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1 Original full model

Ordinary differential equations (ODEs) of the simplest model of the carrier
cycling cascade (CCC) are given as equations of mass action kinetics, as
follows:

% = ki — kno[mollc] + kaolemol — Fealmal, (1)
d[‘;lTO] —  hno[molle] — kaolemo] — kefemol, (1b)
% = kelemo] — ka[ma)[e”] + karle"mo, (1c)
Al — i)~ banle'ma] — by [e'mal. (1d)
% = Jplc"mo] — Kou|mal, (Le)

% = —kno[maol[el; + Kaolemo) + kplc*m), (1f)
AL bl + kol ma] + helem] (1g)

where m; represents the i-th metabolite, ¢ and ¢* are the active and inactive
carriers, respectively, and [z] denotes the concentration of z. mgy and my
can form complexes with the active and inactive carriers as cmg and ¢*my
with the association rates kpp and kpp, respectively, and these complexes
can decompose with the dissociation rates kqg and kqi, respectively. Active
carriers are consumed with the rate k. when m; is transformed from mg and
are produced with rate &, when my is transformed from m;. my is supplied
and diluted with rates ki, and ke, respectively, and ms is diluted with rate
kou. If we assume that ke, k, < kb, kai, these equations can be reduced to
five ODEs, and we calculated the five-variable model.

Here, we use the parameters presented in S1 Table unless otherwise noted.



TableS. 1: Parameters used in the simple CCC model.

Parameter Value

Cpool 2.0
Coum 2.0
Ko 1.0
k. 1.0
Ky 1.0
Freax 0.001
Ky 1073
K, 1073

2 Reversible model
ODEs of the reversible model are given as follows:

[mo][c]

a = Rk +krl%—kleak[mo], (22)
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where k.; and k., are the speed of reactions from m; to mg and from mo
to my, respectively. K,; and K, are the dissociation constants between m;y
and ¢* and between ms and ¢, respectively. Here, we use the parameters
presented in S2 Table.



TableS. 2: Parameters used in the reversible model.

Parameter Value

Cpool 2.0
Coum 2.0
k. 1.0
kp 1.0
ke 0.1
kyo 0.1
Freax 0.001
Ky 1073
K, 1073
Ky 1073
Ky 1073

3 Analytical calculation of k™

The reduced CCC model is given as:

dlmo] [mo][c]
pr Fin — ke Ko+l Fieak 0] (3a)
dimi] — [mollc] [ma][c”]
e Ko+[d PK,+|[c¢] (3b)
_ = ([mol + Ko — coum + [m1])
6 .
+\/([m0] + Ko — Csum + [772%1])2 + 4 Ko(Coum — [ml])7 (3c)
[C*] _ —(Kl -+ Cszum — Cpool)
+\/(K1 + Coum — Cpool)? + 4K (Cpool — Csum + [mﬂ) (3d)
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Here, we obtained k! analytically. When ki is zero, a nullcline for [my)
is analytically calculated as:
kin KOkin

[ml] = Csum — 5 +

ke o = ko) )
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This nullcline converges into [mi] = csum — kin/ke for [mo] — oco. Although a
nullcline for [m;] becomes too complicated, analysis of the limit of [mg] — oo
is helpful. In these limits, the first term of the right side in Eq.(3b) becomes
ke(Csum — [m1]) = kecli, because the maximum speed can be obtained as
a multiplication of the turnover rate of the enzyme and the active carrier
concentration. Thus, the nullcline in the limit of [mg] — oo is obtained as:

1
- - ) _ _
[m] ST {Coum (2ke + kp) — ootk — kpar
+kp \/(Cpool — Csum + O./)2 + 4Csuma}a (5)

where o = k.K1/(k. + k). Therefore, from Eqgs.(4) and (5), k& is obtained
as:

k.k
k'th = —F2 00 sum
W T 3k ) el F G 0
+\/(Cpool — Csum T a)Z + 4CsumOZ}- (6)

For the limit of Ky — 0, i.e., in the case where m; can perfectly bind to c*
and never unbind, Eq.(6) becomes:

kckpcsum
g _ [ (G > o). -
in kckpCpool (C <ec )

(ke+kp) pool sum )+

4 Analytical calculation of the frequency re-
sponse of the CCC model

To obtain the frequency response analytically, we calculated the nullclines
using the large [mg] limit. Using the limit of [mg] — oo, the speed of the
active coenzyme-consuming reaction becomes ke (csum — [m1]) = kelc]i. There-
fore, the ODE and the nullcline for [mg] can be approximated for large [my|
as

d[m)

dt ~ kin - kc(csum - [ml]) - kleak[mOL (8>
kfea kccsum - kin
[m1] =~ }Cck [mo] - k—ca (9)



respectively. A nullcline for [m4] in the large [mo] and small K; limit is
calculated from Eq.(5) as
[ ] kccsum k‘:;rkll
mq]| ~ ==,
U ket ky Ky
Therefore, from Egs.(9) and (10), the fixed point value of [my] is given as:
kin kckpcsum
kleak kleak(kc + kp)
ki — KD
= = 11
kleak ( )
When kjea is small, two nullclines are close to the fixed point, and then
the speed of change in [mg] on the nullcline for [m;] is much slower than that
approaching the nullcline and is proportional to the distance between two
nullclines. Following this, the two-dimensional dynamics (Eqs.(3a) and (3b))
can be reduced into one-dimensional dynamics of [mg] around the fixed point
as

(10)

[me]” =

d[mo) Kreal kcCsum — kin(t) | KcCsum
7l U ke (ko + k)
When ki, (t) is given as a sinusoidal function ki, () = Ay, cos(27 ft) + kD,
[mo](t) at the steady state is calculated as

N Ain[(keax/ke) cos(2m ft) + 2 f sin(27w ft)] kD — kib
[mO]( ) B (kleak/kjc)2 + (27Tf)2 kleak ‘

Here, the above approximations are feasible when [my] is higher than [m)]
k% k. due to saturation, which is the maximal mg concentration processed
in the first reaction per unit of time. When [mg] becomes lower than [m]*™
due to changes in the influx rate, the fixed point is drastically changed and
the concentrations of [my], [c]s, and [¢*]; are altered. Therefore, the cut-off
frequency is given as the frequency at which the minimal value of Eq.(13) is
the same as [mg]", as follows:

(12)

(13)

th _

kleakkcAin N kleak
kckion - (kc + kleak)kitr}ll kc
The estimated cut-off frequency fits well with the result of our simula-
tion (Fig. 4B in the main text), suggesting that the complex dynamics can
be reduced into one-dimensional dynamics due to saturation, and the need
for robustness against external fluctuation is determined by the conditions
underlying this saturation.

2nf = (14)



5 Internal fluctuation of the metabolite con-
centration

We considered the stochastic dynamics of the number of m; molecules, n.
First, we calculated the steady-state distribution of n in a non-saturated
condition, i.e., the mgy concentration is lower than the maximal coenzyme
concentration cp.x. Here, we consider the following conditions: cgum < Cpool
and Cpay 18 the same as c¢qyy,. Using the limits of Ky — 0 and K; — 0, i.e., the
metabolites bind to coenzymes perfectly, the production rate of m; becomes
k.[my], and the consumption rate of m; becomes k,n when the number of m;
molecule is n. Here, only the consumption rate is proportional to n, while the
production rate is not, so that the master equation can be given as follows:

d

% = kpp1 — kc[mopo,

dpn

D Jy(n+ Dpusa + kelmolpact = (kyn + kefmopn,  (15)

where p,, is the probability that the number of m; molecule is n. The steady-
state distribution is the Poisson distribution:

1 [k " kelmg]
P = (Cgﬁmd) e (16)

n! b

Therefore, both < n > and o2 are given as k.[mo]/k, and 0/ < n > becomes
1, which is similar to a previously reported condition [1].

Under the saturated condition, i.e., the my concentration is higher than
Cmax, because of coenzyme conservation, the production rate becomes ke (Cipax—
n) while the consumption rate remains the same as the non-saturated condi-
tion. Here, both the production and consumption rates are proportional to
n. The master equation is thus given as follows:

% = k?ppl — keCmaxPo,
% = kp(n+ 1)pp1 + ke(c —n+ 1)pu_1 — {kpn + kc(c — n) } pu(17)
% = KePemax—1 — KpCmaxDeax -
The steady-state distribution is the binomial distribution:
Py = <Cr;ax) K" (14 K)o (18)

7



where K is k./k,. The moment-generating function is given as:

Glk) = (1+_K€’“>m (19)

1+ K
and then,
<n> = G0)= kf“;’j{p , (20)
cns = GU(0) = ;1’2 {1+ (CHIZX;;:“}, (21)
oo ().
2
<O’f-L> - 1_kcl—€:kp' (23)

Therefore, the fluctuation can be reduced depending on the k. and &, values
(see Fig. 5B in the main text). The carrier cycling can improve the signal-
to-noise ratio by feedback regulation through the conserved concentration of
a carrier, and this effect does not depend on the concentration of a coenzyme
as long as the metabolite is saturated before the coenzyme-consuming step.
This suggests that the feedback in the CCC model can reduce the fluctuations
of the active and inactive carrier concentrations because of the conserved
quantities between [c]; and [m;].

To investigate the differences in the CCC from ordinal Michaelis-Menten
type reactions, we considered a double Michaelis-Menten model; i.e., reac-
tions from mg to m; and my to moy are catalyzed by different catalysts. Under
the non-saturated condition, the behavior of the double Michaelis-Menten
model is similar to that of the CCC model, and the Fano factor is approxi-
mately 1. However, under the saturated condition, the concentration of m;
shows a random walk (Fig. S6) when a similar parameter set as used for
the CCC model was used, as demonstrated in Fig. 5A in the main text. As
shown for the saturated condition, the Fano factor of the m; concentration
never decreases in the double Michaelis-Menten model.

Furthermore, in the double Michaelis-Menten model, under the non-
saturated condition, the master equation is the same as that of the CCC
model, and a steady-state distribution is given as the Poisson distribution.



However, under the saturated condition, the master equation is given as

dp

dto = kp02p1 - kcclp07

dpn

dt kp62pn+1 + kcclpnfl - {kpc2 + kccl}pn7 (24>

where ¢; and ¢ represent the catalysis for the first and second step reactions,
respectively. The steady-state distribution is given as

keer \*
pzz( ) . (25)

]prg

Here, if k.cq/kpco is higher than 1, the time evolution of the number of m; is
governed by the asymmetric random walk and the number of m, will diverge.
If kcc1/kpco is 1, the time evolution of the number of m; is governed by the
symmetric random walk from 0 to oo, as shown in S6 Fig. If k.c; /kpco is lower
than 1, the steady-state distribution can be given as a geometric distribution:

/{Ccl kccl "
S — (1= . 2
Pn ( kpc2) (kp@) (26)

The average and variance are:

k:ccl
< > = — 27
" kpCQ — k'CCl ’ ( )
k.cikye
2 ct1hpl2
= 12 28
7 (kpCQ — k’CCl)27 ( )
O'2 kpCQ 1
<n> kpco —keer 1 — keer/kpco (29)

Therefore, in the double Michaelis-Menten model, 02/ < n > should be
higher than 1 in all cases.

6 Coupled carrier cycling cascade (CCCCQC)
model

We considered the condition in which two carrier cycling cascades are coupled
through a common coenzyme pool. Association and dissociation reactions
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between the coenzyme and substrates are eliminated adiabatically, as in the
single cascade model, and the ODEs can be given as:

d[mg] i i [mf)][c] i

dt = ]{Zin - kc K(Z) T [C] — kleak [m0]7 (30&)
dmi] i (milld [mille]

TS cen Rt (30D)
dimsy] ; [mi][c* o

dt o kP Ki 4 [C*] - kout [777,2], (30(3)

i~ milld | [mille]
) Z{ TR ) .

dic)e [ milld s mille]
- Lty e el

= [+ > i (300
= Y s (30¢)

where 7 represents an index of cascade numbers. Although we set N to 2,
i.e., two CCCs are coupled (S7 Fig), the obtained results do not change for
higher N when the following conditions are satisfied.

The CCCC shows a qualitatively similar response to the environmental
changes as the CCC when one cascade is a major pathway. Here, we consid-
ered two examples:

1. ¢ and mg with a larger dissociation constant than ¢ and m].

2. The influx rate (leak rate) of m2 is smaller (larger) than that of m}.

In both cases, cascade 1 is the major cascade, and the CCCC displays re-
sponses to environmental changes in a similar way as observed for the CCC
(S8 Fig). Therefore, our findings should be applicable to more complicated
metabolic networks as well.

For these, we used the parameter set presented in S3 Table, unless oth-
erwise specified.
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TableS. 3: Parameter set used in a CCCC model

Parameter Value

Cpool 2.0
Coum 2.0
k2 1.0
kl 1.0
2 1.0
kl 1.0
% 1.0
kL,  0.001
k2. 0.001
K} 1073
K? 1073
K] 10-°
K? 103
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