
S1 Text. Computations of the adjoint system

In order to deal with the necessary optimality conditions, we use some results in [1]. Next, we detail
the computations of the adjoint system (12)-(13). To this end, we first define the functions y1,Q :
[0,T ]× [0,amax]→ R and y2 : [0,T ]× [0,amax]×R+ by:

y1(t,a) =

(
S(t,a)
R(t,a)

)
, y2(t,a, i) =

 Is(t,a, i)
Im(t,a, i)
Ip(t,a, i)

 , Q(t,a) =
(

H(t) E(t,a) b(t,a)
)

wherein

gH(i,y2(t,a, i)) = Is(t,a, i)1[isympt ,∞)(i), gR(i,y2(t,a, i)) = ∑
k∈{s,m,p}

hk(a, i)Ik(t,a, i),

gλ (a, i,y1,y2) = S(t,a)×∫ amax

0
K(a,a′)

(
βs(a′, i)Is(t,a′, i)+βm(a′, i)Im(t,a′, i)+βp(a′, i)Ip(t,a′, i)

)
da′,

H(t) =
∫

∞

0

∫ amax

0
gH(i,y2(t,a, i))da di, E(t,a) =

∫
∞

0
gλ (a, i,y1(t,a, i),y2(t,a, i))di,

b(t,a) =
∫

∞

0
gR(i,y2(t,a, i))di.

The model (5) thus rewrites as
∂ty1(t,a) = F1(a,Q(t,a),c(t,a),y1(t,a)),

(∂t +∂i)y2(t,a, i) = F2(a, i,Q(t,a),c(t,a),y2(t,a, i)),
y2(t,a,0) = Φ(a,c(t,a),E(t,a)),

with

F1(a,Q(t,a),c(t,a),y1(t,a)) =

(
−µ(a,H(t))S(t,a)− (1− c(t,a))E(t,a)

−µ(a,H(t))R(t,a)+b(t,a)

)
,

F2(a, i,Q(t,a),c(t,a),y2(t,a, i)) =

−(µ(a,H(t))+ γ(a, i,H(t))+hs(a, i))Is(t,a, i)
−(µ(a,H(t))+hm(a, i))Im(t,a, i)
−(µ(a,H(t))+hp(a, i))Ip(t,a, i)

 ,

and

Φ(a,c(t,a),Q(t,a)) =

 (1− p)q(a)(1− c(t,a))E(t,a)
(1− p)(1−q(a))(1− c(t,a))E(t,a)

p(1− c(t,a))E(t,a)

 .

We now rewrite the functional J as

J(c) =
∫ T

0

∫ amax

0

(
J1(a,c(t,a),Q(t,a),y1(t,a))+

∫
∞

0
J2(a, i,Q(t,a),y2(t,a, i))di

)
da dt

which is decomposed into

J1(a,c(t,a),Q(t,a),y1(t,a)) = µadd(a,H(t))(S(t,a)+R(t,a))+B(a)c2(t,a)
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and

J2(a, i,Q(t,a),y2(t,a, i)) =

γ(a, i,H(t))Is(t,a, i)+µadd(a,H(t))(Is(t,a, i)+ Im(t,a, i)+ Ip(t,a, i)).

We denote by z1,ζk : [0,T ]× [0,amax]→ R (for k ∈ {1,2,3}) the following adjoint functions

z1(t,a) = (zS(t,a),zR(t,a)), ζ (t,a) = (ζ1(t,a),ζ2(t,a),ζ3(t,a)),

and we denote by z2 : [0,T ]× [0,amax]×R+ the following adjoint function

z2(t,a, i) = (zIs(t,a, i),zIm(t,a, i),zIp(t,a, i)),

satisfying limi→∞ z2(t,a, i) = 0 and z1(T,a) = z2(T,a, i) = 0. We get

∇y1J1(a,c(t,a),Q(t,a),y1(t,a)) =

(
µadd(a,H(t))
µadd(a,H(t))

)T

∇y2J2(a, i,Q(t,a),y2(t,a, i)) =

µadd(a,H(t))+ γ(a, i,H(t))
µadd(a,H(t))
µadd(a,H(t))


T

∇y1F1(a,Q(t,a),c(t,a),y1(t,a)) =

(
−µ(a,H(t)) 0

0 −µ(a,H(t))

)
and

∇y2F2 =−µ(a,H(t))− γ(a, i,H(t))−hs(a, i) 0 0
0 −µ(a,H(t))−hm(a, i) 0
0 0 −µ(a,H(t))−hp(a, i)

 ,

where ∇yF denotes differentiation of F with respect to the variable y.
Then

(z1 ·∇y1F1)(t,a) =
(
−µ(a,H(t))zS(t,a) −µ(a,H(t))zR(t,a)

)
and

(z2 ·∇y2F2)(t,a, i) =
(
−(µ + γ +hs)zIs(t,a, i) −(µ +hm)zIm(t,a, i) −(µ +hp)zIp(t,a, i)

)
.

Setting

g1(a,y1,y2) =


∫

∞

0 gH(i,y2(t,a, i))di
E(t,a)
b(t,a)

 , g2(a, i,y1,y2) =

 gH(i,y2(t,a, i))
gλ (a, i,y1(t,a, i),y2(t,a, i))

gR(i,y2(t,a, i))

 ,
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we see that

∇y1g1(a,y1,y2) = 0 0∫
∞

0
∫ amax

0 K(a,a′)(βs(a′, i)Is(t,a′, i)+βm(a′, i)Im(t,a′, i)+βp(a′, i)Ip(t,a′, i))da′ di 0
0 0


and

∇y2g2(a, i,y1,y2) =

 1[isympt ,∞)(i) 0 0
S(t, ·)βs(a, i)K(·,a) S(t, ·)βm(a, i)K(·,a) S(t, ·)βp(a, i)K(·,a)

hs(a, i) hm(a, i) hp(a, i)

 .

From there, we deduce that

(ζ ·∇y1g1)(t,a) =(
ζ2(t,a)

∫
∞

0
∫ amax

0 K(a,a′)(βs(a′, i)Is(t,a′, i)+βm(a′, i)Im(t,a′, i)+βp(a′, i)Ip(t,a′, i))da′di 0
)

and

(ζ ·∇y2g2)(t,a, i) =ζ1(t,a)1[isympt ,∞)(i)+βs(a, i)
∫ amax

0 ζ2(t,a′)S(t,a′)K(a′,a)da′+ζ3(t,a)hs(a, i)
βm(a, i)

∫ amax
0 ζ2(t,a′)S(t,a′)K(a′,a)da′+ζ3(t,a)hm(a, i)

βp(a, i)
∫ amax

0 ζ2(t,a′)S(t,a′)K(a′,a)da′+ζ3(t,a)hp(a, i)


T

.

The adjoint system is given by{
− ∂ z1

∂ t (t,a) = ∇y1J1(t,a)+(z1 ·∇y1F1)(t,a)+(ζ ·∇y1g1)(t,a)
−( ∂ z2

∂ t + ∂ z2
∂ i )(t,a, i) = ∇y2J2(t,a)+(z2 ·∇y2F2)(t,a, i)+(ζ ·∇y2g2)(t,a, i)

which is equivalent to (12). Next, we see that

∇QΦ(t,a) =

0 (1− p)q(a)(1− c(t,a)) 0
0 (1− p)(1−q(a))(1− c(t,a)) 0
0 p(1− c(t,a)) 0


whence

(z2(·, ·,0) ·∇QΦ)(t,a) =
(

0 [1− c(t,a)][(1− p)(q(a)zIs +(1−q(a))zIm)+ pzIp ](t,a,0) 0
)
.

Further, we have
∇QJ1(t,a) =

(
∂ µ

∂H (a,H(t))(S(t,a)+R(t,a)) 0 0
)

and

∇QJ2(t,a, i) =(
∂ µ

∂H (a,H(t))(Is(t,a, i)+ Im(t,a, i)+ Ip(t,a, i))+
∂γ

∂H (a, i,H(t))Is(t,a, i) 0 0
)
.
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We also see that ∇Qg1 ≡ 0, ∇Qg2 ≡ 0,

∇QF1(t,a) =

(
− ∂ µ

∂H (a,H(t))S(t,a) −(1− c(t,a)) 0
− ∂ µ

∂H (a,H(t))R(t,a) 0 1

)

and

∇QF2(t,a, i) =


−
(

∂ µ

∂H (a,H(t))+ ∂γ

∂H (a, i,H(t))
)

Is(t,a, i) 0 0

− ∂ µ

∂H (a,H(t))Im(t,a, i) 0 0
− ∂ µ

∂H (a,H(t))Ip(t,a, i) 0 0


whence

(z1 ·∇QF1)(t,a) =

−
∂ µ

∂H (a,H(t))S(t,a)zS(t,a)− ∂ µ

∂H (a,H(t))R(t,a)zR(t,a)
−(1− c(t,a))zS(t,a)

zR(t,a)


T

and
(z2 ·∇QF2)(t,a, i) =

(
−
(

∂ µ

∂H + ∂γ

∂H

)
IszIs−

∂ µ

∂H ImzIm−
∂ µ

∂H IpzIp 0 0
)
.

Finally, the adjoint functions ζ must satisfy the following equation:

ζ (t,a) =(z2(·, ·,0) ·∇QΦ)(t,a)+(∇QJ1(t,a))+(z1 ·∇QF1)(t,a)+(ζ ·∇Qg1)(t,a)

+
∫

∞

0
(∇QJ2(t,a, i)+(z2 ·∇QF2)(t,a, i)+(ζ ·∇Qg2)(t,a, i))di

which is equivalent to (13). Finally by [1], the Hamiltonian is given by

H (t,a,c) = z2(t,a,0) ·Φ(t,a,c,Q)+J1(a,c,Q,y1)+
∫

∞

0
J2(a, i,Q,y2)di

which leads to

H (t,a,c) = E(t,a)[1− c(t,a)][(1− p)(q(a)zIs +(1−q(a))zIm)+ pzIp ](t,a,0)

+µadd(a,H(t))(S(t,a)+R(t,a))+B(a)c2(t,a)

+
∫

∞

0
(γ(a, i,H(t))Is(t,a, i)+µadd(a,H(t))(Is(t,a, i)+ Im(t,a, i)+ Ip(t,a, i)))di. (A.1)
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