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Abstract

Biological systems inherently exhibit multi-scale dynamics, making accurate system

identification particularly challenging due to the complexity of capturing a wide time

scale spectrum. Traditional methods capable of addressing this issue rely on explicit

equations, limiting their applicability in cases where only observational data are avail-

able. To overcome this limitation, we propose a data-driven framework that integrates

the Sparse Identification of Nonlinear Dynamics (SINDy) method, the multi scale

analysis algorithm Computational Singular Perturbation (CSP) and neural networks

(NNs). This framework allows the partition of the available dataset in subsets char-

acterized by similar dynamics, so that system identification can proceed within these

subsets without facing a wide time scale spectrum. Accordingly, when the full dataset

does not allow SINDy to identify the proper model, CSP is employed for the gener-

ation of subsets of similar dynamics, which are then fed into SINDy. CSP requires

the availability of the gradient of the vector field, which is estimated by the NNs. The

framework is tested on the Michaelis-Menten model, for which various reduced mod-

els in analytic form exist at different parts of the phase space. It is demonstrated

that the CSP-based data subsets allow SINDy to identify the proper reduced model

in cases where the full dataset does not. In addition, it is demonstrated that the

framework succeeds even in the cases where the available data set originates from

stochastic versions of the Michaelis-Menten model. This framework is algorithmic, so

system identification is not hindered by the dimensions of the dataset.

PLOS Computational Biology https://doi.org/10.1371/journal.pcbi.1013193 November 6, 2025 1/ 21

https://crossmark.crossref.org/dialog/?doi=10.1371/journal.pcbi.1013193&domain=pdf&date_stamp=2025-11-12
https://doi.org/10.1371/journal.pcbi.1013193
https://doi.org/10.1371/journal.pcbi.1013193
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://github.com/drmitss/dd-multiscale
https://orcid.org/0009-0005-6443-2894
https://orcid.org/0000-0002-4788-9877
https://orcid.org/0000-0002-1270-7885
mailto:haralampos.hatzikirou@ku.ac.ae
https://doi.org/10.1371/journal.pcbi.1013193


i
i

“pcbi.1013193” — 2025/11/10 — 13:52 — page 2 — #2 i
i

i
i

i
i

Funding: This work was supported by the
Volkswagen Stiftung for the “Life?”
initiative (96732 to HH), Khalifa University
of Science and Technology
(RIG-2023-051 to HH), and the UAE-NIH
Collaborative Research grant
(AJF-NIH-25-KU to HH and DMM). The
funders had no role in study design, data
collection and analysis, decision to
publish, or preparation of the manuscript.

Competing interests: The authors have
declared that no competing interests exist.

Author summary

Biological systems often evolve across multiple time scales, posing major chal-
lenges for constructing accurate models directly from data. Traditional model
reduction techniques require explicit equations and thus cannot be applied when
only observational data are available. To address this, we developed a data-
driven framework that combines Sparse Identification of Nonlinear Dynamics
(SINDy), Computational Singular Perturbation (CSP) and neural networks (NNs).
Our approach automatically partitions a dataset into subsets characterized by
similar dynamics, allowing valid reduced models to be identified in each region.
When SINDy fails to recover a global model from the full dataset, CSP -leveraging
Jacobian estimates from NNs- successfully isolates dynamical regimes where
SINDy can be applied locally. We validated this framework using the Michaelis-
Menten biochemical model, which is known to admit multiple reduced models
in different regions of the phase space. Our method consistently identified the
appropriate reduced dynamics, even when the data originated from stochastic
simulations. Because our approach is algorithmic and equation-free, it is scalable
to high-dimensional systems and robust to noise, offering a promising solution for
data-driven model discovery in complex biological systems.

Introduction

Mathematical modeling in biological systems often relies on first-principles
approaches, typically formulated as differential equations, to describe, predict, and
analyze biological processes. Experimental data is also used to calibrate and refine
these models [1]. However, the complex, nonlinear, and multi-scale nature of such
systems presents significant challenges for deriving accurate governing equations
solely through traditional methods [2]. A key difficulty lies in the inability to capture
the full spectrum of time scales that characterize the evolution of the system. Model
reduction is a major approach to address this limitation, since it combines low dimen-
sionality with the preservation of key dynamical features. Moreover, such reduc-
tion enables efficient analysis and interpretation [3]. Various methods have been
developed for this purpose, mainly based on available governing equations. Such
methods, like Quasi-Equilibrium (QE) [4], Quasi-steady-state Approximation
(QSSA) [5], Computational Singular Perturbation (CSP) [6] and the method of invari-
ant manifolds [7–9], decompose the set of variables into fast and slow components,
by identifying low-dimensional manifolds and models that govern the long-term
dynamics of the slow components.

Mathematical models can also be obtained by extracting dynamics directly from
observational data [2]. A variety of data-driven methods have been developed to
identify governing equations. These methods employ techniques such as sparsity
promotion, symbolic regression, or machine learning to address the multi-scale non-
linear dynamics. Sparse Identification of Nonlinear Dynamics (SINDy) [10] is a promi-
nent method that identifies sparse models by selecting a minimal set of nonlinear
functions to capture system dynamics. Weak SINDy [11] improves robustness
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against noisy and sparse data, especially beneficial for multi-scale systems with variable noise levels. More recently,
iNeural SINDy has enhanced this framework by integrating neural networks and using an integral formulation to better
handle noisy and sparse datasets [12]. Symbolic regression methods like PySR [13] use evolutionary algorithms to dis-
cover closed-form equations, making them suitable for capturing nonlinear behaviors, even in the presence of sparse
data. Additionally, Physics-Informed Neural Networks (PINNs) [14] incorporate physical laws into their structure, enabling
accurate model predictions from limited data. ARGOS, another symbolic regression method, uses evolutionary algorithms
to discover interpretable, sparse models, building on methods like SINDy and PySR while introducing improvements for
handling complex systems [15]. Dynamic Mode Decomposition (DMD) [16] and its extended version, EDMD [17], are
effective for identifying principal modes and predicting system evolution from relatively sparse data. However, DMD does
not recover explicit equations and its accuracy can be limited when the data do not sufficiently capture the underlying
dynamics, particularly in multi-scale systems [18].

When the construction of governing equations is impractical or unfeasible, Jacobian estimation methods provide an
efficient alternative for analyzing local system behavior. These methods focus on characterizing the local stability or lin-
earization near equilibrium points, which is particularly useful for multi-scale and nonlinear systems. Techniques such as
automatic differentiation through NNs [19] approximate the Jacobian matrix from data, allowing the assessment of system
sensitivity without requiring a full model. The Lyapunov method, typically used to evaluate equilibrium stability, can also
be applied to approximate the Jacobian matrix [20,21]. Additionally, kernel-based approaches like Gaussian processes
estimate Jacobians by fitting smooth functions to data, providing an efficient means to analyze local dynamics in highly
nonlinear settings [22]. The Koopman operator theory offers another strategy by linearizing nonlinear systems, enabling
finite-dimensional approximations for control and Jacobian estimation [23]. However, data sparsity remains a critical limi-
tation, as sparse sampling, particularly in multi-scale systems, can lead to inaccurate derivative estimates and unreliable
Jacobian matrices [18].

Fig 1 provides an overview of the most commonly used data-driven methods for full system identification and Jacobian
matrix estimation, categorized by their requirements in terms of the number of variables and data points. Each method
has inherent trade-offs, especially when dealing with high-dimensional systems or limited data. As the number of variables
increases, the risk of overfitting also rises, particularly in the presence of sparse or noisy data. This challenge is amplified

Fig 1. Existing data-driven methods. Schematic representation of existing data-driven methods for full system identification and Jacobian matrix
estimation as a function of the number of variables and data points. Each method occupies a distinct region based on its data and dimensionality
requirements. No methods can provide accurate estimations in the low variable-low datapoints region.

https://doi.org/10.1371/journal.pcbi.1013193.g001
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in multi-scale systems, where critical dynamical features span multiple scales, making it difficult to accurately capture sys-
tem behavior. Neural network-based methods are particularly data-intensive and prone to performance degradation when
data is sparse, while other methods that decompose data into modes often require a dense set of observations to capture
the full range of dynamics [18,24]. These challenges underscore the need for hybrid or regularization techniques that can
effectively handle multi-scale systems, balancing model complexity with data availability.

A novel hybrid framework is introduced here that employs time scale decomposition for model identification in biolog-
ical systems. By integrating the weak formulation of SINDy [10,11], CSP [25] and NN-based Jacobian estimation [19],
the approach identifies algorithmically regions within a given dataset, in which valid reduced models can be constructed.
In addition, the approach allows for extracting algorithmically mechanistic insight from multi-scale biological datasets. It
is demonstrated that the proposed approach succeeds in cases where existing methodologies fail when applied to the
full dataset. It should be emphasized that the focus of the present work is the identification of governing dynamics in the
form of differential equations. The framework is therefore not intended for individual-based stochastic descriptions, which
require different identification strategies.

The merits of the proposed framework are demonstrated on the basis of the Michaelis-Menten (MM) model, a widely
used and well-established model in biological research for studying enzyme-substrate interactions and reaction kinet-
ics [26,27]. Due to its simplicity and interpretability, the MM model is extensively used in Systems Biology, biochemistry,
and computational biology [28,29]. Despite its straightforward formulation that allows analytical tractability, the model’s
nonlinear interactions and multi-scale dynamics present challenges for conventional system identification, making it a suit-
able benchmark for evaluating data-driven reduction methods [30,31]. Moreover, the MM model is of particular interest for
studying and demonstrating the proposed framework, as in specific regions of its parametric space the system exhibits a
shift in its slow dynamics, which causes existing methods to fail in correctly identifying the dynamics and providing valid
reduced models. To further demonstrate the applicability of the framework to systems of higher dimension and more com-
plex dynamical behavior, additional examples are presented in S1 Appendix and S2 Appendix: one system exhibiting
a single transition from fast to slow dynamics, and another exhibiting two transitions, from fast to slow and from slow to
slower.

Materials and methods
Sparse Identification of Nonlinear Dynamics (SINDy)

SINDy, introduced by Brunton et al. [10], is a framework used to identify dynamical systems from time series data using
sparse regression. The main idea of SINDy is the assumption that the dynamics of the system can be represented as a
sparse combination of candidate functions, making it computationally efficient and interpretable. Weak SINDy, a variant
of SINDy was proposed by Schaeffer H. [32], to address the challenges of noise and and irregularly sampled datasets.
This method reformulates the system identification problem in a weak form by integrating against a set of test functions,
thereby reducing sensitivity to noise and enabling the use of coarsely sampled data. Despite its robustness to noise, the
applicability of Weak SINDy is limited to models that conform to predefined functional forms, typically involving linear or
weakly nonlinear relationships among variables. It struggles to identify complex models characterized by strong nonlin-
ear interactions or variable-dependent nonlinearity, thereby limiting its effectiveness in systems with intricate dynamical
structures [32].

Data-driven Jacobian estimation

To perform time scale decomposition and model reduction using CSP, the Jacobian matrix of the system is a key compo-
nent. When explicit dynamical equations are unavailable, we use a combination of Neural Ordinary Differential Equations
(NODE) [33] and NNs [34] to estimate the Jacobian matrix from data. NODE, introduced by Chen et al. [33], provides
a way of learning the vector field that governs the continuous-time evolution of a system from data using NNs with the
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adjoint sensitivity method, which efficiently optimizes the parameters of the system through gradient-based techniques.
Frederic et al. introduced a novel approach for training NNs to estimate the Jacobian matrix of an unknown multivariate
function using only input-output data pairs (x,F(x)) [34]. The method utilizes a loss function based on the nearest neigh-
bor search and linear approximations within the sample data.

The Computational Singular Perturbation Method (CSP)

The CSP algorithm allows for the analysis of multi-scale systems of ordinary differential equations (ODEs), by enabling
the local decomposition of the tangent space into fast and slow subspaces [35,36]. At leading order, the two subspaces
can be approximated by the right eigenvectors of the Jacobian, allowing the resolution of the vector field onto fast and
slow components [37,38]. The fast component vanishes over a short transient, implying the equilibration of fast pro-
cesses and the emergence of constraints that define the Slow Invariant Manifold (SIM). On this manifold, the slow dynam-
ics evolve under the influence of the slow component of the vector field [39,40]. The CSP-based algorithmic vector field
decomposition allows system-level identification of dominant fast and slow processes and their influence on the sys-
tem’s behavior, independent of dimensionality or nonlinearity. CSP has been widely applied to multi-scale systems, such
as chemical reaction networks [41–45] and combustion configurations [46–48], but also in oscilating biological systems
[49,50], population dynamics [51] and in systems describing cancer evolution [52], where time-scale separation presents
significant analytical and computational challenges. A mathematical description of the methodology is provided in S3
Appendix.

Proposed framework

Fig 2 presents a schematic overview of the proposed framework. Given a time series dataset, SINDy -or any other such
method- is first applied, when feasible, to directly identify the governing equations. In cases where SINDy fails, either due
to noise, data sparsity or low data volume, NODE [33] is utilized to provide a uniform and dense vector field that is sub-
siquently used in a NN [34] to estimate the Jacobian matrix. Then, the estimated Jacobian matrix is considered for CSP to
be applied without the need for explicit governing equations. The eigenvectors and eigenvalues of the estimated Jacobian
serve as leading-order approximations of the system’s corresponding fast/slow directions and time scales. Using the CSP
theory and diagnostic tools [49,53,54], the dataset is then analyzed to identify regions where valid models can be con-
structed. These regions enable the partitioning of the dataset into subsets, each corresponding to a different dynamical
regime. Finally, SINDy is applied to each subset independently to derive region-specific models that accurately capture
the dynamics within each regime.

Results

We demonstrate the application of our methodology to the multi-scale Michaelis-Menten model, which can be simplified
to three different reduced models that are valid in different domains of the phase and parameter spaces; the standard
Quasi-Steady-State Approximation (sQSSA), the reverse Quasi-Steady-State Approximation (rQSSA) and the Partial
Equilibrium Approximation (PEA) [31,50]. Although the model was introduced more than a century ago [26], its popularity
keeps increasing [55] due to its significance in many biological and medical contexts [56].

The reduced Michaelis-Menten models

Equation-based model reduction. The MM reaction mechanism describes the interaction between a substrate S and
an enzyme E, forming a reversible complex C. The complex C subsequently undergoes an irreversible reaction, yielding a
product P and releasing the enzyme E, which can then participate in another cycle of substrate binding [26]. This process
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Fig 2. Framework. The methodology proposed to identify regions for valid models when system identification methodologies fail. The methodology
starts with the availability of a biological dataset, which is directed either to a direct system identification methodology, when it is possible, or to the
framework proposed here, when the first is not possible.

https://doi.org/10.1371/journal.pcbi.1013193.g002

can be represented as follows:

S + E
kf−⇀↽−
kb

C
k2−→ E + P (1)

where kf (L mol
−1s−1) and kb (s–1) denote the forward and reverse rate constants of the enzyme-substrate complex

formation, respectively, while k2 (s–1) represents the catalytic rate constant, also referred to as the turnover number.
According to the law of mass action, the MM mechanism is modeled by the following set of ordinary differential equations
(ODEs):

d[C]
dt

= kf[E][S] − kb[C] − k2[C]
d[S]
dt

= −kf[E][S] + kb[C]
d[E]
dt

= −kf[E][S] + kb[C] + k2[C]
d[P]
dt

= k2[C] (2)

Here, the square brackets denote the concentrations of the respective chemical species. Assuming the system is
closed, where initially no product or complex is present, i.e., [C](0) = [P](0) = 0, the conservation relations [E] + [C] =
[E](0) and [S] + [C] + [P] = [S](0) hold ([E](0) and [S](O) are the initial enzyme and substrate concentrations), the system
in Eq (2) simplifies to:

d
dt
[c
s
] = S1R1 + S2R2 = [+1−1] (k1f (e0 − c) s − k1bc) + [−1

0
] k2c (3)

where the simplified symbols c = [C], s = [S] and e0 = [E](0) have been used. Assuming R1f and R1b are the rates of the
forward and backward directions of the enzyme-substrate complex formation reaction, we set the bidirectional reaction
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rate R1 = R1f − R1b = k1f(e0 − c)s − k1bc and R2 = k2c is the rate of the catalytic reaction. S1 and S2 are the stoichiometric
vectors of the two reactions. It should be noted that the origin, (c, s) = (0,0), is the only equilibrium point of the system.

The multi-scale nature of the two-dimensional system in Eq (3) is manifested through the significant difference in mag-
nitude between the two time scales, 𝜏1 and 𝜏2 (𝜏1 < 𝜏2), which govern the system’s dynamics. These time scales can be
approximated by the inverse modulo of the eigenvalues 𝜆+ and 𝜆− of the Jacobian matrix J of the two-dimensional ODE
system described in Eq (3) [35,42,57]:

𝜆± =
−k2
2

(1 + 𝜇 + 𝜈
𝜇 ) (1 ±√1 − 4𝜖) (4)

where

𝜇 = K
KR + s

, 𝜈 = e0 − c
KR + s

, 𝜖 = 𝜇𝜈
(1 + 𝜇 + 𝜈)2 (5)

and KR = k1b/k1f is the dissociation constant, K = k2/k1f is the Van Slyke-Culen constant and KM = KR + K is the Michaelis-
Menten constant [31]. The value of 𝜖 is indicative to the gap that develops between the two eigenvalues (and correspond-
ing time scales) and defines the stiffness of the system; i.e., 𝜏1/𝜏2 = f(𝜖), so that 𝜏1/𝜏2 ≪ 1 when 𝜖 ≪ 1 and 𝜏1/𝜏2 → 1 when
𝜖 → 1/4 [58,59]. Both 𝜇 and 𝜈 are non-dimensional and non-negative and quantify the relative availability and initial dis-
tribution of enzyme and substrate in dimensionless form, determining the model’s dynamic behavior and the separation
between fast and slow reaction processes. The analytical expression of the eigenvalues in terms of 𝜇 and 𝜈 allows us
identify regions in the 𝜇-𝜈 plane where different reduced models can be constructed [60].

Fig 3 displays the regions of validity of different reduced models. In particular, the region of a valid sQSSA model is
highlighted with pink, the region of a valid rQSSA model is highlighted with green and the region of valid Partial Equilib-
rium Approximation (PEA) model is highlighted with shaded blue lines. The regions are separated by the lines 𝜈 = 1+𝜇
and 𝜇 = 1 + 𝜈. Along the 𝜇 < 1 narrow neighborhood of the 𝜈 = 1 + 𝜇 line (solid), indicated by fading to white color, no valid
QSSA model can be obtained and only the PEA model is valid. Along the 𝜇 > 1 part of the 𝜈 = 1 + 𝜇 line (solid) 𝜖 → 1/4, so

Fig 3. Regions of valid reduced models in the 𝜇-𝜈 plane. The regions of validity of sQSSA (pink: 𝜈 ≪ 𝜇 + 1 ), rQSSA (green : 𝜈 ≫ 𝜇 + 1) and PEA
(shaded blue: 𝜇 ≪ 𝜈+ 1) in the 𝜇-𝜈 plane, along with the trajectories that are analyzed (see Table 2 for the related parameters and ICs). Circles and
squares denote the starting and ending point of each trajectory, respectively. The thick solid and dotted lines denote 𝜈 = 1 + 𝜇 and 𝜇 = 1 + 𝜈 , respec-
tively. The thin dashed curve denotes the points at which 𝜖 = 10−2 and encapsulates the shaded region where 𝜖 > 10−2. Reduced models in this region
are of low accuracy [60].

https://doi.org/10.1371/journal.pcbi.1013193.g003

PLOS Computational Biology https://doi.org/10.1371/journal.pcbi.1013193 November 6, 2025 7/ 21

https://doi.org/10.1371/journal.pcbi.1013193.g003
https://doi.org/10.1371/journal.pcbi.1013193


i
i

“pcbi.1013193” — 2025/11/10 — 13:52 — page 8 — #8 i
i

i
i

i
i

that no reduced model can be constructed there since 𝜏1/𝜏2 → 1. Moving away from this part, 𝜖 progressively decreases,
as it is indicated by the 𝜖 = 10−2 dashed curve [31,60]. Table 1 displays the reduced models that are valid in the specified
portions of the 𝜇−𝜈 plane; i.e., the sQSSA model (c is considered fast), the rQSSA model (s is considered fast) and the
PEA model (the bi-directional reaction S+E↔ C is in equilibrium, R1f ≈ R1b). It is shown in Table 1 that the PEA model
simplifies to the sQSSA model when 𝜈 ≪ 1 and to the rQSSA model when 𝜈 ≫ 1.

The fact that the full model in Eq (3) is valid throughout the 𝜇−𝜈 plane and the three reduced models in Table 1 are
valid in portions of this plane, will be the basis for the assessment of the proposed framework for system identification. In
particular, datasets originating from the three trajectories shown in Fig 3 will form the starting point of the identification
process. As shown in the figure, one trajectory is located in the region where the sQSSA and the PEA models are valid
(Case 1), another is located in the region where the rQSSA and the PEA models are valid (Case 2) and a third trajectory
is located in a region that includes the domains of validity of the sQSSA/PEA models (first part of the trajectory), the PEA
model (middle part) and the rQSSA/PEA models (last part) (Case 3). The parameters and initial conditions for the three
trajectories are displayed in Table 2.

The validity of the reduced models in Table 1 is demonstrated in Fig 4, where profiles of the three trajectories consid-
ered here obtained with the full and appropriate reduced model are compared. It is shown that an excellent agreement is
obtained.

The simplification of the PEA model to the two QSSA models in Case 3 is demonstrated in Fig 5 that compares the
solution of the PEA model with the solutions provided by the two QSSA models of Table 1. The sQSSA-based profiles of
c and s in the left panel and the rQSSA profiles in the right panel are denoted by dashed lines, while the PEA profiles in
both panels are denoted by crosses. It is evident that the sQSSA solution closely follows the original trajectory in the first
region (pink, as in Fig 3), where the sQSSA is valid, but begins to diverge as the system transitions into the second region
(green, as in Fig 3), where only rQSSA is valid. Conversely, the rQSSA solution initially deviates from the original trajec-
tory in the first region, where rQSSA is not valid, but progressively aligns with it upon entering the second region, where
rQSSA is valid.

Table 1. The algebraic relation that defines the SIM and the differential equation(s) that governs the flow on the SIM,
according to sQSSA, rQSSA and PEA.

Region Algebraic Eq (SIM) Differential Eq (reduced system)

sQSSA (e0 − c) s− KRc− Kc= 0
ds

dt
=−k2c

[c= e0s

KM+s
] [ dc

dt
=− k2(e0−c)

2
c

KMe0
]

rQSSA (e0 − c) s− KRc= 0
dc

dt
=−k2c

[s= KRc

e0−c
] [ ds

dt
=− k2(KR+s)s

KR
]

PEA (e0 − c) s− KRc−
1

1+𝜈
Kc= 0

dc

dt
=− 𝜈

1+𝜈
k2c

ds

dt
=− 1

1+𝜈
k2c

In brackets are the traditional forms of the relations that approximate the SIM and the differential equation that governs the evolution of
the fast variable in the sQSSA and rQSSA context.

https://doi.org/10.1371/journal.pcbi.1013193.t001

Table 2. Parameters and initial conditions for simulation of the cases considered.

Case k1f k1b k2 e0 s(0) c(0)
Case 1 10 100 1 0.5 1 0.045045
Case 2 3 3 0.5 1000 10.11111 910
Case 3 1000 0.01 0.1 10 10 9.999999
The choice of the values is based on the analysis in [61] and [60]. Initial conditions are obtained on the SIM for each case.

https://doi.org/10.1371/journal.pcbi.1013193.t002
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Fig 4. System Solutions. Solution comparison between full (solid) and reduced (dotted) Michaelis-Menten simulations on the SIM, for Case 1 - sQSSA
(left), Case 2 - rQSSA (middle) and Case 3 - PEA (right). Parameters and initial conditions on Table 2.

https://doi.org/10.1371/journal.pcbi.1013193.g004

Fig 5. Validity comparison. Validity comparison between the sQSSA (left) and rQSSA (right) and PEA solutions of Case 3 (see Table 2 for parameters
and ICs).

https://doi.org/10.1371/journal.pcbi.1013193.g005

Data-driven reduced model identification using SINDy. In order to assess the validity of the proposed method for
system identification, datasets were produced from the profiles shown in Fig 4 from both the full and reduced models, by
considering a relatively sparse and uniform grid of n=100 datapoints; a limit close to where SINDy might fail.

The solutions of each case, both of the full and the reduced models, were used as datasets in Weak SINDy for sys-
tem identification. The WeakPDELibrary from PySINDy was employed to construct the weak-form feature library, which
avoids explicit derivative computation by integrating the governing equations against selected test functions. The library
was built from polynomial functions up to cubic order, including univariate terms (x, x2, x3) and mixed products (xy), with
corresponding custom names for clarity. The spatiotemporal grid was set to the simulation time vector, and the weak for-
mulation used K = 2000 integration points to ensure stable integral estimates. For the sparse regression step, we used
the SR3 optimizer with an ℓ1 thresholding rule, and a maximum of 1000 iterations. We systematically varied the sparsity
threshold over the range [0.01,10] to examine model sensitivity.

The results are displayed in Table 3. The coefficient of determination, denoted as R2, was used to evaluate how well
the identified models fit the data. R2 measures the proportion of the variance in the dependent variable (typically the
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Table 3. Comparison of the right-hand side expressions between the ground truth and the identified models, using data obtained from the
deterministic full (top) and reduced (bottom) models.

Case Ground Truth Identified Model R2

Full Model Case 1 ċ= 5s− 101c− 10sc ċ= 5.004s− 101.073c− 10.003sc 0.9991
ṡ=−5s+ 100c+ 10sc ṡ=−5.003s+ 100.07c+ 10.003sc 0.9990

Case 2 ċ= 3000s− 3.5c− 3sc ċ= 2999.915s− 3.5c− 3sc 1.0
ṡ=−3000s+ 3c+ 3sc ṡ=−3000.007s+ 3c+ 3sc 1.0

Case 3 ċ= 100000s− 0.11c− 10000sc ċ=−1000004.014s− 0.11c− 10000.401sc 0.9959
ṡ=−100000s+ 0.01c+ 10000sc ṡ=−100004.038s+ 0.01c+ 10000.404sc 0.9975

Reduced Model Case 1 ċ=−0.050cc+ 0.198c2 − 0.198c3 ċ=−0.050c+ 0.198c2 − 0.198c3 0.9999
ṡ=−1c ṡ=−0.999c 1.0

Case 2 ċ=−0.5c ċ=−0.5c 0.9996
ṡ=−0.5s− 0.5s2 ṡ=−0.5s− 0.5s2 1.0

Case 3 ċ=− 𝜈
1+ 𝜈 0.1c ċ=−5944980.763s+ 0.620c+ 594498.076sc -2.5614

ṡ=− 1
1+ 𝜈 0.1c ṡ= 5945000.197s− 0.720c− 594500sc -4.3303

The coefficient of determination (R2) indicates the accuracy of the Weak SINDy reconstruction.

https://doi.org/10.1371/journal.pcbi.1013193.t003

system’s dynamics) that is predictable from the independent variables (the terms in the identified governing equations).
The R2 metric was chosen as it is the standard measure used in the SINDy framework to assess the accuracy of identified
models, thereby ensuring consistency and comparability with existing studies.

The coefficient of determination is computed as:

R2 = 1 −
∑n

i=1 (yi − ŷi)
2

∑n
i=1 (yi − ȳ)2

(6)

where yi indicates the actual observed data (here, the derivative of the state, [ċ, ṡ]
⊤) and ŷi indicates the predicted values

from the SINDy model. The mean obsearved data is given by ȳ = (1/n)∑n
i=1 yi. When R2 = 1, the predicted model explains

all the variance in the data.
The results in Table 3 indicate that Weak SINDy successfully identified the different models corresponding to the data

generated from the full models. In particular, it accurately recovered the parameters of each system, as reflected by the
high coefficient of determination values (R2), which are consistently close to unity.

When applied to data from the reduced models, Weak SINDy accurately identified the reduced dynamics in the two
QSSA cases. However, in Case 3 the method failed to recover the reduced model from the data. Instead, it returned a
polynomial approximation resembling the structure of the full model, with completely different coefficients. This discrep-
ancy is reflected in the large negative values of R2, indicating that the identified model structure does not capture the
underlying dynamics accurately.

This failure is attributed to the limitations of SINDy in constructing models with complex nonlinear terms that do not
conform to its predefined candidate library. The PEA reduced model includes nonlinear terms of the form 1/(1+𝜈) and
𝜈/(1+𝜈), where 𝜈 = (e0 − c)/(KR + s) is itself a nonlinear function of the state variables. Since SINDy relies on a fixed
library of basis functions, typically comprising polynomials, trigonometric functions, or other simple expressions, it strug-
gles to represent such composite nonlinearities. However, when SINDy is directly provided with functions that explicitly
include the nonlinear terms of the numerators and denominators, it successfully captures the dynamics and correctly
identifies the PEA reduced model [10]. Despite this, it remains impractical to know a priori the specific nonlinear terms
required for accurate model identification in real-world applications, where the underlying functional forms are typically
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unknown. This highlights a fundamental challenge when using SINDy for complex multi-scale systems with non-standard
interactions.

Implementing our proposed method for Case 3

The framework proposed here addresses the challenges encountered by Weak SINDy in identifying a valid reduced
model in Case 3 as follows. First, the NODE network [33] is employed to generate a dense and uniform vector field,
needed for the accurate implementation of the NN-based Jacobian approximation. NODE is utilized in an unsupervised
manner, as the objective is to infer the underlying dynamical system from the observed trajectories without explicit labels.
The NODE model was implemented as a multilayer feedforward neural network with hidden layers of size [64,128,128,64]
and ReLU activation functions. The network was trained to approximate the system dynamics by minimizing the mean
squared error between the predicted and reference trajectories. Training was performed using the Adam optimizer with
a learning rate of 10–3, weight decay of 10–4, and gradient clipping (maximum norm of 1.0) to ensure numerical stability.
A step scheduler halved the learning rate every 500 epochs. The solver tolerances for trajectory integration were set to
rtol = 10−6 and atol = 10−6, ensuring high accuracy in trajectory reconstruction. Unless otherwise stated, training was
carried out for 2000 epochs without early stopping, although the framework includes a configurable patience-based stop-
ping criterion. To evaluate the learned dynamics beyond the training interval, the NODE was further used to extrapolate
trajectories at higher temporal resolution (up to 2000 points), from which dense vector fields and their derivatives were
computed.

Subsequently, the NN methodology proposed in [34] is used to estimate the structure of the Jacobian matrix directly
from the reconstructed vector field values, without requiring additional supervision. Hyperparameters, such as nearest
neighbors, neighborhood radius and NN architecture, as well as training settings including optimizer and training param-
eters, are carefully tuned to ensure accurate and stable Jacobian estimation. In detail, the model consists of four hidden
layers with 600, 600, 300, and 150 neurons, respectively, and employs the Swish activation function. Training was per-
formed with a batch size of 64 for 150 epochs, using the Adam optimizer with a learning rate of 1×10−4. To improve
numerical stability, gradient constraints were applied through maximum-norm regularization. Prior to training, both the
state variables and their derivatives were normalized to zero mean and unit variance, with an inverse transformation
applied afterward to recover the physical scaling of the Jacobian. The loss function was designed to minimize the discrep-
ancy between the true and NN-predicted differential increments across local neighborhoods of the dataset, thus ensuring
that the estimated Jacobian matrices preserved the underlying vector field structure.

The eigenvectors of the Jacobian matrix are then employed by CSP to approximate the fast and slow directions in
phase space. Additionally, the inverse of the eigenvalue moduli are utilized to approximate the characteristic time scales
of the system. When providing a full dataset produced from the PEA model for Case 3, CSP analysis revealed that the
dataset contains two distinct regions where vastly different dynamics prevail. In agreement to the results in Fig 3, CSP
concluded that: (i) in the first region, the enzyme-substrate complex c exhibits fast dynamics, justifying the applicability of
sQSSA; and (ii) in the second region, the substrate s transitions to the fast variable, making rQSSA a valid approximation.
Furthermore, CSP explicitly identified the narrow region, where the transition between these two dynamical regimes is
realized, allowing for an appropriate partitioning of the dataset in two parts, so that the data in each set are characterized
by similar dynamics. Details of the CSP analysis are presented in S4 Appendix.

Following this dataset partitioning, each subset corresponding to a different QSSA model is independently processed
using the Weak SINDy algorithm. The results, summarized in Table 4, demonstrate that our framework successfully iden-
tified the appropriate QSSA model within each region. During the transition period (white region in Fig 3 and Fig 5), where
no valid QSSA model can be constructed but only a PEA model, Weak SINDy identified the PEA model only when the
nonlinear terms in the model were added in the library. A comparison between the PEA and identified models in Table 4
might suggest that the zero derivatives of the fast variables are incorrect. However, a closer inspection reveals that these
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Table 4. Comparison of the right-hand side expressions between the PEA and the identified models by the Weak SINDy, using the CSP-based
split of the dataset of Case 3.

Region Full model PEA model Identified model R2

Case 3 Split 1 (sQSSA) ċ= 105s− 0.11c− 104sc ċ=− 𝜈
1+𝜈

0.1c ċ= 0 –1.1969

ṡ=−0.1c 0.9999

Split 2 (rQSSA) ṡ=−105s+ 0.01c+ 104sc ṡ=− 1

1+𝜈
0.1c ċ=−0.1c 1.0

ṡ= 0 –7.7547

Data obtained from the full model. R2 indicates coefficient of determination of Weak SINDy.

https://doi.org/10.1371/journal.pcbi.1013193.t004

results are structurally consistent with the expected reduced dynamics. This is shown in Fig 6, which illustrates the tempo-
ral evolution of the terms 1/(1+𝜈) and 𝜈/(1+𝜈) in the PEA model over the full data set 𝜈 ≈ 0, leading to . In the first period,
which refers to the data subset where sQSSA is valid, Fig 6 shows that 1/(1 + 𝜈) ≈ 1 and 𝜈/(1 + 𝜈) ≈ 0. In these limits, the
PEA model simplifies to the identified model. In the second period, which refers to the data subset where rQSSA is valid,
1/(1 + 𝜈) ≈ 0 and 𝜈/(1 + 𝜈) ≈ 1. Again, in these limits the PEA model simplifies to the identified model.

The negative values of R2 in Table 4 arise when the derivatives of the fast variables are close to zero. In such cases,
the variance of the corresponding time series is negligible, and the variance-based definition of R2 produces mislead-
ingly negative values. These values should therefore not be interpreted as incorrect dynamics, but rather as artifacts of
the metric when applied to low-variance variables. Conversely, the negative R2 values observed in Table 3 (PEA case)
represent genuine model mismatch: in these cases, Weak SINDy produces a polynomial approximation that fails to cap-
ture the nonlinear structure of the PEA reduced dynamics. Thus, negative R2 values can arise for two different reasons:
(i) as artifacts in low-variance contexts, which do not imply model failure, and (ii) as indicators of the inability of Weak
SINDy to represent certain nonlinear dynamics. This distinction clarifies how R2 should be interpreted in multiscale system
identification.

It was demonstrated here that, while Weak SINDy initially failed to identify a valid global model for the entire dataset,
the proposed framework successfully partitioned the data into dynamically distinct regions. Within these regions, our

Fig 6. Evolution of 1/(1+ 𝜈) and 𝜈/(1+ 𝜈). Evolution of 1/(1 + 𝜈) (solid) and 𝜈/(1 + 𝜈) (dashed) for Case 3. In the first part where sQSSA is valid,
1/(1+ 𝜈) ≈ 1 and 𝜈/(1+ 𝜈) ≈ 0, while in the second part where rQSSA is valid, 1/(1+ 𝜈) ≈ 0 and 𝜈/(1+ 𝜈) ≈ 1.

https://doi.org/10.1371/journal.pcbi.1013193.g006
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framework accurately recovered locally valid reduced models, emphasizing that the primary objective in a purely
data-driven setting is to identify models that capture local dynamics rather than a single globally valid formulation.

Model identification for noisy data

In real-world biological applications, data contain inherent noise and may exhibit underlying time scale separation. This
further complicates the identification of governing dynamics and the construction of valid models using methods such as
SINDy, and even its robust variant, Weak SINDy. To simulate noise in the dynamics, we modify the deterministic system
in Eq (3) by introducing stochastic perturbations in two forms: additive and multiplicative noise.

It is important to note that our identification strategy focuses on recovering dynamics in the form of differential equa-
tions. For this reason, noise was introduced through stochastic differential equations (SDEs), which are appropriate for
mesoscopic and macroscopic regimes where mean-field descriptions remain valid. Alternative approaches, such as
stochastic simulation algorithms that track individual reaction events (e.g., the Gillespie algorithm), are better suited for
systems with very small molecule numbers. However, such cases require fundamentally different identification strategies
and fall outside the scope of the present work.

Additive noise is introduced by adding a distrurbance in the right-hand side of the system with Gaussian noise
independent of the vector field:

d
dt
[c
s
] = [+1−1] (k1f (e0 − c) s − k1bc) + [−1

0
] k2c + 𝜂(t), (7)

where 𝜂(t) = [𝜂c(t), 𝜂s(t)]⊤ is a vector-valued Gaussian noise process with zero mean and standard deviation proportional
to the signal magnitude:

𝜂i(t) ∼𝒩(0, 𝜎2) , with 𝜎 = D ⋅ √
1
n
∑ x2i , i ∈ {c, s}, (8)

xi denotes the value of the respective variable at time t and D denotes the noise percent or strength.
Multiplicative noise is modeled as a stochastic perturbation that scales with the magnitude of the vector field:

d
dt
[c
s
] = ([+1−1] (k1f (e0 − c) s − k1bc) + [−1

0
] k2c) ∘ (1 + 𝜉(t)) , (9)

where ∘ denotes element-wise multiplication, 1 is a vector of ones matching the state dimension and 𝜉(t) = [𝜉c(t), 𝜉s(t)]⊤ is
a vector-valued Gaussian noise process with zero mean and standard deviation proportional to the signal magnitude:

𝜉i(t) ∼𝒩(0, 𝜎2), with 𝜎 = D ⋅ √
1
n
∑ x2i , i ∈ {c, s}. (10)

In both cases, noise is introduced at the level of the vector field (i.e., the right-hand side of the ODEs), simulating real-
istic measurement or process noise often observed in biological data. Noisy datasets were generated for both the full and
reduced models, derived from Eq (3) and Table 1, respectively.

The results obtained by applying Weak SINDy to the noisy datasets are summarized in Table 5. For Cases 1 and 2,
Weak SINDy successfully identified reduced models, with the right-hand side of the fast variable equations correctly
approximated as zero, consistent with the quasi-steady-state assumption. In contrast, the method failed to reconstruct
any valid model for Case 3, which involves more complex multi-scale dynamics, under noisy conditions. Fig 7 illustrates
the impact of additive (2%) and multiplicative (1%) noise on the system trajectories in Case 3. While additive noise did
not significantly alter the trajectory, multiplicative noise led to substantial deviations from deterministic values, especially
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Table 5. Performance of Weak SINDy on identifying the corresponding models of the data produced from the full and reduced
stochastic models.

Case 2% Additive Noise 1% Multiplicative Noise
Full Reduced Full Reduced

Case 1 ✓* ✓* ✓* ✓*
Case 2 ✓* ✓* ✓* ✓*
Case 3 7 7 7 7

✓* and ✓* refer to cases where the RHS of the fast variable’s equation in the identified model is equal to zero.

https://doi.org/10.1371/journal.pcbi.1013193.t005

Fig 7. System evolution under noisy conditions. Temporal profiles of the variables reconstructed from NODE for the PEA case: deterministic data
(left), data with 2% additive noise (middle) and data with 1% multiplicative noise (right).

https://doi.org/10.1371/journal.pcbi.1013193.g007

at higher magnitudes, preventing Weak SINDy from correctly identifying the underlying dynamics. This limitation under-
scores the challenge posed by the combined effects of multi-scale behavior and noise, emphasizing the necessity of
employing the proposed framework for more robust model identification under realistic, noisy biological data scenarios.

Table 6 presents the results of applying Weak SINDy to both deterministic and noisy datasets of Case 3. In all scenar-
ios, the method identified structurally valid reduced QSSA models, correctly setting the right-hand side of the fast variable
to zero. Although the associated R2 values are negative, this outcome stems from the vanishing variance of fast variable
derivatives under QSSA assumptions, which limits the metric’s reliability in such contexts. The consistent recovery of valid
models across varying noise levels underscores the robustness of the proposed framework.

Table 6. Comparison of the right-hand side expressions between the PEA and the identified models, using the CSP-based split of the dataset
of Case 3.

Region Full model PEA model No Noise Additive Noise Mutl. Noise
Model R2 Model R2 Model R2

Split 1 ċ= 105s− 0.11c− 104sc ċ=− 𝜈
1+𝜈

0.1c ċ= 0 -1.1969 ċ= 0 -1.1969 ċ= 0 -1.1969

ṡ=−0.1c 0.9999 ṡ=−0.097c 0.9973 ṡ=−0.093c 0.9827

Split 2 ṡ=−105s+ 0.01c+ 104sc ṡ=− 1

1+𝜈
0.1c ċ=−0.1c 1.0 ċ=−0.099c 0.9999 ċ=−0.099c 0.9999

ṡ= 0 -7.7547 ṡ= 0 -7.7547 ṡ= 0 -7.7547

Data obtained from the deterministic full model. R2 indicates coefficient of determination of Weak SINDy.

https://doi.org/10.1371/journal.pcbi.1013193.t006
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Fig 8 compares the deterministic solutions (solid lines) of the PEA model to those identified by Weak SINDy (dotted
lines) after partitioning the dataset into the two subsets in which sQSSA (top row) and rQSSA (bottom row) are valid.
The three columns correspond to no noise (left), additive noise (middle), and multiplicative noise (right). All data were
smoothed using the NODE framework to enable accurate vector field reconstruction. Across all noise levels, the identi-
fied trajectories for substrate s(t) (blue) and complex c(t) (red) align closely with the PEA trajectories, demonstrating the
effectiveness of the framework in identifying valid reduced models even in the presence of noise. The results of the CSP
analysis of the stochastic cases are presented in S5 Appendix.

A summary of the results from all stochastic simulations is displayed in Table 7, where the performance of Weak SINDy
in identifying the full and reduced models is assessed and compared with that of the deterministic simulations. The deter-
ministic models include results for both full and reduced models, while the stochastic models consider cases with additive
and multiplicative noise at different noise levels (2% for additive and 1% for multiplicative). The results indicate that for
the deterministic cases, Weak SINDy successfully identifies both the full and reduced models in Cases 1 and 2, whereas
for Case 3, it fails to identify a reduced model when data from the reduced model is used. However, after partitioning the
dataset into distinct regions (Case 3 Split 1 and Case 3 Split 2), corresponding to valid sQSSA and rQSSA models, the
proposed framework successfully identifies the correct reduced models in each sub-region.

Fig 8. Comparisons. Solution comparison between the actual deterministic (solid) and identified from Weak SINDy (dotted) models of Michaelis-Menten
simulations of Case 3 on the SIM, after spliting the data into regions where sQSSA (top) and rQSSA (bottom) models are valid. The data for the cases of
no noise (left), additive (middle) and multiplicative noise (right) have been smoothened by the NODE. Parameters and initial conditions on Table 2.

https://doi.org/10.1371/journal.pcbi.1013193.g008
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Table 7. Performance of Weak SINDy on identifying the corresponding models of the data produced from the full and reduced deterministic
and stochastic models.

Case Deterministic model Stochastic model
Full Reduced 2% Additive Noise 1% Multiplicative Noise

Full Reduced Full Reduced
Case 1 ✓ ✓ ✓* ✓* ✓* ✓*
Case 2 ✓ ✓ ✓* ✓* ✓* ✓*
Case 3 ✓ 7 7 7 7 7

Case 3 Split 1 ✓* - ✓* - ✓* -
Case 3 Split 2 ✓* - ✓* - ✓* -
✓* and ✓* refer to cases where the RHS of the fast variable’s equation in the identified model is equal to zero.

https://doi.org/10.1371/journal.pcbi.1013193.t007

Discussion

We applied our proposed framework to the Michaelis-Menten system, a canonical model that captures the nonlinear
and multi-scale nature of biological dynamics. Despite its simplicity, the model offers three analytically tractable time-
scale regimes, namely sQSSA, rQSSA and PEA, serving as ideal test cases for validating data-driven methods. Through
deterministic and stochastic simulations, we demonstrated that Weak SINDy can identify valid reduced models under
appropriate conditions. However, it fails when applied to full datasets exhibiting transitions between regimes or containing
non-standard nonlinearities. By integrating NODE-based vector field reconstruction, NN-based Jacobian estimation and
CSP analysis, the framework successfully partitioned the data into dynamically consistent subregions, enabling accurate
model identification across all cases, including noisy ones.

An important aspect of the proposed framework is its applicability to experimental datasets, where measurements
are often noisy, sparse, or incomplete. By leveraging NODE for vector field reconstruction and the NN-driven Jacobian
estimation, the framework can be applied even when only partial observations of the system are available. This enables
the identification of latent dynamics and the recovery of reduced models under conditions that more closely resemble
real-world biological data. The expected benefits include improved robustness to measurement noise and enhanced
reliability in capturing multiscale dynamics and regime transitions that conventional system identification methods fail to
resolve.

The summary of all simulations, shown in Table 7, confirms the strengths and limitations of Weak SINDy under different
conditions. For deterministic data, the method recovered both full and reduced dynamics in Cases 1 and 2 but failed to
reconstruct the PEA reduced model in Case 3. Upon partitioning the Case 3 dataset into separate sQSSA and rQSSA
regimes, the proposed framework correctly identified the reduced dynamics. This success persisted under noisy condi-
tions, provided that the data were preprocessed with NODE. In cases where the fast variable’s derivative was near-zero,
negative R2 values appeared. As previously discussed, such values should not be interpreted as failures but rather as
artifacts of the QSSA structure and the limitations of variance-based metrics.

The data in Case 3 were generated from simulations of the full Michaelis-Menten system, not from an already reduced
model. The Michaelis-Menten model was deliberately chosen not only because its dynamics are analytically well under-
stood -making it easier for the reader to follow the framework and its validation- but also because of its characteristic
behavior in the PEA region, where the slow dynamics undergo a shift. Due to this property, SINDy and similar methods
often fail to correctly identify the underlying dynamics, providing a meaningful test case for our framework. The main
scope of this work is to address the inability of SINDy and related approaches to identify valid models in the presence of
noise, a condition inherent to real biological data. For demonstration, we used the deterministic model to clearly illustrate
the underlying dynamics, while applying the same full dataset under both deterministic and noisy conditions to ensure
consistency. Furthermore, to demonstrate applicability beyond two-dimensional systems, we analyzed in Supplemen-
tary Sects S4 and S5 two three-dimensional models: one exhibiting a simple transition from fast to slow dynamics, and
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another undergoing a double transition, from fast to slow and from slow to slower. This design highlights that the method-
ology is general and not restricted to simple systems, but rather provides a principled approach applicable to datasets of
higher dimensionality and diverse dynamical behavior.

One limitation of the proposed method is its sensitivity to data quality. High noise levels or poor signal-to-noise ratios
can obscure the underlying dynamics, particularly in systems governed by multiple time scales. Multiplicative noise, in
particular, leads to significant distortion at high variable magnitudes, hampering the accuracy of the vector field and
Jacobian estimation. While NODE can smooth noisy data to an extent, its effectiveness depends on the quality and
density of the input data.

Another important limitation concerns the modeling framework itself. Our approach is explicitly designed to identify
effective models in the form of differential equations, and therefore noise was incorporated at the level of SDEs. This
choice is appropriate for mesoscopic and macroscopic regimes, where ODE and SDE descriptions are valid representa-
tions of the underlying dynamics. In contrast, in regimes with very small molecule numbers, individual-based stochastic
simulations (e.g., Gillespie-type methods) provide a more realistic description, but such cases require fundamentally
different identification strategies. Consequently, the present framework should be regarded as targeting the parameter
ranges where differential equation models are appropriate, consistent with the overarching goals of this work.

The performance of the NN components, including NODE and the Jacobian estimator, also hinges on careful tun-
ing of hyperparameters. The number of nearest neighbors, architecture, learning rates, and training epochs all influ-
ence the accuracy of the estimated Jacobian. Incorrect configurations may lead to poor identification of fast and slow
directions, undermining the CSP analysis. While our framework performed robustly under controlled conditions, real-world
applications will likely require additional strategies for hyperparameter optimization and model validation.

Data sparsity presents another significant challenge. Sparse or short trajectories may not provide sufficient information
for reliable vector field reconstruction, even with NODE. In such cases, preprocessing steps such as interpolation may be
necessary to increase the sampling density. However, over-interpolation may introduce artifacts, necessitating a balance
between data augmentation and preservation of the original dynamics.

To overcome sparsity and enhance model identification in limited-data settings, we propose incorporating Dynamic
Mode Decomposition (DMD). This method can generate synthetic data from the latent space, enriching the available tra-
jectory without requiring additional measurements. By expanding the data coverage, DMD supports more accurate vector
field reconstruction and Jacobian estimation, thereby improving the reliability of the subsequent CSP and SINDy analyses.
Also the DMD can serve as a comparison for the identified model predictions, when the ground truth is unkwown.

Extending the proposed framework to high-dimensional systems represents a critical direction for future research.
Although CSP is inherently dimension-agnostic and theoretically remains applicable, the scalability of neural estimators
poses practical challenges, as both computational cost and data requirements increase with dimensionality. Adapting
the framework to real-world, high-dimensional datasets -such as those arising in systems biology, neuroscience, or clin-
ical monitoring- will demand advances in both computational efficiency and data utilization. Possible strategies include
incorporating dimensionality-reduction techniques such as DMD to extract dominant modes of variability before neural
estimation, as well as employing specialized neural architectures tailored to high-dimensional data, such as convolu-
tional or graph-based networks. These approaches can mitigate computational complexity while preserving the essential
multiscale structure of the dynamics. Given the complexity of biological systems, it is essential to develop integrative
approaches that unify machine learning with mechanistic modeling [62–66]. Our method contributes to this goal, offering a
foundation for scalable, data-driven multiscale analysis. Incorporating physics-informed constraints or domain-specific pri-
ors into the neural architecture offers a promising strategy to enhance generalization, reduce data demands, and broaden
applicability across complex biological domains.
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