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1 Rescaling measured growth rate into overall elongation rate

for E. coli

First, experimental data were manually extracted from Fig. 3 in Ref. [1] by using the software WebPlot-

Digitizer [2], see Fig. S1 A). Second, experimental data from Table 2 (“Peptide chain elongation rate”)

by Liang et al. [3] were plotted and interpolated using Mathematica’s function Interpolation [4]. The

resulting interpolation function allows the conversion of data on specific growth rates into corresponding

overall elongation rates, see Fig. S1 B).

2 Theoretical framework of translation elongation

Our analysis is based on the theoretical framework of translation developed in Refs. [5, 6]. Briefly, trans-

lation is described as a continuous-time Markov process to capture its stochastic nature. Based on bio-

chemical studies of the ribosome [7–13], twelve ribosomal states are defined for each sense codon c in the
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ribosomal A site. The different states, which are numbered from 0 to 11 as shown in Fig. S2, correspond

to the binding of different ternary complexes to the ribosome and the different conformations of the

ribosome/tRNA complex, respectively.

The ribosome dwells with an empty A site on a codon c in state (c|0), until it binds a ternary complex

that may be cognate, near-cognate, or non-cognate to codon c. Initial binding of a non-cognate ternary

complex leads to state (c|11), from which the ternary complex unbinds again, so that the ribosome

returns back to state (c|0). If a cognate ternary complex binds, the ribosome is in state (c|1). From here,

the cognate ternary complex can dissociate or move further into the A site, thus attaining the codon

recognition state (c|2). The recognition of a cognate ternary complex is followed by GTPase activation

and GTP hydrolysis, leaving the ribosome in state (c|3). The subsequent irreversible transition to state

(c|4) describes phosphate release and conformational rearrangements of EF-Tu. The cognate ternary

complex is then usually fully accommodated in the A site, corresponding to a transition to state (c|5).

Alternatively, it may be released from the A site via the less probable transition back to state (c|0).

Binding of a near-cognate ternary complex is described by states (c|6) to (c|10). Recognized near-cognate

ternary complexes are rejected by the ribosome via a backward transition from state (c|7) to state (c|6).

In rare cases only, a near-cognate ternary complex will lead to GTPase activation and GTP hydrolysis

followed by phosphate release and conformational rearrangements of EF-Tu via transitions to state (c|8)

and state (c|9). If so, the near-cognate ternary complex will most likely be released, leading back to state

(c|0). With low probability, a near-cognate aa-tRNA gets fully accommodated in the A site via transition

to state (c|10). Finally, after a cognate or near-cognate tRNA has been fully accommodated in the states

(c|5) or (c|10), the ribosome/tRNA complex undergoes the transition to the new state (c′|0) at the next

codon c′, which describes the combined process of peptide bond formation and translocation.

Transitions between two states (c|i) and (c|j) occur with transition rates ωij . Numerical values for

the in-vivo transitions rates are given in Ref. [6] and were obtained by minimizing the kinetic distance

to the measured in-vitro rates as introduced in Ref. [5].

We assume that all transition rates are codon-independent, except for the binding rates ω01, ω06,

and ω0,11 of cognate, near-cognate, and non-cognate ternary complexes, respectively. These rates are

taken to be proportional to the concentrations X̂a of free cognate, near-cognate, and non-cognate ternary

complexes as given by

ω01 = κon

∑
a∈Aco(c)

X̂a , (1)

ω06 = κon

∑
a∈Anr(c)

X̂a , (2)

2



and

ω0,11 = κon

∑
a∈Ano(c)

X̂a , (3)

where a indicates the tRNA species contained in a ternary complex, and Aco(c), Anr(c), and Ano(c)

denote the sets of tRNA species that are cognate, near-cognate, and non-cognate to codon c, respectively.

The binding rate constant κon is assumed to be identical for all cognate, near-cognate, and non-cognate

ternary complexes, based on experimental findings [14].

The codon-specific elongation time tc,elo is the average time that a ribosome needs to finish a complete

elongation cycle on codon c, i.e., to translate codon c. The inverse of the codon-specific elongating time

is the codon-specific elongation rate ωc,elo. The codon-specific elongation time tc,elo can be expressed by

the sum of the average dwell times t(c|i) that a ribosome spends in average per elongation cycle on codon

c in the states (c|i) with i = 0, 1, . . . , 11, i.e.,

ωc,elo ≡ t−1
c,elo ≡

(
11∑
i=0

t(c|i)

)−1

. (4)

Analytical expressions for all dwell times t(c|i) in terms of the concentrations X̂a of free ternary complexes

and the transition rates ωij are given in Ref. [6]. However, it is important to note that, as mentioned

above, the binding rates ω01, ω06, and ω0,11 depend on the concentrations of free cognate, near-cognate,

and non-cognate ternary complexes. Therefore, the dwell times t(c|i) depend on these concentrations as

well.

Averaging the codon-specific elongation times over all codons in the “coding transcriptome”, i.e., the

population of all mRNA molecules in the cell, reveals the average elongation time per codon 〈tc,elo〉. The

overall elongation rate ωelo is then given by the inverse of the average elongation time per codon 〈tc,elo〉,

i.e.,

ωelo ≡ 〈tc,elo〉−1 =

(
61∑
c=1

pc tc,elo

)−1

, (5)

where pc denotes the normalized codon usage of codon c, which represents the probability that a randomly

chosen sense codon in the mRNA population is equal to c. Numerical values of the codon usages in E. coli

are given in Ref. [6]. The overall elongating rate ωelo has been determined experimentally for E. coli under

various growth conditions [3].

The overall elongation rate ωelo depends on the concentrations of all species of free ternary complexes

via the concentration-dependent binding of ternary complexes to the ribosome. The concentrations of
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free ternary complexes are determined by the abundance of their components and the kinetics of the

tRNA cycle depicted in Fig. 1 in the main text: tRNAs that have been used by translating ribosomes get

translocated to the E sites from where they leave the ribosomes. Afterwards, the tRNAs bind to aminoacyl-

tRNA synthetases that recharge them with their cognate amino acids. Finally, the recharged aa-tRNAs

bind to EF-Tu molecules to form new ternary complexes that can bind to translating ribosomes. In E. coli,

the total concentrations of tRNA molecules have been measured under various growth conditions [15].

However, due to the complex tRNA cycle, it is necessary to distinguish the total concentration of a tRNA

molecule from the concentration of its corresponding ternary complex [6]. Recently, we have shown how

the steady state concentration X̂b of free ternary complexes of species b can be calculated from the total

concentration Xb of tRNA molecules of species b [6]. The concentration X̂b of free ternary complexes of

species b depends on the concentrations X̂a of all ternary complex species, the concentration E fr of free

EF-Tu molecules, the concentration R of ribosomes, the codon-dependent probabilities Pc,co and Pc,nr

of cognate and near-cognate aa-tRNA accommodation defined in Ref. [6], and the codon usages pc by

X̂b = Xb

(
1 +

ωdis

κass E fr

+R
(

Φco

∑
c∈Cco(b)

Pc,co pc∑
a∈Aco(c)

X̂a

+ Φnr

∑
c∈Cnr(b)

Pc,nr pc∑
a∈Anr(c)

X̂a

+ ωeloτno

∑
c∈Cno(b)

Pc,co pc∑
a∈Aco(c)

X̂a

))−1

, (6)

with the binding rate constant κass and the dissociation rate ωdis, which govern ternary complex formation

from free EF-Tu molecules and aa-tRNAs. Under the assumption that E-site tRNAs leave the ribosome

after a new aa-tRNA has bound to the A site, the dimensionless constants Φco and Φnr assume the values

Φco ≡ 2 + ωelo

(
τco +

1

ωre
+

1

κass E fr

)
, (7)

Φnr ≡ 2 + ωelo

(
τnr +

1

ωre
+

1

κass E fr

)
, (8)
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where ωre is the rate governing the recharging of de-aminoacylated tRNAs by synthetases with new amino

acids. The constant time scales τco, τnr, and τno are given by

τco =
1

ωrecπ23π45
+

1

ω23π45
+

1

ωconπ45
+

1

ω45
, (9)

τnr =
1

ωrecπ78π9,10
+

1

ω78π9,10
+

1

ωconπ9,10
+

1

ω9,10
, (10)

τno =
1

ωrecπ23π45
+

1

ωoffπ45
, (11)

where πij represents the probability of transition from state (c|i) to state (c|j) as given by

πij =
ωij∑
k ωik

. (12)

For a detailed derivation of eq. (6), the reader is referred to Ref. [6].

2.1 Special Cases

1C-1T translation system. The following set of equations describes the dependence of the concen-

tration X̂ of free ternary complexes as well as the overall elongation rate ωI
elo and the concentration

E fr of free functional EF-Tu molecules on the total concentration E of functional EF-Tu in the 1C-1T

translation system:

X̂(E) =
X−RΦco(E)

1 + ωdis

κass
1

Efr(E)

, (13)

ωI
elo(E) =

ρcoκonX̂(E)

1 +
(
τco + 1

ωpro

)
ρcoκonX̂(E)

, (14)

and

E fr(E) =
1

2
βI(E) +

√
βI(E)2

4
+
ωdis

κass
X̂(E) +

ωelo(E)

κass
R , (15)

with

βI(E) ≡E −X + 2R+
ωelo(E)

ωre
R , (16)
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where the same definitions are used as above and the dimensionless constant ρco is determined by the

transition probabilities of ribosomal translation defined in eq. (12)

ρco ≡
π12π23π45

1− π12π21
. (17)

2C-2T translation system. The following set of equations describes the dependence of the concen-

trations X̂1 and X̂2 of free ternary complexes containing tRNA species 1 and 2, respectively, as well as

the overall elongation rate ωII
elo and the concentration E fr of free functional EF-Tu molecules on the total

concentration E of functional EF-Tu in the 2C-2T translation system:

X̂1(E) = X1

(
1 +

ωdis

κass E fr(E)

+ p1
ρcoRΦco(E)

ρcoX̂1(E) + ρnrX̂2(E)

+ p2
ρnrRΦnr(E)

ρnrX̂1(E) + ρcoX̂2(E)

)−1

, (18)

X̂2(E) = X2

(
1 +

ωdis

κass E fr(E)

+ p2
ρcoRΦco(E)

ρcoX̂2(E) + ρnrX̂1(E)
.

+ p1
ρnrRΦnr(E)

ρnrX̂2(E) + ρcoX̂1(E)

)−1

, (19)

ωII
elo(E) =

(
p1
τcoρcoX̂1(E) + τnrρnrX̂2(E)

ρcoX̂1(E) + ρnrX̂2(E)

+ p2
τcoρcoX̂2(E) + τnrρnrX̂1(E)

ρcoX̂2(E) + ρnrX̂1(E)

+
1

κon

(
p1

ρcoX̂1(E) + ρnrX̂2(E)
+

p2

ρcoX̂2(E) + ρnrX̂1(E)

)

+
1

ωpro

)−1

, (20)

and

E fr(E) =
1

2
βII(E) +

√
βII(E)2

4
+
ωdis

κass

(
X̂1(E) + X̂2(E)

)
+
ωelo(E)

κass
R , (21)

with

βII(E) ≡ E −X1 −X2 + 2R+
ωelo(E)

ωre
R , (22)
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where the dimensionless constant ρnr is determined by the transition probabilities of ribosomal translation

defined in eq. (12)

ρnr ≡
π67π78π9,10

1− π67π76
. (23)

2.2 Onset of translation at EF-Tu concentration E∗

To understand what determines the onset of translation at E∗, we further simplify the 2C-2T system:

i) We neglect the possibility of near-cognate incorporation, i.e., ρnr = 0.

ii) We neglect any transition that is not related to ternary complex formation, i.e., τco = 0, 1
ωpro

=

0, 1
ωre = 0. From τco = 0 follows that the dimensionless constant ρco = 1, see eqs. (9) and (17).

iii) We neglect ternary complex dissociation, i.e., ωdis = 0.

For these simplifications, the set of equations (18) to (22) describing the 2C-2T systems becomes

X̂1(E) = X1

(
1 + p1

R
(
2 + ωelo(E)/

(
κass E fr(E)

))
X̂1(E)

)−1

, (24)

⇒ X̂1(E)

p1
=

X1

p1
− 2R− ωelo(E)

κassE fr(E)
R , (25)

X̂2(E) = X2

(
1 + p2

R
(
2 + ωelo(E)/

(
κass E fr(E)

))
X̂2(E)

)−1

(26)

⇒ X̂2(E)

p2
=

X2

p2
− 2R− ωelo(E)

κassE fr(E)
R , (27)

ωII
elo(E) = κon

(
p1

X̂1(E)
+

p2

X̂2(E)

)−1

, (28)

and

E fr(E) =
1

2
βII(E) +

√
βII(E)2

4
+
ωelo(E)

κass
R (29)

⇒ E fr(E)2 − βII(E)E fr(E)− ωelo(E)

κass
R = 0 (30)

⇒ ωelo(E)

κassE fr(E)
R = E fr(E)− βII(E) (31)

with

βII(E) ≡ E −X1 −X2 + 2R . (32)

Note that this system has a meaningful solution only if X1

p1
> 2R and X2

p2
> 2R, see eqs. (25) and (27)

with ωelo(E)
κassEfr(E)

R ≥ 0.
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From eqs. (25), (27), (31), and (32) follows

X̂1(E)

p1
= E −

(
X1 + X2 −

X1

p1

)
− E fr(E) , (33)

X̂2(E)

p2
= E −

(
X1 + X2 −

X2

p2

)
− E fr(E) . (34)

The concentrations X̂1(E), X̂2(E), and E fr(E) cannot assume negative values. Therefore, the simplified

2C-2T system discussed here has a physically meaningful solution only if the concentration E of EF-Tu

molecules is larger than or equal to X1 + X2 − X1

p1
+ E fr(E) and X1 + X2 − X2

p2
+ E fr(E).

Now, assume that X1

p1
> X2

p2
: For E = E∗ ≡ X1 + X2 − X2

p2
, both the concentrations X̂2(E∗) of ternary

complexes of species 2 and E fr(E∗) of free EF-Tu molecules, respectively, must vanish, otherwise one of

the two would become negative as follows from eq. (33). In contrast, the concentration X̂1(E∗) of ternary

complexes of species 1 attains the finite value X̂1(E∗) = X1 − p1

p2
X2 > 0.

Therefore, for E & E∗ ⇒ X̂1(E)
p1
� X̂2(E)

p2
, and eq. (28) further simplifies to

ωII
elo(E) ≈ κon

X̂2(E)

p2
, (35)

such that the overall rate ωII
elo(E) of peptide synthesis also vanishes at E = E∗. Note that from eqs.(29),

(32) with βII(E∗) = E∗ −X1 −X2 + 2R = −X2

p2
+ 2R < 0, and (35) follows that the concentration E fr(E)

of free EF-Tu molecules vanishes in a self-consistent manner at E = E∗, and

E fr(E) ≈ 1

2

(
E − E∗ − X2

p2
+
(

2− κon

κass

)
R
)

+

√
1

4

(
E − E∗ − X2

p2
+
(

2− κon

κass

)
R
)2

+
κon

κass
R (E − E∗) (36)

for X̂1(E)
p1
� X̂2(E)

p2
. Obviously, the simplified 2C-2T system does not have a meaningful solution for EF-Tu

concentrations E < E∗, because the right hand side of eq. (36) becomes negative.
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