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Simulation Commands

Population of constant size We used the program ms to simulate data from
a population with a sex-biased demographic history. For a population of constant
size with no sex-bias (p = 0.5) or one with a strong male bias (p = 0.2), we used
the following commands to simulate autosomal and X-chromosomal data:

ms 40 10000 -t 30.0 -r 30.0 5000 # autosomal, p = 0.5

ms 30 10000 -t 22.5 -r 15.0 5000 # X chromosome, p = 0.5

ms 40 10000 -t 19.2 -r 19.2 5000 # autosomal, p = 0.2

ms 30 10000 -t 12.0 -r 4.0 5000 # X chromosome, p = 0.2

Analogous commands were used for populations with other demographic histories.

Likelihood ratio tests for sex-bias: general form

We define a demographic history as a set of population sizes (Ne1, Ne2, ...NeT )
which go forward in time (i.e., Ne1 is the ancestral population size) and correspond
to a set of T − 1 size changes and T epoch durations. The size changes ~ν =
(ν1, ν2, ..., νT−1), which occur instantaneously or exponentially, are defined as the
size at the end of an epoch relative to the ancestral population size. The epoch
durations ~τ = (τ1, τ2, ..., τT ) are in units of genetic time scaled by the ancestral
population size. We assume the X chromosome has the same demographic model
(i.e. number and kind of size changes) as the autosomes.

During the epoch t, t = 1 . . . T , NX
t = ct×NA

t for some constant ct, which is a
function of pt, the female fraction of the effective size during the epoch. To test for
sex-bias during epoch i, the constraints νXt = ci+1/c1 × νAt and τXt = 1/ci+1 × τAt
are used (see derivation for a bottleneck model in “Likelihood ratio tests for sex-
bias: bottleneck model” below). Since we define the population-scaled mutation
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rate, θ, in terms of the ancestral population size, it is constrained by c1 of the first
epoch: NX

1 = c1 ×NA
1 and θX = c1 × θA.

Likelihood ratio tests for sex-bias: bottleneck model

Immediately following a population bottleneck, heterozygosity declines rapidly it
reaches a minimum amount due to the reduced population size and then increases
slowly with the influx of new mutations [3]. The bottleneck reduces the mean
number of alleles at a locus, mainly by removing singletons and doubletons [2],
which shifts the mode of the allele frequency distribution toward more common
alleles [1]. Bottlenecks affect the X chromosomes and autosomes differently due to
their different effective population sizes: in the generations immediately following
the end of a bottleneck when a population has recovered to its pre-bottleneck size,
the X chromosome will have lost more genetic diversity than the autosomes, and
the ratio of their genetic diversity will be less than 0.75. Some time later, the
X chromosome will recover genetic diversity faster than the autosomes, and it is
possible for the ratio of their genetic diversity to be greater than 0.75 [4].

A bottleneck demographic model has two more parameters than a single size
change model, so there are more likelihood ratio tests for a bottleneck than for
the single size change model described in the main manuscript, “Sex-bias tests for
a two-epoch model”. Using the ∂a∂i conventions, the bottleneck parameters are:

• νB: the ratio of the bottleneck and ancient population sizes

• νF : the ratio of the contemporary and ancient population sizes

• τB: the length of bottleneck (in units of 2 ×Nancestral generations)

• τF : time since bottleneck recovery (in units of 2 ×Nancestral generations)

We first fit the parameters of a bottleneck model to the autosomal data. We then
fit the following models for X-chromosomal data with the ∂a∂i Poisson model so
that θX is an explicit parameter.

Model 0

No sex-bias: p = 0.5 for all epochs. A bottleneck model has three epochs
indexed by i = 1, 2, 3. The equations relating the autosomal and X-chromosomal
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parameters are as follows:

NX
i = 3/4 ∗NA

i

νXB = NX
B /N

X
1 = (3/4 ∗NA

2 )/(3/4 ∗NA
1 ) = NA

2 /N
A
1 = νAB

νXF = νAF

τA1 = τB/N
A
1

τX1 = τB/N
X
1

τB = τA1 ∗NA
1 = τX1 ∗NX

1

τX1 = (τA1 ∗NA
1 )/NX

1 = (τA1 ∗NA
1 )/(3/4 ∗NA

1 ) = 4/3 ∗ τA1

Rearranging the above, the X-chromosomal parameters are related to the au-
tosomal parameters by the constant c = 3/4 for each of the size changes, which
are indexed by j = B during the bottleneck and j = F after the bottleneck:

νXj = νAj

τXj = 4/3 ∗ τAj
θX1 = 3/4 ∗ θA1

Since the X-chromosomal and autosomal fold-size changes are constrained to
be the equal, X-chromosomal event times are constrained to be 4/3 the corre-
sponding autosomal times. There are no free parameters in this model, so the
likelihood is evaluated without parameter optimization.

Model 1

Constant sex-bias: p is a value other than 0.5 and is the same for all
epochs. The X-chromosomal and autosomal fold-size changes are constrained
to be equal, and the X-chromosomal event times are constrained to be a constant
factor c times the corresponding autosomal times. This constraint parameter is
a function of the proportion of females via the reduction factors fA(p) = NA

e /N
and fX(p) = NX

e /N :

c = fX(p)/fA(p)

This gives the following constraints:

νXj = νAj

τXj = 1/c ∗ τAj
θX1 = c ∗ θA1
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Model 2

Sex-biased bottleneck: p is the same before and after the bottleneck,
and differs during the bottleneck. νXF and νAF after the bottleneck are the
same because the X chromosome and the autosomes undergo the same size change
and the proportion of females for the first and last epochs are the same. There
are two constraint parameters, c1 and c2, which are free parameters:

c1 = fX(p1)/fA(p1)

c2 = fX(p2)/fA(p2)

This gives the following constraints:

νXB = c2/c1 ∗ νAB
νXF = νAF

τXB = 1/c2 ∗ τAB
τXF = 1/c1 ∗ τAF
θX1 = c1 ∗ θA1

Model 3

Changing sex-bias: p differs for each epoch. There are three constraint
parameters, c1, c2, c3, which are free parameters:

c1 = fX(p1)/fA(p1) (1)

c2 = fX(p2)/fA(p2) (2)

c3 = fX(p3)/fA(p3) (3)

This gives the following constraints:

νXB = c2/c1 ∗ νAB (4)

νXF = c3/c2 ∗ νAF (5)

τXi = 1/c2 ∗ τAi (6)

τXi = 1/c3 ∗ τAi (7)

θX1 = c1 ∗ θA1 (8)

These models and their corresponding likelihood ratio tests are used to test
for sex-bias in a bottleneck model. Analogous models can be defined and used to
test for sex-bias in other demographic models.
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