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Abstract

We study the situation where the members of a community have the choice to participate in
the completion of a common task. The process of completing the task involves only costs
and no benefits to the individuals that participate in this process. However, completing the
task results in changes that significantly benefit the community and that exceed the partici-
pation efforts. A task completion social dilemma arises when the short-term participation
costs dissipate any interest in the community members to contribute to the task completion
process and therefore to obtain the benefits that result from completing the task. In this
work, we model the task completion problem using a dynamical system that characterizes
the participation dynamics in the community and the task completion process. We show
how this model naturally allows for the incorporation of several mechanisms that facilitate
the emergence of cooperation and that have been studied in previous research on social
dilemmas, including communication across a network, and indirect reciprocity through rela-
tive reputation. We provide mathematical analyses and computer simulations to study the
qualitative properties of the participation dynamics in the community for different scenarios.

Introduction

Human cooperation is the process of people acting collectively toward a common end. People
who decide to cooperate usually have to pay costs associated with their individual contribution
during this process, but this can result in them gaining greater benefits, ones that result from
collective coordination and action [1, 2]. A social dilemma is the situation that arises when the
individual interests are not aligned with the collective ones. The costs and problems involved
in cooperation can make individuals in this dilemma behave in a way that they opt not to par-
ticipate in the collective action. In this case, “individual rationality leads to collective irrational-
ity” ([3],p 183). It is very important then to understand the conditions that cause social
dilemmas, and how to motivate people to cooperate and enjoy the benefits that result from
their collective action.

Many important situations have the characteristics of a social dilemma. For example,
the situation where individuals can decide to commute by either automobile or public
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transportation. Commuting by automobile might provide individual benefits that include
shorter travel times and flexibility. However, as more individuals choose this option, conse-
quences such as air pollution and traffic congestion increase as well, negatively affecting the
whole community [4]. The social dilemma arises when the individual interests are in favor of
maximizing their own immediate benefits, such as travel convenience, leading to decisions
that are detrimental to the community. Similar situations occur in other domains and scales,
such as household energy consumption and conservation [5], provision in the welfare state
[6], and the relation between our attitude toward nature and dangerous climate change [7, 8].
The common pattern that characterizes these cases is that the shortsighted actions of the indi-
viduals prevent the entire community from obtaining long-term benefits.

In this work, we study those situations where the individuals in a community have the
choice to contribute toward the completion of a common task. The process of task completion
might involve only costs and no immediate benefits to the community members while they are
participating. However, the completion of the task results in changes that substantially benefit
the community, including all its members, and that exceed the participation efforts. An inter-
esting situation that conceptually exemplifies this is “barn raising” ([9],Ch 6). This practice
entails building a barn that will be either owned by an individual or shared by the community.
The individuals who decide to collaborate do not get any payment, and the process of complet-
ing the task can be time consuming and requires a significant effort. Each individual’s degree
of involvement cannot be arbitrarily large, but the individuals that are involved in a task com-
pletion process have to distribute the available work load between them. The result of complet-
ing the task, that in this case is building the barn, includes the functional benefits provided by
the barn in the community and the strengthening of the social bonds between the community
members. We do not focus on studying the development of trust as the result of the iterated
completion of tasks, as has been studied before [10]. We focus our analysis on the process of
promoting participation and engaging people in the community to complete the task.

Even though the results of completing the task can be highly desirable, self-interested indi-
viduals easily turn this situation into a social dilemma: the short-term costs associated with
participation can dissipate any motivation to contribute to the completion of the task and
therefore to obtain the benefits that it provides in the long run. We call this situation a task
completion social dilemma. Some of the basic features that characterize the task completion
problem are:

« The community does not get benefits until the task is completed.
« Each individual knows the current state of the task.

o The task is completed by the continued contributions from the individuals in the
community.

o Each individual pays participation costs during the process of task completion.

This problem is similar to the public goods problem [11-13] in that individuals are able
contribute an amount of resources to generate a collective good for the benefit of the whole
community by paying costs associated with their individual contribution. However, the facts
that the benefits of the collective good will be available only when the task has been completed,
and that the community knows the current progress of the task that is being completed, are
characteristics that, taken together, differentiate a task completion problem from the other
types of problems studied in the context of social dilemmas.

Due to their importance, a large body of research has been conducted to understand differ-
ent aspects of cooperation in social dilemmas. Work in several disciplines ranging from
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evolutionary biology [14-17], [18] and ecology [19-21] to social phycology [11, 12, 22, 23] and
political science [24, 25], has provided models and theoretical insights that try to explain the
conflict between the individual and the group interests, and the mechanisms that allow for the
emergence of cooperation. Inspired by some of these developments, we present in this paper a
mathematical model that captures the relationship between the task to be completed and the
contribution provided by the individuals in the community. We propose basic mechanisms
that promote participation and cooperation during a task completion process. This relation-
ship, and the ways to promote active participation by the community members, represent a
complex problem [9, 26, 27], where the different factors to be considered can grow consider-
ably in number. However, our work focuses on those elements that we have identified to be
the keys to accurately describe and study a task completion social dilemma, and the conditions
that are suitable for the emergence of cooperation.

Different mathematical models have been proposed to study cooperation, employing con-
cepts commonly used in game theory [14, 28-30], theory of dynamical systems [31, 32], and
optimization [12, 33]. The metaphorical use of these models has been shown to be helpful in
the analysis of the conditions that promote collective action and cooperation ([14],Ch 1),([24],
Ch 1),([26],Ch 2). In the same spirit, due to the nature of the problem, we characterize and
analyze the process of task completion as a discrete dynamical system. In this model, the task
is completed by the iterated contribution of the community members to the task. We refer to
“participation load” as the degree of involvement of the individual in the task. Then, given his/
her participation load, the contribution of an individual to the completion of the task is charac-
terized by a production function. This function has been previously used in the analysis of col-
lective action and common goods to describe the relationship between the resources provided
by the individual and the amount of collective good that is generated by those resources ([12],
Ch 4), [28]. In our problem, the production function is used to model the relationship between
the participation load and the contribution of this load to the completion of the task. The
dynamics of participation are modeled to include mechanisms that promote participation in a
way that the individuals share their participation load and costs between them. We incorporate
into our model the concept of motivation as the willingness of the individual to assume such
costs by participating in the task completion process. In the context of social dilemmas, experi-
ments have been conducted in human groups to study the different factors and situations that
cause motivation gain or loss during the process of participation in a task when the individuals
are required to work either individually or collectively [22, 34-38]. Second, we model the com-
munity so that the individuals are able to communicate with each other via an interaction net-
work. It has been shown that communication is crucial for the emergence of cooperation [3,
39, 40]. In our dynamical model, communication allows an individual to build its relative repu-
tation, defined as the reputation of an individual from the viewpoint of another one, as a mean
to promote participation in the community through reciprocity [19, 41]. Also, the ability to
locally interact enables the individuals to dynamically distribute the participation load between
them based on the individual costs of participation and their motivation.

The mathematical model that we propose can be seen as an extension of the work in [12] in
the context of collective goods. The authors in [12] model the gain of a community member
based on the benefits obtained by the current level of the collective good and the costs associ-
ated with the individual contributions, and study the effect of different forms of production
functions on the generation of the collective good. Although their work is seminal in the study
of cooperation and social dilemmas, they recognize that their models are essentially static and
that there is a need for the development of dynamical models that build on their work ([12],

p- 190). In our work, we formulate a dynamical system that characterizes the evolution of the
task completion process as the result of the repeated contribution of the individuals in the
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community based on their motivation and participation costs, allowing us to study mecha-
nisms that promote participation and cooperation in the community. We use concepts of sta-
bility analysis of discrete nonlinear systems and Monte Carlo simulations to analyze the
qualitative and quantitative behavior of the modeled community. The paper closes with a dis-
cussion on the metaphorical use of the model and future developments of the model.

Model Formulation
Task Completion Dynamics

The amount of participation load taken by an individual to help solve the task is denoted by

p; € R = [0, 00). We assume that the task to be completed allows the community to take a
participation load up to P > 0. It means that the individuals cannot take an arbitrary participa-
tion load, but it must be distributed so that

n

> p <P (1)

i=0

where n > 1 is the number of individuals.

The contribution of the all individuals toward the completion of the task, given the partici-
pation load vector p = [py, . . ., p,] |, is characterized by the production function
h(p) : RZ, — R.,. Let z > 0 be the variable that quantifies the task completion level. A value
of z = 0 indicates that the task has not been started, and z = z > 0 indicates that the task has
been completed. The dynamics of task completion describe how z changes depending on the
individuals’ participation patterns, and their contribution described by the production func-
tion. We characterize the dynamics of task completion via

z2(t+1) = z(t) + ¢h(p(t))(z — 2(1)) (2)

where z(t) and p(t) are the task completion and participation load variables at time step t € N,
and ¢ € (0, 1] is a parameter that scales the action of the production function on the comple-
tion of the task. Note that the production function h(p) drives the rate of change of the task
variable. According to this equation, the task is at an equilibrium point when either the individ-
uals’ participation pattern is such that there is no contribution to complete the task, or the task
has been already completed. In other words, we have that z(¢ + 1) = z(f) when either h(p(t)) =0
orz(t) =Z.

Different forms of the production function can be used to capture different situations in the
relationship between the participation load and its contribution to the task completion. In gen-
eral, we assume that the production function: (i) is the result of the additive contribution of
each individual, (ii) is monotonic increasing with respect to each individual’s participation
load, and (iii) satisfies #(0) = 0. This means that the contribution to the completion of the task
increases as the individuals increase their participation, and there is no contribution if no indi-
vidual in the community takes any participation load. These assumptions on the production
function imply that h(p(t)) > 0 for all £ > 0.

In the context of the public goods problem, several types of production functions have been
proposed to describe the relationship between the number of individuals cooperating in the
production of the public goods and the amount of public goods that are produced ([12],Ch 4),
[3, 28]. In the task completion problem, we use production functions with a structure that can
be considered an extension of the ones presented in the problem of providing public goods,
where we characterize the relationship between each individual’s participation load and their
contribution to the completion of the task. A family of functions that captures different

PLOS ONE | DOI:10.1371/journal.pone.0170604 January 26, 2017 4/25



®PLOS | one

Dynamics of Cooperation in a Task Completion Social Dilemma

patterns in an individual’s contribution to the task is defined by
h(p(t) = > Bpi(1) (3)
i=1

where 5; > 0 and ¢; > 0 are parameters associated with individual i. This family of functions
describes the collective action of the community as the additive contribution of each individu-
al’s participation load to the task completion. When o; € (0, 1), an individual exhibits a dimin-
ishing marginal productivity with respect to the participation load. The first few units of
participation load have a significant impact on the individual’s contribution to the task. As the
amount of participation load taken by the individual increases, his/her contribution has pro-
gressively less impact. In ([12],Ch 4), these types of functions are called decelerating production
functions. On the other hand, when ¢; > 1, small participation loads provide small contribu-
tions to the task completion. However, successive increases of the participation load provide
progressively more significant contributions. In ([12],Ch 4), these types of functions are called
accelerating functions. A linear relation between the individual’s contribution to task comple-
tion and his/her participation load is produced when ¢; = 1. Fig 1 shows an example of these
three cases.

Convergence Analysis. We provide some sufficient conditions on the parameters of the
model that guarantee the completion of the task, and show through simulations the qualitative
properties of the task convergence for different values of the parameters of the production
function and participation load variables.

1
1
10.9
a=0.3 .
10.7
N |
o, 0.5 e "
= ’ y
AN
/Z( 0.4
0 'l'::":’:':::'l:::’:;l::‘::’;’:’:;::f;f/g// o
0 0.2
a=3 :
0.5 .
b2 1
1 0.5 0
° b1

Fig 1. Production functionin Eq (3) when n=2,a=ay=a,=a3 € {0.3,1,3}and 8= 8, = B, = B3 =0.5.
When a = 0.3, the production function exhibits a diminishing marginal productivity with respect to the
participation load, opposite to the case when a = 3, which shows an increasing marginal productivity. A linear
relation between contribution and participation is produced when a=1.

doi:10.1371/journal.pone.0170604.9001
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The next theorem states sufficient conditions on ¢ and 4 so that z converges to z. The proof
of this theorem is in S1 Appendix.

Theorem 1. Let 0 < z(0) < z. Assume that h(p) € [0, 1) for all p € [0, P]". Also, assume that
dh(p(1)) is such that, for all t > 0,

h(p(1)|z —z(t)] = ¥(|z — 2(1)]) (4)

where v is a strictly increasing function that satisfies y(0) = 0. Then, z(t) in Eq (2) satisfies
0 < z(t) < z for allt > 0 and converges to z.

Corollary 1.1 Assume that h(p(t)) is fixed for all t > 0. Then, z converges to Z exponentially,
and its solution trajectory is

2(t) =z — [1 = oh(p(t)))'(z — 2(0)). (5)

The assumption that h(p) € [0, 1) does not make the formulation less general. Since the par-
ticipation load p(t) is bounded for every ¢ > 0, the range of the production function is bounded
below by zero and above by P, and therefore it is generally easy to formulate a production func-
tion that satisfies h(p(t)) € [0, 1) for all t > 0. In general, the assumption in Eq (4) implies that
a task that is modeled using Eq (2) can be completed when the individuals behave such that
h(p(t)) > 0 for all t > 0. Later, we will use this result to to show that the participation strategy
we propose guarantees the eventual completion of the task.

From Corollary 1.1, we have that if the participation variables are assumed to be fixed for all
t, the task completion variable will decrease exponentially with a convergence rate 1 — ¢h(p(1)).
The task is completed when the expression ([1 — ¢ph(p(t))]" is zero. Next, we analyze the effect
of the production function and the participation load on the convergence of the task. Assume
that the individuals take a fixed participation load p(t) = p* € [0, P]" for all t > 0, with
S pi < Pandleto=[1-¢h(p*)]", where 1 — o is the proportion of the task that has been
already completed after t* iterations. Then, the minimum number of iterations taken to have a
proportion 1 — ¢ of the task completed is given by

o { log(1 — o) —‘
log(1 — ¢h(p*))
where [-] denotes the ceiling function. As expected, the minimum number of time steps
required to complete a proportion 1 — ¢ of the task decreases as the contribution provided by

(6)

the individuals increases. Figs 2 and 3 show the minimum number of iterations t* needed to
complete 95% of the task, i.e., 0 = 0.05. We choose ¢ = 0.1, P = 1, and the production function
in Eq (3) with B;= 1/nforalli=1, ..., n. Fig 2 shows the contour plot of t* as a function of p;
and ¢; in Eq (3). Lower values of ; are associated with smaller convergence times ¢*. For this
specific production function, individuals provide a more significant contribution for low par-
ticipation loads when ¢; is smaller. Fig 3 shows the behavior of the convergence time t* as a
function of p; and p; when a = o; = &, € {0.25, 1, 5}, where p; + p; < 1. When a = 1, the con-
tribution of each individual is proportional to his/her participation load. When & = 0.25, the
individuals can decrease their participation load and keep the same convergence time as long
as both individuals share the participate load during the process of task completion. The oppo-
site situation occurs when o = 5. The convergence rate will increase if both individuals decide
to participate and share the participation load.

Motivation and Participation Costs

In the task completion problem, individuals obtain a benefit from the task once the task has
been completed, and have to pay a cost proportional to their participation load if they want to
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Fig 2. Contour plot of the convergence time t* in Eq (6) as a function of the production function
parameter a and the participation load p;, when only one individual participates in the task
completion process. In this scenario, lower values of a; are associated with smaller convergence times t*.

doi:10.1371/journal.pone.0170604.9002

contribute to the task completion. Therefore, an individual who decides to participate has to
have the willingness to assume the participation costs associated with the task completion pro-
cess. Hence, we define the motivation function y,(p;, t) associated with the task as a function
that quantifies the ability of individual 4, at time step t and given his/her current participation
load p;, to take additional participation load during the task completion process. There are dif-
ferent effects that have been observed that can cause loss or gain of motivation in individuals
who are in a community. For example, social loafing is the effect when the individual’s motiva-
tion to participate has an inverse relationship with the size of the community [34, 35]. Also,
free riding is the situation where an individual decides not to participate and expects others to
get involved in the task completion process, and the sucker effect is the situation where an indi-
vidual’s motivation decreases if other community members are free riding [34, 36]. On the
other hand, the Kohler effect is an increase in motivation when an individual’s contribution to
the task is lower than the other members of the community, or seen as indispensable to the
completion of the task [42]. Other effects that motivate voluntary cooperative behaviors are
discussed in [22]. Hence, the specific choice of the motivation function y,(t, p;) depends on dif-
ferent phenomena, including the perception of the individual of the importance of completing
the task, his/her ability to foresee the benefits after the task is completed, the number of people
in the community, and his/her marginal productivity during the task completion process.

Let ¢,(p;) > 0 be a function of p; that quantifies the costs of participation for individual i. An
expression that measures the willingness of the individual to take an additional unit of partici-
pation load is defined as the individual’s “marginal gain” function

70 t) — c(p,)- (7)
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Fig 3. Contour plot of the convergence time t* in Eq (6) as a function of p; and p;, where p; + p; <1, when (A) a=0.25,(B) a=1,and (C) a=5.
When a = 1, the contribution of each individual is proportional to his/her participation load. When a = 0.25, the individuals can decrease their participation
load and keep the same convergence time as long as both individuals share the participate load during the process of task completion. The opposite
situation occurs when a = 5, where the convergence rate will increase if both individuals decide to participate and share the participation load.

doi:10.1371/journal.pone.0170604.g003

The social dilemma arises when the motivation of the community members is less or equal
than the costs associated with participation, and the collective efforts are not enough to com-
plete the task. In this case, the marginal gain is non-positive, indicating that the willingness of
the individuals to take additional units of participation load is not enough for them to engage
in the participatory process. This state where no individual participates is called a deficient
equilibrium. “Tt is deficient in that there is at least one other outcome in which everyone is bet-
ter off, and it is an equilibrium in that no one has an incentive to change their behavior” ([3],
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p 184). In the next section we will provide conditions that allow the community to avoid this
deficient equilibrium through a mechanism that enhances the motivation of an individual to
take additional loads of participation in the process of task completion.

Communication and Relative Reputation

We assume that the # individuals in the community are able to communicate across a network
whose topology is represented by an undirected graph G = (H, E), where H={1, .. ., n} is the
set of nodes and E C H x H is the set of edges. Each node is associated with an individual, and
each edge is associated with the interaction between two individuals. Edge (i, j) indicates that
individuals 7 and j share information about their participation and marginal gain. The individ-
uals who interact with individual i are his/her neighbors N; = {j € H: (i, j) € E}.

According to Eq (7), the marginal gain to an individual of the participatory action depends
on the individual’s motivation to complete the task. An individual with motivation less than or
equal to the participation costs will not be willing take additional units of participation load. A
mechanism that is known that can help promote participation in the community is indirect
reciprocity [41]; an individual’s motivation can increase if his/her neighbors also participate in
the task completion process. In order to model this mechanism, we first introduce the concept
of relative reputation. Let j € N;. We define the relative reputation of individual j from individ-
ual /’s viewpoint as the individual i’s recognition of individual j's involvement in completing
the task. The process of j building a reputation from #’s viewpoint can be characterized using
the update rule

ry(t+ 1) = (1 — rij) r,.j(t) + %@7 (8)
where 7;; € [0, 1] is the rate of change in reputation, and 7 > 0 is the upper bound of reputa-
tion. A value of 7; close to one implies that the reputation is highly influenced by the participa-
tion load, and develops according to it. Assuming that r,(0) € [0, 7], 7;; > 0, and that the
participation load p;(t) = pj is fixed for all > 0, we have that

b

limr,(t) = T

t—o00
When 7;; = 1, the relative reputation reaches its maximum value 7p; /P at one iteration. On the
other hand, when 7;; = 0, the relative reputation does not change and remains at its initial value
7;;(0). The term (1 — 7;)r;(t) in Eq (8) can be seen as a “forgetting factor:” if the current partici-
pation load taken by individual j is greater than zero, individual i forgets past participation pat-

terns and adjusts j’s reputation accordingly. If the participation load taken by individual j is
zero, then his/her reputation with respect to " viewpoint will decrease and reach zero

asymptotically.
The reciprocity of individual i to participate in the task is then quantified as the linear com-
bination of the reputation of his/her neighbors, i.e., fori=1,..., n,
r(t) = Z 5ijrzj(t)7 9)
JEN;

with 6j € [0, 1]. If §;; = 0 (> 0), then i does not (does, respectively) consider j for reciprocal
participatory actions. Reciprocity acts as a catalyst for participation. An individual’s motiva-
tion to participate can be enhanced by his/her reciprocity to his/her neighbors’ actions. The
marginal gain at time ¢ to an individual that has a participation load p,(t) of the task completion
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action in Eq (7) can be generalized to include reciprocity as
&pi(1),1) = b,(pi(t), 1) — ¢ (pi(t)) (10)
where
bi(pi(t),t) = v,(pi(1), 1) + 1i(8).

If an individual’s motivation through reciprocity is strong enough, i.e., 7,(t) > ci(p(t)) —
yi(pi(t), t), then the individual will engage in the participatory process. In this case, if at least
one individual is willing to participate, the interaction network is connected (i.e., there is a
path between every two nodes in the network), and the parameters associated with reciprocity
allow its development, then the members of the community will eventually be willing to partic-
ipate in the task completion process, and come out the deficient equilibrium.

Recall that the community of individuals can take a total participation load up to P. Next,
we will show how communication also allows the individuals to collaborate by locally distrib-
uting the available participation load P between them based on their individual motivation
and participation, and the interaction patterns in the network.

Collective Action

A strategy that promotes cooperation is one where, based on local interactions, the individuals
seek to distribute the available participation load such that the amount of participation is maxi-
mized based on the individuals’ marginal gain, and the constraint in Eq (1) is satisfied. Coop-
erative individuals with higher motivation and reciprocity will be willing to assume higher
costs of participation, which implies taking larger participation loads than those with lower
motivation and reciprocity. In this way, a community whose members cooperate can be seen
as an economic agent with unlimited wants (participation load taken by members as large as
possible) with limited resources (available task participation load P). From this point of view,
an individual’s marginal gain is the additional “satisfaction” that the community gains from
assigning one more unit of participation load to that individual. The community then distrib-
utes its limited available task participation load among various members to increase its level of
satisfaction, where the marginal satisfaction of each member corresponds to the individual’s
marginal gain in Eq (10) as a function of the participation load. Hence, assuming that g;is a
function of only p;, the level of satisfaction of the community can be expressed as

Up) =Y uip) (11)

where

Pi

uip) = [ 8(6)dp, = B(p) - Cp)

0

and
B(p,) =7bi(f7,-) dp;, C(P,-):;C,-(ﬁ,-) dp,

Individuals with larger (lower) marginal gains will take larger (lower, respectively) participa-
tion loads in order to maximize the community’s level of satisfaction U. Note that if we assume
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that b; = Oh/0p;, then u; = B(p;) — C(p;) has the same structure as the net gain presented in the
context of collective good models in ([12],Eq 1).

In the formulation in Eq (11), we are assuming that the marginal gain is a function of p;.
However, it can be the case that the parameters of the marginal gain change over time, chang-
ing the structure of the maximization problem. In this section, we study how cooperative indi-
viduals act at each time step given a specific structure of optimization problem.

The distribution of the available task participation load among the community members
becomes a maximization problem, where the objective function is the level of satisfaction in
Eq (11) subject to the constraint in Eq (1). In order to have a well-defined optimization prob-
lem, we make some assumptions on the values that each p; can take and on the marginal gain
as a function of p. First, we assume that the marginal gain g; is monotonically decreasing
with respect to p; € [0, P]. This assumption implies that an individual’s willingness to take
more units of participation load decreases as his/her participation load increases, guarantee-
ing that U(p) is a concave function of p. Also, we assume that g; is positive for p; € [0, P]. This
indicates that an individual that wants to cooperate, has to have a minimum willingness to
assume the costs associated with the total participation load P. Hence, we redefine the mar-
ginal gain as

bi(Pi(t)) - Ci(pi(t>)7 if bi(P) > Ci(P)
&(pi(t)) = { .
0, otherwise

There is a large variety of families of functions that satisfy these conditions and can capture
different participation dynamics in the community. For example, if the individual’s motivation
b; is fixed, and the costs of participation are assumed to be linear with the form c¢;p;, then an
individual who cooperates will have a motivation that satisfies b;/c; > P. This function
describes an individual whose willingness to take an additional unit of participation load
decreases as p; increases. On the other hand, if the individuals in the community do not con-
sider the participation costs associated with the completion of the task, and their motivation is
based on their marginal productivity Oh/0p;, the community’s level of satisfaction in Eq (11)
will be the same production function (assuming that the production function is concave). In
this case, the individuals will allocate the available participation load so that their combined
productivity to complete the task is maximized.

Using these assumptions, the next theorem provides some properties of the solution of the
optimization problem that will be useful in the formulation of an algorithm for the decentral-
ized passing (distribution) of the participation load across the network.

Theorem 2. Let n > 2. Consider the optimization problem

maximize U(p)
peR”

subject to Zpi <P
i=1

0<p,i=1...,n

Letp* € RY,u* > 0,and A; > 0,i=1,..., nsatisfy

dopi=P (12)
i=1
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and
gp)=pw -2 >0, i=1,....n (13)

where 2; = 0 if p; > 0. Then, p* is a strict maximum of U over the feasible region.
Corollary 2.1 If p* is a strict maximum of U over the feasible region, then p* is the only
point that satisfies

Y p=P
i=1

and
8i (Pf) =& (P;)

forallpf,pj* >0,i#j,Lj=1,...,n

Corollary 2.1 states that, under the conditions on the values that p can take and on the mar-
ginal gain as a function of p, cooperation in the community involves a process where the indi-
viduals tend to equalize their marginal gain. Individuals with larger marginal gains will take
more participation load than individuals with lower marginal gain. It can be the case that
some individuals do not take any participation load to allow others who consistently have
larger marginal gains to get all the available participation load.

Based on this result, we can study the effect of the interaction patterns in the community on
the dynamics of cooperation by designing a cooperation strategy that locally distributes the
available participation load. Here, each individual only knows the information from his/her
neighbors in the network. The community acts in a way that the individuals share the partici-
pation load and seek to balance their individual marginal gain between them during the
process.

We define the dynamics of participation following the algorithm presented in [31], where
each individual can take (pass) an amount of load from (to) some of his/her neighbors based
on their marginal gain. These dynamics are characterized by

pilt+1) =p(6) = D Li(t)+ > Li() (14)

= {LieN;}

where Li(t) denotes the participation load that individual i is passing to j, and Li(¢) denotes the
participation load that i receives from individual /, with i € N;. We formulate the participation
dynamics in Eq (14) so that the individuals tend to equalize their individual marginal gain
based on information from their neighbors, and the constraint >." | p, = P is satisfied.

A cooperation policy that has these characteristics can be summarized by the following
rules:

1. An individual that has neighbors with larger gains will pass some amount of participation
load to them, since they are more willing to participate in the task (L;(t) in Eq (14)).

2. After i passes an amount of participation load to j, the marginal gain of j cannot be lower
than the marginal gain of i.

3. An individual cannot pass an amount of participation load that is greater than the one that
he/she currently has.
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Rule 1 is based on the fact that g; is a decreasing function of p;. It defines who individual i
should pass an amount of participation load to. Rules 2 and 3 constrain the amount of partici-
pation that an individual can pass to his/her neighbors.

To provide a mathematical formulation of these rules, we first define the set S;:

Si= {eN:gp(1) > &pi(1):gp, (1) = &(p.(t), VIe N} (15)

This set contains individual 7’s neighbors with marginal gain larger than 7’s marginal gain and

have the largest marginal gain among i’s neighbors at time step ¢. It identifies those individuals

who need to take a participation load from i so that their marginal gain can be equalized with

i’s marginal gain. Below, we give the algorithm with the mathematical description of the steps

that the individuals follow to compute the participation loads to be passed at each time.
Algorithm: Distribution of participation load. Let p(t) satisfy > | p,(t) = P, p(t) >0,

and g;(pi(t)) > O for all p; € [0, P],i=1, ..., n. Given the interaction network G = (H, E), the

current participation load p(¢), the load passing rate 6, and the individuals’ marginal gain, the

algorithm to compute Li(t) and Li(t) in Eq (14) is:

1: Input: G, p(t), 6€ (0, 1], andg; forall i € H.

2:Output: Li(t) forall i € Hand j € N;.

3: foreach i€ Hdo

4: Choose theLi(t) so that:

5: L(t)=01ifj ¢S, and

6 >enLi < pis and

7 &(p — Z?:IL;) ng(pj+L]’:)’ and

8 gJ(P] + LJX) < g](PJ) - e(g](PJ) - &)

9

: end for

This algorithm is formulated based on the assumption that the marginal gain g; is decreas-
ing with respect to p;. If S, in Eq (15) is not empty, then it means that individual i can share
participation load with a neighbor and try to equalize their marginal gain. This action is stated
in line 8 in the algorithm (rule 1). Lines 7 states that an individual cannot pass more than his/
her current participation load. Line 9 guarantees that the marginal gains will be equalized at an
exponential rate as we will show in the next theorem.

Note that, in the distribution algorithm, each individual only knows the current marginal
gain and participation load of his/her neighbors. Only individuals whose marginal gain is gi(p;)
> 0 for all p;[0, P] are considered in the participation process. The next theorem states that this
decentralized distribution algorithm, along with Eq (14), leads to a distribution of the partici-
pation load where the marginal gains of the individuals are equalized.

Theorem 3. Assume that gi(p;) > 0 for p; € [0, Pl,i=1, ..., n. Also, assume that the optimiza-
tion algorithm in Theorem 2 has a maximizer with positive entries. Let p;(0) > 0 satisfy
>t p;(0) = P, and let the network be connected. Then, the iterative computation of the algo-
rithm along with Eq (14) will lead to a distribution of the participation load where the state
8ipi) = g(p)), for every pair of nodes in the network, is invariant and is reached at an exponential
rate.

This theorem is a straightforward result of ([31],Theorem 3.4). It states that if there is a path
between every two nodes in the network, then it can be guaranteed that the individuals that
have the ability to communicate will equalize their marginal gains. This implies that those indi-
viduals that are more (less) willing to participate will eventually take more (less, respectively)
participation load in the task completion process.

Fig 4 shows an example of the trajectories of p; and g; throughout the iterative process. The
three individuals interact according to a network with a line topology (one individual with two
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Fig 4. Example of the marginal gain balancing between three individuals that interact across a line
topology. The marginal gain (top plot), the participation load (middle plot) for each one of the individuals, and
the utility function in Eq (11), are shown throughout the iterative process in Eq (14) and the load distribution
algorithm.The participation loads are dynamically distributed while the utility function is maximized. The Matlab
codeis in S1 Appendix.

doi:10.1371/journal.pone.0170604.g004

neighbors, the other two individuals have one neighbor). The total participation load is P = 1,
and the load passing load is 6 = 0.005. The benefits are set to be b, = 3, b, = 2.25, and b; = 4.5,
and the participation costs are ¢; = 3, ¢, = 2, and ¢; = 4. As they interact locally according to
the network and pass the participation load, the marginal gain for all the individuals tends to
equalize during the process. Note that the participation loads are dynamically distributed so
that ), p,(t) = P for all t > 0 and they are proportional to the individual motivation. The
level of satisfaction of the community given in Eq (11) is maximized during the process. Fig 5
shows the marginal gain g; as a function of p;, for i = 1, 2, 3. The dotted lines indicate the loca-
tion of the distributed participation loads and the equalized marginal gains. The algorithm

found the participation load distribution so that g,(p;) = g2(p2) = g3(p3) and Zil p, <P
Next, we study the conditions that guarantee the completion of tasks when the individuals
distribute their participation load following the algorithm above. We will show in Theorem 4
sufficient conditions on b; so that the convergence of z(t) to z is guaranteed.
Theorem 4. Let >, | p,(0) = 0, and let the production function be such that h(p) € [0, 1) for

all p € 0, P]". Assume that, at each iteration step t, the individuals distribute their participation
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shown in Fig 4.
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)

load following Eq (14) and the algorithm for participation load distribution. Assume that, at each
time t > 0, at least one individual i € H has motivation and reciprocity bi(p;, t) so that gi(p;, t) >
0 for p; € [0, P]. Then, z(t) in Eq (2) will converge to Z.

The conditions on the motivation and reciprocity presented in this theorem are a conse-
quence of the result in Theorem 1. If at each time step there is at least one individual that has
the willingness to participate, then the task will eventually be completed. This theorem only
provides information about the basic conditions so that the completion of the task is guaran-
teed. Next, we will study the effect of the production function, topology of the network, and
size of the community on the participation dynamics.

Analysis of Participation Dynamics

To study the dynamics that result from the interaction between the load distribution algo-
rithm, reciprocity, production function, and topology of the network, we assume that the indi-
viduals’ motivation is constant during the iterative process, and the costs of participation are
linear with respect to the participation load. We study the dynamics of the task completion
problem in two simulation scenarios. First, we take a scenario with five individuals and a spe-
cific selection of the model parameters and topology of the interaction network. We show how
the participation, task completion, marginal gain, and relative reputation variables change
over time. Second, using Monte Carlo simulations, we show the behavior of the community
for different production functions, size of the community, and topologies when some of the
model parameters are randomly sampled.
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Fig 6. Topology of the interaction network, where each node is associated with an individual, and
each link denotes interaction between two individuals.

doi:10.1371/journal.pone.0170604.9006

Participation Patterns in the Community

We illustrate the evolution of the variables involved in the task completion dynamics for a spe-
cific example. The community has # = 5 individuals who communicate following the network
shown in Fig 6. In this example, individuals have a marginal gain defined as g;(t) = y; + ri(t) —
c;p(t), where ¢; > 0 is fixed, y; > 0,y;=0fori=2,...,n,and r(0) =0fori=1, ..., n. During
the distribution process, the marginal gain of those individuals with (y; + ri(£))/c; < P is set to
zero in order to ensure that only the individuals with marginal gain gi(p;) > 0 for p; € [0, P] are
taken into account. The total participation load was P = 1. We assumed that all the neighbors
contribute equally to the reciprocity of each individual (see Eq 9). The Matlab code to generate
this simulation is provided in S1 Appendix.

Fig 7 shows that during the first iterations of the participatory process, individual 1
increases his/her participation load, taking almost all the available load P. Since his/her initia-
tive y; is different from zero, individual 1 is the only member of the community who is initially
willing to participate in the completion of the task. Since individuals 2 and 3 interact with 1,
their reciprocity toward participation develops, as well as their participation load. Once their
marginal gain is large enough to be considered in the process, their participation load increases
accordingly. Note that the task completion growth rate increases when individuals 2 and 3
start participating (at around ¢ = 7). Individuals 4 and 5 take a participation load close to zero
because the relative reputation of individual 3 is not large enough to produce reciprocal actions
in the participatory process.

Fig 8 shows the evolution of the relative reciprocity of the individuals during the task com-
pletion process. The relative reputation r;(t) in Eq (8) (reputation of j from #’s point of view) is
represented as the edge of a graph that connects nodes i and j at time step ¢ in the direction
j — i, and whose thickness is proportional to r;(t). At time ¢ = 0 none of the individuals has
developed any reputation (Fig 8A). Note that individual 1 builds his/her reputation from the
viewpoint of individuals 2 and 3 since it has an early involvement in the task completion pro-
cess (Fig 8B). Individuals 2 and 3 develop their reputation from their neighbor’s point of view
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Fig 7. (Trajectories of the individuals’ participation load variables p{(f), marginal gain g{f), and the task
completion variable throughout the iterative process. During the first iterations of the participatory process,
individual 1 increases his/her participation load, taking almost all the available load P. Due to the effect of
reciprocity, individuals 2 and 3 increase their participation load at later iterations. Individuals 4 and 5 take a
participation load close to zero because the relative reputation of individual 3 is not large enough to produce
reciprocal actions in the participatory process.

doi:10.1371/journal.pone.0170604.9007

as they take an amount of participation load (Fig 8C and 8D). Individuals 3, 4, and 5 do not
build enough reputation during the process.

This set of simulations shows the effect of reputation on the dynamics of participation dur-
ing the task completion process. Although only one individual has the motivation to assume
the costs of participation in the task completion process, reciprocity through the relative repu-
tation helps to promote participation. The effect of reciprocity is not immediate, since building
the relative reputation is a dynamical process [41]. The load distribution algorithm allows the
individuals to interact and distribute the available participation load according to the potential
benefit that they take into consideration and their participation costs. As reciprocity increases,
the distribution of the participation load changes as more individuals are willing to participate.
Since the network in the example is connected, the motivation of individual 1 (who is the only
individual with initiative different from zero) encourages reciprocal participation across the
entire network following a “chain reaction.”
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(C) (D)

Fig 8. Evolution of the relative reputation ri{f) in Eq (8) for time steps (A) =0, (B) =5, (C) t= 12, and (D) t = 100.
Each node is associated with an individual, and each edge (i, j) (arrow going from ito j) is associated with rj(#). The
thickness of the edges is proportional to ri(f). Only individual 1 has motivation yy grater than zero.

doi:10.1371/journal.pone.0170604.9008

Monte Carlo Simulations

In this scenario, for each simulation run only one individual in the community is randomly
chosen to have a constant motivation y; which is different from zero. Also, the cost of partici-
pation c; and the rate of increase in reputation 7;; are randomly chosen from a uniform distri-
bution. We assumed that the parameters ¢; and f; in the production function in Eq (3) were
the same for all the individuals, and that the neighbors contributed equally to the computation
of reciprocity in Eq (9). We conducted 6000 Monte Carlo runs in total, ensuring that the esti-
mated median, and 25% and 75% percentiles converged. We explored situations with different
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Fig 9. Evolution of the median (line) and 25% and 75% percentiles (lower and upper boundaries of the shaded region) of the task variable (1)
estimated from 6000 Monte Carlo runs for a (A) fully connected and (B) line topologies of the interaction network. The parameter of the production
function ain Eq (3) takes the values 0.1, 0.25, 0.5, 0.75, 1, 1.5, 2, and 3, from the left (a = 0.1) to the right (a = 3) lines, respectively. In this scenario,
individuals took longer to complete the task as aincreased.

doi:10.1371/journal.pone.0170604.g009

production functions, topologies of the interaction network, and size of the community. The
implementation details are in S1 Appendix.

Effect of the Production Function and Network Topology. In the first set of simulations
we tested the behavior of the individuals when they followed a fully connected and a line topol-
ogy, for different values of the parameter @ = o, i = 1, . . ., n, in the production function in Eq
(3). Recall that a determines the shape of the production function, and therefore the relation-
ship between the participation load taken by the individuals and their contribution to the com-
pletion of the task. Fig 9 shows the median and the 25% and 75% percentiles of the task
completion variable z(¢) estimated from the Monte Carlo runs. Note that, for both network
topologies, the individuals took longer to complete the task as ¢ increased. However, for decel-
erating production functions (& < 1), communities following a fully connected topology had
shorter convergence times than communities following a line topology. For accelerating pro-
duction functions (o > 1), communities following a line topology had shorter convergence
times than those following fully connected topologies. These convergence patterns in the task
completion process arise due to the way that the total participation is distributed between the
individuals. Fig 10A shows the participation patterns per individual for the last 100 time steps
of the task completion process. In the fully connected case, individuals tend to distribute
equally the participation load. Once the only individual that is motivated to participate is
involved in the process, his/her relative reputation develops to the point where the rest of the
community engages in the participatory process. As other people participate, their reputation
increases, producing an increase in the other individuals’ reciprocity to participate. This
enhanced willingness to participate in all the community leads to an equal distribution of the
participation load. On the other hand, in the line case there is a tendency of large unequal dis-
tributions of the participation loads. Since at the beginning of the process only one individual
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Fig 10. Median (bar plots) and 25% and 75% percentiles (error bars) of (A) the total participation load and (B) reciprocity per individual during the
task completion process, estimated from 6000 Monte Carlo runs for a fully connected and line topologies of the interaction network. In
communities with the fully connected network, individuals tend to achieve similar reciprocity and equal distribution of the participation load, while
communities with the line topology tend to have lower reciprocity and unequal distributions of the participation load.

doi:10.1371/journal.pone.0170604.9010

is willing to participate, and each individual has at most two neighbors, reciprocity is no strong
enough to involve every community member in the participatory process.

As it was shown in Fig 3, equal distributions of the participation load favor the productivity
of the group in tasks with decelerating production functions, since individuals can be very pro-
ductive with small loads of participation. On the other hand, unequal distributions favor the
productivity of the community in tasks with accelerating production functions. It is better if
one individual takes larger loads of participation, than distributing it between several commu-
nity members.

Fig 10B shows the median and the 25% and 75% percentiles of the reciprocity variable per
individual in Eq (9) for the last 100 time steps of the task completion process. In communities
with the fully connected network, individuals tend to achieve similar reciprocity, since all com-
munity members are connected to each other. The reciprocity in communities with the line
topology tends to be lower than in communities with the fully connected topology. Also, since
individuals 1 and 5 only have one neighbor, the reciprocity that they develop is smaller com-
pared to the reciprocity of individuals 2, 3, and 4.

Effect of the Number of Individuals and Network Topology. In the second set of simu-
lations, we studied the behavior of communities that varied in size. The total participation load
P and the production function remained the same in all the simulations. We define the conver-
gence time as the time step where the task variable z(¢) first reaches 95% of its completion state
z. Fig 11 shows the behavior of the convergence time versus the number of individuals in the
community after 6000 Monte Carlo runs for different combinations of the topology of the
interaction network and the parameter o of the production function. These results show that,
as the number of members increases, communities with a fully connected network tend to
decrease the convergence time of the task completion for decelerating production functions
(o < 1). In this case, the topology of the network favors participation of most of the members
of the community, and therefore, due to the nature of the production function, providing an
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Fig 11. Box plots of the convergence time for (a) the parameter of the production function a = 0.5 and a fully connected network, (b) a=0.5and a
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convergence time in the case of the fully connected network topology. The opposite situation occurs in the case of the line topology.

doi:10.1371/journal.pone.0170604.g011

increase in their combined productivity. A different situation occurs in the case of accelerating
functions (a > 1), where the productivity of the community decreases as more individuals are
willing to participate in the task completion process.

In the case of the line topology, the size of the community has little effect on the conver-
gence time of the completion of the task. The results are consistent with the results in Section:
the convergence time in the line topology tends to be larger (shorter) for decelerating (acceler-
ating, respectively) functions than the ones with the fully connected network.
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Metaphorical Use of the Model

This model provides a framework for understanding the conditions that promote participation
of community members on a common task, and the different participation patterns that can
result from collective action. The complexity of collective action in real settings makes impos-
sible the incorporation all the elements that are involved in this process in a single model.
However, this simplified model, used as a metaphor, provides insights about the community
functioning for different elements that have been found to be key in the dynamics of collective
action and cooperation, such as social motivation [22, 34], network interaction ([43],Ch 3), rel-
ative reputation and reciprocity ([44],Ch 2), and production function ([12],Ch 4).

An approach for community change that can benefit from the metaphorical use of our
model is participatory action research (PAR). PAR provides some basic principles for involv-
ing people in participation and taking action to improve the community conditions [45],([26],
Ch 5). Our model can serve as a tool to understand issues in the community for possible
action, and identify strategies to address such issues. First, the production function is used in
the model to represent how influential the individual can be in the collective effort. These
functions can be selected depending on the dynamics of the problem that is being assessed.
Several examples of situations and the type of production functions that capture their dynam-
ics are presented in ([12],Ch 4),[46]. Second, the motivation function can be designed to study
common effects of motivation gain or loss that shape voluntary cooperation in the community.
Third, reputation and reciprocity patterns observed in the community can be included in the
model [47]. The network topology can be designed to characterize the interaction patterns in
the community. For example, small communities exhibit simple patterns such as centralized
or centralized relations in their interactions [48], while large-scale communities can have
more complex patterns [49].

Conclusion

We characterized the dynamical process of completing a task as the result of the repeated con-
tribution of participating individuals in a community. The relationship between the participa-
tory action and the contribution toward the task completion is described by a production
function. The process of completing the task involves only costs associated with participation.
Therefore, an individual who decides to participate has to have enough motivation to engage
in completing the task. The social dilemma emerges when no community member has enough
motivation to assume the costs of participation. We showed that the ability of the individuals
in the community to communicate can allow for the emergence of cooperation through the
development of reputation and indirect reciprocity. We introduced the concept of relative rep-
utation, defined as an individual’s reputation with respect to another individual’s point of
view, leading to participation through reciprocity. Also, we propose an interaction strategy
where the available participation load is locally distributed between the individuals. This strat-
egy seeks to distribute the available task participation load so that the individuals have the
same relationship between motivation and participation costs. here, individuals who are more
willing to assume the participation costs are more likely to take higher loads of participation
than those with lower motivation.

We used concepts of stability analysis in dynamical system theory to perform a mathemati-
cal analysis of the proposed model, and also we conducted simulations to observe the qualita-
tive behavior of the community for different values of the parameters. We showed the
conditions that guaranteed the completion of the task in the long term, and also we showed
through simulations that the choice of the motivation and production functions, the topology
of the interaction network, and the number of individuals, affect the dynamics of the task
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completion process. The results of the simulations showed that, in the chosen simulation sce-
nario, relatively homogeneous communities that are sufficiently connected tend to have an
equal distribution of the participation loads, allowing for shorter convergence times of the task
for decelerating production functions, and longer convergence times for accelerating produc-
tion functions. In the case of a network topology with a structure where individuals have few
neighbors tended to have unequal distributions of the participation load, allowing for shorter
convergence times of the task for accelerating production functions, and longer convergence
times for decelerating production functions.

The model presented in this paper can be extended to study additional situations that arise
in the study of the dynamics of cooperation. For example, a different definition of the motiva-
tion function can be considered. Effects such as social loafing and the Kéhler effect can studied
using our model. Also, situations can be explored where the members of the community have
to distribute their participation level among several tasks, or where there are different topolo-
gies of the interaction network, and larger scales of the community. Concepts from role theory
[50] and the theory of collective behavior [43] can be connected to the concept of production
function for the analysis of collective action and additional mechanisms that solve task com-
pletion and collective goods social dilemmas.

Supporting Information

S1 Appendix. Mathematical proofs and Matlab Code. It contains the proofs of Theorems 1,
2,3, 4, Corollary 1.1, and the Matlab Code to generate Figs 4 and 7.
(PDF)
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