
S1 Text: Derivation of steady-state moments for mRNAs and

proteins

In this section, we discuss the derivation of expressions for the moments for mRNAs
and protein steady-state distributions based on mapping of gene expression model to
GIX/M/∞ model in the queuing theory. For GIX/M/∞ model, with λ and µ as the
rates of customers mean arrival and service time respectively, exact steady state
moments for the number of customers, N , can be obtained. Following [1], the binomial
moments are given by

〈

k
∏

i=1

(X − i+ 1)

〉

= Gk(1), (S1-1)

where the symbol 〈 〉 stands for average over many ensembles, Gk(1) corresponds to
kth differentiation of G(z) with respect to z at z = 1, with

G(z) = 1 +

∞
∑

r=1

Br(z − 1)r.

The coefficients Br are given as:

Br = λ

r
∑

k=1

Ak

k!
B⋆

r−k(kµ), (S1-2)

where

B⋆
r (s) =

fL(s)

1− fL(s)

r
∑

k=1

Ak

k!
B⋆

r−k(s+ kµ), (S1-3)

and Ak = dkA(z)/dzk|z=1, with A(z) as the generating function for the batch size
distribution of arriving customers and fL(s) is the Laplace transform of arrival time
distribution of customers, f(t). Using B⋆

0 (s) = 1/s, we can iteratively find all the Br

coefficients using Eqs. (S1-2),(S1-3) and hence all the moments from Eq. (S1-1). Using
this procedure, expressions for the moments of number of customers can be obtained
explicitly. For example, the corresponding mean, 〈N〉, variance, σ2, and skewness γ,
are given by:
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λ

µ
A1,

σ2
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=

1
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1 +A1
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2
+

λ

µ

)

+
A2

2A1

− 〈N〉

]

,

γσ3

〈N〉
= 1 + 2A2

1

(

λ

2µ
K1(µ) +K2(µ,A1)

)

+A2K3(µ,A1)

+
A3

3A1

, (S1-4)

where K1,K2, and K3 are three functions given by

K1(x) = Kg(2x)−Kg(x),

K2(x, y) =
Kg(x) − 1

4

(

3

y
+Kg(2x)− 1

)

,

K3(x, y) =
3

2y
+

Kg(x) +Kg(2x)

2
− 1, (S1-5)
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and Kg(µ) is the gestation factor,

Kg(µ) = 1 + 2

[

fL(µ)

1− fL(µ)
−

λ

µ

]

, (S1-6)

that encodes information about the arrival process. Extending this approach, we
obtain expressions for higher moments. For example, fourth central moments are given
by:

〈(N − 〈N〉)4〉 = 24B4 + 36B3 + 14B2 +B1 + 6B2
1(B1

+2B2)− 4B1 (B1 + 6(B2 +B3))− 3B4
1
,

(S1-7)

where,

B1 =
λ

µ
A1,

B2 =
λ

2µ

(

A2

1φ(µ) +
A2

2

)

,

B3 =
λ

3µ

[

A3

6
+

A1A2

2
(φ(µ) + φ(2µ)) +A3

1
φ(µ)φ(2µ)

]

,
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λ

96µ
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A4 + 4A1A3φ(3µ) + 6A2φ(2µ)
(

A2 + 2A2

1
φ(3µ)

)

+ 4A1φ(µ) {A3 + 3A1A2φ(3µ) + 3A1φ(2µ) (A2+

2A2

1
φ(3µ)

)}]

(S1-8)

with φ(µ) as

φ(µ) =
fL(µ)

1− fL(µ)
. (S1-9)

Eqs.(S1-1),(S1-2) and (S1-3) can be used to derive steady state moments for
mRNAs and proteins by mapping gene expression model to GIX/M/∞ model in
queueing theory. To derive these expressions, we need to have the parameters
associated with bursts statistics, Am

k , Ap
k, k = 1, 2, 3 . . . , for both mRNAs and

proteins, with superscripts ’m’ and ’p’ standing for mRNA and protein, respectively.
For mRNAs, we note that the burst size parameters A1, A2 and A3 are given by

Am
1

= 〈mb〉,

Am
2 = 〈mb(mb − 1)〉,

Am
3

= 〈mb(mb − 1)(mb − 2)〉, (S1-10)

where mb is the mRNA burst size. Using Eq. (S1-10) in Eqs. (S1-4) and (S1-5), we
can write explicit expressions for the first three moments of mRNAs copy numbers as
written in the main text, which are exact for all parameter ranges.

To obtain corresponding burst size parameters for proteins (Ap
k), we note that each

mRNA produces a random number of proteins, pb. Using Eq. (1) in the main text, we
can obtain expressions for the parameters Ap

k which are given by Eq. (10) in the main
text. Corresponding expressions for the first three moments of protein copy numbers
has been written in the main text. It is to be noted that resulting expressions for
protein variance and skewness are exact in the burst limit (i.e. µm ≫ µp), however,
beyond this limit one can write approximate expressions for these quantities, as
illustrated in the main text.
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Figure S1-1. Steady state fourth central moment of proteins (scaled by 10−11) for
the model shown in Fig. 2a of the main text. Here lines represent analytic estimates
while points correspond to the simulation results. Parameters are: α = 0.5, β = 0.25,
km = 2, 〈mb〉 = 5, kp = 0.5.

It is also possible to obtain expressions for the fourth central moments of both
mRNAs and proteins by using

Am
4 = 〈mb(mb − 1)(mb − 2)(mb − 3)〉 (S1-11)

for mRNAs and,

Ap
4

= 3 [〈mb(mb − 1)〉〈pb〉〈pb(pb − 1)(pb − 2)〉+ 〈mb(mb − 1)〉

〈pb(pb − 1)〉2 + 〈mb(mb − 1)(mb − 2)〉〈pb〉
2〈pb(pb − 1)〉

]

+〈mb(mb − 1)(mb − 2)(mb − 3)〉〈pb〉
4

+3〈mb(mb − 1)(mb − 2)〉〈pb〉
2〈pb(pb − 1)〉

+〈mb(mb − 1)〉〈pb〉〈pb(pb − 1)(pb − 2)〉

+〈mb〉〈pb(pb − 1)(pb − 2)(pb − 3)〉,

(S1-12)

for proteins, by using Eq. (1) in the main text. Again, the fourth moment for mRNAs
is exact for the entire parameter regime, while for proteins the expression is exact only
in the burst limit, i.e. µm ≫ µp. Beyond the burst limit, we can find approximate
expressions for the fourth moment using the approach outlined for the second and
third moments, i.e. comparing our exact result in the burst-limit with the exact
results obtained for the two-stage model [2]. This leads to the corresponding scaling of
the coefficients Ap

k, specifically:

Ap
2
→ Ap

2

1

1 +
µp

µm

,

Ap
3
→ Ap

3

1

(1 +
µp

µm

)(1 + 2
µp

µm

)
,

Ap
4
→ Ap

4

1

(1 +
µp

µm

)(1 + 2
µp

µm

)(1 + 3
µp

µm

)
. (S1-13)

As shown in Fig.S1-1 the resulting analytical expression shows good agreement with
results from simulations.
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