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Abstract

Stochastic models of reaction networks are widely used to capture intrinsic noise

in complex systems in the life sciences. Typical formulations of these models are
based on Markov processes for which there is extensive research on efficient simu-
lation and inference. However, there are complex processes in biology, such as gene
transcription and translation, that introduce history dependent dynamics requiring
non-Markovian processes to accurately capture the stochastic dynamics of the sys-
tem. This greater realism comes with additional computational challenges for simula-
tion and parameter inference. We develop efficient stochastic simulation algorithms
for well-mixed non-Markovian stochastic reaction networks with stochastic delays that
depend on system state and time. Our methods generalize the next reaction method
and 7-leaping method to support arbitrary inter-event time distributions while pre-
serving computational scalability. We also introduce a coupling scheme to generate
exact non-Markovian sample paths that are positively correlated to an approximate
non-Markovian 7-leaping sample path. This enables substantial computational gains
for simulation and Bayesian inference through multilevel Monte Carlo and muiltifi-
delity schemes. We demonstrate the effectiveness of our approach using several
non-Markovian examples, showing substantial gains in both simulation accuracy and
inference efficiency. These results extend the practical applicability of non-Markovian
models in systems biology and beyond.

Author summary

To understand and predict how cells within living organisms behave we need
mathematical models of biochemical processes that govern cell function. Ac-
curate models of these biochemical processes often require inherent internal
randomness to be explicitly described. Unfortunately this leads to substantial
computational challenges when simulating these models and analysing them
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statistically. These challenges are especially true when the process is non-
Markovian: that is, the history of the process is important to determine the future.
We develop new and efficient methods for simulation and statistical inference

of such non-Markovian models and demonstrate that our approach achieves a
substantial reduction in computation cost without sacrificing accuracy.

Introduction

Stochastic modelling of system dynamics is an essential technique in many fields of
science to describe processes driven by intrinsic noise [1-3]. Many real systems are
well described by Markovian stochastic processes, where future evolution depends
only on the current state and is conditionally independent of the past [4—6]. However,
in many systems, history plays an essential role in shaping future dynamics. In such
cases, non-Markovian stochastic processes are necessary for accurate simulation,
prediction, and parameter inference [7—12].

A particularly important application domain for stochastic models is the study
of intracellular processes. Processes such as gene regulation are inherently
stochastic, often due to the low copy numbers of key bio-molecules involved
[5,13,14]. The dynamics of such systems are governed by the chemical master
equation (CME), which is analytically intractable in all but the simplest cases,
necessitating computational approaches [15]. Two primary problems for these
systems are: the forward problem, that is, the stochastic simulation of a given
system; and the inverse problem, that is, inferring model parameters given exper-
imental data [16—18].

For the forward problem, a variety of stochastic simulation methods are available.
These include exact methods, such as the Gillespie direct method [4] and the next
reaction method (NRM) [19,20], and approximate methods, such as the
T-leaping method [6]. All of these methods are based on models of chemically react-
ing systems that are continuous-time Markov jump processes where state transitions
occur instantaneously at reaction events times [5,15]. However, the assumption of
instantaneous reaction events is not always appropriate, particularly for complex
reactions that occur in gene transcription and translation. In these cases, it may be
more appropriate to model complex reactions using delayed reactions, due to the
non-negligible duration between initiation and completion of a reaction [21-24]. The
presence of delay reactions in a system presents a computational challenge as it
becomes a non-Markovian stochastic process [7,9,10,25].

A popular approach to the inverse problem is Bayesian inference that updates
knowledge of model parameters, 6 € ©, through combining prior knowledge of these
parameters with observed data, y,ns. This proceeds through the application of Bayes’
theorem,

(0 | Yobs) = 7 (Yobs | 0) 7(0)

7r(J/obs) (1)
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where 7r(0) is the prior probability density that represents current knowledge, 7r(y0bs | 9) is the likelihood of an observation
given model parameters, and (yqps) is the evidence or marginal likelihood that acts as a normalisation constant. Through
Eq (1) we obtain the posterior probability density, 7r(<9 | yobs), that represents updated knowledge informed by the prior and
the data. Since the evidence term is usually intractable, sampling schemes such as Markov chain Monte Carlo (MCMC)
[26,27] and sequential Monte Carlo (SMC) [28] are used to sample to posterior distribution. However, these standard

tools are not directly applicable in the context of partially observed stochastic processes, since the likelihood will almost
always be intractable due to dependence on the CME solution [18,29-31]. This is only rendered more challenging in the
non-Markovian setting as the equivalent CME is non-trivial [32].

Due to the likelihood intractability, we rely on so-called likelihood-free inference methods, also known as
simulation-based inference. These methods rely on large numbers of model simulations as a substitute for direct likeli-
hood evaluation [33-35]. These include traditional approaches, such as approximate Bayesian computation (ABC)
[36—40] and Bayesian synthetic likelihood (BSL) [41,42], and modern machine learning approaches, such as neural like-
lihood estimation [43] and neural posterior estimation [44,45]. While machine learning approaches have been shown to
require fewer stochastic simulations [46], challenges still remain in terms of accuracy guarantees [47,48]. Regardless of
the specific approach, all likelihood-free and simulation-base inference approaches are computationally intensive, espe-
cially for complex or high-dimensional models, as they require large numbers of model simulations to obtain accurate
posterior estimates.

Recent work has focused on acceleration strategies that leverage model approximations. Two notable approaches are
multilevel Monte Carlo (MLMC) [49-52] and multifidelity schemes [53, 54, 55]. These techniques reduce the computa-
tional cost by combining large numbers of computationally inexpensive low-fidelity approximate simulations with relatively
fewer computationally expensive high-fidelity simulations. Accuracy is maintained through low variance bias corrections
that rely on variance reduction due to coupling simulation pairs [49,54,56]. As a result, MLMC and multifidelity approaches
can achieve substantial improvements in computational efficiency, often by orders of magnitude, without sacrificing infer-
ence accuracy [50-54,57,58].

Despite these advances, such multifidelity methods have been almost exclusively applied to Markovian systems
[54,57,58]. Utilising multifidelity methods for non-Markovian stochastic processes introduces major challenges. In par-
ticular, many simulation schemes in the literature cannot simulate non-Markovian systems accurately [59], and those
that do are often restricted to delay time distributions that depend on time only [7,15]. Moreover, the generation of
coupled sample paths in a non-Markovian setting, as required for MLMC and multifidelity approaches, requires careful
handling of delay structures to maintain consistency and avoid statistical inaccuracies [7,32]. In addition, the focus
of the literature has been on exact simulation schemes [7, 15, 59]. As a result, the necessary approximate simulation
and coupling schemes required for MLMC and multifidelity schemes have not been explored in the non-Markovian
setting.

In this work, we address this challenge and enable MLMC and multifidelity simulation and inference approaches for
non-Markovian reaction networks. We present a novel exact stochastic simulation that leads to a natural approximate
stochastic simulation and coupling scheme. We begin by presenting the general framework for simulating jump processes
with non-exponential inter-event times, then introduce non-Markovian extensions to both the NRM and the r-leaping
method. Finally, we develop a novel coupling scheme for generating positively correlated approximate and exact non-
Markovian sample paths. This enables the application of MLMC and multifidelity methods for the forwards and inverse
problems for non-Markovian systems. We demonstrate the efficacy of our approach through the implementation of mul-
tifidelity ABC [54], however, our simulation algorithms are applicable to any of the current MLMC or multifidelity methods
that rely on coupling for accelerating simulation [49,56] and inference [50,57,58,60]. Together, these contributions provide
a foundation for efficient simulation and inference for non-Markovian systems, addressing a critical barrier to the practical
implementation of these models.
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Methods

In this section, we establish some fundamental background and mathematical foundations that form a basis of our meth-
ods and algorithms. We begin by reviewing the standard formulation of a reaction network [17,18,61] and then examine
how delay reactions alter the structure and dynamics of these systems [7,25]. From this, we derive the inter-event time
distribution in non-Markovian systems and present a generalised representation of a reaction network that accommodates
non-exponential waiting times. We then review the ABC approach to likelihood-free inference [34,36,37] and accelera-
tion using multifidelity schemes [54, 57]. Finally, we introduce our algorithmic contributions to enable the application of
multifidelity approaches in the non-Markovian setting. Specifically, we develop a non-Markovian extension to the NRM,

a non-Markovian 7-leaping scheme, and a novel coupling scheme for generating correlated approximate and exact
non-Markovian simulation pairs.

Modelling stochastic reaction networks

A reaction network consists of A/ chemical species, Xj, Ay, ..., X, with system state, X(t) = [Xj(1), ..., Xa (D], where
Xi(t) € N is the copy number of the ith chemical species. Species interact via a network of M reaction channels,

N L N
SV =Y vk =1, M.
i=1 i=1 (2)

where k; > 0 is the kinetic rate parameter for reaction j, and v~ € NV*Mand p* € NV*M denote the reactant and prod-
uct stoichiometric matrices, respectively. In this paper, for a matrix A, we adopt the notation a;; for element in row i and
column j, and a,; as the jth column of A. Given a system state X(f) the probability that reaction j occurs in the interval

[t,t+ Al) is \(X(D) At + O(A2) where )\(X(t)) is the propensity function for the jth reaction channel. These propensity func-
tions typically have the standard combinatorial form based on the law of mass action,

A X!
. =k NI\
MX(D) 1H1 o) — )]

However, nonlinear propensities, such as those based on Hill functions are also routinely used. In both cases, the
propensity is a function of the system state only, this means that propensities are constant between reaction events.
When a reaction event from channel j occurs, the system state is instantaneously updated X(t + 7) = X({) + v..; where

i and T is the inter-event time. In this setting, the number of reaction events over time for channel j can be
described by an inhomogeneous Poisson process, this leads to the so-called Kurtz random time-change representation of
a reaction network [62],

— +
Vij = V*J—I/

M .
X(t+1) =X0+ Y, ( [ yxees) ds) v
7 48 @)

where Yj(-) is a unit-time homogeneous Poisson process. The state transition probability function related to this process,
p(X¢, Xs) = Pr(X(t) = X¢ | X(s) = xs) for t>s, can be obtained though the solution to the forwards Kolmogorov equation,
which is known as the CME in the biochemistry literature [17,29,63],

M:i)\.(x_ )Xt — vj, Xs) — (X x)ik(x)
dt j=1jtV;PtV/vSpf’S Xt

5 (5)
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Unfortunately, the CME (Eq (5)) is intractable for most realistic networks [18,61,64].

Inclusion of delay reactions

In complex biochemical processes, it may not always be appropriate to treat all reaction events as instantaneous. For
example, the transcription process from DNA to mRNA and subsequent translation into proteins are complex biochemi-
described by Equations (2)—(5). Instead these reactions must be described as delay reactions where the interval between
reactant consumption and product formation is explicitly modeled.

Suppose that of our M reactions R ={1, 2, ..., M} there is a subset Rp C R that are delayed reactions and the remain-
ing set R, = R\Rp are instantaneous reaction set so that R = Rp UR; and Rp N R, = (). This leads to the system

N e N
2 vk ) vk JER,
i=1 =1

N L N
> V=D vjX, j€Rp.
i=1 b= (6)

For instantaneous reactions j € R, that are denoted by —, the standard formulation for the propensities \;(X(f)) holds with
ki > 0 as the kinetic rate parameter (Eq (3)). If the jth reaction is in Rp then it is a delayed reaction, which is denoted by
=-. This delay reaction has an initiation and a completion event, the initiation event occur according to a Poisson process
with propensity \i(X(t)) with kinetic rate parameter k; > 0 just as in the instantaneous case. However the completion event,
conditional on initiation time, tj, occurs with propensity A}*(X(t), t*) with rate kinetic parameter ki > 0 and internal time

t* = t—1f; that leads to a non-exponential waiting-time distribution.

Since each delay reaction has its own internal time, a delay reaction proceeds in two phases. First the reaction is
initiated: suppose the kth event initiation event that occurs at time t+ 7 where 7 is the inter-event time, the state vector
updated according to X(t+ 7) = X(t) — v, ;» and a new delayed chemical species is created, Xj*k for the kth initiation of
the jth reaction (which is a delay reaction since j € Rp). The kth initiation time is set, t(";’k =t+ 7, is set and a completion
reaction is introduced,

k* M
RIS e
i=1

The associated reaction network proceeds with this new reaction included in the network. Suppose at time ¢, the comple-
tion event for this kth initiation of reaction j occurs at time 7, the kth delayed chemical species Xj*'k is removed along with
the associated reaction, and the state is updated X(t1 + 71) = X(t1) + u:J. As formulated here, the virtual delayed chemical
species are not considered part of the system state, but simply represent the ongoing progression of the complex reaction
from initiation to completion. However, this can also be modified by defining a copy number Xf'k(t) =1, at the kth initiation
event, and including this as part of the system state X(f). This would enable the presence of ongoing reactions to affect
any propensity values in the system for any reaction j € R. We only consider the total number of ongoing reactions as part
of the state vector, that is,

Xi(t) =X ().
k=1
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This leads to the extended state vector including the copy numbers for the N/ chemical species and counts of ongoing
delayed reaction, that is, X(f) = [X1(f), Xo(%), ..., Xar(£), X # (1), X (t) . /D(t)] where D is the number of delayed reaction and
Ro = {j1.,j2, ....jp}. Thus, if we consider a system with chemlcal species and M reactions, of which D < M are delayed
reactions, then we will have an effective state vector of dimension N + D.

This leads to the following extension to the Kurtz respresentation,

X(t+7)=X ZY</ /\,(Xt+s))ds> Vi)

JER

Instantaneous reactions

+3 (/ /\(X(t+S))dS)(77/ V)

JERD

Delay initiation reaction

. Zmln{ (/ ;‘(X<t+s),tf+s)ds> }<VI,,--77/)-

JERD k=1

Completion of kth ongoing delay reaction (8)

Here, Yj(-) for j € R, and Y/’-‘(') for j € Rp are k € Z* and unit rate homogeneous Poisson processes. We have tj‘ =t- t]ff(')k
as the internal time for the k delay in the jth channel, where sequence, t,*o1 < t* 2<.< tjffb" < ..., corresponds to the initi-
ation event times for delay as generated by the initiation processes Yj(-) for j e Rp. The vector 7; is an elementary vector
that is zero everywhere except for the dimension of the state X7 (f) (Eq (7)), that is 7 TX(t) = X (f). This representation is
essential to the construction of our stochastic simulation schemes presented later. We note here that there are connections
to the delay reaction setting presented by Anderson [15] and Boguia et al., [7]. The distinct properties of our approach by
comparison to these previous works are discussed along with the derivation of our methods in subsequent sections.

Simulation-based inference

Suppose that we obtain time series data, yops = [Y(t1), Y(f2), --., Y(5)], that is assumed to be noisy observations at n dis-
crete times, t < f, < --- <t,, from a realisation of the stochastic process {X(f)}»: (Eq (4) or Eq (8)). The aim is to infer the
unknown rate parameters of the model 6 = [{ki}icr.{k }jcr ] via Bayes’ theorem (Eq (1)). Typically inference will proceed
according to the expectation,

(6 obs| = f(o 0 | Yobs) d0,
E[6) | Yobs] /@()w( | Yobs) o

for any f(#) that is integrable with respect to the posterior measure with density 7r(9 \ yobs). The form of Eq (9) is very
general and includes estimation of means, variances, higher-order moments, probabilties, or probability densities of the
posterior distribution through the specification of the function f(-). Assuming one can draw independent, identically distrib-
uted (i.i.d.) samples from the posterior, then we estimate using Monte Carlo (MC) integration,

N
E[0) | yeus] 7= 1 D" 09,
=1

where 91, 9@, . g ' (- | Yobs) - Unfortunately, standard Bayesian sampling approaches that are based on MCMC or
SMC are not viable since the likelihood is intractable due to noisy partial observations and dependence on the master
equation. This remains true even in the Markovian case where CME is substantially simpler solve (Eq (5)).
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To handle this intractable likelihood setting, various simulation-based techniques can be used [33,34]. Regardless of
the specific method applied, the dominating computational cost is associated with stochastic simulations from the model.
A clear example of this are ABC-based methods that approximate the posterior according to,

(0| Yobs) = masc (6 | p (Vobs: Ysim) <€) o Pr(p (Vobs, Ysim) <& | 6) 7 (6) ,
where

Pr(P (yobs=ysim) <e ’ 9) = /]l(O,e] (P (yobs=ysim)) W(ysim ‘ 9) dYsim

with ysim ~ (- | 8) being simulated data through stochastic simulation, p (Vobs, ¥sim) is a discrepancy metric, and e > 0 is
the acceptance threshold [18,34,35].
Inference proceeds via expectations with respect to this approximation,

E[f(0:) | Yobs] = /@f(ee)T"ABC (02 | p (Yobs: Ysim) <€) dbe,

where 0. ~ magc (6 | p (Vobs: ¥sim) < €). In an accept-reject scheme [54] (Alg 1), i.i.d. samples from the joint prior-data dis-
tribution, 7(Ysim, ) = 7 (Vsim | 9) m(9), are used to enable the MC estimator,

E|f(6. ~f = ,
10:)| Yoo S, w(o0) (10)
where 60, 0@ . g™ S 1(), and w(f) = i) (2 (Vobs: Ysim) ) - Here 14 (x) is the indicator function, 1a (%) =1if x c A and
14 (x) = 0 otherwise. Due to the acceptance threshold € > 0 and discrepancy based approximation, any expectations
taken with respect to the ABC posterior are not exact as E[f(6.) | Yoos| #E[f(6) | Yobs] in general. As a result, we ideally
take ¢ — 0, however, this leads to extremely low acceptance probabilities of O(s¢) where d>1 is the dimensionality of
the data, yops [66]. This curse of dimensionality renders Alg 1 inefficient when implemented directly, however, extensions
based on MCMC [67], SMC [68,69], MLMC [51,52] and multifideility schemes [54] are widely applied in practice.

Algorithm 1 ABC accept-reject scheme (See Prescott & Baker [54])

Require: A stochastic model w(-’@); a prior distribution 7 (f); a discrepancy metric p(yeps,:); a dis-
crepancy threshold €>0; observed data y.s; and sample size N.
for i=1, ..., N do
Sample prior 0 ~ 7 () ;
Generate simulated data _YsimNﬂ'('|0(i)),‘

W(i) — IL[O,s) (p(YObsr YSim));
end for
return (62, w®), (02, w®), ..., (0D, v

Multifidelity approximate Bayesian computation

Prescott and Baker [54] consider an approach to accelerate the computation of ;‘5 (Eq (10)) that is based upon the prob-
abilistic telescoping summation idea of Rhee and Glynn [55]. Here, we denote fr(- | 9) as an approximate simulator that
is computationally inexpensive to generate a sample ygim from ir(- | 6). We refer to this approximation as a low-fidelity
simulator, and the exact simulator, 7r(~ } 9), as a high-fidelity simulator that is computationally expensive to generate a
sample ysim from 7r(~ } 0). Direct substitution of the low-fidelity simulator into Alg 1 will be unreliable due to propagation
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of simulation error into posterior estimation error [57]. This problem motivates the multifidelity approach that exploits the
efficiency of the low-fidelity simulator while maintaining the accuracy of the high-fidelity simulator.
In the context of ABC, a so called multifidelity weighting function is introduced,
m

Wint(9) = Lpo,c) (p(Vobs, Vsim)) + ) [110,¢) (P(Yobs: Ysim)) = Ljo,¢) (2(Vobs: ¥sim))] - (1)

where m is the outcome of a Bernoulli random variable, M, such that Pr(M =1 | 7sim) = u(Vsim). The function, /u(¥sim), rep-
resents the probability of computing a correction of +1/u(ysim) When Lo .y (p(Vobs, Ysim)) #Ljo.c) (2(Yobs, ¥sim)) - Note that if
m=0, then wne(0) = 1jp..) (p(yobs, j/sim)) and the high-fidelity simulator is not needed. Using this weighting scheme, we can
construct the multifidelity estimator,

P ik w(00)R6)
f,E - )
" Sy Went(00) (12)

where 00, 0@ g™ I 1(). It can be shown that fuie is a consistent estimator of E[f(6:) | Yobs] [54,57]. Furthermore,
given a fixed computational budget, one can choose a mean function, u(ysim), such that Var[?mfys] < Var[ﬁ], provided cer-
tain conditions hold [57] that relate to the accuracy of the low-fidelity simulator relative to the computational gains. Broadly
speaking, Eq (12) utilises the high-fidelity model to correct bias introduced by the low-fidelity model through the weighting
scheme (Eq (11)).

For simplicity we will restrict our description to the special case where the decision to simulate ygjm ~ 7T(- | 0) is
informed only by the acceptance decision of a given low-fidelity simulation ygjm ~ fr(~ | 9). That is,

(Ysim) = Haljo,e) (P(,Vobs,j/sim)) + prle,00) (p(yObSa ysim)) ) (13)

where 5 € [0,1] and p, € [0, 1] are the continuation probabilities when ym is accepted or, respectively, rejected. Assum-
ing ua and u, are given, Eq (11)—(13) can be used to implement a multifidelity ABC (MF-ABC) accept-reject scheme as
shown in Alg 2. To achieve optimal performance, Prescott and Baker [54] perform a training step for a set of N, warm-up

simulation pairs (Ns:r)n,y(s?r)n), GOy, (j/givn";),y(s'i\’nf)). This is extended to an adaptive tuning of u, and u, in Warne et al.,

sim’ 7 sim
[58], then in Prescott et al., [57] a # dependent version of the continuation probability function is developed.

In general, positively correlated simulation pairs are essential to obtain substantial performance gains (S1 Appendix). In
the Markovian setting, MF-ABC inference and various extensions can be directly implemented using the exact stochastic
simulation schemes of Gillespie [5] and Anderson [15], the approximate stochastic simulation scheme of Gillespie [6] and
the coupling scheme of Anderson and Higham [56]. However, to-date the literature has primarily focused on exact sto-
chastic simulation schemes for a non-Markovian reaction networks [7,9,10,15,59]. Two notable exceptions are the neural
network aided approximation scheme of Jiang et al. [70] and the recent scalable approach of Pélissier et al., [65]. While
both approaches are highly effective, neither approach leads to an exact coupling scheme that is required to implement
multifidelity methods. This leads to our main contribution, that is, exact and approximate stochastic simulation algorithms
with appropriate coupling schemes for non-Markovian chemical reaction networks. These contributions are presented in
the follow subsections.

Algorithm 2 Multifidelity ABC accept-reject scheme

Require: A low-fidelity simulator (- | §); a high-fidelity simulator 7 (- | #); a prior distribution 7(6); a discrepancy function

p(Yobs, +); @ discrepancy threshold ¢; observed data y.ns; @ sample size N; and continuation probability function, w(-).
for i=1, ..., N do
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Generate a proposal A ~ 7 (6) ;
Generate low-fidelity simulation, 5@imAzﬁ(‘0‘”);
Set W' «+ IL[0,5) (p(YObsr j/sim));
Sample M~ Bernoulli (g (¥sin)) ;
if M=1 then
Generate high-fidelity simulation, yam““ﬂ(|0);
Set W(l:) — ]1[0,5) (p(_Yobsr YSim));
set wif + P+ (wh —w D) /u(Foin) 5

else
m&’«fwu>;
end if
end for
1 2 N
return (au)lmk)),<0@>lmk>),".,(QW),ME)).

Stochastic simulation algorithms for non-Markovian processes

Stochastic simulation schemes for Markovian reaction networks have been well studied [16-18,71] with many exact and
approximate stochastic simulation algorithms available. In addition, exact schemes for handling certain time-dependent
propensity functions and certain types of delays are also available. For example, Anderson’s modified NRM [15] handles
time dependent propensities via numerical integration, and the Extrande method of Voliotis et al., [59] provides an efficient
alternative based on thinning techniques. Anderson also considers delayed reactions with either fixed completion times,
or random completion times that can depend on time [15]. However, Boguia et al., [7] note that the Anderson approach
cannot directly be extended to the setting where delays are random and depend on both time and system state. To deal
with this Bogufa et al., [7] extend the Gillespie method though numerical inversion of the next reaction time in this gen-
eral setting. By constrast, there have been relatively few works to date on approximate stochastic simulation schemes of
non-Markovian systems [65,70]. For the existing approximations, there is no natural exact coupling scheme that arises. As
result, application of MLMC and multifidelity schemes is not achievable without a new approximation scheme.

In this section, we present our main contributions: i) An exact stochastic simulation algorithms for non-Markovian reac-
tion networks of the general form with state and time dependent delays. This is achieved through a novel generalisation
to the Anderson modified NRM [15] for fixed delays; ii) an approximate stochastic simulation algorithm that is based on
a 7-leaping discretisation of our non-Markovian modified NRM; then iii) we extend the exact coupling scheme of similar
form to Anderson and Higham [56], Lester et al. [72], and Prescott et al. [57], to generate positively correlated exact and
approximate simulation pairs in the non-Markovian case.

Exact stochastic simulation algorithms

The NRM [19,20] is an alternative exact stochastic simulation algorithm to the Gillespie direct method [5]. Both methods
generate sample paths that exactly follow the probability law of a discrete-state continuous-time Markov process given
in Eq (4). The Gillespie direct method operates through sampling the global waiting time to the next reaction and then
sampling the next event conditional on this waiting time. In contrast, the NRM is derived directly from the Kurtz random
time-change representation and proceeds through maintaining independent unit rate Poisson processes for each reac-
tion channel and determining the next even via the minimum of the waiting times. This typically offers a computational
advantage as only one random variable is required per event. For non-Markovian processes, such as those presented in
Section, the equivalent approach to the Gillespie direct method, that is the non-Markovian Gillespie Algorithm (nM-GA)
of Bogufa et al., [7], requires additional approximations in practice since the cumulative hazard function for the process
rarely admits a closed-form quantile function required to sample the global waiting time.

We extend the NRM to the non-Markovian setting by considering a race of Poisson processes with time and his-
tory dependent cumulative hazard functions. That is the next reaction time of each reaction channel is computed
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independently assuming the state vector X(f) remains unchanged. To proceed, we first define the cumulative hazard func-
tion for instantaneous reactions, j € R, and delay initiations, j € Rp, as

Aj(; X(8), 1) = /O ' MN(X(t+s),t+s)ds. "

Similarly, we define the cumulative hazard function for delay completions, j € Rp,

Af(T; X(D), t, @) = /0 N (X(t+s), t-a+s)ds, (15)

where a>0 is some time-shift based on the history of the reaction network. Given the definitions in Eq (14)—(15), we
observe that the next event time for a instantaneous reaction j € R, or the initiation of a delayed reaction j € Rp, is given
by solving

Tiu = Aj(755 X(8), 0), (16)

for 73, where 75, is the next event time for the unit rate Poisson process Yj(-), which is an exponentially distributed random
variable with unit rate, 7;, ~ Exp(1) as determined under the Kurtz random time-change formulation (Eq (8)). Similarly, the

completion of the kth delayed reaction event, j € Rp with initiation times tj’.fb", the completion time is obtained by solving

T = A7 (75X, 165 (17)
for Tjk, where ’7'/-l’(u is the next event time for the unit rate Poisson process Yj’-‘(-). Note that for t— tjif(')" +s<0 then

we define A (X(t+s), t— t]ff(')" +5s) =0, that is, a completion event cannot occur before it is initiated. Given the set

of next event times for each channel independently, we can obtain the overall next event time for the system via

Tmin = MiN ({7}jer U {Tjk}je'RD’kepj) where D is the set of delayed reactions yet to be completed, with |Dj| = X;‘(t). The spe-
cific value of j and k that is associate with i, will be the next event that occurs.

Equations (16) and (17) provide the first reaction time only, given the time and state dependence. Thus for all reactions
channels other than the one that fired we need to solve for the remaining time left, r;, > 0, in the time interval of the unit
rate Poisson process following the state update. Focusing on instantaneous and delay initiation channels, at time t>t we
denote the infernal time, that is the time since the last reaction, as t;. We have at time >, for all reactions,

T = lu + Aj(li+ Tmin; X(8), 1) — Aj(t; X(2), 1). (18)

Note that the firing reaction will, according to Eq (18), resultin rj, = 0. In this case, a new remaining time interval for the
unit rate Poisson process is generated, that is, r;, = 7;, ~ Exp(1).
Eq (18) leads to an update rule for r;, following any instantaneous reaction event,

T < lu— [Aj(t + mins X(8), £) — Aj(t; X(2), )] - (19)

For the completion of the kth delay event, the equivalent update would similarly be,

o o = [ A7 1 7ot X0, 6 689 = A (85 X0, 875 (20)
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Given remaining intervals and internal times enables the update of next reaction times. This is given for the instantaneous
and initiation reactions by solving,

Aj(mj + 8 X(0), 1) = r,u + A X(1), 1), 1)

for 73, and for the delay completions by solving

A7 (o + 5 X0, 65 = 1, + A7 (X0 6.5, 22)
for 7.

Equations (16)—(22) provide a mechanism for updating next reaction times and remaining interval lengths in the general
setting of time and state dependent propensities and including time delays. This enables direct simulation of the inhomo-
geneous Poisson processes in Eq (8). Unlike the Markovian case, the remaining interval lengths Eq (19)—(20) must be
updated for every reaction channel following every reaction event. In settings with large numbers of concurrent incomplete
delay channels, a global bounding scheme on the instantaneous rates, following Pélissier et al., [65], could be imple-
mented at the cost of some accuracy.

To track ongoing delays within reaction channels j € Rp we maintain a set D; C N that contains the k indices for
initiated delays that are yet to be completed. For any k € N, the only completion processes that need to be simulated
are the Yj’f(-) such that k € D;. For such as process, we only need to simulate to the first event time of Yj’-‘(~) as we take
min (1, Y4(.)), therefore after the completion event and Yj’f(-) =1, we remove k from D;. Similarly, at the completion of a
delayed reaction cannot occur before the initiation event, that is, /\j’.“(X(t), t— t;f(')k) =0 when t< t;fbk. Thus, when the kth initi-
ation event occurs, the index k is added to D;. As a result of this, the number of elements in the set D; is always the same
as the copy number for the ongoing reactions Xf(t) (Eq (7)) at any time t>1,.

Combining the direct implementation of the Kurtz random time-change representation with the dynamic tracking of
progressing delayed reactions via the sets D; for j € Rp leads to a non-Markovian next reaction method (nM-NRM). The
method, presented in Alg 3, is an extension of Anderson’s NRM that dealt with fixed delays [15] to enable random delays
that depend on both time and system state. This means we achieve the same generality as the non-Markovian Gillespie
method of Boguia et al., [7]. However, our approach leads to convenient approximation and coupling schemes that are
essential for efficient sampling based on MLMC or multifidelity methods such as the multifidelity ABC method (Alg 2). In
particular, the random time-change representation allows all necessary interval lengths r;, and rjfu for the unit rate Pois-
son processes to be generated prior to the start of a simulation. This provides direct analogues of the r-leaping schemes
[6] and coupling based on common Poisson clocks [54,56].

Algorithm 3 Non-Markovian next reaction method (nM-NRM)

Require: A non-Markovian reaction network with AN species and M reaction channels, of which D
are delay reactions (Eg (6)); an initial time t,>0; a final time T>t; an initial system state
xo =X (to) s
1: Initialise state X<+ %y, time t+« tg, internal times &t ¢ 0 for j€R, next reaction intervals,
ri,s~Exp(l) for j€R, and delay sets D« 0, jeRp;
while t<T do
Update reaction times 7, for Jj€7R:, and 7'J]v< for k€D;, FERp (Eg (21)-(22));
Find 7, ¢ minjer (75), and 7';’; < minjer,, keD; (TJ].‘) ;
Set next event time Tuin < min (7, TZL(Z)
Update intervals r; , for j€R, and r};',u for k€D;, FERp, (Eg (19)-(20));
Update internal times tj < t;+Twin for j€R, and th« th+mny, for k€D; jeERp;
if Tpin =7, then
Set ryu,u~Exp(l);

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014687 August 26, 2026 11/28




A Computational
PLOS }. Biology

if p1 € R; then
Set V4= Vi, 7
else
Set v=nu, —v 7
Set k'« an +1;

Set t;;]fo — t+7,, th <0, and rs ,~Exp(l)
Initiate delayed reaction D, < D, U {k'};
end if
else
Set v vy, ~ N
Complete delayed reaction D,, <+ D, \{k};
end if

Update the system state X< X+v, and time ¢t <4 t+ Tpins
end while

Approximate stochastic simulation algorithms

The 7-leaping method introduced by Gillespie [6] is an approximate stochastic simulation algorithm that efficiently simu-
lates reaction networks by discretising time and allowing for multiple reaction events per time step. The 7-leaping method
is widely used in the simulation of reaction networks where exact methods like the Gillespie algorithm are prohibitively
expensive [16,18]. While many r-leaping variants exist, to our knowledge, none are suitable for non-Markovian reaction
networks where reaction propensities may depend on internal clocks or history. Leveraging the general framework for
non-Markovian reaction network with delays, given by Eq (8), we develop here an extension to the 7-leaping algorithm to
approximate sample paths.

The nM-NRM (Alg 3) proceeds by explicitly simulating every reaction event that occurs. As a result, the computational
cost depends heavily on the global average reaction rate. The 7-leaping method mitigates this by invoking a simplifying
assumption that the system state changes very little over the interval [t,t + 7), that is X(f + s) =~ X(s) for s € [0, 7).

We denote Z(t) = [Z4(t), Zo(1), ..., Znr (D), Z; (1), Z;;(t), ij‘D(t)], as the approximation to X(f) that arises by assuming
Z(t+s) =Z(t) for s € [0, 7). This leads to an approximation of the cumulative hazard functions,

A X(0), B & A(r; Z(8), 1) = /0 NZ(t), t+ s)ds,

AF(m X(D, t @) ~ A (5 Z(0), t, a) = /0 ' A (2Z(t),t—a+s)ds.

(23)
By substitution of Eq (23) into Eq (8) we obtain
2(t+7) =20+ > P+ Y Bly=vi)+ Y > min{Z0. P bwl;—n),
JER JERD JERD k=1 (24)

1j’0
Note that in most cases the integrals in Eq (23) are analytically tractable. Unlike Eq (8) where every delayed reaction

initiation has a unique initiation time t}fb", the initiation process described by Eq (24), for j € Rp, will initiate delays in
groups of size P; > 0. Within this group, each delay will have the same initiation time of tj’."‘b“ =t+ 7. Note, we adopt the
notation t;fg“ for the initiation time of the xth group in the time-discretised approximation, this is not to be confused
with the notation of tj’fbk for the exact initiation times in the continuous-time process in Eq (8). The grouping occurs
due to the time discretisation. That is, over time interval [t,{+ 7) exactly P; ~ Poisson (A,-(T;Z(t), t)) initiation events
occur and enter the system in bulk at time t;"g‘ = t+ 7 which is the next time-step. As a result, all of these P; delayed

where P; ~ Poisson (IN\j(T;Z(t), f)) and Pf ~ Poisson ]&f(r; Z(),t, ")) are independent Poisson random variates.
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chemical species are identical and can be treated with the same reaction channel. That is at the xth initiation group,
we set Zj‘"’“ = P for j € Rp and include « in the delay group set D;. This new reaction channel remains in the system
until it has fired a total of Z*" times, after which « is removed from the delay set D;. This leads to the non-Markovian
T-leaping method (nM-TLM) in Alg 4.

Algorithm 4 Non-Markovian 7-leaping method (nM-TLM)

Require: A non-Markovian reaction network with AN species and M reaction channels, of which D are

delay reactions (Eg (6)); an initial time to <0; a final time T>¢t ; an initial approximate system
state zy=2(tg); a time discretisation 7;

Initialise state Z+<zy, time t+< t;, internal times t;+ 0 for j€R, and delay sets Dj<—®,
j S RD;

while t<T do B
Evaluate Aj (tr;2(t), t) for jeR, and A;(T;Z(t), t, tj:'g) for k€D; and JE€Rp;

Sample P; ~ Poisson E]\j (t; 2(t), t)) for jeR;

A;(T;Z(t),t*"’“)> for k€ D; and jER,

Sample P% ~ Poisson 300

b
Update system state using Eg (24);

Update delayed species Zj" <« max (0, 2y'"-PFf) for ke Dj and j€ Rp;
Remove completed delay channels D;«+ D;\{x : Z7" =0} for j€&€Rp;

3
for jeRp such that P; >0 do
Set k'« Z%+1
*

Set t;:'g/ «— t+7 and Zj'”/ + p; for jERp;
Update Dj«+ D;U {K'}

end for

Update time t<4 t+7;

end while

While we do not analytically consider the rate of convergence, it is straightforward to show using the same reasoning
as Gillespie [6] that Eq (24) converges to Eq (8) as 7 — 0. We report numerical results for both weak and strong conver-
gence rates in the Results Section.

Unbiased multilevel Monte Carlo

Given the exact and approximate stochastic simulation schemes (Algs 3 and 4), we can develop a coupling scheme that
generates an exact simulation that is driven by the same inhomogeneous Poisson processes underlying a given approximate
simulation (See S2 Appendix for details). Using this coupling scheme we can implement an unbiased MLMC estimator follow-
ing the approaches of Anderson and Higham [56] and Lester et al., [72]. In this setting, we aim to estimate the expectation,

E[fX(T)] = > fxpPr(X(T)=xr | X(t) = Xo),

XTGNN

where f(-) is some function of the system state, and Pr(X(T) = X7 ] X(to) = xo) is the solution to the forward problem of the
non-Markovian network at time t=T, given an initial state X(fy) = xq. We expand the expectation using the telescoping
summation,

E[AX(T)] = E[AZ(T)] +E[X(T)-AZ(T)] .

where Z(T7) is the approximate stochastic process as determind by Eq (24) for a given discretisation 7. This leads to the
MLMC estimator
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Here, Z')(T), Z4(T), ..., ZMN)(T) are i.i.d. samples from the nM-TLM (Alg 4) and
X, KRZN(T)), (XO(T), AZD(T)), XND)(T), KZN)(T)) i.i.d. coupled nM-NRM and nM-TLM pairs (Alg 4 and S2 Appendix).
For a target mean square error (MSE), h?, the optimal choice of sample sizes, N, for £ =0, 1, is given by

1 |V,
N, < ﬁ é [\/ VoCo + v/ V1C1:|

where Vy = Var[f(Z(T)] and V; = Var[f(X(T) - f(Z(T)], and C,and C, are the expected computational cost (i.e., total sim-
ulation runtime) of a draw from Z(T) and (X(7), Z(T)), respetively. Importantly, since we can generate exact couplings
between X(T) and Z(T), the resulting MLMC estimator (Eq (25)) is unbiased regardless of the choice of discretisation 7.

Results

In this section, we demonstrate the performance and applicability of the algorithms introduced in Section 2. We begin

by specifying two representative examples of non-Markovian reaction networks that include both delays and history-
dependent dynamics. Using these models, we demonstrate sample paths generated by our algorithms and evaluate

the accuracy and efficiency of the nM-TLM approximation. We then apply our exact coupling scheme to demonstrate
accelerated simulation and inference using unbiased MLMC simulation [49,56] and multifidelity ABC for inference [54].
Our results show substantial estimator efficiency improvements of an order of magnitude are feasible using our methods
compared with direct MC sampling.

Example non-Markovian reaction networks

We consider two examples of non-Markovian biochemical reaction networks to demonstrate the efficacy of our methods.
The first is is a genetic regulation network that includes auto-inhibition with oscillatory dynamics arising from a delay in
messenger RNA transcription [73,74]. The second is a non-Markovian extension to the susceptible-infectious-susceptible
(SIS) model from epidemiology, in which both the infection and recovery processes have Weibull waiting time distributions.

Example 1: Gene regulation with delayed auto-inhibition

The model describes the transcription of a gene coding DNA sequence into an messenger RNA (mRNA) molecule and
subsequent translation of mMRNA to proteins that, in-turn, auto-inhibit the transcription process. The process of transcrip-
tion and subsequent transport of mMRNA from cell nucleus to cytoplasm is non-negligible [22,73], thus we define the tran-
scription process as a delay reaction. We also consider the resources required for transcription to be finite [7], therefore
the processing time slows as the total number of MRNA in the increases, requiring a state-dependent completion function.
Such delay models are of interest in the study of gene regulation as they are capable of oscillatory behaviour arising from
auto-inhibitory mechanism, such as is observed in the Hes1 system associated with cell differentiation [73,75].

The delayed auto-inhibition model is a non-Markovian reaction network consisting of one delayed reaction, and three
instantaneous reactions. The network is given by,

BufiX) ’ M omep
B GOX.1) S

—— — Translation of mMRNA to Protein
Transcription of DNA to mRNA

~
M9 and P20,
N—_—— N—_——

Degradation of mMRNA Degradation of Protein (26)
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where chemical species M and P, respectively, represent the mRNA and protein molecules. For the delay reaction
for mRNA transcription, 8, > 0 is the maximum initiation rate and Sy« > 0 is the maximum completion rate. For the
remaining instantaneous reactions, 3, is the translation rate, v, is the mRNA degradation rate, and , is the pro-
tein degradation rate. Based on the formalism from sections and we have reaction sets Rp ={1} and R, = {2, 3,4}

, the system state at time t>1 is X(t) = [M(%), P(), M*(H]" with the copy numbers given by M(f) > 0 for mRNA, P(f) > 0
for proteins, and M*(f) > 0 for incomplete mRNA transcriptions. The stoichiometric matrices and elementary vectors
described for Eq (8) are

0110 1100 10 -1 O 0
v =10 0 0 1|,» =0 1 0 Ofl,»=(0 1 0 -1{,andn = (0],
0 00O 0 00O 0 0 0 O 1

and the propensity functions are

MX(@®) = Bmf(X(2)), (27)

X5 (X(), 1, 85%) = Br-g(X(), t=155),
Xa(X(1) = BM(D),
A3(X(1) = AmM(f),
Aa(X(®) = 7,P(0). (28)

The mRNA transcription propensities for initiation (Eq (27)) and completion (Eq (28)) are both regulated by Hill functions.
For the transcription initiation, the Hill function depends on the protein copy numbers P(f) and capture the auto-inhibition
mechanism,

ph

f(X(t) = =—2—,

(xt0) P+ P(t)h (29)
where h>0 is the Hill coefficient and P, is a constant such that if P(t) = P, then f (X()) = 1/2. We note that f (X(f)) € (0, 1),
since f(X(t)) — 0 as P(t) — oo, and f(X(f)) — 1 as P(f) — 0. In the case of transcription completion, the Hill function
depends on the mMRNA copy numbers, M(f) and M*(f), and the internal time t‘1‘ =t- t;:ﬂ‘ to capture the delay effect and finite
transcription resources,

_ OZMg(ﬂm* t'k)a_1
g (X(t), 1) = Mz + v(M(D) + M (0)" (30)

Here, M, and v are constants such that if M(t) + M*(f) = M, then g(X({), &) = a(Bm-t)*~"/(1 + v) and the shape parame-
ter, a > 0, is the only parameter that affects the existence of the non-Markovian delay as it leads to a Weibull distribu-
tion for the waiting time. For fixed internal time t we have that g(X(f), ) € (0, a(Bm-t*)~") using similar arguments to
those used for Eq (29). Note that if « =1, the dependence on the internal time is removed and the system becomes
Markovian. However, when « > 1, the completion event becomes more likely to occur as the internal time increases.
Conversely, when « < 1, the completion event becomes less likely to occur as the internal time increases and can
lead to stalling of the transcription process as g(X(), ) — 0 as the slowing completion processes build up

(e.g., M* — o00).
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Example 2: A non-Markovian epidemic model

Our second example is a non-Markovian extension to the classic Markovian SIS epidemic model, typically used to model
the spread of an infection that does not induce any form of immunity upon recovery. Our non-Markovian network is given
by

SRt g (Xt
S BrIr(Xtr) I, and T B+ gy (X)) S
B g7 (X,th) Brgn(X.te)
N———’
Infection process Recovery Process (31)

where the species S and Z, respectively, represent the susceptible and infectious individuals in the population of size P.
The rate g/ > 0 is the maximum completion rate for infection process and the maximum initiation rate for the recovery
process. Similarly, 55 > 0 is the maximum completion rate for recovery process and the maximum initiation rate for the
infection process. Here, both reactions are delay type with Rp = {1,2} and R, = (. The system state at time >t is given
by X(t) = [S(B), I(t), S*(?), I*(t)] with the total populaton given, S(f) > 0 to susceptibles, /(f) > 0 for infectious, S*(f) > 0 for
infectious that are recovering, and /*(f) for susceptibles becoming infectious. Due to the form of the two reactions in Eq
(31), the completion event for the recovery reaction is the initiation event for the infection reaction and vice-versa. As a
result, beyond the initial condition, the population is effectively split between the delay states S*(f) and /*(%).
The stoichiometric matrices are given by

10 0 1 1 1 0 0
o1 L_ft ol _ |1 210 ang = |0
Y “lo ol'Y Tlo o[’ "o of|'™MT o] 2= 14

0 0 0 0 0 0 1 0

To completely define the propensities, we denote the internal time for the kth recovery and infection completion process,
respectively, as th = t—t>5 and th, = t— 7). Here, 3, £5%, .., are initiation times for recovery reactions arising from infec-
tion completion events. Similarly, ta’; , t(’;_’,z, ..., are initiation times for infection reactions arising from recovery completion

events. The propensity functions are,
M(X(D. t85R) = AKX, 8 tR) = BRgRX(B):t~t5%), (32)
TOX. L8519 = XX 6819 = BToF (XD, t -6, (33)

where gi5(X(1), t5) = ar(Bstl)*=1 and gy (X(D), t) = a,(B; )" (I(t) + S*())/P with the total population being

P = S(f) + I(f) + S*(f) + I*(t), which is a conserved constant quantity. Just as in the delayed gene regulation model, the
shape parameters, arg > 0 and o; > 0, correspond to non-Markovian delay behaviour with Weibull completion times, and
in the special case that ag = oy = 1 then the system becomes Markovian.

Simulation results

To evaluate the practical performance of our simulation algorithms, we begin by examining sample paths generated from
the delayed gene regulation model (Egs. (29)—(30)). We generate independent stochastic simulations of this model using
both the exact nM-NRM (Alg 3) and the approximate nM-TLM (Alg 4). For all auto-inhibition model simulations in these
results we use the parameter values 5, = 10, By =0.175, 5, =1, ym = 0.08, 7, = 0.05, « = 2.5, M, =10, v=0.5, h=1.5,
and P, = 5, and the initial conditions are set to Xy = [0, 0, 0] [7].
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By inspction of the auto-inhibition model (Eq (26)), we see that in the limit as o« — 1, the system becomes Markovian as
the function g*(-) loses its time dependence. As a result, our nM-NRM approach should reduce precisely to the Markovian
NRM [15,19] and give equivalent results to the standard Markovian GDM [4]. To confirm this we generate MC averaged
simulation paths, using n=4,000 simulations, for several delay shape parameter values « = 0.5,1.0, 1.5, 2.5. We then
compare against the same average generated from the Markovian GDM by removing the time dependence on the tran-
scription completion event. As shown in Fig 1, we see that there is excellent agreement between our nM-NRM for « = 1
and the Markovian GDM. Furthermore we note the effect of the history on the dynamics decreases as a — 1.

Fig 2 presents example sample paths from the exact nM-NRM (Alg 3; Fig 2(a)—2(b)) and approximate nM-TLM (Alg
4; Fig 2(c)—2(d)) showing the evolution of mMRNA M(t), proteins P(t), and progressing mRNA transcriptions M*(f). Using a
small number of sample paths (n=5) we can observe qualitatively similar behaviour between exact realisations (Fig 2(a))
and their approximate counterparts (Fig 2(c)). In both cases, we observe the expected effect of the auto-inhibition (Eq

=

N
w
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nM — NRMa=1.5 1
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Fig 1. Demonstration of convergence of the non-Markovian setting to the Markovian setting as « — 1. Expected samples paths, computed using
n=4,000 simulations, are shown for: (a) mRNA molecules M, (b) Protein molecules P; and (c) progressing transcriptions M*. There is excellent agree-
ment between the a = 1 case (purple solid line) and the standard NRM (black dashed line).

https://doi.org/10.1371/journal.pcbi.1014687.g001
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Fig 2. Example realisations of the gene regulation with delayed autoinhibition model (Eqs. (29)—(30)) using the exact nM-NRM (a)—(b) and
approximate nM-TLM with time step = = 2.5 (c)—(d). n=5 independent paths are shown for (a) nM-NRM and (c) nM-TLM. Path distributions are
shown using n=100 realisations for (b) nM-NRM and (d) nM-TLM with solid dashed lines indicating mean copy numbers. Model parameters are 3, = 10,
Bm= =0.175, Bp =1, ym =0.08, v, = 0.05, a =2.5, M, =10, v=0.5, P; =5, and h=1.5.

https://doi.org/10.1371/journal.pcbi.1014687.9002

(29)) with increase then decline in protein copy numbers, eventually leading to smaller oscillations. However, as expected
path-wise numerical error can be observed due to the nM-TLM discretisation 7 = 2.5 (Fig 2(c)) compared with exact
sample paths (Fig 2(a)). This error propagates into the path distributions (Fig 2(b),2(d)) estimated with a larger number
of sample paths (n=100). Here we see that the nM-TLM (Fig 2(d)) is consistently over-estimating the peak of the protein
path (mean P = 600; Fig 2(d)) in comparison to the exact nM-NRM (mean P =~ 400; Fig 2(c)). In addition, the peak of the
protein in the nM-TLM approximation is occurring at a later time (mean peaks at t ~ 75; Fig 2(d)) compared with the exact
nM-NRM (mean peaks at t ~ 55; Fig 2(b)).

We also demonstrate the correctness of our coupling scheme. To do this we generate nM-TLM realisations using Alg
4 and generate n=10 coupled exact nM-NRM realisations (S2 Appendix). This is then compared against n=10 indepen-
dent realisations of the exact nM-NRM using Alg 3. The results, shown in Fig 3, give a comparison of the independent
(Fig 3(a),3(c)) and coupled (Fig 3(b),3(d)) cases for two different step sizes, = = 2.5 (Fig 3(a)-3(b)) and 7 = 0.05 (Fig 3(c)—
3(d)). We note a substantial reduction in variance in the exact realisations due to the coupling scheme (compare Fig 3(a)
with Fig 3(b) and Fig 3(c) with Fig 3(d)). The coupled simulations also clearly demonstrate the approximation error due to
the discretisation 7 = 2.5 (Fig 3(b)) and convergence of nM-TLM to the nM-NRM as 7 — 0 (Fig 3(d)). Note that the n=10
exact simulations in Fig 3(a) are independent simulations to the n=5 samples in Fig 2(a).

Using coupled simulations pairs (X(T), Z(T)), we can numerically estimate the error rates of our nM-TLM. Specifically
we consider the weak error,

Eweak = [E[X(T)] —E[Z(D)]], (34)

and the strong error,
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Estrong = EHX(T) _Z(T)H : (35)

Using direct MC with n=120,000 simulations and T=300, we estimate Eq (34) and Eq (35) for a range of values for 7.
This enables us to quantify empirical convergence rates in both the weak and strong sense. These empirical rates are
shown in Fig 4 along with reference lines for typical weak and strong orders of convergence for a first order scheme such
as standard Markovian 7-leaping method and the Euler-Maruyama scheme for stochastic differential equations [6, 16].
That is, order O(r) for the weak convergence rate and order O(r'’?) for the strong convergence rate. We observe good
agreement between the empirical rates and the expected theoretical rates.

Finally, we demonstrate that this coupling scheme is also effective for driving computational gains using the unbiased
MLMC estimator in Eq (25). Here we use the non-Markovian SIS model (Eq (31)), with parameters ar = 1.8, g5 = 1.5,
ay;=1.3, B/ = 2.0, and initial conditions S*(ty) = 1,583, I*(ty) = 417, S(to) = I(to) = O [7]. We apply the unbiased MLMC to
estimate ]E[I*(T)] at T=3, for a range of discretisations = € {0.01,0.05,0.1,0.2, 0.5, }. We take a range of samples sizes
(up to N=4,000) for direct MC estimators using the exact nM-NRM (Alg 3), and apply the MLMC estimator (Eq (25)) with
optimal N, and N, for each value of 7 for equivalent target mean-squared error (MSE) for the direct MC. For each sample
configuration (samples size and 7), we estimate the MSE and total computational cost (that is, the runtime).

Results in Fig 5 show that we can achieve the substantial performance improvements of an order of magniture (in
terms of MSE for equivalent cost to direct MC). An important observation here is that smaller 7 can be more computation-
ally efficient than larger 7 as the effect of the coupling is stronger in this setting.

Inference results

Given the simulation results (Figs 2—4), we have the necessary components to implement the multifidelity ABC inference
scheme (Alg 2). We generate a synthetic dataset using nM-NRM for the delayed auto-inhibition model (Alg 3) to repli-
cate an observed experimental time series of gene transcription. We then evaluate the efficiency of the multifidelity ABC
scheme that is accelerated using the nM-TLM (Alg 4) with exact coupling (S2 Appendix).

The observed data is denoted as yops = [X(t1), X(t2), ..., X(t,)] where X(t) = [M(t;), P(t;), M*(t)]" with the observations
times t; =ty + 5i for i < 20 and t; = {0 + 20i for i>20. The data is generated using a single exact realisation of the delayed
auto-inhibition model (Eq (26)) using the nM-NRM (Alg 3) with initial condition M(fy) = P(fy) = M*(t;) = 0 and parameter
values By, =10, Bm- =0.175, B, =1, ym =0.08, v, =0.05, o = 2.5, M, = 10, v=0.5, h=1.5, and P, = 5. This synthetic
data and the full underlying realisation is shown in Fig 6. Note the observations times start at a higher resolution to cap-
ture the initial peak in the gene expression.

For the inference problem we consider the mRNA maximum completion rate, S+, the protein production rate parame-
ters, 3y, and the transcription completion time shape parameter, o, to be unknown and to be inferred from the data, y_, .
Specifically we consider the problem of estimating the posterior mean,

E[9 | yobs] =/ 07"(9 ’ yobs) do,
©

where 0 = [Bp-, Bp, o]". The priors used are independent uniform priors, Bm- ~ U(0,0.5), B, ~ U(0,5) and a ~ U(0, 10).
We choose uniform priors for simplicity and highlight that our methods are not restricted to uniform priors. We use this
problem set-up to demonstrate the efficiency gains we obtain through the multifidelity ABC method.

We compare the ABC accept-reject scheme (Alg 1) with exact nM-NRM simulations (Alg 3) against the multifidelity ABC
accept-reject of Prescott and Baker [54] that uses the nM-TLM (Alg 4) for low-fidelity simulations and the coupling scheme
(S2 Appendix) for the correction terms (Eq (11)). In both cases the ABC approximation is taken with respect to the Euclid-
ean discrepancy metric on the full data, that is

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014687 August 26, 2026 19/28




PLO\S\%\.-

Copy Number &

=~
<

800

Copy Number

800

600 F

400 F

200 F

600 F

400 F

200 F

Computational
Biology
=t
g &
) L
T T
N —
’J_I = L
"Jf_-“:;‘::_:.;__:_‘_r‘_. .;—‘ghhk'.':-r‘
0 50 100 150
Time
/"“‘\
ll 5

/ ™~

/ A\

/ R
/ X
I/ x
p Lk =2 \\\\
. ,z/ __\,_>\--‘_ o
0 50 100 150
Time

S

)

800

Copy Number

-
&

800

Copy Number

600 F

400 F

200 F

600 F

400 F

200 F

T} R
14
I =
I Y
P |
.—T’-‘ 3 1
— "=
P | -
0 50 100
Time
TN
i V1
,/ N
/ :
/ \\\
/7’\ .
1o 1 se =1
0 50 100

Time
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with 7 = 2.5; (b) coupled and correlated to the nM-TLM simulation with 7 = 2.5; (c) uncoupled and independent of the nM-TLM simulation with = = 0.05;

and (d) coupled and correlated to the nM-TLM simulation with 7 = 0.05. Model parameters are g, = 10, Bp+« = 0.175, o =1, 4, = 0.08, ~, = 0.05,

a=25, M,=10,v=0.5, P, =5,and h=1.5.
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Y 112
P(Vsim, Yobs) = (Z [ Xsim(t7) _xobs(ti)”%>

=1

where || - ||2 is the vector 2-norm. The acceptance threshold is taken as ¢ = 1200.

To implement the multifidelity ABC scheme we need to optimise the continuation probability function p(ysim) given in Eq
(13). Following the tuning process outlined be Prescott and Baker [54] we initially set 5 =1 and p, = 1 and preform a rel-
atively small number of warm-up samples (N=20,000) to refine these continuation probabilities according to the optimality
condition set out in S1 Appendix. We apply this tuning process for = = 0.68 and 7 = 2.31. We note that our exact coupling
scheme (S2 Appendix) is essential for achieving high performance in multifidelity ABC.
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We estimate posterior means using the direct ABC rejection sampling and multifidelity ABC sampling for a range of MC
sample sizes. Denoting the estimate as f, in each instance we estimate the MSE of this estimate, MSE[?], and the aver-
age computational cost (total runtime) to obtain the estimate, C(;‘). Here the MSE is measured against a gold standard
ABC estimate with N=1,000,000, and the computational cost is the average runtime to ensure fair comparison as the total
number of samples will be smaller for ABC accept-reject than the multifidelity approach of equivalent computational cost.
Fig 7 demonstrates the empirical convergence of this variance as a function of computational cost for the mRNA maxi-
mum completion rate, S8+ (Fig 7(a)), the protein production rate /5, (Fig 7(b)), and the transcription completion time shape
parameter, « (Fig 7(c)). In each case, the measurements align with a rate of MSE[?] = (9(C(?)‘1) as is expected from the
theory in Prescott et al., [57] for a fixed acceptance threshold, ¢ > 0.

Across all parameters we observe a reduction in estimator MSE for equivalent levels of computation cost (that is,
total runtime). The level of improvement depends on the value of 7, just as in the forward problem case. While 7 = 0.68
achieves a small improvement over + = 2.31, in both cases the speed-up factor is approximately 5x over direct imple-
mentation of ABC. These results demonstrate the efficacy of our approximate stochastic simulation and exact coupling
schemes can be exploited in to substantially accelerate simulation-based inference approaches though variance reduction
of bias correction terms [52,54]. Beyond this demonstration of the posterior mean estimator, we can also demonstrate
accelerated posterior probability density estimation. Fig 8 shows excellent agreement between the posterior marginal
probability densities obtained using the MF-ABC samples used in Fig 7 (each with total cost C(?) ~ 10° seconds) and
expensive ABC gold standard (with total cost C(?) ~ 108 seconds). This accuracy holds across all three unknown param-
eters, S5, 5p, and a.. While such results have been known and demonstrated before in the context of Markov processes
[52,57,58], our methods extend the applicability of multifidelity methods to applications involving non-Markovian systems
for the first time.

Discussion

In this work, we present a novel extension to the next reaction method to exactly simulate stochastic networks that are
non-Markovian due to time dependent propensities, stochastic delays that depend on both time and system state [7,15].
This extension leads to a natural first order approximation of the Kurtz random time-change representation to result in an
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Fig 7. Comparison of convergence rate of posterior mean estimator MSE as a function of computational cost (that is, total runtime in sec-
onds) for: (a) mRNA transcription initiation rate 3,; (b) protein translation rate 3,; (c) transcription completion time shape parameter a.
Results are shown for standard ABC methods (green diamonds), MF-ABC with 7 = 0.68 (orange circles), and MF-ABC with 7 = 2.31 (purple squares).
Regression lines are also shown (dashed lines). The ABC discrepancy threshold used is € = 1200.

https://doi.org/10.1371/journal.pcbi.1014687.9007
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https://doi.org/10.1371/journal.pcbi.1014687.9008

equivalent non-Markovian r-leaping method [6]. Finally, we develop an exact coupling scheme based on common Pois-
son clocks and demonstrate its applicability to variance reduction methods such as MLMC [49,56] and multifidelity meth-
ods [54,58].

While we focus on the original multifidelity ABC method of Prescott and Baker [54] and achieve orders of magni-
tude improvement in efficiency, it is important to highlight the generality of our approach to alternative methods in the
simulation-based inference literature. In particular, any variant of multifidelity scheme that fundamentally relies on cou-
pling of exact and approximation simulation pairs can be applied in our setting. This includes MLMC for ABC [51,52,58],
multifidelity SMC for ABC [60] and adaptive extension [57], and state-of-the-art approaches for multifidelity neural pos-
terior estimation [50,53]. In this work, our main contribution is the necessary stochastic simulation tools to enable MLMC
and multifidelity approaches to simulation and inference in the non-Markovian setting.

In addition to parameter inference, our methods are also conducive to acceleration of summary statistic estimators for
the forward problem following the Markovian work in networks [18,56,72] and stochastic differential equations [49, 55].
The potential fo orders of magnitude improvement in simulation time could be of tremendous significance in the setting
of whole cell modelling in quantitative biology that are typically extremely computationally expensive and often rely on
stochastic simulation for key biochemical processes [76—79].

We primarily demonstrate our non-Markovian simulation schemes in the context of biochemical processes. This is
largely due to the substantial amount of stochastic modelling and simulation literature that has arisen from the area of
continuous-time non-Markovian processes of the form given in Eq (8). As demonstrated by our epidemiology examples
using MLMC simulation, our approach is widely applicable to alternative contexts involving non-Markovian stochastic mod-
els, such as ecology [80,81], physics [7,82] or queues [83,84].

Another area of applicability for this work is stochastic simulation following Markovian projection [85,86]. In the setting
of reaction networks, Markovian projection can substantially reduce the dimensionality of the state vector while pre-
serving the marginal path distribution for a selected subset of state dimensions [87]. This can be extremely beneficial in
partially observed systems as it enables simulation to be performed directly on the observable chemical species without
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considering any latent variables. The cost of the Markovian projection is that the reduced system can become non-
Markovian [88]. Our methods will enable both exact and approximate simulation in this promising area of dimensionality
reduction.

In the setting of optimal configuration of multifidelity simulation-based inference, whether it be based on ABC or alter-
natives, one open challenge is the automatic tuning of the step size parameter, 7. Importantly, the choice of = does not
impact bias due to the exact coupling scheme [18, 56], however, a there is a trade-off between the computational gains
of larger 7 and the receiver operator characteristic of the low-fidelity simulator as a predictor for the high-fidelity simulator
(S1 Appendix). While the coupling scheme enables optimal continuation probability tuning for a fixed r [54,57], it does not
help with adapting 7. One possible way forward could be to exploit the estimated strong convergence rate (Fig 4) to obtain
an optimal scaling 7 within the MLMC telescoping summation [58]. Other possible solutions could consider a randomised
7 to generate a family of low-fidelity models and extending Eq (11) accordingly [57]. In practice a reasonable choice of
can be obtained using a small numerical experiment using the warm-up step of MF-ABC that optimises the continuation
probabilities for a range of candidate values for = (e.g., see Warne et al., [58]), with smaller optimal continuation proba-
bilities indicating more efficient sampling. This approach also provides some simple diagnostics that indicate when 7 is
too large to be effective (See Prescott and Baker [54] and Prescott et al., [57]). In particular, if one or both of the optimal
continuation probabilities is close to unity for all candidate values for 7, then the a finer approximation is required.

Conclusion

We provide a versatile extension of approximate stochastic simulation schemes with exact coupling mechanisms in

the context of discrete-state continuous-time non-Markovian stochastic processes. We demonstrate the computa-

tional performance of our methods for both the generation of sample paths from the forward problem, and accelerated
simulation-based inference for the inverse problem. We obtain an order of magnitude improvements in computational
efficiency which could lead to new possibilities for the practical application of complex non-Markovian processes in quanti-
tative biology and many other fields of computational science.

Supporting information
S$1 Appendix. Coupling and continuation probabilities.
(PDF)

S2 Appendix. Coupling exact and approximate paths.
(PDF)

S3 Appendix. Inter-event time distribution.
(PDF)
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