkixki(t - A(t)) - Co(dki(xki<t)))xki(t - Vki(t»

+Z ZCO ij1 xkt fp]( p]( ))

p=1, j=1
p%k

53 Zco i (X (1)), (5, (£ = (1))

p=1, j=1
bk

Some preliminaries are introduced as follows.
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Assumption 1 Fork=1,2,---,m,i=1,2,- -, ng, Vs;, s, € Rand s, # s, the activation func-
tions fi;(+) and gi,(-) are odd and satisfy a continuous Lipschitz condition, such that

0 kai(sl) 7](1(1(52)

S — S,

0 < &%) ~8u(s)

— kiv
ST 85

where o0y; and py; are nonnegative constants.
Definition 1 Fork=1,--,m,p#k,i=1,---, n, aconstant vector x* = (xj,, -, x], ,

? " mn

x5, -, x%, )" satisfies the following equation

0e _CO ki ‘xkz ‘xkz + 2 : E :CO ]kz ‘xkz p](xp])

p=1, j=1

p%k

(11)
+Z ZCO piki xkt gpj( p]) kt7

p=1, j=1
bk

or equivalently, fork=1, -+, m,p £k, i=1,-- -, n, there exist d,,(x,,(t)) € co(d,(x,(t))),
&pjki(xki<t)) € co(a Dpiki (x(1)), bpjki(xki(t)) € Co(bpjki(xki(t)))’ such that

0= kt xkz xkz + § § ap]kl xkz f;)] i + E E bp]kx 'xkz gp] p} kl7

=1, j=1 =1, j=1
p #k p #k (12)
T . Tl s .
S * S * o *
then, the constant vector x* = (x},, %, ", X], , X3, ", X, )" is an equilibrium point of

MMAMNN:S with time-varying leakage delays.

Definition 2 Let the constant vector x* be an equilibrium point of system (1),
x(t) = (x,(8), 52y, (8), %5, (8), -+, %, (t))" be an arbitrary solution with the initial condi-
tion ¢(s) of system (1), if there exist positive constants § and y such that |x(t) — x*| <

u exp(—pt) sup |p(s) — x*|, then, the equilibrium point x* of system (1) is globally exponen-

—1<s<

tial stable.

Lemma 1 Let Assumption 1 be valid. Then there is at least one local solution x(t) of system
(1) with the initial condition ¢(s), s € [-7, 0], which is bounded in [46]. Furthermore, the local
solution x(f) of system (1) can be extended to the interval [0, + c0) in the sense of Filippov.

Results

In this section, the stability of one equilibrium point will be studied. By constructing a suitable
Lyapunov function, some sufficient criteria for exponential stability and asymptotic stability
are obtained.
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Theorem 1. Under Assumption 1, let d,;7,, < 1, and there exist positive constants
Mi1sMas " s M, » fOT £ > 0, such that the system (9) is globally exponentially stable if

_[aki(l - 2aki7ki) - aki"/ — LyJn/(1 = kz/kz Z Z|apjk1|

p=1, j=1
p#k

(13)
+Z Z|bwkt|pw M/ (1= dy7,) <0,

p=1, j=1
p#k

whered,, = Jki or dki, Ay = G O Apjkis l;pjk,. = l;pjk,. or ilpjki. That is, there exists a positive con-
stant A, which makes |x,;(¢)| = O(e™).

Proof. Due to the characteristics of the memristor, the theorem will be proved in three
cases.

@ |xi(B)] < T

According to the set-valued mapping theorem and the differential inclusion theorem, sys-
tem (9) can be rewritten as

dx, i(t) K
;t = Lx(t — A(t)) — dyx(t — 7,(8) + Z ZapjkaPJ p]
=1, j=1
p #k "

+Z ijktgw pj sz( )))

p=1, j=1
p#k

Then for w > 0, we define a continuous function as follows
O, () = —[(d,; — )1 —2d,7,,) — dp(e” — (1 —7)) — LkiewA]”lki/(l —d)

15
Z Z|awk,|o +e”””k’z Z'bwktmp;] M,/ ( p;/pf) <0. 13)

p=1, j=1 p=1, j=1
p# p#

According to the condition of Theorem 1, we have

®,(0) = _[‘iki(l - zaki?ki) - dkiy = Lyln/(1 = k,sz Z Z‘akaJO'p,

p=1, j=1
p#k

+Z Z|bwkr‘pm M,/ ( pﬂ’p}) <0.

p=1 j=1
p#k
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Because @,;(w) is continuous, there exists a small positive constant A, fulfilling the following
in equality

O, (L) = —[(dy =M1 —2d7,) — dki(emi —(1=9) - LkieM]’?ki/(l —di V)
m np
+ Z Zmpjki‘%j + " Z Z”’ Jk’|pPJ] ”pf JyPJ) <0. (17)
p=1, j=1 =1, j=1
p#k p#k

We construct a suitable Lyapunov function as follows
t
V() = e"x(t) — / &kieksxki(s)ds' (18)
=75 (1)
Calculating the upper right Dini derivative of (18), we obtain
DV, (t) = hetxy(t) + ex(t) — d’ki (e, (1) — (1 — Vk( )t (t — (1))

= At (t) + em{_dkixkz —7u(t) + Z Zapjk‘];y p]

p=1, j=1

o
(19)
£3 S b ot — 10 >>>+Lk,-xki<t—A<t>>}—dk,-e’“'xkxt)
p=1 j=1
p%k

+ aki(l - ")ki(t))ek(wki(t))xki(t = (1))
then we get

DV, (t) = xemxki(t) - akie“xki(t) + aki(l - U}ki(t))ek(tﬂ“(t))xki(t —7u(t))

;7 Z:dpjkﬁj (0(£))

p#k

_d’kiem'xki(t - Vki(t)) + Lkiemxki(t - A(t)) + e

+Z mekrgp] X (= Tyt )))]

p=1, j=1
bk

= _(dki - 7‘) Vki(t) - (aki - )‘) ftiyki(t) akiexsxki(s)ds - [(iki - c,iki(]' - )}ki(t))

m np

> 2

a..
p=1, j=1 piki
p#k

X[M’k’(t)}emxki(t — (1)) + Ly x, (t — A(t)) + €

Xﬁ?} P/ + Z walﬂgpf P] PJk’( )))]

=1, j=1
p #k
Let Q = sup |V,,(t)],Q > 0, there exists a positive constant & such that | V;,(t)] < Q
te[—1,0]

< &y, t € [-7, 0]. Then for ¢ > 0, we claim that the above formula also holds. The proof will be
given as follows.
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If the formula is not valid, then there exists a time #, > 0, which makes one of the following

cases OCClll‘I'il’ng

Vi (t)

1V, (t) = e 20 5 0, 1w, ()] < et < 1,
(21)
dez( )
2]Vi(t,) = —Enyy—— dt <0, V()] < Emyrt < 8.
For t < ty, we have
¢ 7 t 7’
e|x, (1)) < |t (t) — / dkiexsxki(s)dq + | dkiehxki(s)dq
t=7xi(t) t=7ki(t) (22)
<&y +dyyy sup exs|xki(s)|‘
SE[-T.t]
Hence, we get
At As My
elxy(t)] < sup €l (s)] < ———. (23)
s€[—1,tp) 1-— dki?ki
For t = t,, system (20) can be written as follows
t
D* Vki(t()) = _(dki - k) Vki(tU) - (dki - 7»)/ ( )dkie“xki(s)ds - [dki
7ki(to
—d,(1 —?k,-( o))e M ]eMox (ty — v(t)) + L, (t, — A(ty))
(24)
003 i)+ 3D oyt~ 50
p=1, j=1 p=1, j=1
p%k p#k
If case [1] occurs, according to Assumption 1 and system (24), we obtain
. Eny p . .
D"V, (t) < ( =M, + ( ki k)dkiykiﬁ+ [dki —du(1=74(%))
T Ykil ki
% e’M’k:(tU)]eM’ki(tO)ex(t[) 3kx<tl)))xkl( yk:( )) _|_Lkie7»A(fo)
x eMo—A)y (t +e7»t02 Z'awkz| (t,) |_|_emwk,(t0)
p=1, j=1
p%k
X Z Z|bp]kr|ppj Mo~ Tp ) | ( p]kt( ))|
p=1, j=1
p#k
] 4= RRTH ki
< {— (=10 = 2d,5,) = d (7 — (1= 9) = Lo | ——
1—dyyy
St eSS Shuin] i Nemmme <o @
p%k j=1 p=1, j=1 2’ i
p#k
which is contradictory to [1].
9/26
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Similarly, if case [2] occurs, according to Assumption 1 and system (24), then we obtain

. @7,- , , .
D'V, (t,) > ( = M)y — ( ki T x)dkiykii’k_ - [dkf —du(1=74(t))
1 —dy7y
Xe—Mkz(to)] Mi(fo) gh(to— «kx(‘o))xk( ykz( )) — LkiekA[
Xel(tO*A(fn))xki(tU _ A(to Mo Z Z|a sz| | & iki(fo)
p=1, j=1
p#k

XZ Z|bp]k1|pp] - o (o) | (0 p]kz( ))| (26)

p=1, j=1
p#k

2 {_[(dki =M1 - 2aki?ki) - élki(em" -(1=y) - Lkiem] L

1_dki"?ki
m p
’ ; ly
HDIR ST ;wﬁkiwﬁ]#}@é)
p#k j=1 P#k Pl'yPJ'

=—-0,(A)E>0,

which is contradictory to [2].
In both cases, we know |V, (£)] < Q < &y, t > 0. Similar to (23), we have e*|x,,(t)| <

sup  e|x(s)| <+ “”k‘ .t > 0, that is, |x(£)| = O(e™"). The Theorem 1 is proved.

s€[=t.to)
@ |xi(®)] > T
According to the set-valued mapping theorem and the differential inclusion theorem, sys-
tem (9) can be rewritten as

dx i(t) >
fit = Lx(t — A(t)) — dy ,(t — p(t)) + Z Zap]kz.fpj p]
p=1, j=1
p#k

+Z mektgp; X (£ = Tpa(1)))-

p=1, j=1
p#k

The proof of the rest is similar to the first case, so it is omitted here.

® |xxi(O)] = Tk
According to the definition of a convex closure, it is clear that the system (9) is exponen-
tially stable.

In conclusion, the system (9) is exponentially stable under the condition of Theorem 1.

Remark 4. According to Assumption 1, it is obvious that (0, 0, - - -, 0)” is a equilibrium
point of the system (9).

Remark 5. According to the definition of a convex closure, di;(xki(t)), apjii(xki(t)) and
byjki(xii(t)) in system (9) are in a interval. Based on the analysis of the first two cases, we know
that system (9) is exponentially stable in this interval.
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Obviously, system (9) without sample-date feedback control is shown as follows

dx, (t)

dt € —co(dy(x,(1)))x (£ — 74(1)) + Z ZCO (% (1)), (x,(2))
P#k (28)
£y Zco s (3 (£)) 8, (5 (F = (1))
b

Corollary 1. We consider time-varying delays in the leakage terms without sample-data

feedback control. According to Assumption 1, let d,7,; < 1, there exist positive constants
Mi1sMigs*** s My » fOT £> 0, such that the equilibrium point x” of system (28) is exponentially
stable if

_[Ziki(l - 2‘~iki“7ki) - &kiy]nki/( k,sz Z Z'ap]kz|o-p]

p=1 j=1

i (29)

+Z Z‘bwk’w}v M,/ ( pf/w) 0,

p=1, j=1
P#k

= d,; OF dpjkis b =b_ orb

Xt) )

whered,, = =d 4 OF d i 4 That is, there exists a positive con-

piki T p}kz piki = Y pjki piki®

stant A, which makes |x;(¢)| =
Proof. Due to the characteristics of the memristor, the theorem will be proved in three

cases. The proof process is similar to Theorem 1, and we will not described here.
Theorem 2. Under Assumption 1, if there exists a constant A satisfies

. 1 1 1
2 2 E E 2
Lki<27\'ki_dk1 ( pjk16pj+bp]klppj+1+1—ﬁ> _1 _I—A7 (30)

p=1, j=1 -7
o

where d,, = d 4 OF d ki> Apjti = Gjxi OT Apikis Bpjki = épjki or i)iji. Then, the solution of system (4) is
globally asymptotically stable under the sampled-data controller I;(f) = Ly; xxi(t — A(t)) — Ay
xki(1)-

Proof. We construct a suitable Lyapunov function as follows

Vilt) = 220 +ﬁ [ o+

B

Due to the characteristics of the memristor, the theorem will be proved in three cases.
@ xri(t)] < T

b
2(1=p)

X (s)ds + (1_ )/ xz;(s)ds.

1pjkx
P # k
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According to the set-valued mapping theorem and the differential inclusion theorem, sys-
tem (9) can be rewritten as follows

dx,(t .
u(0) = Lyx,(t — A(t)) — My x,(8) — digx(t — (¢ Z Zap]szp] p]

dt p=1, j=1
p%k
(32)
+ zl: pr]kzgpj p] p]kx( )))
r=1 1
p#k "
Calculating the upper right Dini derivative of (32), we have
DV () = [ L (1) — ot — 9, } £y Z{
ki 2(1 _V) ki 92 ki ki =
p#k
1 1 ) ) A
—§xpj(t - T(t)) + 2(1 _ A) xki(t) _xkt(t - ( )) +xk1( )xkr(t)
= [0 -3 o] + 33 50
- ki ki ki
20—y 72 2 Zpa—p™
p#k (33)
1 1 ) 1,
- gl =) + [y - gt - Aw)]
+ xki(t){Lkixki(t - A(t)) - >Lkixki(t) - dkixki(t - Vki(t))
+ Z; Zap;szp, PJ 21: EbP]k’gP] P] Pﬂﬂ( )))}
=1, j=1 =1, j=1
p#k " p#k .
According to Assumption 1, we yield
D"V, (t) < [;x?(t)—lx?(t—y.(t))] + Zm: zp:[ ! X2 (1)
ki — 2(1_,y) ki 9 ki ki = 2(1_‘3) pj
p#
1 1, 1,
- §xp](f - T(t))} + [mxﬂ(t) - §xki(t - A(t))]
. (34)
+ d 26, () [0 (E = 7(0)] + [ (8)] Z Z|apjkr|o—pj| )]+ |x,(1)]
p=1, j=1
p#k

X Z Zlbﬂalppjl = ()] + (8| Lo (t = A(0)] = Moo (8).

p=1, j=1
P%k
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By the mean-value inequality, we get

Ay, () [0 (8 = 74(2))] < % [dzxki(t) + XZ,-(t - Vki(t))], (35)
| (2)] Z Z|ap]k1|ap]| (1] < Zm: p { Apjki xkz( )+2xp]( )} (36)
T e

0132 S blnyble =00 = 35 3 [t + 3550 —0)]. ()

p=1, j=1 p=1, j=1
P#k p#k
Loy s L,
e ()| Lig i (t = A(D))] < 5 Lgaeg (1) + 56, ( = A(F)). (38)

According to (34) and the mean-value inequality, we get an inequation as follows

DV, (t) < {ﬁx;(o —%xkl( — it } Z; JZ;{ (1)
p#k
_%x;(t _ T(t))} + [2(1 1_ A) xg(t) — = (t — A(t))] {dz xu(t)
+xii(t—yki(t))} +§: _"p Bag,ﬁ P+ 5t )] (39)
Pk a

L 1 1
£ Y 3|5 bn 0+ gt )] + 550

1
+§x;i(t - A(t)) - szf,-(t)

Then we have

1 1
2 2
()—{ dlir Lk1+ ZZ{Q P1k10p1+§ pjkrpw+2+2(1_ﬁ)

*17J1

1 1 ,
TR Ry —Kki}xki(t). (40)

According to the condition of Theorem 2, we get D" V},(£)<0. From the Lyapunov stability
throrem, the solution of system (9) is globally asymptotically stable.
@ |xxi(O] > T
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According to the set-valued mapping theorem and the differential inclusion theorem, sys-
tem (9) can be rewritten as follows

dx, (t N
% = Lki‘xki(t - A(t)) - 7\’ki xl%z(t) - dki xkl - th Z Zap]sz;)] p]

p=1, j=1
P%k

(41)
+ Z wahgp] X, (£ = Ty(1)))-

p=1, j=1
p#k

The proof of the rest is similar to the first case, so it is omitted here.

® |xi(8)] = T

According to the definition of a convex closure, it is clear that the solution of system (9) is
globally asymptotically stable.

In conclusion, the solution of system (9) is globally asymptotically stable under the condi-
tion of Theorem 2.

Obviously, system (9) without time-varying delays in leakage terms is shown as follows

dxg—it(t) € Liyx(t — A1) — My x5 (8) — co(dy(x,(1))) ()

£y Zco NERONIAEN)

,17 j=1 42
bk (42)

+ZZw i (5 (1)) (%, (= T,(1))).

p=1, j=1
p#k

Corollary 2. We consider the sample-data feedback control without time-varying delays in
the leakage terms. According to Assumption 1, the solution of the system (42) is globally
asymptotically stable under the sampled-data controller I;(#) = Lyx(t — A(t)) — Axpi(t) if

1 1
2
p#k

piki = Gpjki OF Apjkis Dy = by OT by

Proof. We construct a suitable Lyapunov function as follows

whered,, = dk, or d,« a

V() Z%x}i(t) +2 . /t X (s)ds + 2 —A)/ x;,(s)ds. (44)

p%k

ijkz

Due to the characteristics of the memristor, the corollary will be proved in three cases.
@ |xxi(O] < T
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According to the set-valued mapping theorem and the differential inclusion theorem, the
system (42) can be rewritten as follows

dt = Lkixki<t - A(t)) - 7\’ki xkt( ) dklxkz Z Zap]ktf;)] p]

p=1, j=1

p#k (45)

+ Z pr;ktgp; X (£ = Ty(1)))-

p=1, j=1
p#k

Under the condition of Corollary 2, the proof method is similar to Theorem 2, and we will
not described here.

@ |xi()] > Ty

According to the set-valued mapping theorem and the differential inclusion theorem, the
system (42) can be rewritten as follows

dx, (1)
";t = Lx,(t — A(t)) — Ay, x,(8) — dkth Zl Za i fpj PJ
p=1, j=1
p#k (16)
+ Z wa’« ng PJ pfkt( ))-
=1, j=1
bk
The proof of the rest is similar to the first case, so it will not repeated here.

® |xi(B)] = T

According to the definition of a convex closure, it is clear that the solution of system (42) is
globally asymptotically stable.

In conclusion, the solution of the system (42) without time-varying delays in leakage terms
is globally asymptotically stable under the condition of Corollary 2.

Numerical simulation

In this section, several numerical examples are given to illustrate the efficiency of our theoreti-
cal results.

Example 1. Consider the following MM AMNNS s with leakage delays via sampled-data feed-
back control, there are three fields and one neuron in each field

dx;—lt(t) = —dy; (%, ()2, (£ = 710 (1)) + @10 (31, (1) )1 (35, (1))
A0 (01 (1) )31 (o631 (£)) 4 By (261 () 8o (60 (8 — To11s (£)))
b1 (%01 ()G (31 (t = 73010 ())) + Lyyx,, (= A(2)),

Pull) g (6D 70 (6)) 1 (s () ()
g1 (5 (1)) (500 (8)) F By (e ()80 (1, (8 = 7110, (1)) (47)
Fb3101 (%, (£)) 831 (%31 (t = T390 () + LooXon (t — A(2)),

dxzilt(t) = —dyy (x5, (£)) 25, (8 — 3, ()) + @115 (5, (8) )y (31, (2))
A1, (%31 (8))for (%01 (1)) + Byygy (63 (£)) g1 (01 (E — 7103, (8)))
0151 (%31 (1) ) 8oy (X1 (£ — Toy () + Lygxs (8 — A(2)),
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where
_ ) 232, x| ST, _ ) LT x| ST,
dyy (%, (1) = {2.56, x| > T, dy, (%5, (1)) = 221, |x,|> Ty,
_ 198, x| STy, _ ) 048, |xy (1) < Ty,
(% (1)) = 2.18,  |xy| > Ty, i (% () = 0.73, |xy ()] > Ty,
_ ) 105, g, (1)) < Ty, ) =232 [x ()] ST,
a1131(x31(t)) - { 1217 |x31(t)| > 1—‘31’ a?lll(xll(t)) - 7545’ |x11(t)| > 1"11’
=3.24, |xy (1) < Ty, =21, |x, ()] < Ty,
o (Xap (£)) = ; t
a?ldl(le( )) { 7256, |x31(t)| > 1"31’ asl]l('xll( )) 1 56 |x11(t)| > F117 (48)
—0.8,  |xy ()] < Ty, —0.56,  |x, (£)] < Ty,
t)) = b t
Ay (%3, (1)) { —0.76, |x,(t)] > T, 1 (%, (£)) = —0.98, |x, (1) > T,
_ ) LT g ()] S Ty, _ )04, x ()] <1y,
by (%5, (1) = { ~3.56, |x, (1) > T, by (%, (2) = ~1.2, |x,(t) > T,
_ ) A33 fxy ()] < Ty, _ 023, |x, ()] < Ty,
by (%5, (1)) = { —6.67, |xy (1) > Ty, by (%, (1) = 0.32, |x,(t)] >T,,
_ ) 047, |x, (1) < Ty,
by (% (1)) = {0.58, I, (1) > Ty,
3
: — — — field1
o5 field2 | -
T e field3
2 7
15 ‘ H 7
S
T | |
>
_1 | | | | | | | |
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
t
Fig 1. Exponential stability of system (9) with leakage delays via sampled-data feedback control.
https://doi.org/10.1371/journal.pone.0204002.g001
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Let 'y, =T =1I'3; = 2. We set the action functions f;;(x) = gxi(x) = tanh(x). The time-vary-
ing delays are y;;(f) = 0.1 + 0.1sin(t) and 7,j; = 0.5cos(t) — 0.5. The sampled-data feedback con-
trol is set to A(f) = 0.02t. According to Assumption 1, we have oy, = py; = 1. By calculating, we
gety,, = 0.2, Ty = 0,y=0.1, 8= 0.5, A = 0.02. The initial condition ¢(s) € C([-0.2, 0], R").
Under the condition of Theorem 1, let 77; = 2, we get Ly; = —1.6, L; = =7, L3; = —2. The expo-
nential stability of one equilibrium point of the MMAMNNSs with time-varying delays in leak-
age terms via sampled-data feedback control is represented (Fig 1). The exponential stability of
one equilibrium point of MM AMNNSs with time-varying delays without sampled-data control
is showed (Fig 2). A sampled-data feedback controller for exponential stability of system (9) is
described (Fig 3). A sampled-data feedback controller for exponential stability of system (9) is
described (Fig 4). In the following, five sets of initial values are given

1. (/)11 = Sln(OS * t) -04, ¢21 =05" Sln(t) -04, ¢31 =0.5%t-04.
2. (/511 =-02+2 * t, ¢21 = exp(—O.S * t), ¢31 =2 * COS(t).
3. 1= CXP(OS * t), ¢21 = Sin(t), (/)31 =3.
4. (/)11 = —0.6, ¢21 = —1, (/)31 =2.
5. ¢11 = —COS(O.S * pl * t), ¢21 =-1+ eXp(t - 025), ¢31 =0.2"t.
Under the same parameters, on the one hand, according to Figs 1 and 2, we know that
whatever the initial value of each field is, it eventually approximates a straight line. The corre-
sponding value of the line is the equilibrium point value of each field, i.e. no matter what the

initial value of each field is, the equilibrium point ultimately converges to zero. In other words,

whatever the initial value is, an arbitrary local solution x(¢) is gradually approaching the equi-

librium point x* = (0, 0, - - -, 0)".

3
— — — field1
2.5 k: field2 |
EL e field3
2t 1
15E .
()
=) |
©
>
_1 | | | |
0 5 10 15 20 25

t
Fig 2. Exponential stability of system (28) without sampled-data feedback control.

https://doi.org/10.1371/journal.pone.0204002.9002
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field1
field2 |
field3

value

Fig 3. A sampled-data feedback controller for exponential stability of system (9).
https://doi.org/10.1371/journal.pone.0204002.9003

-0-34 T T T T T T T T T

-0.35 4

-0.36 §

-0.37 1 §

value

-0.38 1

-0.39 1 ]

_04 | 1 1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 007 0.08 0.09 01

t
Fig 4. A sampled-data feedback controller for exponential stability of system (9) after local amplification.

https://doi.org/10.1371/journal.pone.0204002.g004
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On the other hand, compared with the MMAMNNSs without sample-data control, MMAMNNs
with sample-data control converge to the equilibrium point faster. Hence, it is valuable to study the
MMAMNNS with time-varying delays in leakage terms via sampled-data feedback control.

Remark 6. Since the system cannot be in a stable state for a long time, and it is also a huge
consumption to continuously acquire the state of the system, thus, we use sampled-data con-
trol method in this paper, which has good flexibility and easy maintenance.

The varying of MMAMNNS with a larger leakage delay y4,(¢) = 5sin(#) and without sample-
data control is showed (Fig 5). Compared with Fig 2 with a leakage delay y;,(f) = 0.1 + 0.1sin
(t), we know that a larger leakage delay can cause fluctuations of system (28) without sampled-
data control. Moreover, the system (28) in Fig 5 is unstable and it varies greatly.

Example 2. Consider the following MMAMNNS s with leakage delays via sampled-data feed-
back control, there are three fields and one neuron in each field

dx;lt(t) = —d,; (%, ()2, (£ = 710 (1)) + @o10 (31, (8) ) (35, (1))
A1, (%01 () (3630 (8)) + oy (014 ()€1 (%0, (E = 70111 (£)))
b1, (561 (8)) g3y (3, (£ — T30, () + Ly, (8 = A1) — Ay, (2),
dxillt(t) = —dy; (%5, (£))%5, (£ = 721 (1)) + @119 (x5, (1) )1 (31, (1))
A1, (%9, (£)) o1 (2631 (1)) + By (00 (£)) €11 (01 (E = 7100, (8))) (49)
+b5121 (x21( ))g (xsl( TS]?l(t))) + L22x22(t - A(t)) - }‘mle(t)v
Banll) o (60— 70(6)) 15 () (1)
A1, (%3, (£))for (%01 (1)) + Byygy (03 (£)) €1 (01 (8 — 71031 (8)))
'H’zlsl (xdl( ))gzl (le( 72131(t))) + L33x33(t - A(t)) - 7‘31’531(1‘)7
where
J B 2.3, x| Ty, d - 2.1, |xy| STy,
n (1) = 28 |x [>T o (X () = 24, || T,

) = —0.72, |xy(t)] < Ty,
121 (%o —0.56, |x,, (£)] > Ty,

{0‘25, b (I < Ty,
2111\ *11 ) =

L8, x| < Ty,
dy, (x5 (1)) = {
2.1, x| > Ty,

0.34, |x; (1) < Ty,
a3 (%5, (1)) = {

0.78, |y (£)] > Ty, 0.49, |x, ()| > T,
i (e () = { —=0.32, |x;, ()] < Ty, oy (x,(£) = {0'963 [, (1) < T,
2131(X31 = 3111 (X11 =
—0.16, |x,,(t)] > Ty, 115, |x, ()| > Ty, (50)
—0.86, |xy, ()] < Ty, 0.78, |x,, (1) < Ty,
By191 (X, (1)) = by (
—0.54, |xy, ()] > Ty, 0.84,  |xy ()] > Ty,
—0.53,  |xy (£)] < Ty, 0.58, |x,(1)[ < Ty,
byyg (x5 (1) = by (
=0.17, |x,(t)] > Ty, 0.79, |x, ()| >T,,
—0.8, x, (£)] < Ty, 0.68, |x,(t)| <T,,,
byyg (x5 (1)) = by (o, (
=0.65,  |x; (1)] > Ty, 123, |xy (6)] > Ty,
0.89, |xy ()] < Ty,
by (x5 (1)) =
101, |xy, (2)] >
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field2 |
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Fig 5. Exponential stability of system (28) without sampled-data feedback control(yy;(f) = 5sin(f)).

https://doi.org/10.1371/journal.pone.0204002.g005

Let 'y, =T =T'3; = 2. We set the action functions f;;(x) = gi(x) = tanh(x). The time-vary-
ing delays are y;,(f) = 0.5cos(t) + 0.5 and 7,; = 0.5 + 0.5sin(t). The sampled-data feedback con-
trol is set to A(f) = 0.02t. According to Assumption 1, we have o;; = pi; = 1. By calculating, we
getyy = L1, = 1,y=05,5=0.5A=0.02. The initial condition ¢(s) € C([-1, 0], R").
Under the condition of Theorem 2, let 1;; = 2, we get L1; = 0.16, L,; = —0.3, L3; = 0.32, &;; = 9,
A21 = 8, A3; = 6. The asymptotic stability of one equilibrium point of the MMAMNNS’s with
time-varying delays in leakage terms via sampled-data feedback control is displayed (Fig 6).
The asymptotic stability of one equilibrium point of MM AMNNSs without leakage terms is
illustrated (Fig 7). A sampled-data feedback controller for asymptotic stability of system (9) is
described (Fig 8). The varying of MMAMNNS with a larger leakage delay y4,(¢) = 5sin(#) and
without sample-data control is showed (Fig 9). In the following, five sets of initial values are
given

1. ¢11 =exp(=0.1 ") + 0.2, ¢po; = 0.5 * sin(t) + 0.2, ¢3; =t + 0.2.
2. ¢11 =27 cos(t), ¢2; = 0.3 + exp(—0.5 * 1), ¢3; = 0.2 + sin(#).

3. ¢11=-0.7, ¢31 =2, 31 = —1 + cos(t).

. 611 =-0.35"t, ¢y = —0.4 — 1, ¢p3; = exp(t).

. 11 =—c0s(0.5* pi * t), ¢y = exp(t — 0.25), 3, = 0.2 * tanh().

(2 N

Under the same parameters, on the one hand, according to Figs 6 and 7, we know that no
matter what the initial value of each field is, it will eventually approach zero. In other words,
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value

Fig 6. Asymptotic stability of system (9) with leakage delays via sampled-data feedback control.
https://doi.org/10.1371/journal.pone.0204002.9006

— — — field1
field2
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value
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t

Fig 7. Asymptotic stability of system (42) without leakage terms.

https://doi.org/10.1371/journal.pone.0204002.g007
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whatever the initial value is, an arbitrary local solution x(f) is gradually approaching the equi-
librium point x*.

On the other hand, we know that the leakage delays have an effect on the stability of the sys-
tem. Compared with Figs 6 and 7, it is clear that the curve of MM AMNNS’s with leakage terms
has a significant change. However, the leakage delays are inevitable, so it is significant to study
MMAMNN:Ss with leakage terms.

In the simulation experiment, we set the sampling period to 0.02s, and the specific sampling
controller action diagram is shown in Fig 4 (after partial enlargement). As can be seen from
Figs 3 and 8, the value of the controller remains unchanged during the sampling period until
the next sampling period. As time goes on, the system gradually stabilizes and the controller
values tend to zero. Compared to continuous control methods, the sampled-data control
method reduces energy consumption to a certain extent. At the same time, because the system
cannot be in a stable state for a long time, the state of the interval control system is more
realistic.

Conclusion

In this paper, we propose a new model of MMAMNNSs with time-varying delays in leakage
terms via sampled-data control. Compared with some continuous control methods, the sam-
ple-data control method is more effective and realistic. So we turn the sampling system into a
continuous time-delay system by using sampled-data control. Then the exponential stability
and asymptotic stability of the equilibrium points for this model are analyzed. By constructing
a suitable Lyapunov function, using Lyapunov stability theorem and some inequality
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https://doi.org/10.1371/journal.pone.0204002.9g009

techniques, some sufficient criteria are obtained to guarantee the stability of the system. Some
numerical examples are given to demonstrate the effectiveness of the proposed theories. These
results will be further applied in the areas such as associative memory of brain-like systems,
intelligent thinking for intelligent robots, mass storage, medical image processing etc.
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