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1 Introduction

The objective of the computational model is to verify
whether the conceptual model of auxin transport and
polarization of PIN1a, PIN1b and SoPIN1 proteins pos-
tulated in the paper can plausibly capture the experi-
mentally observed spatio-temporal pattern of conver-
gence point emergence, vascular strand initiation, and
regions of expression and polarities of the three PINs
in Brachypodium. The computational model was imple-
mented in C++ using the VVE system (an extension
of the Vertex-Vertex (VV) system [1]), which provides
a data-structure and libraries for representing cellular
tissues.

A longitudinal section of the apex is modeled as a
regular 2D array of hexagonal cells. Each cell stores the
concentration of auxin and the distribution of PIN1a,
PIN1b and SoPIN (Fig. M1, left). For simplicity, inter-
cellular space is not modeled, reflecting the assumption
that auxin accumulation and diffusion along cell walls
in the intercellular space are relatively small and can be
neglected (c.f. [2,3]). Furthermore, cells are assumed to
have unit volume, and cell walls are assumed to have
unit length (c.f. [2, 3]).

2 Auxin transport

The change of auxin concentration ci in cell i is captured
by the following equation [2,3]:

dci
dt

= Hi − µci − ΣjΦij . (1)

Parameter Hi characterizes the rate of auxin biosynthe-
sis in cell i (all parameter values are provided in Tables
S2 and S3). Auxin turnover in the cell is modeled by
the term µci, where µ is the rate of turnover. The fi-
nal term ΣjΦij represents auxin transport between cell i
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Figure M1: Diagrams explaining basic properties of
the proposed model of polar auxin transport. Left:
schematic view of a cell and its neighbours that illus-
trates the factors determining PIN allocation to seg-
ments of the cell membrane. PIN1a is shown in white,
PIN1b in blue and SoPIN1 in yellow. Unallocated PINs
in the cell (colored circles) are moved to the cell mem-
brane by exocytosis (green arrows) and removed from
the membrane by endocytosis (red arrows). Black solid
and dashed arrows show the factors determining the al-
location of each PIN protein. Solid arrows correspond
to fluxes through cell faces (see right panel), which
contribute to the endocytosis and exocytosis of PIN1a
and PIN1b. For PIN1a, exocytosis is increased by to-
tal auxin flux through the membrane, and endocyto-
sis is increased by influx through the membrane. For
PIN1b, exocytosis is increased by auxin outflux through
the membrane, and endocytosis is increased by influx.
For SoPIN1, allocation to the membrane is increased by
high auxin concentration in the neighbouring cell (cj),
as indicated by the dashed arrow. Right: directions of
net flux, influx and outflux through the face separating
cell i from cell j.

and its neighbouring cells. A net flux Φij is the differ-
ence between Outfluxij ≥ 0, the outflux of auxin from
cell i to j, and Influxij ≥ 0, the influx of auxin from
cell j to i (Fig. M1, right):

Φij = Outfluxij − Influxij . (2)
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The outflux is captured by the equation

Outfluxij = TPIN1a[PIN1aij ]ci
+TPIN1b[PIN1bij ]ci

+TSoPIN1[SoPIN1ij ]ci
+Tci.

(3)

The first three terms represent outflux due to active
auxin transport by PIN1a, PIN1b and SoPIN1, respec-
tively. The last term represents basal outflux, which can
be attributed to residual amounts of any efflux carrier.
In the first term, the transport rate TPIN1a captures the
efficiency of PIN1a-dependent transport, and [PIN1aij ]

is the concentration of PIN1a on the membrane of cell i
facing cell j. The second and third terms have a similar
form, but refer to the transport rates and membrane
concentrations of PIN1b and SoPIN1, respectively. In
the last term, T is a coefficient capturing the efficiency
of basal transport.

Auxin accumulation and diffusion in the intracellular
space is ignored. Consequently, Influxij = Outfluxji:
the influx of auxin into cell i from cell j (Influxij) is
equal to the outflux of auxin from cell j towards cell i
(Outfluxji). The form of the equations capturing auxin
influx and outflux is thus the same, except that outflux
depends on the cell itself, whereas influx depends on
its neighbors. Taken together, Equations 1–3 are con-
sistent with those used in previous simulations of po-
lar auxin transport [2,4–6], but take into consideration
three different PIN1s rather than one.

3 PIN polarization

The three PINs are independently produced in each cell
and allocated to the cells membranes. Their localization
patterns exhibit significant spatio-temporal differences
(Figs. 2 and 3 in the main text), indicating a func-
tional division between PIN1a, PIN1b and SoPIN1 in
Brachypodium.

3.1 PIN1a and PIN1b

PIN1a and PIN1b proteins are allocated to the cell
membrane from a pool of unallocated PINs that reside
in the cell’s endoplasmic reticulum (ER). Their concen-
trations in the ER of cell i are denoted [PIN1ai] and
[PIN1bi], respectively. The reported experimental data
(Figs. 2 and 3) reveal allocation patterns for PIN1a
and PIN1b consistent with auxin canalization. Conse-
quently, we assume that the allocation of PIN1a and
PIN1b is controlled by auxin flux [4, 5, 7].

PIN1b is expressed in large regions and polarizes to-
wards auxin sinks (e.g., previously patterned veins). We
assume that this expression is the result of outflux-based
allocation and influx-based deallocation (similar to the
weak polarization in [7]):

d[PIN1bij ]

dt
= σ1b[PIN1bi]

+α1bOutfluxij [PIN1bi]

−β1bInfluxij [PIN1bij ]

−ν1b[PIN1bij ].

(4)

The concentration of PIN1b on the membrane facing
cell j thus changes as a combined result of exocytosis
(terms 1 and 2) and endocytosis (terms 3 and 4). We
additionally assume that this concentration cannot ex-
ceed PIN1bmax, the maximum concentration of PIN1b
on a membrane (Table S2). Exocytosis consists of basal
allocation (determined by basal allocation rate σ1b) and
allocation proportional to the outflux of auxin through
the membrane (controlled by the outflux allocation rate
α1b). Analogously, endocytosis combines basal deallo-
cation ν1b with that proportional to auxin influx, con-
trolled by rate coefficient β1b. The assumption of linear
allocation / deallocation of PIN1b results in its broad
expression, which provides an effective mechanism for
polarizing a tissue towards auxin sinks [5, 7].

The broad expression of PIN1b, connecting sources
and sinks of auxin, is refined to a single high flux strand
by PIN1a. In contrast to PIN1b, the localization of
PIN1a is assumed to be non-linearly dependent on auxin
flux [4, 5]:

d[PIN1aij ]

dt
= σ1a[PIN1ai]

+γ1a
(Φ+

ij)2

1.0+κ1a(Φ+
ij)2

[PIN1ai]

−β1a
Influxij

1.0+κIAA1aci+κΦ(Φ+
ij)2

[PIN1aij ]

−ν1a[PIN1aij ].

(5)

As with PIN1b, this equation captures changes of the
concentration of PIN1a on the membrane facing cell j
as a result of exocytosis (terms 1 and 2) and endocytosis
(terms 3 and 4). Again, we clamp this value to a maxi-
mum concentration, in this case denoted PIN1amax (Ta-
ble S2). Exocytosis consists of a basal allocation (term
1) with rate σ1a and a flux-based allocation (term 2)
with rate γ1a. Flux-based allocation is a quadratic Hill
function of positive net flux through the membrane Φ+

ij ,
which saturates at a rate of κ1a. The quadratic depen-
dence on flux permits a single high flux strand to emerge
via an autocatalytic feedback of flux on itself [4,5,8,9],
as posited by the canalization hypothesis [10, 11]. En-
docytosis consists of a basal deallocation (term 4) with
rate ν1a, and an influx-based deallocation (term 3) with
the maximum rate β1a. The deallocation rate decreases
when auxin concentration or flux increase, as character-
ized by coefficients κIAA1a and κΦ, respectively. This is
consistent with observations that endocytosis decreases
as DR5 expression increases [12]. The linear dealloca-
tion as a function of influx restricts PIN1a localization
to membranes with high auxin flux, in which quadratic
term 2 dominates. This permits a functional division
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between PIN1b, which controls auxin transport when
flux is low, and PIN1a, which controls transport when
flux is high.

Note that Equations 4 and 5 are specialized versions
of a more general equation

d[PIN1ij ]

dt
= σ[PIN1i]

+γ
(Φ+

ij)2

1.0+κ(Φ+
ij)2

[PIN1i]

+αOutfluxij [PIN1i]

−β Influxij

1.0+κIAAci+κΦ(Φ+
ij)2

[PIN1ij ]

−ν[PIN1ij ],

(6)

with parameters γ, κIAA, and κΦ set to 0 in the case
of Equation 4, and parameter β set to 0 in the case of
Equation 5. The difference between polarization models
of PIN1b and PIN1a can thus be viewed as quantitative
rather than qualitative in nature. In particular, this dif-
ference is the result of reduced linear outflux sensing by
PIN1a, compared to reduced net flux sensing by PIN1b.

Allocation of PIN1a and PIN1b to the cell membrane
depends on the concentration of each in the ER of the
cell. The equation for changes in the concentration of
PIN1b in the ER of cell i is:

d[PIN1bi]
dt

= ρ1b+ρIAA1bci
1+κPIN1b[PIN1bi]

− µ1b[PIN1bi]

−
∑
j

d[PIN1bij ]

dt
.

(7)

The PIN1b concentration [PIN1bi] thus changes as
a combined result of production (term 1), turnover
(term 2) and the exocytosis and endocytosis of PIN1b
(term 3). Basal production is controlled by param-
eter ρ1b. PIN1b production is upregulated by auxin
at rate ρIAA1b [8, 13]. This production saturates at a
rate controlled by κPIN1b. Turnover (term 2) occurs

at rate µPIN1b. The final term, −
∑
j

d[PIN1bij ]

dt
, de-

scribes changes in cellular PIN1b concentration due to
allocation and removal of PIN1b from the cell’s mem-
branes. This is accounted for by summing changes
d[PIN1bij ]

dt
in PIN1b concentration at the membranes fac-

ing the neighbouring cells j (Eq. 4). The equation de-
scribing cellular changes in the concentration of PIN1a
([PIN1ai]) has the same form as Equation 7:

d[PIN1ai]
dt

= ρ1a+ρIAA1aci
1+κPIN1a[PIN1ai]

− µ1a[PIN1ai]

−
∑
j

d[PIN1aij ]

dt
.

(8)

3.2 SoPIN1

In contrast to PIN1a and PIN1b, which are involved
in vein formation, the polarization pattern of SoPIN1
(Figs. 2 and 3) is consistent with the formation of con-
vergence points. Such a pattern can be attributed to

up-the-gradient PIN polarization (towards auxin max-
ima) [2,6,13]. The assumption that SoPIN1 is polarised
in a different manner than PIN1a and PIN1b is consis-
tent with the dual-polarization model [8], except that
here we attribute different polarization regimes to dis-
tinct PIN proteins, rather than different modes of op-
eration of a single protein PIN1. Following [6, 13], we
assume that SoPIN1 polarization is in a quasi-steady
state. Using the equation proposed by Smith et al. [13],
we thus compute the concentration [SoPIN1ij ] associ-
ated with membrane of cell i facing cell j as:

[SoPIN1ij ] = [tSoPIN1i]
Bcj∑
k B

ck
. (9)

This distributes the total amount of SoPIN1 in cell i
between the segments of the cell membranes according
to an exponential weighting of auxin concentrations in
the neighbouring cells. The weighting uses a base of
B > 1 and is normalized by the sum of the weights as-
signed to each cell wall segment. As with PIN1a and
PIN1b, we assume that the amount of SoPIN1 allocated
to a single membrane segment is capped at a maximum
value (SoPIN1max). The remaining component of equa-
tion 8 — cellular concentration of SoPIN1 — changes
according to the equation

d[tSoPIN1i]

dt
=

ρSo1 + ρIAASo1ci
1 + κSoPIN1[tSoPIN1i]

−µSo1[tSoPIN1i].

(10)

The above equation is similar to those used for [PIN1bi]

and [PIN1ai] (Eqs. 7 and 8), but omits the term captur-
ing changes due to allocation and deallocation of PIN.
The reason is that [tSoPIN1i] represents the total con-
centration of SoPIN1 in the cell as opposed to the con-
centrations within the ER used for PIN1a and PIN1b.

4 Tissue-level patterning

A longitudinal section of the shoot apical meristem is
approximated as a regular array of hexagonal cells di-
vided into epidermal layers L1 and L2, and subepider-
mal cells (Fig. M2). The initial state of the simulation
is obtained by setting auxin biosynthesis to 0 and lin-
early increasing it to Hi over time interval t0 (Tables S2
and S3). Growth is emulated by adding rows of cells at
the top of the tissue at regular intervals tgrowth, count-
ing from time t0. In the growing cellular template we
make a number of assumptions to account for additional
factors influencing polar auxin transport that are spe-
cific to the shoot and shoot apical meristem. These as-
sumptions concern: properties of specific tissue layers,
the impact of tissues that are not explicitly simulated
(boundary conditions), and stabilization of convergence
points.
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Figure M2: The layout of the cellular tissue used to
simulate convergence point and vascular strand pattern-
ing. Cells in the L1 are colored green, those in the L2
blue, and corpus cells are colored red. Cells assumed
to export auxin outside the explicitly modelled part of
the shoot are stippled. In addition, a sink is located at
the base of the tissue (black cell). Faded cells represent
parts of the tissue outside the scope of the model.

4.1 Tissue layers

Previous work on tomato and Arabidopsis indicates that
auxin response and transport are quantitatively differ-
ent in the tunica and the central zone of the apex,
compared to the corpus [8, 14]. The data reported for
Brachypodium meristems in the main text are consistent
with these observations. To account for these differences
we make the following assumptions:

1. Auxin transport between the L1 and L2 layers is
reduced compared to the remainder of the tissue.
This reduction is justified by the strong gradient of
auxin concentration between L1 and L2 (Figs. 2G
and 3F), and represents an assumption also made
in previous models [8,13,14]. In the present model,
it is effected by reducing the efficiency of PIN trans-
port (Eq. 3) through membranes at the interface
between the L1 and L2 layers (Table S3). As in
previously published models [8, 13], this reduction
increases auxin accumulation in the L1, providing
the auxin necessary for the formation of conver-
gence points. Additionally, it helps insulate the L1
from sub-epidermal layers, which increases the sta-
bility of convergence point formation.

2. PIN polarization in the L1 and L2 layers favors up-
the-gradient auxin transport (Figs. 2C, 2D, 3A and

3B; Video S1; see also [8]). Accordingly, in Eqs. 8-
10, the expression of SoPIN1 is increased in the L1
and L2 layers, and expression of PIN1a and PIN1b
is decreased (Table S3).

3. Auxin biosynthesis (Eq. 1) is increased in the L1
layer. This is supported by high DR5 expression
in L1 and represents an assumption also made in
previous models [8, 13, 14]. Auxin biosynthesis is
controlled by setting Hi to Hepi in the L1 and
Hsub < Hepi in all other cells.

4.2 Boundary conditions

The proposed model only captures a distal portion of a
shoot, excluding the central zone (Fig. M2). We make
the following assumptions to simulate the effect of the
shoot segment below the bottom row of cells in the
model:

1. A cell representing a strong auxin sink is present at
the base of the tissue. This cell removes all auxin
entering it, and provides a target for the first initi-
ating vein.

2. A pair of convergence points is present in the L1
layer of the lower tissues (with the CP on the right
above that on the left). Proximal cells in the epi-
dermis are assumed to supply auxin to these CPs
at a rate of µCP (this affects the lowest cell on the
left and 4 lowest cells on the right). The assumed
left-right asymmetry leads to the alternate intro-
duction of convergence points on the left and right
sides of the tissue.

Finally, the rectangular layout of the tissue does not
faithfully capture the geometry of the central zone. We
subsume the effect of the quiescent zone on the modelled
part of the SAM by removing auxin from the top row
of cells at a rate of µepi in the epidermis and µsub in
subepidermal cells (Table S3). Once a cell no longer
occupies a position in the top row of cells (i.e. a new
row is added), these rates decreases to zero over the
time intervals tepi (epidermis) and tsub (subepidermal).

4.3 Stabilization of convergence points

Convergence points may shift their position in the L1
layer when new rows of cells are added, unless additional
assumptions are introduced (c.f. [2,8,13]). In reality, the
stabilization of auxin maxima is likely due to additional
molecular compounds which are known to influence po-
lar auxin transport, such as AUX/LAX [15, 16] and
CUC2 [2] proteins. As these additional factors fall out-
side the scope of the current model, we approximate
their effects by introducing the following assumptions
concerning convergence points.
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1. Epidermal cells whose auxin concentration exceeds
the threshold ThCP are marked as part of a conver-
gence point, and the localization of SoPIN1 in these
cells becomes fixed. This is consistent with the
fixed PIN1 polarization at convergence points that
results from the downregulation of CUC2 in Ara-

bidopsis [2]. If auxin concentration subsequently
decreases below 1

4
ThCP , the cell will no longer be

marked as part of the CP.

2. SoPIN1 polarization is biased towards cells re-
cruited to a convergence point. As in [13], this
bias is implemented by multiplying auxin concen-
trations c in Eq. 9 by a factor cCP if the correspond-
ing cell belongs to a CP.

3. Auxin biosynthesis increases in convergence
points [13]. Once cell i becomes part of a con-
vergence point, the rate Hi in Eq. 1 gradually
increases from Hepi to HCP over the next tCP units
of time in the simulation.

4.4 Parameter values

The values of all parameters used in the simulations are
given in Tables S2 and S3. They are reported to as-
sure reproducibility of our results, rather than provide
the physical values. Although estimates for the values
of some parameters used in our simulations exist for
other species (e.g., [6, 8, 17, 18]) and could be used as
approximate values for Brachypodium distachyon, other
values, in particular those pertinent to the dynamics of
auxin-driven PIN polarization, are not yet known. Con-
sequently, following the approach of [2,3], we have cho-
sen to use unitless parameters in our simulations (their
dimensions are indicated in the last column). This is
consistent with our emphasis on the qualitative nature
of the interactions between SoPIN1, PIN1a and PIN1b.

The model produces convergence points and the re-
lated high-flux pre-vascular strands robustly for a wide
range of parameters. With some coordination between
parameters, most can be changed significantly — typi-
cally by at least one order of magnitude — while quali-
tatively preserving simulation results. The range of pa-
rameters is more restricted when a specific alternating
pattern of convergence points is desired, as the place-
ment of the first pair of convergence points is partic-
ularly sensitive to model parameters (which must be
defined with an accuracy of ±5%). This sensitivity is
related to the assumed boundary conditions at the base
of the tissue, which do not fully reproduce the presence
of the pair of basal convergence points below the simu-
lated tissue.

5 Discussion

Using a small number of assumptions differentiating
the expression and polarization of SoPIN1, PIN1a and
PIN1b, the model captures the patterns of their ex-
pression and polarization near the apical meristem of
Brachypodium. In the epidermis, SoPIN1 drives the for-
mation of convergence points. This leads to the accu-
mulation of auxin and its outflow to the subepidermal
layers. The feedback between auxin flow and PIN1b
proteins polarizes them broadly towards sinks, the pre-
viously formed vascular strands. High concentration of
auxin in the CP also initiates the expression of PIN1a,
which increases auxin transport to sub-epidermal layers.
There, canalization occurs within the region broadly
specified by PIN1b, resulting in the formation of a
provascular strand of highly PIN1a-polarized cells con-
necting the CP to a sink. Interestingly, the broad polar-
ization of PIN1b towards the sink facilitates the finding
of a sink in the present model, eliminating the use of an
unidentified factor introduced in the dual polarization
model [8].
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