
Appendix S2. Deriving the Basic Reproduction Number via the Next 
Generation Matrix approach 

Focusing on the virus-carrying compartments in Equation (26) of the main text leads to  
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The disease-free equilibrium is (𝑆, 𝐼, 𝑋, 𝑍) = (𝑁, 0, 𝜅, 0). Following the standard notation for Next 
Generation calculations [1], take the rates at which new infections are caused 

𝐹 =

(

 
 

𝛾𝑍𝑆

𝜔+Γ(𝑆 + 𝜈+𝜖+𝐼)
𝜂𝜈−𝑋𝐼

𝜔−Γ(𝑆 + 𝜈−𝜖−𝐼))

 
 

 

and the rates at which infections are removed 
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The Jacobians of these matrices are 
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and 

𝐽𝑉 = (
𝜌 + 𝜇 0
0 𝜏 + 𝛼+

) 

Evaluating 𝑀 = 𝐽𝐹𝐽𝑉
−1 at the disease-free equilibrium gives 

𝑀 = (

0
𝛾

𝜔+Γ(𝜏 + 𝛼+)
𝜂𝜈−𝜅

𝜔−Γ𝑁(𝜌 + 𝜇)
 0

) 

The basic reproduction number, 𝑅0, is then the spectral radius of the matrix 𝑀, i.e.  

𝑅0 = √
𝛾𝜂𝜈−𝜅

𝜔−𝜔+Γ
2𝑁(𝜏 + 𝛼+)(𝜌 + 𝜇)

 

which matches the result given in Equation (36) of the main text. 

Reference 

[1] van den Driessche, P. (2017) Reproduction numbers of infectious disease models. Infectious Disease 

Modelling. 2:288-303. 


