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Supplementary Text S1

Proof of Proposition 1

The probability function in (1) can be expressed as

Pr(S1, · · · , Sn|θ0) =
1

z(θ0)

∏
i∈V

exp(Ui),

where

Ui = hI1(Si) +
τ0
2
I−1(Si)

∑
j∈Ni

(wi + wj)I−1(Sj) +
τ1
2
I1(Si)

∑
j∈Ni

(wi + wj)I1(Sj).

The conditional probability of Si given all other nodes in SV−i is

Pr(Si|SV−i) =
Pr(S1, · · · , Sn)∑

Si∈{−1,1} Pr(S1, · · · , Si, · · · , Sn)

=
exp(Ui) ·

∏
k∈Ni

exp(Uk) ·
∏

l∈V−i−Ni
exp(Ul)∏

l∈V−i−Ni
exp(Ul) ·

∑
Si∈{−1,1}

{
exp(Ui) ·

∏
k∈Ni

exp(Uk)
}

=
exp(Ui) ·

∏
k∈Ni

exp(Uk)∑
Si∈{−1,1}

{
exp(Ui) ·

∏
k∈Ni

exp(Uk)
} . (9)

The last step is true because for any l ∈ V − i−Ni, since i and l are not neighbors, Ul is independent of

Si. Note that for any k ∈ Ni, Uk is a function of Si:

Uk = exp

{
hI1(Sk) +

τ0
2
I−1(Sk)

∑
j∈Nk

(wk + wj)I−1(Sj) +
τ1
2
I1(Sk)

∑
j∈Nk

(wk + wj)I1(Sj)

}

= exp

{
hI1(Sk) +

τ0
2
(wk + wi)I−1(Sk)I−1(Si) +

τ0
2
I−1(Sk)

∑
j∈Nk−i

(wk + wj)I−1(Sj)

+
τ1
2
(wk + wi)I1(Sk)I1(Si) +

τ1
2
I1(Sk)

∑
j∈Nk−i

(wk + wj)I1(Sj)

}
.

Thus, (9) becomes

Pr(Si|SV−i) =

exp

{
hI1(Si) + τ0I−1(Si)

∑
j∈Ni

(wi + wj)I−1(Sj) + τ1I1(Si)
∑

j∈Ni
(wi + wj)I1(Sj)

}
exp

{
h+ τ1

∑
j∈Ni

(wi + wj)I1(Sj)

}
+ exp

{
τ0
∑

j∈Ni
(wi + wj)I−1(Sj)

}
= Pr(Si|SNi)

because it only depends on SNi
. Thus,

Pr(Si = +1|SNi)

Pr(Si = −1|SNi
)

=

exp

{
h+ τ1

∑
j∈Ni

(wi + wj)I1(Sj)

}
exp

{
τ0
∑

j∈Ni
(wi + wj)I−1(Sj)

} .

= exp

{
h+ τ1

∑
j∈Ni

(wi + wj)I1(Sj)− τ0
∑
j∈Ni

(wi + wj)I−1(Sj)

}
,



2

which is a logistic regression model that can be rewritten as

logitPr(Si|SNi) = h+ τ1

(
wiJ

(1)
i +

∑
j∈Ni

wjI1(Sj)

)
− τ0

(
wiJ

(−1)
i +

∑
j∈Ni

wjI−1(Sj)

)
.


