Text S3

A logistic regression view of the Wu et al. statistic

Here we provide motivation for our joint effects statistic via a logistic regression view of the statistic
proposed by Wu et al. [1].

Consider the possible configurations of phased diplotypes (combinations of haplotypes) that an indi-
vidual can possess at two diallelic loci, G and H, with locus G having alleles G; and G2 and locus H
having alleles H; and Hs. The four possible haplotypes result in 16 possible diplotypes. In the general
population, assuming HWE, the distribution of these diplotypes is as shown in the following table, where

;i is the haplotype frequency of haplotype G;-Hy:

Paternal Maternal haplotype
haplotype | G1-H1 Gi1-Hs Go-Hy  Gso-Hs
Gi-Hy Vi Yntie Yuta Yt
G1-H Yot Wiy i Yiagae
Go-Hy Yot Yoty Y5 Yot
G2-H Yaothin oot Yaathar 3,

In theory, one could imagine that these 16 configurations result in 16 different penetrance (or log odds
of disease) values. However, if we assume that there are no parent-of-origin effects i.e. the penetrance
of diplotype G;-Hy/G-H,, equals that of G;-H,,/G;-Hy, then we have 10 different penetrance value
categories corresponding to the 10 upper right cells in the above table, (with each of the 6 lower left cells
taking the same penetrance value as their mirror image cell on the upper right). In this situation, the

log odds of disease for the different diplotypes can be written as:

Paternal Maternal haplotype

haplotype G1-H, G1-Hy Go-H; Go-Hy
G1-Hq a+fs+72+022 a+fo+y1+00 a+fi+r+de a+fi+m+0,
G1-Hz a+ B2+ + 02 a+ 2 a+ 1 +m+0n a+
Ga-Hy a+ B +y2+d02 a+pfi+m+on a+ 72 a+m
G2-H> a+ 1+ + 6 a+ B a+m a




Here we have parameterized the 10 log odds values in terms of 10 standard logistic regression parameters:
a baseline effect (), effects due to one or two copies of the susceptibility allele at locus G (51, f2), at
locus H (71, 72) and five interaction parameters (871, 011, 012, d21, d22). Note that there are two different
interaction parameters (67; and d11) that could operate when an individual is heterozygous at both loci,
which allows the penetrance for diplotype G1-H;/Ga-Hj to differ from that for G1-Hs/Gs-Hy i.e. models
the difference between so-called ‘cis’ and ‘trans’ effects. If one wishes to assume that these diplotypes have
the same penetrance (i.e. 0}; = d11) then one would obtain a model for the log odds that corresponds to

the usual 9-parameter ‘saturated’ model for combinations of genotypes at the two loci:

Locus H
Locus G H1H1 H1H2 H2H2

G1Gy a+Ba+v2+022  a+fBetyi+021 ot
G1Ga a+B1+v+02 a+fityi+on at+f

G2Ga a+2 o+ a

This 9-parameter model is convenient as, in general, phase is not observed, and so we do not have any
data with which to distinguish between the penetrances of G1-Hy/G2-Hs and G1-Hs/Go-Hy. If phased
diplotypes were, in fact, observed (i.e. we observed which of the 10 different diplotype categories each
individual falls into), we could use case/control data to fit the full 10 parameter model. However, when
phase is not observed, we observe only the 9 genotype categories above, and thus have a maximum of 9
estimable penetrance parameters. If we wished to allow a different parameterisation where ¢7; and d11
were not equal, then we would have to make some kind of other parameter restrictions, in order to not
exceed the maximum of 9 estimable parameters.

In the main text, we pointed out that the log odds ratio used in the method proposed by Wu et al. [1]
can be seen to be analagous to the quantity used in case-only analysis [2] [3] [4], if the unit of analysis
is defined to be a ‘haplotype’ (rather than an individual) and if binary variables z1 and zs are defined
as indicator variables for the two possible alleles at each locus on the haplotype. This suggests that the
method of Wu et al. coresponds to testing the interaction parameter § in a standard logistic regression

model:

log lp%p = oo+ fxy + yre + dr120



where p represents the probability that a haplotype is ‘diseased’ (i.e. comes from a case rather than from
a control).

There are two problems with applying this logistic regression model in practice. One is that diplo-
types (and thus haplotypes) are not observed (so the unit of analysis required for fitting this logistic
regression model is not, in fact, available). The second is that, even if haplotypes were observed (in the
form of diplotypes), it is not clear that the constituent haplotypes in a diplotype should be considered
to have independent risks of being ‘diseased’. As pointed out by Sasieni [5], alleles (or, analagously,
haplotypes) do not get disease; people with particular genotypes (or, analagously, with particular diplo-
types) do. However, Sasieni [5] pointed out certain conditions under which splitting up genotypes into
their constituent alleles (or, analagously, diplotypes into their constituent haplotypes) and treating them
as ‘independent’ does produce inference consistent with what would be obtained from the underlying
genotype (or diplotype) based model: namely, when HWE holds in the control population and when,
moreover, the homozygous odds ratio is the square of the heterozygous one.

Considering Wu et al.’s approach as an implementation of the ‘haplotype-based’ logistic regression
model above, this model imposes a particular structure on the log odds for a haplotype being ‘diseased’,
namely that haplotypes G1-Hi, G1-Hs, Go-H1, Go-Hs, have log odds of being diseased of ag, ag + 7,
ag + B, ag + B+ v + § respectively. Converting this to a diplotype-based model, while imposing the
condition of the homozygous odds ratio being the square of the heterozygous one, would suggest that
Wu et al.’s approach in fact corresponds to fitting the following model for the log odds of disease for the

different diplotypes:

Paternal Maternal haplotype

haplotype G1-H, G1-H, Go-H, Go-Hy
Gq1-H, 200 + 204+ 27+ 20 209 +204+7v+90 200+ 8+2v+0 200+ [B+y+0
G1-Ho 200 + 204+ v+6 200 + 23 2c0 + B+ 2a0 +
Go-H, 200 + B+ 2y + 9 2c0 + B+ 209 + 27y 200 + 7y
Go-Ho 200 + B+v+ 90 2a0 + 3 2a0 + 7y 20

This model can be seen to correspond to a restricted form of our ealier 10-parameter model, in which we
reparameterise the parameters in the 10-parameter model as follows: o = 2ayq, 81 = 3, B2 =20 71 =7,

Yo = 27, 012 = 021 = 01y =0, d22 = 20, 611 = 0.



Proof of equivalance between Wu et al.’s test and restricted logistic regression

model

Here we prove that, provided we make a rare disease assumption, the parameter § in the above restricted
form of the 10-parameter logistic regression model does indeed correspond precisely to the parameter
tested by Wu et al. (2010) [1].

Following the notation of Wu et al. (2010) [1], we denote the penetrance for each cell in the 16-cell
table as fjrim where fji, represents the probability of being diseased for an individual with diplotype

G;-Hy/Gi-H,,. Wu et al. (2010) [1] define their ‘interaction’ odds ratio of interest as

] [Pl

where hj, is the so so-called ‘penetrance’ of haplotype Gj-Hy:

hjr = 11 ik + Y1z firie + Ya1 finor + Y22 firee

This concept of ‘penetrance’ of a haplotype is slightly complicated to understand, but appears to represent
some kind of weighted average of the penetrances for diplotypes involving that haplotype, averaged over
the possibilities for the other haplotype in the diplotype. Wu et al. (2010) [1] show that their overall log
odds ratio of interest using this definition can be reduced to

PARA | PIPY

log
PPy PPy

where Pf}C and Pf,ﬁ, refer to haplotype frequencies in cases and controls respectively, which corresponds
to the formulation given in Equations 3 and 5 in our main manuscript.
Our proposed restricted logistic regression model would imply that the diplotype penetrances f;xim

take the following form:



Paternal Maternal haplotype
haplotype G1-H, G1-Hy Go-H, Go-H,
e t20+27+26 eat2B+y+s ot B+27+6 e BT+
G1-H; 1+eat2p+27+23 Tteat2B+7+3 1+eathT2y+s 1teatBTr+s
G.-H. e t28+7+6 e 128 e B+ e tB
17442 Tteot2B+ T3 Tteat2B T+eatB+y Tteoth
Go-H e tB+2v+6 e B+ e t2v ety
2-411 1treatht2vTs 1t+eatB+v 14+ext2y 14+exty
Go-H. e tB+y+s e th et e®
272 TfeotBT s Tfeath Tfeot Tfeo

Using this formulation for the diplotype penetrances fjxim, we may write down an expression for Wu
et al.’s interaction log odds ratio of interest in terms of the parameters a, (3, v, 6. This expression is
complicated and, in general, Wu et al.’s log odds ratio does not turn out to precisely correspond to 9.

However, if we are willing to make a rare discase assumption, the penetrances f;ii, may be written

Paternal Maternal haplotype

haplotype G1-H, G1-H, Go-H, Go-Hy
G1-H, eat28+29+26  La+28+9+6 catB+29+5 patB+y+0
G1-Hs e t28+7+6 e t+2p eatB+y et
Go-H, e tB+27+6 eatB+y e t2y ety
Go-Ho eat+B+v+4 eatp ety e

and, moreover, the denominator of Wu et al.’s odds ratio

(1 —=h11)(1 — hoa)

(= i) (L= har)

Therefore, Wu et al.’s odds ratio of interest is reduced to

hithao
hi2hai

(11 fiinn + Yiafiiie + a1 frior + Y22 fri22) (V11 fizn + Y1z fiziz + Vo1 fizer + 22 fi222)
(V11 fo111 + Y12 for12 + o1 far21 + Vo2 far22) (V11 fazi1 + Yr2faoi2 + Y21 faoor + P22 f2222)

e (P11€20F27F20 4410 e2BHIH0 g FF27F0 4 4hog Bt H0) e (1h11 87 H0 - ahiael + ahare + 1)
e (1h11€28T7H0 4 1)15e2B + ho1 BT + hoel) e (1h11€8F29F0 4 h12ePHY + 1hg1€27 + thoge?)




= [P €TI0 4 20y 10h1aePTPITE0 p 20hy g4y @IV 24hy g yp IV 2 BPTTHO
201990212V 21 0h90e®P IO 4 pZ) eFFITTO L Dafiy agp el TRV 4 4 P10
/[¢%1636+3w+26 + 2¢11¢12636+2~y+5 + 2¢11¢21€25+3’7+6 + 2¢11¢22€26+27+6 + w%2e3ﬁ+«/
+ 2001912172 4 2h191pe T 4 b3 7B 4 2y 1hpel A 4 3, 1]

= 66

Thus, under a rare disease assumption, the odds ratio used as the basis of the Wu et al. (2010)
statistic can indeed be seen to correspond to e’ (and thus the log odds ratio corresponds to §) where 6 is

the interaction term in the following restricted logistic regression formulation for the log odds of disease:

Paternal Maternal haplotype

haplotype G1-H, G1-Ho Go-Hy Gy-Ho
G1-H, a+20+2v+20 a+28+v+d a+08+2y+6 a+B+v+0
G1-H, a+20+v+9 a+ 243 a+ B+ a+ 0
Go-H,y a+fB+2y+4 a+ B+ o+ 2y o+
Go-Ho a+pB+y+6 a+ a4y «

Since diplotypes are not observed, it is not usually possible to implement this logistic regression model
in practice, although in principal one could attempt to fit it using missing data likelihood methods (e.g.

via an EM algorithm [6]).

Improved test of )\ via joint effects statistic

We have seen that, under a rare disease assumption, the interaction log odds ratio tested by Wu et al.
corresponds to the parameter ¢ in the above logistic regression formulation. Nevertheless, Wu et al. do

not estimate § directly but rather test whether it equals 0 by constructing two log odds ratios

A pA
P11P22

A DA
P12P21

A4 =log



(where Pf}f and PJ]X refer to haplotype frequencies in cases and controls respectively), and by then testing
whether Ay = 0 (case-only test) or whether Ay = An (case/control test). We propose using a similar
idea, but using a test that allows for more general main effects than in the Wu formulation (which makes
restrictions on the main effects at each of the two loci, namely that alleles act additively on the log odds
scale within each locus). Our motivation for making this improvement is the fear that, if the model
assumed by Wu et al. is misspecified with respect to the main effects, then it is possible that inference
with respect to interaction effects might be affected.

First we return to our more general 10-parameter model for the log odds for the different diplotypes:

Paternal Maternal haplotype

haplotype G1-H; G1-Hy Go-H; Go-Hy
G1-Hy a+Bet+y2+d2 atfotyi+oan at+Bityet+di a+ i+ +0y
G1-Ho a+ B2 471+ 021 a+ By a+f1 47+ 0 a+
Ga-H,y atfi+y2+d2 at+fi+7+on a+ 72 a+m
Ga-H> a+ 1+ + 0 a+ f a+m a

Following Wu'’s idea of estimating quantites in cases and controls separately, we derive the distribution of
the diplotypes in cases and controls that results from the above model. In cases, this distribution is given
by P((G;-Hy/Gi-Hy,)|D), which by Bayes’ theorem (assuming HWE in the general population) equals
FikimWjkim/ K, where fjpim is the probability of being diseased for an individual with diplotype G-
Hy,/Gi-H,,, V1, represents the population frequency of haplotype G;-Hj, D represents the event that an
individual is affected (diseased) and K = P(D) is the population prevalance. Similarly, the distribution
of diplotypes in controls is given by (1 — fjxim)¥;x¥im /(1 —K). Thus, the diplotype probabilities in cases

and controls may be written:



Cases Maternal haplotype
Paternal haplotype G1-Hy G1-Hy Goy-H, Go-Ho
G1-H,y Y3 fun /K Yuiafiiie/K Yo fiizn /K Yithea fiize/K
G1-Ho V12911 fra11 / K U39 fr212/ K Y12921 f1201/ K 12922 f1222/ K
Ga-Hy Vo111 farn /K Y2112 for12/ K V3, fo121/ K Vo122 fa122/ K
Ga-Ho VYoothn1 fazn1 /K Yoat1afaria/ K haathor faoo1 /K V3 fa202 | K
Controls Maternal haplotype
Paternal haplotype G1-H, G1-Ho Goy-H, Gy-Ho
Gy-H, wi((;@)m) wuwﬁigmz) d’llwﬁiig)flml) wuwﬁgg)flm)
Gi-H, ¢12¢H£};{1211) w%g((llj{l)zm wlzw?i;{ml) wnwﬁg)fm)
Gy-H, 1/121111891;{2111) wmwﬁg{zuz) w&((ll;f(z)m) d’mwﬁgg)fmm)
Go-Ho wmwﬁggmm et S;{zm) Yoty g;{m) 3y ((11:;‘5)222>

Under the 10-parameter diplotype model, and making a rare disease assumption, these diplotype proba-

bilities in cases and controls reduce to:

Cases Maternal haplotype
Paternal haplotype G1-H, G1-Hy Go-H, Go-Hy
G1-H, P73 e PPz tatozn P119proe® A2 Ho21 Y119 eI 2 012 1/)111Z122€“+ﬁ1+71+5/11
K K K
G1-H, 1ty e TP2T1+021 Pipeto2 1ot AT P109hre®TP1
K K K
Go-Hy o191 e TPIFY2H012 Po19prae® AT Y3 et2 ha11paze T
K K K K
’
Go-H. Pagtpry e AL Poo1p1pe® TP Yooty et Pipe®
27112 K K K K

Controls Maternal haplotype
Paternal haplotype | Gi-Hy Gi1-Hs Gs-Hy Go-Ho
G1-Hy (e Yz Yua Y
G1-Hs Y1211 LS P1oto1 Y1222
Ga-Hy Yo Yot 3 V21922
Ga-Hy Yooh11 Ya2h12 Ya2tha V3o




Therefore, combining cells of the above table appropriately, the probabilities of the 9 observable genotype

combinations in cases and controls are:

Cases Locus H
Locus G H1H1 H1H2 H2H2
P2, e TBa+tr2+822 24h11hy0e B2 YL+ P2, e tP2
GG, 11 1112 = 12
GG 201y 1hpr e TP T2 012 20h11 20 TALT 1011 901 pehyy @ TALH 11 HO1 2tp121pg0e* A1
1-r2 K K K
eNeN ’1’316}:“2 2111211#?5”71 ¢§I'z<ea
Controls Locus H
Locus G H1H1 H1H2 H2H2
G1Gy ¥ 211712 ()
G1G2 2¢111/)21 2¢111/)22 + 21/’121/)21 27/’121/)22
G2Go V3, 29h21922 V3o

Our joint effects test is based on constructing (within cases and controls separately) four odds ratios
(i22, 121, 12, 911) by using each of the four top left cells in turn, to estimate the odds ratio relative to the
baseline (bottom right) cell. The motivation for this approach is that any main effects will cancel out,
see Text S2. Given the distribution of the 9 observable genotype combinations above, we can see that in

controls these odds ratios correspond to the following quantities:

_ 1/J%1¢§2 _ (e)\w)2 _ 62/\w

e

192

_ 2ol o
21/)217#2277&%2

121

a3, Ay
2 =5 —¢€
21292205,

_ ngz [¢11¢22 + ¢12¢21] . et +1

i =
M 41)12922121122 2
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where Ay is the log odds ratio measure defined with respect to haplotype frequencies in the general
population.

For cases, the quantities estimated by the 4 odds ratios depend on the paramaterisation chosen for
the interaction parameters (but not on the main effects parameters, which all cancel out as desired).
Suppose we imposed a paramaterisation for interaction effects corresponding to that imposed by Wu et
al. i.e. 019 = 021 = 0}; =, 622 = 28, 611 = 0. Then, in cases, the four odds ratios end up corresponding

to the following quantities :

2 2
_ V¥ s _ (20)262 = 2utd) — 2,

igy = say
Vo5,
2
PV CTE - W P VO S URE SV
2002192917,
2 2
P LN e W PR O S UEY JEPY:

21/’121/)221/1%1

21p3, [1/’117//226511 + 1/)127/12166“] _ P11992€0 + 12thoy

7 =
H 41)129201211)22 2p12%21
1, 3 s eI 1 M
= —_ P 1 = =
e +1) 2 2

where A4 is defined as Ay + 6. Thus, by estimating (i11, 412, @21, 22) in cases and controls separately,

and considering these quantities as the following functions of a parameter A:

. 2\ . A . by .
122 = € 21 = € 112 = € 111 =

we can see that in controls, the quantity A corresponds to the usual log odds ratio measure Ay defined
with respect to haplotype frequencies in the general population, while in cases the quantity A corresponds
to Aq = Ay + 0, where ¢ is Wu et al.’s interaction parameter of interest. Therefore, we may test whether
d = 0 by testing whether the parameter \ as estimated (on the basis of 411, 12, i21, i22) in cases equals A
as estimated in controls (case/control test). Alternatively, if we are willing to assume no population level

LD (so Ay = 0), we may instead test whether § = 0 by testing whether A as estimated in cases equals 0
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(case-only test).

Alternative versions of joint effects statistics

The motivation for the joint effects statistics given above also allows the possibility of imposing alternative
parameterisations for the interaction parameters. Suppose we wished to impose the usual 9-parameter

‘saturated’ model for combinations of genotypes at the two loci:

Locus H
Locus G H1H1 H1H2 H2H2

G1Gy a+Ba+v2+022  a+fBetyi+0a1 ot
G1Ga a+B1+v+d2 atfityi+on at+B

G2Ga a+2 o+ a

Then, using the same argument as in the previous section, the four odds ratios (i11, 12, i21, i22) used in

the joint effects test end up corresponding to estimates of the following quantities in controls:

A
. . ) . et +1
ip = =M = in =
while in cases they end up estimating:
AP
) ) . ) e +1
199 = e v 022 191 = e ed21 110 = e ed12 11 = - e

2

We may thus test each interaction effect individually by testing whether the relevant odds ratio (i11, 12,
191 OF i99) is equal when estimated in cases as in controls (case/control test) or, assuming no population
level LD, by testing whether the relevant odds ratio estimated in cases alone equals 1. This strategy
would lead to four 1df tests or an overall 4df test when considering all interaction effects simultaneously.
To increase power, one might prefer to reparameterise in terms of a single parameter §, for example
assuming an allelic coding whereby d17 = 0, d12 = Jo1 = 20, dag = 40. (This coding would be similar to

the model assumed in PLINK). In that case, the odds ratios in cases end up estimating:

A 1
. . . . € +
i9o 2y 46 in1 Ay 20 1o Ay 626 i1 &
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while the odds ratios in controls estimate

e+ 1
2

igg =€ iy =N iy =€ iy =

bef D i he odd i i d i 4 i1y, 15y, ih d those i 1 N
as before. Denoting the odds ratios estimated in cases as (i1, 15, 137, 95) and those in controls as (7Y,
iy, 2, id%), we could therefore construct 4 separate estimates of ¢:

5, = lostina/ing) 5 log(id/iz) 5 _ log(iiy/ify)

1 1 2 9 3 B 04 = 1og(i‘141 /Zﬁ)

Similar to the joint effects test of A described previously, we could use a weighted average of these four
estimates (with weights chosen to make the variance minimum), divided by its estimated variance, as a
direct test of the parameter §. We defer any detailed derivation and investigation of the properties of

this (and other) alternative parameterisations of the joint effects test to future work.
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