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Abstract

The Turing instability in the reaction-diffusion system is a widely recognized mechanism of
the morphogen gradient self-organization during the embryonic development. One of the
essential conditions for such self-organization is sharp difference in the diffusion rates of the
reacting substances (morphogens). In classical models this condition is satisfied only for
significantly different values of diffusion coefficients which cannot hold for morphogens of
similar molecular size. One of the most realistic explanations of the difference in diffusion
rate is the difference between adsorption of morphogens to the extracellular matrix (ECM).
Basing on this assumption we develop a novel mathematical model and demonstrate its
effectiveness in describing several well-known examples of biological patterning. Our model
consisting of three reaction-diffusion equations has the Turing-type instability and includes
two elements with equal diffusivity and immobile binding sites as the third reaction sub-
stance. The model is an extension of the classical Gierer-Meinhardt two-components model
and can be reduced to it under certain conditions. Incorporation of ECM in the model system
allows us to validate the model for available experimental parameters. According to our
model introduction of binding sites gradient, which is frequently observed in embryonic tis-
sues, allows one to generate more types of different spatial patterns than can be obtained
with two-components models. Thus, besides providing an essential condition for the Turing
instability for the system of morphogen with close values of the diffusion coefficients, the
morphogen adsorption on ECM may be important as a factor that increases the variability of
self-organizing structures.
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Introduction

Nonequilibrium (dissipative) or dynamic self-organization is supposed to play a central role in
the embryonic patterning [1-3]. Such self-organization leads to the formation of large-scale
dynamic structures of different nature that regulates cell differentiation within the developing
embryo [4]. The most generally accepted idea is that special secreted proteins, the morpho-
gens, play critical role in the establishment of these spatial structures. In the simplest case, the
concentration gradients of morphogens organize patterning of the embryo in the way that dif-
ferent threshold concentrations of a given morphogen switch on different sets of genes [5-7].
As aresult, a specific spatial pattern of different cell differentiation types is formed along the
morphogen gradient [6].

Self-organizing processes can be described by discrete models based on cellular automata
approach [8] or by continuous models based on reaction-diffusion partial differential equa-
tions (PDE) approach. The latter can describe self-organisation by PDEs that have spatially
non-homogenous solitions. When these solutions are formed spontaneously and remain tem-
porally stable, one says that PDE has ‘“Turing instability’. Regardless of specific mechanism,
two conditions are critical for self-organization of the large-scale spatial structures in the ini-
tially homogeneous system [9]. First, there should be nonlinear relationships between sub-
stances responsible for the formation of the pattern. Second, the system must involve at least
two agents and one of them must diffuse slower than the other. The most simple models,
which demonstrate Turing instability, consist of two reaction-diffusion differential equations
and describe the formation of stable gradients of two hypothetical substances called “activator”
and “inhibitor”. These substances have nonlinear interactions with each other and diffuse with
sharply different rates: the activator slowly and the inhibitor fast. One of the most well-known
models of this kind, which was proposed to describe the formation of stable gradients in bio-
logical objects, is the Gierer and Meinhardt model (GM) [7, 10]. The first necessary condition
for the Turing-type self-organization, namely the nonlinear interaction between the inhibitor
and the activator, holds due to the nonlinear response of the gene network encoding the pro-
teins that play roles of the inhibitor and the activator [11, 12]. However, the second condition,
i.e. a sharp difference in the diffusion rates, seems to be difficult to achieve unless diffusing
protein morphogens have great differences in size. Meanwhile, most of the known morpho-
gens have approximately the same size around 20-30 kDa and thus must demonstrate quite
similar rates of free diffusion. Hence, the question of how a sharp difference in the diffusion
rates between the activator and the inhibitor could be achieved in real embryo remains open.

Besides the protein size, a significant factor that may influence the morphogens’ diffusion
within the multicellular embryo is the morphogen’s interaction with the components of the
extracellular matrix (ECM). In particular, a retardation of the diffusion can result from the
adsorption of morphogens on negatively charged ECM components, such as heparan sulfate
proteoglycans (HSPG) [13]. The influence of HSPG on the morphogens’ activity was described
previously [14, 15]. In support of this, we have shown recently that the interaction of secreted
morphogens with HSPG in the intercellular space (IS) of the Xenopus laevis embryos can sig-
nificantly retard the diffusion [16, 17]. As a result, depending on the morphogens’ affinity to
ECM, there may appear greater than an order of magnitude difference in the effective diffusion
rate between different morphogens within IS [16]. To our knowledge, there are no published
works, in which the adsorption of morphogens on HSPG is taken into account when modeling
the process of the embryonic self-organization. In the present work we demonstrate how the
adsorption could be incorporated to the simple two-component model.

We develop a mathematical model of morphogenesis consisting of three reaction-diffusion
equations. Taking as the basis the classical Gierer-Meinhardt model we extend it introducing
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interaction of activator with ECM. Such modification allows us to obtain stable dissipative
structures for morphogens with similar diffusion coefficients. We demonstrate how to apply
our modified model to well known Wnt-DKK hair follicle patterning system identifying addi-
tional physically relevant parameters. Furthermore, in the spectrum of possible patterns pro-
vided in our model appears to be much wider than that of classical two-equation models. For
instance, spots that change size gradually can be easily simulated by this model. In particular,
we demonstrate how our model can describe pear-like shape of the neural anlage on the base
of known adsorption gradient in Xenopus gastrula.

Finally, theoretical analysis of the model allows us to determined conditions, under which
our extended model can be reduced to only two equations, equivalent to those used in the clas-
sical GM model.

Analysis and simulation of reaction-diffusion models

What can we figure out through linear analysis of the Turing-type
models?

The reaction-diffusion system of equations can be qualitatively studied using “linear analysis”
(or “eigenvalue analysis”), that can show whether the Turing-type instability is possible for the
given parameter values and provide important information on the behavior of Turing-type
systems. However, linear analysis is often omitted in recent studies (e.g. [18, 19]). In the cur-
rent work we perform linear analysis of both classical and extended GM models in the corre-
sponding parametric spaces.

To understand the idea of the method let us consider a reaction-diffusion system, that mod-
els dynamic of concentration of some substance c(x;, t). Let us also suppose that corresponding
kinetics equations possess a stable stationary point. Then, near the corresponding homoge-
neous steady state (HSS) evolution of the considered concentration is given by the expression:

c(x,t) = Z C, cos (kx)e"®"|
pay

where k are wave numbers and A(k) are Lyapunov coefficients that reflect temporal instability
of the corresponding wave near HSS. It means that in the complicated space pattern, every
wave evolves independently and its growth rate is controlled by parameter A, which is different
for different wave numbers. If the stationary pattern is formed as a result of system evolution
then there exists the range of wave numbers k; ,. . ..k; such that Re /l(k,-J) >0forj=1,..,n
Thus, function {max Re A(k)} called dispersion curve gives information about existence of
nonuniform stationary patterns and predicts their possible periodicity. The main concept of
the linear analysis of Turing-type systems is summarized in Fig 1. The spectrum of instable
wave numbers is quantized for the reaction volume considered limited. As the homogenous
state should be stable without diffusion, i.e. Re A(0) < 0, the curve at the figure starts from the
negative half-space. At the right panel of the figure we drew round spots as an example of the
shape of resulting structures, which can not be determined by linear analysis and depends on
many factors including space dimensionality. On the contrary, the possible period of initial
unstable wavelengths does not depend on reactor dimensionality and can be precisely deter-
mined by 1D linear analysis.

In practice the situation is more complicated, as linear analysis has some restrictions.
Firstly, to be rigorous we should write Turing conditions for several A (number of A equals
number of equations in the system), so that in the range of instable wavenumbers one A should
have positive real part and another—negative. Importantly, Turing-type instability (stationary
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Fig 1. Common shape of the dispersion curve. In the stationary state spatial structures (right pane) have a period which in many cases
can be approximately predicted from the dispersion curve (left pane). Self-exited and damping spatial waves are shown with red and dashed
lines, respectively.

doi:10.1371/journal.pone.0171212.9001

inhomogenity) should be distinguished from wave-type instability (fluctuating inhomogenity),
that occurs in three-component system when two A’s real parts become positive [20], and from
combinations of these instability-types, possible in complex systems [21]. Since these scenarios
are rarely used for modeling biological morphogenesis, we do not consider them in our work.

Second restriction of the linear analysis concerns the period of the stable spatial structure
formed. The system’s behavior depends strongly on the exact form of the nonlinear terms and
on the shape and size of the reaction volume, so the period of the structure can not be deter-
mined percisely, but only as a range, depending on on the initial conditions. The system
behavior strongly depends on the exact form of the nonlinear terms and on the shape and size
of the reaction volume.

Finally, the sufficient conditions for the Turing-type instability are difficult to formulate
accurately for the systems of more than two equations. Detailed description of the analysis in
general form can be found in the recent study [22], however in this work there is no acurate
consideration of the wave-type instability case.

Computational approaches for integrating the reaction-diffusion
equations

Simulation of the dynamic system based on the equations with partial derivatives implies
simultaneous integration over space and time. Computational methods used for numerical
solution of these equations are well known but are rarely mentioned in context of pattern’s for-
mation simulation. Here, in order to fill this gap, we provide the complete description of the
algorithm, as well as the source code based on it.

For a numerical solution the method of splitting with respect to physical processes is used.
The kinetic equations are solved by the Runge-Kutta method, while the diffusion equations
are solved using alternating directions implicit (ADI) method. In case when the kinetic rate
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constants are big (systems 3 and 4 in Fig 8b) the following Rosenbrock stiff scheme is used
instead of Runge-Kutta method:

(E — atJ — br*]*) @ zj_"(fc'n + crf(fc’n)),

where J is the Jackobian of the vector-function fand a, b, ¢ are parameters set to 1.077, -0.372,
-0.577 respectively [23, 24].

Two-dimensional diffusion problem was reduced to two one-dimensional problems by
ADI and then was solved using the so-called “flux sweeping” method (see S2 Appendix) [25].
All algorithms are implemented as C++ functions and were run at high performance
machines. All concentration distributions, as well as other plots are built with python using
libraries numpy, scipy and matplotlib.

Ethics statement and biological illustrative material

Xenopus laevis embryos were obtained by artificial fertilization and staged according to [26].
Synodontis multipunctatus fries were purchased in a pet shop. The whole-mount in situ hybrid-
ization was done as described in [27] with dig-labeled probe synthesized by T3 polymerase
from pCS2-Sox2 (gift of T. Sasai) cut by BamHI.

Animal experiments performed in this study were specifically approved by Shemyakin-
Ovchinnikov Institute of Bioorganic Chemistry (Moscow, Russia) Animal Committee in
accordance with the guidelines and handled in accordance with the Animals (Scientific Proce-
dures) Act 1986 and Helsinki Declaration.

Results

Turing-type instability conditions for the classical Gierer-Meinhardt
model

The classical GM model in its simplest form is formulated as follows [10]:

Ou u?
H_ DA
ot~ Py TR DAL,

% = pu’ — u,v+ D Av.

Here u demonstrates autocatalytic behavior and is called “activator”, while v hinders the
activator autocatalysis and is called “inhibitor”. D,, D, are diffusion coefficients, p is produc-
tion rate, y,,, 4, are degradation rates.

In Fig 2a we indicate the range of wave numbers that can provide formation of stable
homogeneous structures for different values of the inhibitor degradation rate (u,). Red curve
corresponds to the minimal value of y, when the Turing instability does not occur. In the case
of red curve reaction part is unstable (Re 1(0) > 0); this is another type of instablitiy which
does not follow to pattern formation. Increasing y, we obtain a wide range of wave numbers
with positive real parts corresponding to possibility of pattern formation (yellow curve). This
range is narrowing with further increase of 4, and finally damps (cyan curve). Thus, the regime
of stable pattern formation in system (1) can be controlled by changing the value of the inhibi-
tor degradation rate. If we then fix all the reaction constants and focus on the diffusion terms
one can notice that variation of the activator diffusivity also affects the possibility of pattern
formation. Indeed, while we observe a wide range of unstable waves for small values of D, (Fig
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Fig 2. Dispersion curves for various inhibitor degradation rates (a) and for various activator diffusion rates (b) in classical GM
model. Dispersion curves are plotted using formula obtained in Eq (S1.2.6). Following parameters are used in both panels: y,=1, D, =0.1.

In panel (a): D,=0.001 and p, = 0.5, 5.4, 10.3, 15.3, 20.0 (colored by rainbow from red to cyan). In panel (b): y, =5 and D,=0.001, 0.0018,
0.0032, 0.0056, 0.01 (colored in the same way).

doi:10.1371/journal.pone.0171212.9002

2b, red curve), increase of its value leads to increase of the pattern periodicity until finally the
Turing instability disappears (Fig 2, blue and cyan curves).

The analytical necessary and sufficient conditions of the Turing instability in system (1) are
relatively simple and have already been formulated in several papers [28, 29]. They have a

form of two inequalities, which link the diffusion and the degradation parameters (see S1.2 for
derivation):

lu’v>:uu’
D 1 2
by B (2)

D,” n3-2V2

Thus, Turing instability in classical GM models arises only for particular range of both dif-
fusion and reaction rates (Fig 2). Furthermore, as it follows from Eq (2) even small difference
between p, and y,, implies sixfold difference between the diffusion coefficients. The conven-
tional condition of the Turing-type instability in system (1) is a sharp difference in the diffu-
sion coefficient values: D, << D,. However, proteins involved in morphogenesis in embryo
have approximately the same molecular size and thus very close coefficients of free diffusion.
As the result, pattern formation for such system cannot be described with classical GM model.

In the next section we propose an alternative mechanism of pattern formation for the case of
close diffusion coefficients of reactants.
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Introduction of the morphogen adsorption into the two-component model

Let us consider a system of two morphogens u and v with same value of diffusion coefficients:
D, =D, = D. In order to take into account adsorption of morphogens on ECM we add the fol-
lowing reaction between the activator and the virtual binding centers of HSPG, W:

U+ WsSB

Then, our extension of model (1) can be written as follows:

ou (b+u)’

a sz—,uuu—klwu—l—kflb—l—DAu,

ov 9

il p(b+u)” — u, v+ DAv, (3)
0

S = kot (k4 )b,

Here u and v are concentrations of free morphogens playing roles of activator and inhibitor
respectively, w is the concentration of the available binding sites on ECM. Parameters p, D and
Uus Py retain their meaning from Eq (1), k; is the rate of adsorption of activator on ECM and
k_, is the rate of inverse reaction. b = wy—w is the concentration of morphogen-activator
adsorbed to ECM, where wy = w(x, 0).

In our model morphogen-activator supports autocatalysis and activates morphogen-inhibi-
tor (v) in both free (1) and adsorbed (b) states. We assume that the rate of degradation of mor-
phogen-activator in adsorbed state as the same as for free activator and equals y,,. As a result,
free binding sites appear due to both desorbtion of morphogen (k_;b) and its degradation in
adsorbed state (u,b). All the reactions considered in GM model (1) and in our extension of
GM model (3) are summarized in (Fig 3) with arrows having the same color as corresponding
reaction terms.

Let us then compare the conditions on stable pattern formation in system (1) and in
system (3) in case of homogeneous distribution of binding centers.

Turing-type instability conditions in the extended model

One can demonstrate that Turing-type instability arises in system (3) if and only if the follow-
ing conditions are satisfied (see S1.3 for their derivation):

,LLV > tuu7
J ER, 4, >0, (4)
Re/,,; <0,

where 1, , ; are eigenvalues of the matrix:

p,—KD  —pi/p kD
A= | 2pu,/pn, —p, —kD 0 ,
_klw 0 _k—] - k] (171 + 171/) —Hy

where i, w are stationary solutions of the kinetic system and k is wave number. Note, that con-
dition on the degradation rates in Eq (4) is the same as the condition derived for the classical
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du u?
- = ——a uu
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@ dv
T%(%D il e L
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< % = pb+u)® —pv
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| 7 = —Fawut (o1 + p)b

Fig 3. The derivation of the extended Gierer-Meinhardt model. Kinetic scheme for the classical (a) and the extended (b) GM models are
presented on the left side; the corresponding equations are on the right. Arrows indicating interactions between reactants have the same
color as the reaction terms in corresponding equations: green for autocatalytic terms, red for inhibition of activator by inhibitor, gray for
degradation terms and orange for the adsorption and the desorption terms.

doi:10.1371/journal.pone.0171212.9003

GM model (2). Below we demonstrate that in general extended GM model (3) retains many
features of the classical GM model (1).

In order to compare behavior of system (3) with that of system (1) let us divide model
parameters into two groups: the “reaction” parameters that have the same sense in both sys-
tems (p, D, p,, and y,), and the “adsorption” parameters used only in the extended model
(wo, ky and k_;). Influence of the inhibitor degradation rate (u,) on the dispersion curve behav-
ior is very similar for both classical GM (Fig 2a) and extended (Fig 4a) models. In system (3)
Turing instability occurs for the values of y, in the interval (u*, y**) (Fig 4a).

Let us then consider the role of adsorption parameters in model (3). Affinity of activator
to the surface is stronger with increase of w, or k; and decrease in k_;. Kinetic adsorption
parameters (k;, k_;) are determined for particular molecules, whereas w, can vary depending
on the expression level of the corresponding molecules in embryo. Consequently, w, must
crucially affect the process of pattern formation in system (3). The effect is observed in Fig
4b and is in accordance with the behavior of classical GM model. Indeed, in system (1) the
necessary condition on Turing-type instability implies significant difference in the values of
diffusion coefficients. Parameter wj in system (3) regulates “adsorption strength” and thus
provides the necessary difference for the rates of effective diffusion. As the result, in the
extended GM model Turing-type instability appears for densities of binding sites above the
critical value w}, that corresponds to the abscissa of the vertex of the level line max Re A = 0
(Fig 4b, red line).

We show below that the Turing instability appears when the measure ukf;o - (which stands

for an effective diffusion coefficient of the activator) reaches the threshold value.
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number (see supplementary equation (S1.3.9) for details). By definition, any vertical cross-section of the map gives a dispersion curve
(similar to Fig 2). Dashed area indicates parameter values for which real parts of Lyapunov coefficients are positive and thus Turing
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0.05and wy =7 (a) or u,=0.08 (b).

doi:10.1371/journal.pone.0171212.g004

Application of the extended GM model to natural systems

Validation of patterning schemes obtained in dynamic systems with Turing-type instability is
restricted by the number of the model parameters available from the experiment. Since reac-
tion rates are determined for the fixed reagents, formation of stable patterns is controlled by
the coefficients of effective diffusion. As it was mentioned above, in the particular case of pat-
tern formation in morphogenesis, coefficients of free diffusion of activator and inhibitor are
estimated to be very close and thus the difference in effective diffusion rates must result from
other system properties. While such behavior cannot be reproduced using classical GM model,
our extended GM model operates biologically relevant parameters that can affect effective dif-
fusion rate: adsorption/desorption rates and binding sites’ density. Each of these parameters
can be determined and regulated separately in experiments. Below, we present three examples
of different patterning events and demonstrate how our extended model can be used to analyze
these processes.

WNT/DKK hair follicle patterning. According to the recent study [30], during the folli-
cle pattering, WNT and DKK act as activator-inhibitor system (WNT acts as activator, and
DKK acts as inhibitor). The role of the base level of DKK expression in this process was esti-
mated by comparison of follicle patterns in wild-type mice and in transgenic mice with the
additional Dkk gene under skin-specific promotor. The similar effect of expression levels of
DKK on pattern formation was reproduced in the mathematical model. However, in the origi-
nal paper model parameters were chosen arbitrary and thus do not correspond to the experi-
mentally measured constants. In particular, 40-fold difference in the values of diffusion
coefficients for WNT and DKK introduced by the authors is hardly relevant. According to
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Fig 5. Simulation of follicle formation by using the extended GM model. WNT activation pattern in wild type (a) and DKK+ transgenic
mice (b) redrawn from [30]. Turing structures formed from homogenious noise in 5 minutes (internal time) with different levels of base DKK
expression: 0.1, 0.15 and 0.2 uM/s (c-d). Other parameters used are shown in Table 1.

doi:10.1371/journal.pone.0171212.9005

approximate equations based on WNT and DKK protein sizes [31], the value of diffusion coef-
ficient of WNT is only about 20% lower than that of DKK. This discrepancy can be avoided is
one takes into account adsorption of Wnt protein on ECM. Below we use our model (3) to
reproduce WNT patterning and fit the parameters with physically consistent constants. Addi-
tional base production of the inhibitor was added to the second equation as p,. Increasing this
parameter we imitates increase of constant expression of DKK in transgenic mice. Structures
with high level of WNT after simulation along 5 minutes are shown at Fig 5c—-5e. As we can
see the density of structures is decreased with increase of base DKK expression as it was shown
in the experiment (Fig 5a and 5b). Thus, our model can reproduce results of author’s experi-
ments and modeling. At the same time using our model we are able to address almost every
parameter value.

We set free diffusion coefficient D to 100 um®/s that is close to hydrodynamic estimates for
both WNT and DKK proteins [31]. Values of adsorption and desorption rate constants of
WNT were never measured. At the same time, it is known that WNT adsorbtion on cell sur-
face is increased due to the presence of palmitoyl group [32] and due to the ability of WNT to
bind HSPG [33]. Thus, we choose K,; = 0.025 uM that is less than K, constants for other hepa-
rin-binding proteins (0.1-1 yM [17, 34]). Direct and reverse rate constants were selected to fit
an equation k/k_; = K.

Clearance rate constants y,,, 4, were measured in embryos only once for Lefty/Nodal pro-
teins [28]. Authors obtained constants of order 10™* s™! however they did not take into account
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Table 1. Parameters of the extended GM model and their values fitted for reproducing Wnt/DKK hair
follicle patterning.

Notation Value Explanation [measure units]
P 0.05 Empirical parameter characterizing strength of Wnt-induced Wnt and DKK
production [a.u.].

Uy 0.003 | Wnt degradation rate s

Uy 0.008 | DKK degradation rate [s"]

D 100 | Free diffusion coefficient [un? - s7']

kq 7.8 Adsorption rate constant [uM " - s7"]

k4 0.2 Desorption rate constant [s™']

Wo 10 Volume binding site density [uM]
u(t) 0-0.1 Non-bonded WNT fraction [uM]

u(t) + wo— w 0-50 | Total WNT fraction [uM]
(0

V(1) 0-50 | DKK concentration [uM]
Pv 0.02— | Permanent independent production of DKK [uM - s7']
0.03

doi:10.1371/journal.pone.0171212.t1001

possible protein inactivation. Here we used constants of order 107 s~ that is also consistent
value. It means that average protein lifetime in the intercellular space is about several minutes.

The density of binding sites was also never measured in experiment. However, for the par-
ticular system concentration of binding sites can be converted to surface density if one knows
the thickness of intercellular space. Indeed, in vivo reaction takes place in thin layers of inter-
cellular spaces of about 0.2 yum. Hence, we can assume that w, = 10 M corresponds the den-
sity of 6 sites per 100x100 nm square. The estimate seems to be consistent and does not
contradict current data on ECM.

Finally the working range of concentrations along the patterning reaction are in micromo-
lar range. Recently we have demonstrated that proteins may be concentrated at micromolar
level [16] in the intercellular spaces of Xenopus ectoderm, thus our estimate is also consistent.

The simulation parameters as well as the resulting concentration ranges are summarized in
Table 1.

Patterns with spatially-graded spot size. The choice of non-homogeneous distribution
of binding site density (w,) in the extended model (3) allows us to reproduce patterning types
that occur in nature. Here we take as an example establishment of the cuckoo catfish Synodon-
tis multipunctatus coloring pattern. Cuckoo catfish juveniles are colored with spots of the
increasing size from head to tail (Fig 6a). Let us consider this type of pattern in terms of model
(3). For each wy greater than w; Turing instability occurs for the range of wave numbers (k;,
kr), where kr and kg are left and right critical wave numbers respectively (Fig 4b). Left critical
wave number regulates the average period of the spotty pattern, whereas right critical wave
number determines the size of a single spot. In our model increase of w, leads to increase of
kg, while almost does not affect k; (Fig 4b). Thus, considering wo(x) to have smooth gradient
form (Fig 6b) in model (3) we can reproduce pattering scheme with increasing spot size close
to the skin pattern of the catfish juvenile (Fig 6¢c).

In contrast to zebrafish, catfish’s spot-patterning is formed due to difference in size of mela-
nocytes [35], which in turn can be regulated by secreted substances: melanin-concentrating
and melanocyte-stimulating hormones. It is shown that melanin-concentrating and alpha-
melanocyte stimulating hormones have an antagonistic behavior on skin patterning in teleost
[36]. Unfortunately, the mobility of these factors and their interactions with matrix are studied
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Fig 6. Spot patterning with gradient of spot sizes. Spots of various size are common for fish patterning, e.g.
juvenile of Synodontis multipunctatus, that has spots of increasing size from tail to head (a). We have
reproduced this pattern using model (3) with corresponding function wy(x) (b). The resulting pattern formed by u
is given in (c) for t=8000. Model parameters are: k; =0.97, k. =0.1, p=0.6, ,= 0.03, y,=0.08, D=0.1.

doi:10.1371/journal.pone.0171212.g006
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Fig 7. Modeling of the neural plate’s shape in the early Xenopus laevis gastrula. The neural plate at the X. laevis midneurula visualized
by the whole-mount in situ hybrydization with dig-labeled probe to the pan-neural marker, Sox2 (a). Distribution of HSPG sites in ECM used
as wy(x) for simulation of model (3) (b). Level curves for stable structures formed by activator (Chordin) in the simulation of model (3) for
t=1000 (c). Model parameters are: k; = 1.0, k-1 =0.01, p=0.6, y,=0.01, y,=0.05, D=0.1.

doi:10.1371/journal.pone.0171212.9007

insufficiently, which makes our hypothesis impossible to be proved with any quantitative esti-
mations at present time.

Pear shape of the neural anlage. Let us consider another pattern that can be reproduced
using model (3). In X. laevis, neural plate has a shape of a pear with wide and narrow parts in
the anterior and posterior regions respectively (Fig 7a). The size of the neural plate is sensitive
to changes in the overall ectoderm size (till the late neurula) [37], hence the system is robust. It
is known that the robustness to parameters, concentrations and volume fluctuations is very
common feature for Turing structures [38]. Thus, formation of pear-shaped neural anlage
may be considered as the result of Turing structure formation.

The process of tissue self-organization implies complex interplay between many secreted
proteins. In case of X. laevis neural plate, key role is played by Bone Morphogenetic Protein
(BMP) that forms a ventral to dorsal gradient. Formation of neural tissue appears as the result
of BMP inhibtion by antagonists such as Chordin and Noggin [39-41], that propagate from
the dorsal midline through IS and via the Brachet’s cleft [42]. In the absence of Chordin and
Noggin all the embryonic ectoderm differentiates to epidermis under action of BMP. Thus,
spatial distribution of concentration of Chordin and Noggin determines the shape of the neu-
ral plate.

Chordin is known to increase its own secretion through the inhibition of BMP cascade
[39], which also leads to the increased expression of anti-dorsalizing morphogenic protein
(ADMP). ADMP in turn inhibits Chordin expression through the activation of BMP cascade
[43]. Thus, one can consider interaction of Chordin and ADMP as activator-inhibitor system
as it was done in models of X. laevis dorso-ventral patterning [2, 19].

Let us consider model (3) with u being concentration of Chordin constantly produced from
the dorsal midline and v being concentration of ADMP. Chordin has heparin binding motifs
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Fig 8. Reduction of the three-component model to the two-component one. A: Dispersion curves of the extended model (solid lines)
and the conformable classical model (dashed line). Eq (7) were used for the classical model. For each curve parameters of adsorption are
presented under corresponding images B. Other parameters are fixed for both extended and classical models: p = 0.6, y, = 0.08, y, = 0.03.
Reaction space of 20x20 space units and Neumann boundary conditions were used. Size of the reactor was set as 20 units. B:
Concentration of activator as visualized after 4000 time units of the simulation with the above mentioned parameters.

doi:10.1371/journal.pone.0171212.g008

and thus its diffusion is retarded by its intercation with HSPG of ECM [16]. According to our
recent study, concentration of HSPG within the ectoderm of the X. laevis embryo during gas-
trulation and neurulation forms a gradient with maximum at the dorsal posterior (presump-
tive tail) and minimum at the anterior (presumptive head) region [17]. Using corresponding
distribution of binding sites wy(x) (Fig 7b) in our model (3), we obtain stable non-homoge-
neous distribution of activator that resembles a real pear-like shape of the neural plate (Fig 7c).

Transformation of the extended model to the classical one: Effective
diffusion concept

Both classical and extended GM models can be applied for the description of patter formation
in activator-inhibitor system. Extended model (3) is appropriate for the description of pattern
formation in case of similar size of reactants and significant role of adsorbtion of activator on
some immobile substance. As we have demonstrated above, these features are common for dif-
ferent systems regulating the process of morphogenesis. However, for some biological systems
of that type the use of extended model is not reasonable and it can be reduced to the classical
GM model. Here we describe reduction of system (3) to system (1) using quasi-steady state
approximation and the formalism of effective diffusion.
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Necessary conditions for model reduction. First, adsorbtion of activator on ECM can be
neglected only if the diffusion process is slower than the binding process. In term of our mod-
els, this condition can be formulated as follows:

1 1 1 1

<< —, —<< )
wk, kD’ k, kD

The second condition concerns adsorption mechanism. Binary adsorption is commonly
described by Langmuir isotherm: § = KC/(KC+1), where 0 is the ratio of bound and unbound
centers, K is association constant and C is concentration of the adsorbate. When concentration
of adsorbate is small with respect to the concentration of adsorbent, we can use the linear iso-
therm: 6 = KC. Thus, the second condition requires isotherm to be linear and, consequently,
the density of binding sites to be large:

wy >>0.

These conditions describe so called “effective diffusion behavior” (the terminology sug-
gested by S. McNally [44]). This behavior was introduced by J. Crank in chapter “Instanta-
neous reaction” of his well-known book [45]. If the binding reaction affects the overall process
in the same way as a decrease in the diffusion coefficient does, then “the effective diffusion
coefficient” could be used and calculated as following:

D

W_1+&%' (5)
k_

D

Accordingly, in our case very close estimation of the effective diffusion coefficient can be
formulated.
Reduction of the equations to none-adsorption model. Suggest adsorption of the activa-

tor tends to infinity (wy, k1, k_; — 00) and simultaneously kf’—fh = const; then the system (3)
can be reduced to Eq (1) with

and

wk 3/2
=p(14+——) .
pred p( k71 + ‘uu>

D, found by this equation is called “effective diffusion coefficient”. As we follow J. Crank’s
line of evidence [45]. We first should rewrite Eq (3) assuming that the adsorption reaction is
extremely fast and w, u and w, are in local equilibrium at each point:

ou  (u+w,— w)’ ow
N _pf_#u(u_FWU_w)_FE_FDAu)
6
% = p(u+w, —w)’ — v+ DAv, (©)
0 =—kwu+ (k+p,)(w, —w).

PLOS ONE | DOI:10.1371/journal.pone.0171212  February 7, 2017 15/22



o ®
@ : PLOS | ONE Morphogene adsorption as a possible Turing instability regulator

In our initial approximation w > >u and, thus, the term k;w could be replaced with k;wy.
Consequently:

k,w,
Wy —WR ———u
k—1+/’tu

We denote adsorption coefficient k"f—j‘; as o.. Using this equation let us remove w from the

two remaining equations of system (6):

ou u? @

— =p(l+a)’=—p1 — DA
5 — P +o)——u,(d+aju—as +DAu,
0 K

a—: = p(1 +a)’u? — u,v + DAv.

Finally we replace u = u*/(1+a) and get:

ow_ u” u*+7D Au
or Py T H 140

7)
ov

— = pu?> — uv+ DAv.
ot p By +

Eq (7) has the same form as Eq (1).

As the assertion predicts, dispersion curves of the extended system tend to dispersion
curves of the reduced system (7). Varying a we affect Turing structures of the extended model

in the same way as changing D,, affects structures in the classical model (Fig 2b). If we fix the
kyw
s

dispersion curves of the reduced and the extended models is observed under high values of w,
and rate constants kj, k_; (green and red curves). Although the proximity of dispersion curves
points at the similarity in linear regimes of these two models, the shape and size of the final

ratio and draw the family of dispersion curves (Fig 8a), then the better similarity between

Turing structures can be different for the extended and reduced systems. Under unfavourable
conditions (in magenta) Turing structures of the extended system are larger then those in the
reduced one (Fig 8b). In our case Turing structures demonstrate the behavior that corresponds
to the behavior of dispersion curves: under conditions favourable for the reduction (in red)
Turing structures have the same structure in both augmented and reduced systems.

Discussion

Modelling of pattern formation with physically relevant parameters is the subject of many
modern studies on embryogenesis. There are three major studies on early patterning, that con-
sider Xenopus laevis embryo as an example. In the most thorough of them, that describes by
Turing model the left-right patterning [28], the authors measured independently almost each
parameter. Another article with a quite demonstrative base describes dorso-ventral gradient
[18], however the authors were far from measuring every parameter independently. One more
model without substantial proof was suggested earlier by Meinhardt himself [46]. The diffu-
sion coefficients used in all of these works differ from each other not less than an order of mag-
nitude. While the authors of the cited works did not specially explain the latter fact, one may
suppose that such a big difference in diffusivity between morphogens having the comparable
sizes could be explained only by a difference in their adsorption on the cell surface. Thus,
inclusion of the conditiion of the morphogens adsorption on ECM into the equations during
the modeling of embryonic patterning is an important task.
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In the present work, we have developed a model, which describes self-organization of the
long-range spatial structures in conditions of adsorption of one of the reacting components on
ECM. Many secreted proteins can adsorb on ECM due to electrostatic interactions of special-
ized motifs in their content with heparin moieties in HSPG. For example, heparin-binding
motifs were found in such morphogens as Activin, BMP, Cerberus, Chordin, the member of
EGF and Fgf families, Nodal, Nogginl and Noggin2. Because of these interactions, the diffusiv-
ity of morphogens in embryonic tissues is usually estimated by values 10-100 less than one
may expect for freely diffusing proteins. Therefore, a consideration of the morphogens adsorp-
tion on ECM as an important factor influencing diffusion seems to be wholly justified when
modeling embryonic patterning.

The extended Gierer-Meinhardt model (as well as any adsorption modified patterning
model) can be applied in biological systems. We probe it on the well known WNT-DKK pat-
terning system describing hair follicle formation. This model fits to the experimental data
using physically considerable parameter values and, thus, describes embryonic patterning at
quantitative level. Moreover, our theory allows us to make preliminary estimations even now
on the base of indirect data. Indeed, according to the literature, the affinity of various organic
polymers, including some protein morphogens, to HSPG varies in a range from 0.1 to 1 yM
[47]. Suggest the effective diffusion coefficients of many morphogens measured in live embry-
onic tissues usually appear in 10-100 times lower than those which could be predicted for the
same morphogens on basis of hydrodynamic laws; then according to the Eq (5), the density of
binding sites may be estimated as 10-100 M. This indicates that the density of binding sites
in intracellular space is several orders of magnitude larger than maximal concentration of
morphogens, that usually doesn’t exceed several nanomoles. Obviously, special experiments
should be arranged to determine values of all these parameters precisely in each real embry-
onic tissue.

As we shown, the addition of the adsorption term to the Gierer-Meinhardt model, signifi-
cantly extends the spectrum of spatial structures, which potentially can be obtained on the
base of the original model. We can simply form the most interesting extension of the model
keeping values of all other parameters and forms of equations together with varying the con-
centration of the adsorption sites, i.e. by changing the concentration of HSPG in the IS. It
seems logical to suppose that such mechanism of the patterning regulation could be widely uti-
lized during the embryonic development. Indeed, HSPG in IS of the embryonic tissues are fre-
quently distributed unevenly, forming gradients in selected directions. In particular, HSPG
forms the dorsal to ventral gradient with the maximum on the dorsal marginal zone in the
ectoderm and the mesoderm of the Xenopus laevis embryo during gastrulation and neurula-
tion [17]. As a result, a decreased concentration of potential adsorption sites for morphogens
is revealed within the presumptive anterior neural plate comparing to the more posterior pre-
sumptive trunk region. Accordingly, as we have showed, this may result in spreading of the
neural inductors over more broad territory in the anterior region and lead to formation of
the pear-shaped form of the neural plate. Certainly, the patterning of neural anlage involves
greater number of agents than we consider in the model. Nevertheless, we believe that our
approach could be considered as a simple proof of principle of much more complex processes
that underlay the neural plate patterning.

Another example of the transformations of the spatial pattern, which may be explained by
the gradual changes in the concentration of the adsorption sites, can be the spatial changes fre-
quently observed in coloring of fishes. Here, we consider only one example of such coloring
that is implemented in fishes Fig 6a. In different species the size of colored spots and the dis-
tance between adjacent spots are progressively changing either from the dorsal to ventral side,
or from the tail to the head. These patters resemble a lot those shown on Fig 6¢, which was
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generated in silico by a virtual gradual decrease of the concentration of adsorption sites along
the corresponding direction.

Earlier, the ventral side spot pattern of catfish Plecostomus have been simulated with simple
two-component Turing-type model [35]. However, while the authors have demonstrated that
Turing-type model well describes spotted pattern, they did not explain the fact of the gradual
increase of the spot size. Our model expands this approach and suggests the mechanism of pat-
terning with spots with gradually increasing size. The detailed study of fish pigmentation with
identification of biological mechanism was performed hitherto only for Danio rario. It was
shown that Danio pigmentation is robust [48] and can be described by Turing-type model of
spatial activation of Delta-Notch pathway [49]. In contrast, catfishes are not being studied
thoroughly and yet they have completely different pigmentation system. We believe that our
work could stimulate further study that will experimentally demonstrate the role of the gradual
changes of the adsorption in the fish coloring.

As we have recently shown, diffusion of a protein in conditions of its adsorption makes it
impossible to use the diffusion coefficient as a single mobility parameter, because in this case
the diffusivity of the protein can vary with protein concentration [16, 17]. That is why some-
times the diffusion coefficient measured by different authors with different techniques appears
to be different. Moreover, researchers can determine different mobility constants for the single
substance depending on the measurement conditions. This happens because the effective dif-
fusion conditions could be satisfied under certain experimental conditions but could not
under other ones. The present research allows us to understand whether the ‘diffusion coeffi-
cient’ makes sense or not. If we operate the effective diffusion constant, then we should be sure
that the corresponding reaction-diffusion-with-adsorption system can be reduced to the reac-
tion-diffusion system as we have shown in Eqs (6) and (7). Importantly, we have demonstrated
that if the adsorption rate is higher than the rate of free diffusion and the number of binding
centers for the protein adsorption is large, then a single constant parameter, the effective diffu-
sion coefficient, can be used again. Thus, in such cases the extended model can be reduced to
the classical form proposed by Gierer and Meinhardt.

For instance WNT-DKK patterning system can be reduced to the two-component model
and single value of diffusion coefficient can be used. For this case the effective diffusion coeffi-
cient calculated by Eq (5) for the presented model is 0.25 yum?/s whereas the same value mea-
sured with FRAP technique in Xenopus ectoderm is 0.08 um?/s [16] that is very close. In other
cases one have to use three additional parameters in our extended version of Gierer-Meinhardt
model instead of single diffusion coefficient to describe propagation of the activator: direct
and reverse adsorption rate constants and binding site density. Obviously, to understand
which variant of the model, extended or reduced, should be used in the selected case, one has
to know the values of the aforementioned three parameters, namely direct and reverse adsorp-
tion rate constants and binding site density, in real living system. Measurement of these
parameters experimentally become very perspective direction following from our studies.

The inclusion of adsorption as one of initial conditions in the reaction-diffusion system
provides an exciting way for the Turing instability modulation, thereby expanding the possible
specter of self-organizing structures. In our model, we introduced such modulation by varying
binding site density which can vary in the real embryo along the selected direction. In a num-
ber of known models modulation of Turing instability is achieved by different mechanisms.
For example, reaction-diffusion model with chemotaxis was used to simulate snake patterning
and the chemotaxis strength changing along the snake body was used as Turing modulation
parameter [50]. Note, that their model also described patterns with gradual changes in struc-
ture period. One more mechanism of Turing instability modulation was suggested by Sen
[51]. This mechanism is based on varying the delay in delayed PDE. Biological evidences of
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modulating patterning also exist in the literature: for instance, in quail-duck chimera feather
follicle patterning is modulated by concentration of BMP protein [52]. Apparently all these
mechanisms occur in nature and produce all the observable diversity of embryonic patterns.
We believe that further experimental investigations will shed light on biological mechanisms
that underlay proposed models.

Supporting information

S1 Appendix. Linear analysis of Turing instability. Rigorous derivations of Eqs (2) and (4)
are supplemented.
(PDF)

S2 Appendix. Flux sweeping algorithm. In the appendix we perform description of flux
sweeping computational scheme as reproduced from ref. [25] with adaptation to our case.
(PDF)

Acknowledgments

This work was supported by RSCF grant 14-14-00557 (AGZ). Computational experiments
were performed at computers of Sector of Mathematical Biophysics of Complex Systems (Fac-
ulty of Biology, Lomonosov Moscow State University). Computational scheme development
and coding was supported by RFBR 14-01-00196 (MBK). Authors thank Tatyana Galochkina
for fruitful discussion.

Author contributions
Conceptualization: DDK AGZ.
Funding acquisition: AGZ.
Investigation: AMN DDK.
Methodology: AMN MBK.

Project administration: AGZ.
Resources: AGZ AMN.

Software: AMN MBK.

Supervision: AMN AGZ.

Validation: AMN MBK.
Visualization: AMN MBK DDK.
Writing - original draft: AMN AGZ.
Writing - review & editing: AMN AGZ DDK.

References

1. Belintsev BN. Dissipative structures and the problem of biological pattern formation. Soviet Physics
Uspekhi. 1983; 26(9):775-800. doi: 10.1070/PU1983v026n09ABEH004492

2. Meinhardt H. Models of biological pattern formation: from elementary steps to the organization of
embryonic axes. Curr topics dev biol. 2008; 81(07):1-63. doi: 10.1016/S0070-2153(07)81001-5 PMID:
18023723

PLOS ONE | DOI:10.1371/journal.pone.0171212  February 7, 2017 19/22


http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0171212.s001
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0171212.s002
http://dx.doi.org/10.1070/PU1983v026n09ABEH004492
http://dx.doi.org/10.1016/S0070-2153(07)81001-5
http://www.ncbi.nlm.nih.gov/pubmed/18023723

@° PLOS | ONE

Morphogene adsorption as a possible Turing instability regulator

10.

11.

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.
26.

Dawes JHP. The emergence of a coherent structure for coherent structures: localized states in nonlin-
ear systems. Philos trans A. 2010; 368(1924):3519-34. doi: 10.1098/rsta.2010.0057

Levin M. Morphogenetic fields in embryogenesis, regeneration, and cancer: non-local control of com-
plex patterning. Bio Systems. 2012; 109(3):243-61. doi: 10.1016/j.biosystems.2012.04.005 PMID:
22542702

Wolpert L. Positional information and the spatial pattern of cellular differentiation. Journ Theor Biol.
1969; 25(1):1-47. doi: 10.1016/S0022-5193(69)80016-0 PMID: 4390734

Wartlick O, Kicheva A, Gonzalez-Gaitan M. Morphogen gradient formation. Cold Spring Harbor Per-
spect Biol. 2009; 1(3):a001255. doi: 10.1101/cshperspect.a001255

Meinhardt H. Models for the generation and interpretation of gradients. Cold Spring Harbor perspectives
in biology. 2009; 1(4):a001362. doi: 10.1101/cshperspect.a001362 PMID: 20066097

Collier JR, Monk Na, Maini PK, Lewis JH. Pattern formation by lateral inhibition with feedback: a mathe-
matical model of delta-notch intercellular signalling. J Theor Biol. 1996; 183(4):429-446. doi: 10.1006/
jtbi.1996.0233 PMID: 9015458

Turing AM. The Chemical Basis of Morphogenesis. Phil Trans Royal Soc B. 1952; 237(641):37—72. doi:
10.1098/rstb.1952.0012

Gierer A, Meinhardt H. A theory of biological pattern formation. Kybernetik. 1972; 12(1):30-39. doi: 10.
1007/BF00289234 PMID: 4663624

Veitia RA. A sigmoidal transcriptional response: cooperativity, synergy and dosage effects. Biol Rev
Cambridge Phil Soc. 2003; 78(1):149-170. doi: 10.1017/S1464793102006036

Kringstein AM, Rossi FMV, Hofmann A, Blau HM. Graded transcriptional response to different concen-
trations of a single transactivator. Proc Natl Acad Sci USA. 1998; 95(23):13670-13675. doi: 10.1073/
pnas.95.23.13670 PMID: 9811858

Paine-Saunders S, Viviano BL, Economides AN, Saunders S. Heparan sulfate proteoglycans retain
Noggin at the cell surface: a potential mechanism for shaping bone morphogenetic protein gradients.
Journ biol chem. 2002; 277(3):2089-96. doi: 10.1074/jbc.M109151200 PMID: 11706034

Yan D, WuY, Feng, Lin SC, Lin X. The core protein of glypican Dally-like determines its biphasic activ-
ity in wingless morphogen signaling. Dev Cell. 2009; 17(4):470-81. doi: 10.1016/j.devcel.2009.09.001
PMID: 19853561

Hacker U, Nybakken K, Perrimon N. Heparan sulphate proteoglycans: the sweet side of development.
Nat rev Mol cell biol. 2005; 6(7):530—41. doi: 10.1038/nrm1681 PMID: 16072037

Eroshkin FM, Nesterenko AM, Borodulin AV, Martynova NY, Ermakova GV, Gyoeva FK, et al. Noggin4
is a long-range inhibitor of Wnt8 signalling that regulates head development in Xenopus laevis. Sci Rep.
2016; 6:23049. doi: 10.1038/srep23049 PMID: 26973133

Nesterenko AM, Orlov EE, Ermakova GV, lvanov |A, Semenyuk P, Orlov VN, et al. Affinity of the hepa-
rin binding motif of Noggin1 to heparan sulfate and its visualization in the embryonic tissues. Biochem
Biophys Res Commun. 2015; 468(1-2):331-6. doi: 10.1016/j.bbrc.2015.10.100 PMID: 26525852

Inomata H, Shibata T, Haraguchi T, Sasai Y. Scaling of dorsal-ventral patterning by embryo size-depen-
dent degradation of Spemann’s organizer signals. Cell. 2013; 153(6):1296—311. doi: 10.1016/j.cell.
2013.05.004 PMID: 23746842

Ben-Zvi D, Shilo BZ, Fainsod A, Barkai N. Scaling of the BMP activation gradient in Xenopus embryos.
Nature. 2008; 453(7199):1205—-11. doi: 10.1038/nature07059 PMID: 18580943

Zhabotinsky AM, Dolnik M, Epstein IR. Pattern formation arising from wave instability in a simple reac-
tion-diffusion system. The Journal of chemical physics. 1995; 103(23):10306—-10314. doi: 10.1063/1.
469932

Yang L, Dolnik M, Zhabotinsky AM, Epstein IR. Pattern formation arising from interactions between
Turing and wave instabilities. The Journal of chemical physics. 2002; 117(15):7259-7265. doi: 10.1063/
1.1507110

Satnoianu RA, Menzinger M, Maini PK. Turing instabilities in general systems. Journ Math Biol. 2010;
41(6):493-512. doi: 10.1007/s002850000056

Kiryanov D, Kiryanova E. Computational Science. Infinity Science Series. Hingham, MA, United States:
Infinity Science Press; 2007. Available from: https://books.google.nl/books?id=2g2dRdLFxOAC.

Petrov IB, Lobanov Al. Lectures in Computational Mathematics. Moscow, Russia: The Internet Univer-
sity of Information Technology; 2006.

Fedorenko RP. Introduction to Computational Physics. Moscow, Russia: MPTI; 1994.

Nieuwkoop PD, Faber J. Normal table of Xenopus laevis (Daudin). Amsterdam: North-Holland Publ.,
Co.; 1956.

PLOS ONE | DOI:10.1371/journal.pone.0171212  February 7, 2017 20/22


http://dx.doi.org/10.1098/rsta.2010.0057
http://dx.doi.org/10.1016/j.biosystems.2012.04.005
http://www.ncbi.nlm.nih.gov/pubmed/22542702
http://dx.doi.org/10.1016/S0022-5193(69)80016-0
http://www.ncbi.nlm.nih.gov/pubmed/4390734
http://dx.doi.org/10.1101/cshperspect.a001255
http://dx.doi.org/10.1101/cshperspect.a001362
http://www.ncbi.nlm.nih.gov/pubmed/20066097
http://dx.doi.org/10.1006/jtbi.1996.0233
http://dx.doi.org/10.1006/jtbi.1996.0233
http://www.ncbi.nlm.nih.gov/pubmed/9015458
http://dx.doi.org/10.1098/rstb.1952.0012
http://dx.doi.org/10.1007/BF00289234
http://dx.doi.org/10.1007/BF00289234
http://www.ncbi.nlm.nih.gov/pubmed/4663624
http://dx.doi.org/10.1017/S1464793102006036
http://dx.doi.org/10.1073/pnas.95.23.13670
http://dx.doi.org/10.1073/pnas.95.23.13670
http://www.ncbi.nlm.nih.gov/pubmed/9811858
http://dx.doi.org/10.1074/jbc.M109151200
http://www.ncbi.nlm.nih.gov/pubmed/11706034
http://dx.doi.org/10.1016/j.devcel.2009.09.001
http://www.ncbi.nlm.nih.gov/pubmed/19853561
http://dx.doi.org/10.1038/nrm1681
http://www.ncbi.nlm.nih.gov/pubmed/16072037
http://dx.doi.org/10.1038/srep23049
http://www.ncbi.nlm.nih.gov/pubmed/26973133
http://dx.doi.org/10.1016/j.bbrc.2015.10.100
http://www.ncbi.nlm.nih.gov/pubmed/26525852
http://dx.doi.org/10.1016/j.cell.2013.05.004
http://dx.doi.org/10.1016/j.cell.2013.05.004
http://www.ncbi.nlm.nih.gov/pubmed/23746842
http://dx.doi.org/10.1038/nature07059
http://www.ncbi.nlm.nih.gov/pubmed/18580943
http://dx.doi.org/10.1063/1.469932
http://dx.doi.org/10.1063/1.469932
http://dx.doi.org/10.1063/1.1507110
http://dx.doi.org/10.1063/1.1507110
http://dx.doi.org/10.1007/s002850000056
http://dx.doi.org/https://books.google.nl/books?id=2g2dRdLFxOAC

@° PLOS | ONE

Morphogene adsorption as a possible Turing instability regulator

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

Harland RM. In situ hybridization: an improved whole-mount method for Xenopus embryos. Methods
Cell Biol. 1991; 36:685-695. doi: 10.1016/S0091-679X(08)60307-6 PMID: 1811161

Mdiller P, Rogers KW, Jordan BM, Lee JS, Robson D, Ramanathan S, et al. Differential diffusivity of
Nodal and Lefty underlies a reaction-diffusion patterning system. Science. 2012; 336(6082):721—4. doi:
10.1126/science.1221920 PMID: 22499809

Gonpot P, Collet J, Sookia N. Gierer-Meinhart Model: Bifurcation Analysis and Pattern Formatioon.
Trends Appl Sci Res. 2008; 3(2):115—-128. doi: 10.3923/tasr.2008.115.128

Sick S, Reinker S, Timmer J, Schlake T. WNT and DKK determine hair follicle spacing through a reac-
tion-diffusion mechanism. Science. 2006; 314(5804):1447-1450. doi: 10.1126/science.1130088 PMID:
17082421

Erickson HP. Size and shape of protein molecules at the nanometer level determined by sedimentation,
gelfiltration, and electron microscopy. Biol Proced Online. 2009; 11(1):32-51. doi: 10.1007/s12575-
009-9008-x PMID: 19495910

Janda CY, Waghray D, Levin AM, Thomas C, Garcia KC. Structural basis of Wnt recognition by Friz-
zled. Science (New York, NY). 2012; 337(6090):59-64. doi: 10.1126/science.1222879

Mii Y, Taira M. Secreted Wnt “inhibitors” are not just inhibitors: Regulation of extracellular Wnt by
secreted Frizzled-related proteins. Dev Growth Differ. 2011; 53(8):911-923. doi: 10.1111/j.1440-169X.
2011.01299.x PMID: 21995331

Fromm JR, Hileman RE, Caldwell EE, Weiler JM, Linhardt RJ. Pattern and spacing of basic amino
acids in heparin binding sites. Archives of biochemistry and biophysics. 1997; 343(1):92—-100. doi: 10.
1006/abbi.1997.0147 PMID: 9210650

Asai R, Taguchi E, Kume Y, Saito M, Kondo S. Zebrafish Leopard gene as a component of the putative
reaction-diffusion system. Mech Dev. 1999; 89(1):87-92. doi: 10.1016/S0925-4773(99)00211-7 PMID:
10559483

Baker Bl. Melanin-concentration hormone updated functional considerations. Trends Endocrinol
Metab. 1994; 5(3):120-126. doi: 10.1016/1043-2760(94)90093-0 PMID: 18407197

Zaraiskii A. [Self-organization in the determination of the size of the axial structures in the embryogene-
sis of the clawed toad]. Ontogenez. 1990; 22(4):365-374.

Maini PK, Woolley TE, Baker RE, Gaffney EA, Lee SS. Turing’s model for biological pattern formation
and the robustness problem. Interface Focus. 2012;(January). doi: 10.1098/rsfs.2011.0113 PMID:
23919129

Smith WC, Knecht AK, Wu M, Harland RM. Secreted Noggin protein mimics the Spemann organizer in
dorsalizing Xenopus mesoderm. Nature. 1993; 361(6412):547-549. doi: 10.1038/361547a0 PMID:
8429909

Sasai Y, Lu B, Steinbeisser H, Geissert D, Gont LK, De Robertis EM. Xenopus chordin: A novel dorsa-
lizing factor activated by organizer-specific homeobox genes. Cell. 1994; 79(5):779-790. doi: 10.1016/
0092-8674(94)90068-X PMID: 8001117

De Robertis EM. Spemann’s organizer and self-regulation in amphibian embryos. Nat Rev Mol Cell
Biol. 2006; 7(4):296—302. doi: 10.1038/nrm1855 PMID: 16482093

Plouhinec JL, Zakin L, Moriyama Y, De Robertis EM. Chordin forms a self-organizing morphogen gradi-
entin the extracellular space between ectoderm and mesoderm in the Xenopus embryo. Proc Natl
Acad Sci USA. 2013; 110(51):20372-9. doi: 10.1073/pnas.1319745110 PMID: 24284174

Moos M, Wang S, Krinks M. Anti-dorsalizing morphogenetic protein is a novel TGF-beta homolog
expressed in the Spemann organizer. Development. 1995; 121(12).

McNally JG. Quantitative FRAP in Analysis of Molecular Binding Dynamics In Vivo. Methods Cell Biol.
2008; 85(08):329-351. doi: 10.1016/S0091-679X(08)85014-5 PMID: 18155469

Crank J. The mathematics of diffusion. Second edi ed. London W.I: Oxford Univercity Press; 1975.

Meinhardt H. Primary body axes of vertebrates: generation of a near-Cartesian coordinate system and
the role of Spemann-type organizer. Developmental dynamics: an official publication of the American
Association of Anatomists. 2006; 235(11):2907—19. doi: 10.1002/dvdy.20952

Thompson LD, Pantoliano MW, Springer BA. Energetic characterization of the basic fibroblast growth
factor-heparin interaction: identification of the heparin binding domain. Biochemistry. 1994; 33
(13):3831-3840. doi: 10.1021/bi001792006 PMID: 8142385

McClure M, McCune AR. Evidence For Developmental Linkage Of Pigment Patterns With Body Size
And Shape In Danios (Teleostei: Cyprinidae). Evolution (N Y). 2003; 57(8):1863—1875.

Eom DS, Bain EJ, Patterson LB, Grout ME, Parichy DM, Aubin-Houzelstein G, et al. Long-distance
communication by specialized cellular projections during pigment pattern development and evolution.
Elife. 2015; 4:2686—2695. doi: 10.7554/eLife. 12401

PLOS ONE | DOI:10.1371/journal.pone.0171212  February 7, 2017 21/22


http://dx.doi.org/10.1016/S0091-679X(08)60307-6
http://www.ncbi.nlm.nih.gov/pubmed/1811161
http://dx.doi.org/10.1126/science.1221920
http://www.ncbi.nlm.nih.gov/pubmed/22499809
http://dx.doi.org/10.3923/tasr.2008.115.128
http://dx.doi.org/10.1126/science.1130088
http://www.ncbi.nlm.nih.gov/pubmed/17082421
http://dx.doi.org/10.1007/s12575-009-9008-x
http://dx.doi.org/10.1007/s12575-009-9008-x
http://www.ncbi.nlm.nih.gov/pubmed/19495910
http://dx.doi.org/10.1126/science.1222879
http://dx.doi.org/10.1111/j.1440-169X.2011.01299.x
http://dx.doi.org/10.1111/j.1440-169X.2011.01299.x
http://www.ncbi.nlm.nih.gov/pubmed/21995331
http://dx.doi.org/10.1006/abbi.1997.0147
http://dx.doi.org/10.1006/abbi.1997.0147
http://www.ncbi.nlm.nih.gov/pubmed/9210650
http://dx.doi.org/10.1016/S0925-4773(99)00211-7
http://www.ncbi.nlm.nih.gov/pubmed/10559483
http://dx.doi.org/10.1016/1043-2760(94)90093-0
http://www.ncbi.nlm.nih.gov/pubmed/18407197
http://dx.doi.org/10.1098/rsfs.2011.0113
http://www.ncbi.nlm.nih.gov/pubmed/23919129
http://dx.doi.org/10.1038/361547a0
http://www.ncbi.nlm.nih.gov/pubmed/8429909
http://dx.doi.org/10.1016/0092-8674(94)90068-X
http://dx.doi.org/10.1016/0092-8674(94)90068-X
http://www.ncbi.nlm.nih.gov/pubmed/8001117
http://dx.doi.org/10.1038/nrm1855
http://www.ncbi.nlm.nih.gov/pubmed/16482093
http://dx.doi.org/10.1073/pnas.1319745110
http://www.ncbi.nlm.nih.gov/pubmed/24284174
http://dx.doi.org/10.1016/S0091-679X(08)85014-5
http://www.ncbi.nlm.nih.gov/pubmed/18155469
http://dx.doi.org/10.1002/dvdy.20952
http://dx.doi.org/10.1021/bi00179a006
http://www.ncbi.nlm.nih.gov/pubmed/8142385
http://dx.doi.org/10.7554/eLife.12401

o ®
@ : PLOS | ONE Morphogene adsorption as a possible Turing instability regulator

50. Murray JD, Myerscough MR. Pigmentation pattern formation on snakes. J Theor Biol. 1991; 149
(3):339-360. doi: 10.1016/S0022-5193(05)80310-8 PMID: 2062100

51. Sen S, Ghosh P, Riaz SS, Ray DS. Time-delay-induced instabilities in reaction-diffusion systems. Phys
Rev E—Stat Nonlinear, Soft Matter Phys. 2009; 80(4):1-6.

52. Eames BF, Schneider RA. Quail-duck chimeras reveal spatiotemporal plasticity in molecular and histo-
genic programs of cranial feather development. Development. 2005; 132(7):1499-1509. doi: 10.1242/
dev.01719 PMID: 15728671

PLOS ONE | DOI:10.1371/journal.pone.0171212  February 7, 2017 22/22


http://dx.doi.org/10.1016/S0022-5193(05)80310-8
http://www.ncbi.nlm.nih.gov/pubmed/2062100
http://dx.doi.org/10.1242/dev.01719
http://dx.doi.org/10.1242/dev.01719
http://www.ncbi.nlm.nih.gov/pubmed/15728671

