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Abstract

Neurons communicate with downstream systems via sparse and incredibly brief elec-
trical pulses, or spikes. Using these events, they control various targets such as neu-
romuscular units, neurosecretory systems, and other neurons in connected circuits.
This gave rise to the idea of spiking neurons as controllers, in which spikes are the
control signal. Using instantaneous events directly as the control inputs, also called
‘impulsive control’, is challenging as it does not scale well to larger networks and has
low analytical tractability. Therefore, current spiking control usually relies on filtering
the spike signal to approximate analog control. This ultimately means spiking neural
networks (SNNs) have to output a continuous control signal, necessitating continuous
energy input into downstream systems. Here, we circumvent the need for rate-based
representations, providing a scalable method for task-specific spiking control with
sparse neural activity. In doing so, we take inspiration from both control theory and
neuroscience, and define a spiking rule where spikes are only emitted if they bring

a dynamical system closer to a target. From this principle, we derive the required
connectivity for an SNN, and show that it can successfully control linear systems. We
show that for physically constrained systems, predictive control is required, and the
control signal ends up exploiting the passive dynamics of the downstream system to
reach a target. Finally, we show that the paradigm scales to both high-dimensional
systems and bio-inspired motor control tasks. Importantly, in all cases, we maintain a
closed-form mathematical derivation of the network connectivity, the network dynam-
ics and the control objective. This work advances the understanding of SNNs as
biologically-inspired controllers, providing insight into how real neurons could exert
control, and enabling applications in neuromorphic hardware design.
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Author summary

Action potentials, or spikes, are the key events that allow neurons in the verte-
brate brain to govern the movement of the body, its internal state, and its inter-
actions with the world. Control theory provides a formal framework for regulating
processes toward desired states, but is traditionally separated from the study

of neural networks. This work provides a rigorous account of how spiking neu-

ral network implementations can be formulated within the language of control
theory. From the neural perspective, our work develops and expands the existing
view of SNNs as biologically-inspired controllers that are modulating their own in-
ternal dynamics. We generalize this principle to explicitly control any downstream
linear system using spikes. From the control theory perspective, we circumvent
the problem of applying instantaneous events directly as control inputs, which
has been analytically challenging and difficult to scale. We maintain a closed-
form mathematical derivation of the network connectivity, the network dynamics
and the control objective, thus obtaining a model that can be valuable for both
hypothesis testing in neuroscience, and applications in neuromorphic systems.

Introduction

In the vertebrate nervous system, action potentials are one of the universal principles
of communication between neurons [1-6]. Spiking behavior of cortical neurons grants
efficient and robust computational properties, providing a basis for the realization of
the complex adaptive functions of the cortex [1—4,7,8]. At the level of single neurons,
spike events are incredibly brief and sparse, and through synaptic communication
can affect the dynamics of neurons in downstream areas. This property, where
neurons are not only communicating information but modifying behavior, settled the
basis for viewing neurons as controllers [9,10] and spikes as control signals. We can
find clear examples of spike-driven control in movement control studies, where spike
generation allows animals to orient their head in space [11,12], as well as control the
movement of their eyes [12,13] or limbs [12,14]. This control perspective can offer
important insights into neural computation, but is also increasingly relevant for neuro-
morphic applications where spiking networks are used to control downstream plants
[15-18].

Although the theory and application of control with spiking networks have recently
seen some advances, it remains unclear how to generate each spike to successfully
control a plant’s dynamics. Traditionally, control theory relies on optimal control meth-
ods, such as the linear quadratic regulator (LQR) [19], which continuously adjusts
control inputs to drive a system toward a target state while minimizing a cost func-
tion (Fig 1B). Although effective, these continuous control paradigms are difficult to
reconcile with the discrete nature of SNNs. Attempts at bridging this gap include the
use of a filtered spikes approach. These studies have applied classic optimal con-
trol principles to SNNs by approximating LQR signals through rate codes or filtered
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Fig 1. Overview of feedback control approaches. A: Scheme of a feedback controller and a downstream system. The current state of the system

x(f) is given as input to the controller, along with a target value z(f). The controller outputs a control signal u(f), as a function of both inputs. u(f) is then
mapped onto the dynamics of the downstream system via the B matrix. The system’s dynamics are governed by the A matrix. B-D: Examples of three
feedback control paradigms. B: The continuous LQR uses a gain matrix K to directly compute the control signal for a given state and target pair. C: In the
filtered spiking case, the output spikes of the network are filtered to obtain r(f), which is decoded by the matrix D to form the control signal u(f) (adapted
from [24]). D: In our spiking control paradigm, the output spikes s(t) represent the control input itself, and are therefore directly mapped onto the system
dynamics through the B matrix.

https://doi.org/10.1371/journal.pcbi.1014432.9001

spike trains [20—24], as shown in Fig 1C. Importantly, in these filtered spikes approaches, spikes serve as the network’s
representation of the system state but are not actively computing control signals, which are still continuous in nature. This
makes it difficult to trace the effect each single spike has on the trajectory of the controlled system. Alternative approaches
for spike-based control in the literature focus on individual neuron-based controllers [25], or implement forms of instanta-
neous control [26]. Such impulsive control methods have been widely studied, but they mostly focus on the control theory
perspective, sometimes even bypassing the need of a network [27-30]. Only recently, some works started integrating this
framework with theoretical neuroscience concepts, to explicitly interpret the control impulses as the neurons’ action poten-
tials [31]. Still, network architectures are imposed rather than derived from control objectives. For this reason, the integra-
tion of bio-informed SNNs with (feedback) control remains an under-explored area. A new paradigm is needed to account
for direct spiking control and its seamless integration with computational neuroscience theories.

Our study investigates how spike events can influence the dynamics of linear systems, using spikes directly as control
signals. We consider this problem from the perspective of control theory, by formally deriving how neurons should spike to
control a linear dynamical system (Fig 1). This equates to generating control inputs that can successfully drive the dynam-
ics of a downstream plant to minimize a certain loss associated with the state of the system. When deriving a solution
for this problem (see Materials and Methods), we obtain, without needing to introduce further assumptions, a feedback
control scenario like the one depicted in Fig 1A. Our work embeds this instantaneous spiking control within theoretical
neuroscience constraints.
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Inspired by the neuroscience theory of spike coding networks (SCNs) [5,20,21,23], we derive, from control theory
principles, a network of recurrent integrate-and-fire (IF) neurons with sparse activity and low-rank connectivity. By directly
incorporating spikes as control signals (Fig 1D), our model ensures that each neuron’s contribution to the system’s tra-
jectory is explicit. Between each spike event s(f), the system evolves following its dynamics in an open loop, and when
a control signal is produced, the system switches to a closed-loop control (with s(f) being the control input). Our solution
naturally exploits the intrinsic dynamics of the plant, instead of continuously inputting a signal over time. This approach
could help understanding how neural circuits can execute control tasks efficiently while preserving key features of biologi-
cal networks. In the following sections, we present our framework, analyze the model’s performance on a linear dynamical
system, and discuss its implications for both neuroscience and control theory.

Results
Formulating the control problem

To investigate the role of spiking activity in controlling linear dynamical systems, we start by revisiting the fundamental
components of a control task. We then introduce our approach to modeling spike-based control, and finally explore the
consequences of applying this method to physically constrained systems.

General control setup

The control of a generic K-dimensional linear dynamical system through an N-dimensional control signal, as illustrated in
Fig 1A, can be expressed as:

x = Ax +Bu, (1)

where x € RX is the system state, A € RK*X is the system matrix, describing the system’s uncontrolled dynamics,
B < RX*N is the input matrix which maps the control input onto the system, and u € RN is the control input.

In classical control, u is typically a continuous signal, as in LQR control, where the optimal control input is computed to
minimize a quadratic cost function (Fig 1B). For control systems that make use of neural networks, the control signal can
instead be derived from neural activity. In spiking networks, a filtered-spike signal can be employed, where the firing rates
of neurons determine the value of the control input for each timestep (Fig 1C). Here, the spikes are aiding the network’s
internal representation of the systems, but the control input still approximates a continuous control signal [20-25,32].

In our work, we instead consider a sparse and discrete control signal, where the input is made of brief pulses or ‘kicks’
(Fig 1D) [26—-31]. The system then becomes:

x = Ax+Bs, (2)

where s € RN describes the on/off state of each of N neurons in the network. A spike signal is emitted every time the
voltage V; of neuron i reaches its threshold T;, resulting in the spike train s;(f) = Zjé(t— t;) with f; indexing the spike times.
Importantly, here ¢ is the Dirac delta function, which describes an instantaneous pulse (whose area integrates to one) at
spike times t; and is zero otherwise. This is different from other forms of impulsive control like bang-bang control or chat-
tering control [33], where the instantaneous input is maintained for a certain period of time.

Spike-based control

To formalize our control approach, we define a loss function that expresses the discrepancy between the current state of
the linear dynamical system and a desired target state, by taking the squared L? norm of their difference. Specifically, we
consider the loss:
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L= x(t+0=z(t+ ]+ ur(S) + allr? )

where x(t + f) is the system state some time fin the future, z(t + f) € RX the target state, p is a regularization parame-
ter that determines the spiking cost, I'(s) = ft”& s(f)dt counts the spikes within a short time window (in practice within a
simulation timestep), s are the spike trains, « is a parameter that scales the cost for the neuron’s activity, and r are the
neurons’ filtered spike trains. We consider both reactive control (f=0) and predictive control (f>0).

Classically, such a loss might be minimized by taking the gradient with respect to certain system parameters, or by find-
ing the optimal control input that minimizes this loss for some future time window, as in standard LQR control. However,
the use of a spiking control signal makes both of these approaches challenging to solve mathematically. Here, we instead
take inspiration from the neuroscientific theory of spike coding networks. SCN theory assumes spikes should only happen
when they improve on an underlying coding loss and derives the required spiking dynamics. From this principle, spiking
neural networks that represent their inputs [20,21] and perform a variety of computations [23,24,34] can be defined.

Following this same principle, but applied to the problem of controlling dynamical systems, we require that a spike
should only happen if it improves the control loss (Eq. (3)). According to these SCNs-inspired approaches, whenever a
neuron in the network spikes, it (directly or indirectly) influences the state of the plant, resulting in a different loss value.
Therefore, we can compute two different losses L? and L™, representing the distance to the target in the presence or
absence, respectively, of a spike from neuron j. In order to control the plant’'s dynamics, the neurons in the network com-
pare the two losses to determine whether inputting a spike is advantageous to reach the control target. The inequality
L? < L™ is describing how our loss can be improved by the control input, decreasing the distance towards the target and
helping our network carry out the control task. Importantly, as described in the Discussion, the network will not compute
nor approximate the optimal control solution for the problem. Differently from other methods (like the filtered spike con-
troller illustrated in Materials and Methods), our spiking control algorithm does not track the LQR solution, but instead
approaches the target by locally minimizing losses. These losses are describing a spiking condition, reminiscent of a
voltage-threshold inequality V > T (where V is the voltage of the neurons, and T is their firing threshold) that allows biolog-
ical neural networks to produce action potentials. In Materials and Methods, we show that one can indeed derive voltage
and thresholds values from our loss comparison. As a consequence, in our framework, the values of both voltage and
threshold are composed of quantities that describe the (current and future) states of the plant. In particular, the voltage of
neuron i is expressed by:

Vi =b/A(z—Axo), (4)

where b; is the ith column of the matrix B, A; = e € RX*K is the matrix exponential of the state matrix A times the future
time window f, and xg = x(f) is the current state of the system. The threshold of neuron i is described as:

T = b/A/ (Ab) + 1+ a2 + 1)

: 2 ’ (5)
where r; indicates a vector containing only zeros except for the ith position, which holds the filtered spike traces of neuron
i. A detailed derivation of the values of V and T can be found in Materials and Methods. Although a cost C on each dimen-
sions of the system can be introduced to further modulate spiking activity, the values of V; and T; in Eq. (4) and Eq. (5)
do not consider this weighted case (assuming C is an identity matrix), for simplicity. Further developing this simple spiking
rule leads to a recurrent network of integrate-and-fire neurons, illustrated in Fig 2, and described by:

V=—V+G(i+Z)—FXO—QS, (6)
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represents the recurrent weights. The control inputs are the spikes s, which are mapped onto the system via the matrix B.

https://doi.org/10.1371/journal.pcbi.1014432.g002

where V € RN represents the membrane potentials, G € RV*X are the forward connections that encode the target z,

F € RV*K contains the forward connections that encode the current system’s state xq, 2 € RV*N represents recurrent
connections, and s are the spikes. Interestingly, the obtained recurrent network has low-rank connectivity with respect

to the dimensions of the downstream system (see Materials and Methods). This network structure is not assumed, but
rather derived from each neuron as a greedy spiking condition given our loss comparison (see Discussion). Consequently,
although the network obtained is recurrent, each neuron computes the losses without access to network-level information.
Under this light, our work can be seen as an extension of the same principle in [20], applied to controlling downstream
systems. For a full derivation of the network, see Materials and Methods.

For a first proof-of-concept, we enforce an asynchronous firing scheme: at each timestep, all neurons independently
compute their local loss comparisons, but only one is allowed to spike, even if several exceed threshold. The spiking
neuron can be chosen randomly from the suprathreshold set, or, as we do here, selected as the one with the highest
voltage above threshold. While for clarity we keep this firing policy in all the shown examples, it is not strictly required
for achieving control. This is because networks that operate on local spiking rules can distribute their activity very effec-
tively among neurons [20,35], which means no specific neuron is more relevant for the computation of the network. Such
a simple asynchronous policy is only feasible in zero-delay systems, where the new state of the plant is inputted in the
network without any time delay. In a system with delays, we could not impose this asynchronous firing. However, we can
employ different methods that allow multiple neurons to spike while still being compatible with our local spiking rule, for
instance, by scaling each neuron’s threshold according to its past firing activity (see Materials and Methods). Examples of
(failing and successful) spiking control of linear systems without the asynchronous firing constraint are shown in Fig Ain

S1 Appendix.

Reactive vs. predictive spiking control

Our control problem is centered around the comparison of losses (distances of the state to a target) under the conditions
in which a spike is generated or not (see Results). By comparing the loss functions in the spiking and non-spiking cases,
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we derived a firing condition for each neuron. Namely, the neuron’s voltage exceeds its threshold and generates a spike
only when the effect of this spike onto the system is to minimize the loss (reducing the distance between the system’s
state and the target). Importantly, in our control paradigm, the spiking rule is fully local: each neuron computes its losses,
with no access to shared network-level information, and fires only when the inequality L} < L™ is satisfied, allowing the
dynamics of the plant to unfold independently.

In Results, we showed how starting with a spiking condition based on a loss comparison (spike if L? < L"), one can
derive the required network structure and dynamics to control a downstream system. Such a spiking rule can be defined
relative to the immediate result of a spike, or the predicted effect that such spike will have on the system. In the first case,
spikes are generated based on minimizing the loss function at the current time step. In the latter, spikes are generated
based on a forward prediction of the system state, incorporating future expected loss minimization over a short horizon of
fseconds. The idea of predictive spiking is also present in SCN-related works, usually considering the spike’s influence
on a future state [36], or on the difference between past and current state [37]. Adapting this predictive spiking idea in our
work, means that the system would evolve in open loop after the spike, only following its intrinsic dynamics, until another
spike is able to further improve the predicted loss.

Reactive and predictive spiking control could lead to significantly different spiking behavior. To illustrate this, we con-
sider both cases for an example linear system, with its dynamics defined by velocity and position (Fig 3). Each spike
produced by a neurons in the controlling network is multiplied by its corresponding column in the matrix B, which maps it
onto the dynamics of the system. In Fig 3 we choose a B matrix that maps the spikes from four different neurons as vec-
tors in the four different cardinal directions. When the system receives a spike control signal in the current timestep, the
system state is instantaneously kicked in the corresponding direction. In the reactive case, only the immediate effect of the
spiking is considered. This means the loss comparison that produces a spike control signal does not consider the future

A Reactive B Predictive
20 20
Att=0: | == == | Att=f: === _‘
Le<Lr S | Lo B |
Green neuron spikes | = — — — — — — — — Green neuron spikes |— — — — — — — — —
2 2
1% 1%
o o
2 2
)
-10 -10
-10 Position 20 -10 Position 20

Fig 3. Examples of reactive and predictive spiking. A: Example of a linear dynamical system with its current state (brown dot), and four example
states that can be reached with a spike. The gray dot represents a target state. We employ a reactive spiking rule. The neuron for which L? < L" spikes
(green arrow), since that immediately shortens the distance between the system’s state and the target. The other ones do not (red arrows). B: Exam-
ple of a linear dynamical system, where the spike decision is taken based on the state of the system f seconds after the spike. In this predictive case,

L? < L™ is still the spiking condition, but the preferred spiking direction can differ. The condition LY < L holds for both the upward (green) and rightward
(orange) spikes, since the no-spike trajectory (brown) lies further from the target (gray dot) than either of the spiking ones. Here, an asynchronous firing
rule (see Results) would select only one of these neurons to fire; either at random, or by considering the neuron with the highest voltage (green).

https://doi.org/10.1371/journal.pcbi.1014432.g003
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state of the plant, but rather aims to improve the loss right after the spike is emitted. As shown by Fig 3A, in this arbitrary
linear system, adopting a reactive spiking rule results in a spike that kicks the system directly towards the target (green
arrow), without accounting for the future dynamics of the plant (which could later move the trajectory further away from it).
All other spiking directions (red arrows) do not result in an improved loss right after the spike, and so the neurons whose
spikes are mapped in those directions do not fire. On the contrary, predictive spiking control favors the spike that mini-
mizes the loss f seconds into the future, considering how the system would evolve during this time window. In our predic-
tive example (Fig 3B), either spiking rightward (orange trajectory) or upward (green trajectory) would give a lower loss in f
seconds when compared to the non-spiking case (brown trajectory). If we employ an asynchronous firing policy, only one
of these two neurons is selected for firing. For these examples, we employ asynchronous firing and we select the neuron
with the highest voltage past its threshold (the one whose spike is mapped on the green arrow). Note that our paradigm
can work outside of this simple asynchronous firing case (Fig A in S1 Appendix), by setting a spike-threshold adaptation
mechanism (see Materials and Methods).

Application to physical systems: spring-mass-damper

To illustrate an application of our framework, we consider, as an example, the control of a spring-mass-damper system
(SMD) [38] (Fig 1). This is a linear dynamical system composed of a mass attached to a spring (which causes oscilla-
tions whenever the mass is moved) and a dampener (which dampens the oscillations, giving the system a fixed stable
state). The system can be entirely described within its two variables (the position and the velocity of the mass) which
are both included in our system state, x. This makes the SMD a very simple system that grants observable dynamics
and clear analytical solutions, while also modeling a physical system with realistic state variables. As such, it is a stan-
dard benchmark in control literature and spiking control theories [24,39,40]. Furthermore, the SMD as a linear system
can be expanded to approximate more complex plants, as shown by its applications in muscle models for motor control
and neuro-mechanical studies [41,42]. In our proof-of-concept, we make use of a simple target z, which evolves during
the simulation, incrementing twice and then stabilizing. In all of our simulations, the target state is always relative to the
position of the mass, while its velocity can range freely. Although this is the setup we will work with, our algorithm allows
to constrain the values of either the position or the velocity of the mass, by changing the entries in the cost matrix C, as
shown in Materials and Methods. We will now illustrate the differences that emerge when controlling the system using a
reactive versus a predictive paradigm, as described in Results (Fig 3). We consider both physically unconstrained con-
trol (where the control signal can affect both velocity and position), and physically constrained control (where the control
signal can only affect the velocity).

Reactive control

We first consider a physically unconstrained system with reactive control (Fig 4A). In this case, the system can be suc-
cessfully made to track a target (Fig 4A top right). This is achieved by continuously spiking directly towards the target,
which is always the better choice since the neurons do not consider future states of the plant. In this example, the control
is exerted by progressively kicking the mass in the same position as the evolving target, essentially ‘teleporting’ it with-
out affecting its velocity. Of course, this is only possible because we are considering a physically unconstrained system,
where the mass is allowed to be moved instantly in any direction of the state space. Also note that because of this prop-
erty, the system ends up in a physically impossible state with a non-zero velocity (green curve in upper right plot), despite
remaining in place according to the position variable. We therefore ask if a reactive control method could work on phys-
ically constrained systems. We employ reactive control to our physically constrained example, running the simulation of
an SMD. In this context, we directly influence the velocity component of the state x, while the position component evolves
as a consequence. This reflects a key constraint of physical systems: the position cannot be instantaneously changed, as
the mass cannot move from one position to another in no time. As shown in Fig 4B, a reactive approach fails to control
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predictive, unconstrained example, the system can spike in all four directions but considers its future state. In this case, the network either spikes directly
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the state space representation, as the target position changes, the network spikes up or down, adjusting the velocity of the plant based on its predicted
state in f seconds. On the right side, we highlight how the network’s activity adjusts to the target. It employs downwards spikes to adjust for an eventual
overshooting of the position relative to the target, and produces consecutive upwards spikes when the target is changing more rapidly.

https://doi.org/10.1371/journal.pcbi.1014432.g004

a physically constrained system. This is because influencing the velocity of the mass has no instant effects on its posi-
tion. Therefore, the spikes can only take the velocity up or down in state space (see the red arrows in Fig 3A), increasing
the distance from the target when compared to the non-spiking case (see brown dot Fig 3A). As a result, following our
greedy spiking rule, the loss is never decreased by a spike, and the network remains silent. To appreciate these effects,
the network should then be able to predict future states of the plant, accounting for the effect of the spiked velocity on the
position of the mass.

Predictive control

We introduce our predictive spiking algorithm to a non-constrained system. In this scenario, the controller is allowed

to spike any dimension of the system, but it is also able to predict the plant’s future states, and it produces spikes that
improve the loss f seconds from the current state. From Fig 4C, we can see how, when exerting the control, the position
is sometimes directly moved towards the target (as in the reactive case), but optimizing the local losses often equates
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to kicking the system in its velocity, exploiting the intrinsic dynamics of the plant. Our predictive algorithm exploits the
intrinsic dynamics of the system even in the absence of physical constraints, although in some instances, the mass is still
instantaneously moved towards the target. Finally, we apply the same predictive algorithm to the SMD simulation. In this
scenario, the spiking network accounts for future states of the system, and is constrained to only spike the velocity either
up or down, adjusting to the changing target position. The trajectory approaches the target and the loss f seconds after

a spike is minimized. If the position then departs from the target, the losses of the neurons will change their value, even-
tually causing the neuron to reach its threshold. At this point, the velocity will be either spiked up or down, causing the
network to trace the target correctly. As shown in Fig 4D, our predictive spiking rule introduces an element of anticipation,
making the control strategy more robust in physically constrained dynamical systems, and allowing for the control of the
SMD where a reactive control would fail.

The controller as a recurrent spiking neural network

We now focus on the example activity of a predictive control of an SMD with a network of four neurons, as shown in Fig 5.
A visual representation of the structure of this network is shown in Fig 2. In this example, we want to show the network’s
performance, spikes, voltage traces, and errors. To bring all four neurons to spike, we choose a slightly more complex
target z, which spans positive and negative values. The control task and the network are set up in the same way as the
previous SMD example (Fig 4D). In each timestep of the simulation, the neurons compute spiking and non-spiking losses,
accounting for the future state of the system in f seconds, and its distance towards the target. The distance to the target
considered in these losses is represented as the predictive error. When its value is large enough, the neuron’s threshold is
reached, and a spike is produced to minimize it. In turn, this minimizes the actual error, allowing the position of the mass
to approach the target position. The sudden changes in value of the predictive error are caused by the voltage traces of
the neurons reaching their threshold, and thus temporally coincide with the spike events. This means that the neuron’s
voltages are inherently encoding the predictive error of the control problem at hand. For more information on how this
quantity is encoded in the voltages, see Materials and Methods. Each emitted spike directly impacts the downstream
system. It is scaled by the matrix B by a different amount for each neuron, and mapped as a positive or negative contribu-
tion to the velocity in x. Between spike moments, the system evolves as an open loop system, without any control signal
in input, following its intrinsic dynamics. The control loop is closed each time a spike is produced and mapped onto the
velocity. Since each spike is modeled as a Dirac delta function, the corresponding change in velocity is instantaneous and
the control naturally exploits the intrinsic dynamics of the plant to minimize the predictive error. At time T=20 seconds, we
inject noise in the voltage of each neuron, which can cause them to reach their threshold independently from the com-
puted loss. The local nature of the spiking rule (see Discussion) helps with preventing this noisy spiking from affecting the
resulting control performance. We expand on this finding in the S1 Appendix, where we identify three regimes based on
the voltage noise levels. Injecting progressively higher levels of noise will cause a loss of sparsity in the spiking activity,
and eventually a failure in tracing the target (Fig C in S1 Appendix).

Varying meta-parameters

The control network we employ operates by expressing its neural parameters with elements of the downstream plant,
which serves as a proof-of-concept for a spiking network that can directly compute control in a linear dynamical system.
However, at this stage, other features of the network are still imposed as meta-parameters to adjust the control to our
SMD example. For a detailed list of all the parameter setup used in this work, see Materials and Methods.

Number of neurons (N). The number of neurons in the network heavily influences the control of the plant. For
instance, when operating on a system with very simple oscillatory dynamics as our SMD, employing more neurons can
make the control more robust to different settings, but it raises the need to manage the spiking activity among neurons,
especially since they do not have access to network-level information. This can be achieved by imposing asynchronous
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Fig 5. Example activity of a network of four neurons. Each spike plotted as control signal is modeled as a Dirac delta function that gets mapped onto
the plant’s dynamics through the matrix B, and instantaneously influences the velocity component of the system (see Results). Spike moments and the
relative voltage traces are shown, as well as the resulting errors. The error trace (deep blue line) describes the current distance between the position
and a target state, while the predictive error (light blue line) measures the distance between the target and a predicted position, f seconds into the future.
At time T=20 seconds into the simulation, we inject noise (drawn as random samples from a normal distribution with standard deviation o = 0.08) in the
voltages of the neurons. The network remains robust to noisy spiking and the control performance is not affected.

https://doi.org/10.1371/journal.pcbi.1014432.g005
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firing or introducing an adaptive cost on spike, as mentioned in Results and Materials and Methods. While for our activity
example in Fig 5 we showed the results for four neurons, in all other demonstrations we kept the network as simple as
possible and employed only two neurons: spiking the velocity of the plant either up or down by the same amount. Indeed,
for systems with more complex dynamics and targets, exerting effective control requires larger networks, as in the coupled
oscillator case of Fig 8 or the arm reaching example of Fig 9, where N=500.

Kick strength (B). The spikes of our SNN are Dirac delta functions that operate as control signals on the dynamics
of the plant. These signals are mapped onto the downstream system via the matrix B, which can arbitrarily scale their
value, resulting in smaller or larger kicks to the velocity of the system. This is the case for Figs 5, 8, and 9, where (since
N>2) each neuron’s spike affects the velocity of the plant differently. In all the other examples, since we refer to the same
SMD system with the same dynamics, we decide to keep B fixed, only allowing the system’s velocity to be kicked up or
down with the same strength. This makes our proof-of-concept as clear as possible. Of course, the value of B holds great
relevance when varying the control objective, as it can let the same network control significantly different plants, as well as
exert control on the same plant with different levels of accuracy. For this parameter exploration, since we only tackle the
same SMD example, we keep a fixed B value that produces kicks of a compatible magnitude with the downstream plant.

Global threshold scaling (). When deriving the network, we can impose a scaling term 1 on the loss, to introduce
a cost for spiking (Eqg. 3). This term influences the neuron’s threshold value (see Materials and Methods). Scaling the
neuron’s threshold gives interesting results when controlling the plant (Fig 6), since it affects the number of spikes emitted
as well as the accuracy in tracing the target position. Parameter o has a similar effect on the resulting control, since it
scales the threshold based on the neuron’s past activity.

Predictive window (f). When computing the spiking decision, each neuron compares spiking and non-spiking losses.
As mentioned, these are predictive losses: they take into account the effect of a spike on the system f seconds into the
future (see Results). The width of this future time window is crucial for the control results (Fig 6). Looking further into the
future allows neurons to better assess whether the trajectory will approach or depart from the target, often preventing
unnecessary spikes. On the other hand, if the window fis very large, the predicted state used in the loss comparison
might approach (or depart from) the target way before the actual state of the plant does. This influences the accuracy
with which the network represents the effect of its own control on the system’s dynamics, as we will explain below.

As mentioned in Discussion, for most of the simulations in this work we select a value for f that fits the scale of the
downstream plant to showcase the results with clarity.

Control regimes

Different combinations of these meta-parameters can give different results in the control of the plant. Quantifying the
optimality of the control strategy in comparison to other paradigms (e.g., standard LQR, or filtered-spikes) is very difficult.
As described in the Discussion, each neuron in our network follows a greedy spiking rule given the control set, but like

in other approaches, this does not necessarily produce the best overall controller. It is of interest to vary some control
parameters, considering the cases where the changes in target value are traced by the system’s state (and therefore the
SMD is successfully controlled). Within these cases, we identified different regimes of control for our network. In these
explorations we decided to maintain fixed the number of neurons (N=2) and the kick strength B. We therefore vary the
future time window f, influencing the predicted state based on which the network computes the spiking decision, and 1,
the global scaling factor for threshold. As shown in Fig 6A, networks with a lower p tend to spike more, using more energy,
as defined by the integrated acceleration onto the system (for this system, this equates to the sum of the total spike count
of the simulation, with each spike scaled by the corresponding value in the matrix B, as described in S1 Appendix). Given
the same f, these networks also tend to have a lower error compared to high i networks (Fig 6B), since a lower threshold
allows to adjust more often to the target position. In general, it emerges from Fig 6B how a relatively wide range of param-
eters allows for the control of the plant, giving comparable error measures. Only more extreme parameters combinations
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Fig 6. Parameter sweeps and control performance. Changing two meta-parameter (x and f) in simulating SMD with spiking control. A: Energy
Usage, calculated as integrated acceleration onto the system in each simulation (Bs), for various combinations of i and f (linear scale). As described in
S1 Appendix, the measure of acceleration is chosen for simplicity of interpretation in our framework. However, measures of work done on the plant can
also be adopted to describe the energy input in the system. B: Total Error, calculated as cumulative distance from the state x to the target z in each sim-
ulation, for different combinations of y and f (logarithmic scale). C-F: Different control regimes for different combinations of ;. and f. C: Efficient control
regime. D: Under-control regime. E: Over-control regime. F: Inefficient control regime.

https://doi.org/10.1371/journal.pcbi.1014432.g006

(a high threshold scaling, especially with small f) result in the network not tracing the target, yielding significantly higher
cumulative error.

Efficient and inefficient control. Within the boundaries of these trade-offs, we identified four regimes (Fig 6C-6F).
With an adequate future time window f and relatively low 1, the network can operate in an efficient regime (Fig 6C,
where the target position is followed precisely, while keeping a relatively low spike count. If the spike count is lowered
any further from this point, the control input becomes too sparse, and the SMD mass does not closely orbit the target
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position. On the contrary, decreasing the value of both these meta-parameters yields the inefficient regime, where
the target is still traced with comparable precision, but the spike count, and as a consequence the energy input, is
considerably higher (Fig 6F).

Under- and over-control. We then have the case where the network is allowed to look far enough in future states of
the system, but 1 is also very high, making it difficult for the neurons to spike enough, and to trace the target accurately
(Fig 6D). In this regime of under-control, the position approximates the target but never manages to reach it. Finally, in
the last case, the neurons are relatively free to spike as p is low, and they are bound to look very far into future states of
the system (Fig 6E). In this regime of over-control, the neurons fire based on a predicted position that is far into the future
(large f) and thus differs significantly from the actual one. For instance, while the current state of the system might have
not reached the target yet, the predicted state is already well past it, which causes the neurons to fire earlier than needed.
This over adjustment makes the position hover slightly past the actual target.

Comparing control approaches

Comparing control approaches Lastly, we want to showcase the differences in the resulting control for three
approaches: the continuous LQR control, the filtered-spikes control, and our predictive spiking control. As for previ-
ous examples, we consider a physically constrained simulation of an SMD, with a progressively changing target. In
Fig 7 we directly compare the same measures for all three methods. As shown in the error trace (bottom row), the
filtered-spikes algorithm (Fig 7B) approximates the control strategy of the continuous LQR (Fig 7A), as described in
Materials and Methods. Spiking control (Fig 7C) has similar increases and decreases of the error (contingent to the
changes in the value of the target), although its profile is very different, as no optimal control signal is being traced.
Furthermore, the non-continuous nature of its control inputs only allows the position to orbit the target with a certain
accuracy, without ever stationing on the exact target value. Analogous differences are highlighted when showing

the activity over time of these networks (Fig 7, second row). In the continuous and filtered cases, the velocity is not
spiked, and the position slowly adjusts to the changes in target, stabilizing once the target is reached. On the contrary,
spiking control is progressively adjusting the velocity up or down, tracing the target as soon as it changes value. Once
the target is reached, the controller orbits the target position by spiking regularly until the end of the simulation. Other
fundamental differences are highlighted in the control input (Fig 7, third row), and in the consequent trajectory in state
space (Fig 7, first row). As shown, the filtered spikes controller is able to smoothly control the state of the system by
approximating the control input of the LQR. In this sense, the spikes are only representing the system’s state, but

the control signal is still continuous, as it is inputted in each timestep of the simulation. This approximation requires
the network to spike much more than our spiking control algorithm, which exclusively inputs a kick when it needs to
adjust the position to the target, and is not approximating any optimal control solution. Finally, on the comparison
between filtered and spiking control, the role of a filtering element in the paradigm depends on the modeling choice
we operate and the hypothesis we consider for the specific research question. In the filtered spikes approach, the filter
is present within the network itself, so that the spikes represent but do not compute the control signal directly. In our
spiking algorithm, the filtering element is placed outside of the network and into the plant: here, the matrix B directly
maps spike events onto the system state, which makes the control inputs impulsive rather than continuous. Indeed the
choice of positioning and defining a certain filtering element in different component of the control paradigm is partly
artificial, but it does determine the nature of the control input and the interpretation of each element of the paradigm
itself. As described in S1 Appendix, there is no universal energy advantage of our spiking algorithm from a control-
theoretic perspective when compared to filtered spikes or continuous approaches (Fig B in S1 Appendix). Rather, the
strength of our contribution lies primarily in the formulation of the spiking control scheme, which guarantees sparsity
of the resulting spiking activity, interpretability of the model’s components, and adaptability to spike-dependent control
applications (for instance, when using neuromorphic hardware).
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Fig 7. Control example of an SMD with different approaches. Simulation of the control of an SMD with continuous control (LQR), filtered-spikes
control, and predictive spiking control: A: LQR control example: the controller continuously adjusts the position to the target by modulating the velocity.
This is shown in the phase plane (first row) and in the activity plot (second row). Each time the target value changes, the position slowly adjusts to it,
stabilizing when the target is reached. The control signal (third row) is larger when the target changes value, and the velocity is modulated to adapt to

it. During these moments, the mass is the furthest away from the target, which is reflected in the error profile (bottom row). B: The filtered spikes control
is approximating the LQR signal. Therefore, the trajectory in space, the activity over time and consequently the error (first, second, and last rows) have
the same profile as in panel (A). The approximation is seen in the control input (third row). Since the system is represented through spikes, the network
keeps spiking to trace the LQR signal. C: In our predictive spiking algorithm, spikes directly influence the velocity of the system. This is shown in the
upwards and downwards kicks in state space and in the activity plot (first and second row). On the one hand, this helps the controller adjust faster to
changes in target values. On the other hand, when the target is reached, the controller can only orbit its position by spiking. This fundamental difference
is also highlighted in the error profile (bottom row). In the control input plot (third row) we can see how the spike count is drastically lower in spike control
than in the filtered-spikes one.

https://doi.org/10.1371/journal.pcbi.1014432.g007

Controlling coupled oscillators

We now scale up the same algorithm described in previous sections to control a higher dimensional linear system. This
time, the plant we chose is a coupled oscillator system, where M number of SMDs are connected in series, such that the
position of one mass affects the acceleration of the ones connected. The network has to control multiple SMDs, while
taking into account the coupled effects between them. For the example shown in Fig 8, we consider the control of M=10
coupled masses using a network of N=500 neurons. As shown, the control algorithm scale naturally to this complex
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Fig 8. Control simulation of a coupled oscillator system. A: Scheme of the feedback spiking control for a downstream coupled-oscillator system.
The current state of the system x(t) is given as input to the network, along with target state values z(f). The SNN outputs spikes s(t). These represent
the control signal u(f), computed as a function of both inputs. As for the other networks, u(f) is then mapped onto the dynamics of the downstream
system via the B matrix. This time, the downstream system is composed of M masses connected to each other, such that the acceleration of each mass
influences the position of the next one. The plant dynamics are still linear, but they are significantly up-scaled in dimensionality when compared to the
single SMD examples. B: Activity for the control of a system with M=10 coupled masses. Each mass has a different target position over time z(t). For
this example, the SNN makes use of a randomly initialized B matrix to map the spikes onto the high-dimensional system and guide the position of each
mass to its designated target. Note: for clarity, here we do not show the spiked velocity over time like in previous figures. In blue we show the cumulative
error of all neurons over time. C: Spiking activity of the controlling network. We demonstrate the robustness of the control by progressively silencing por-
tions of the N=500 neurons during the simulation. The vertical red lines indicate the silencing of neurons in certain timesteps. The network successfully
redistributes the spiking activity among the non-silenced neurons and as a result, the control performance is not affected (as shown in panel B).

https://doi.org/10.1371/journal.pcbi.1014432.g008

linear system: even though the masses are coupled with each other, our local spiking rule is able to coordinate the
spikes as to allow all masses to reach their respective target (Fig 8B). Neurons are assigned an element in the matrix B
(now scaled up to the correct dimensionality based on the number of masses M) with a random normalized value. The
spike of each neuron then maps either as a positive or negative kick on the velocity of a mass by the corresponding
amount. This results in some neurons having a higher kick strength than others, but as before, only the neurons that
allow the system to decrease the distance from the target in f second will fire. During the simulation we observe how
spiking activity is sparse and distributed among neurons (Fig 8C). We then silence random neurons to test the robust-
ness of the system. After each silencing event, the activity is distributed among the remaining active neurons and there
is no effect on the control performance. This shows how our control algorithm scales to complex linear system and is
robust to cell loss: given a large enough network, no specific neuron is determining the outcome in the control perfor-
mance. The robustness observed in this system is a direct consequence of the greedy spiking rule and the redundancy
inherent in the SCN framework, described in [20]. In this architecture, the membrane potential of each neuron tracks

a projection of the global prediction error (distance to the target). If a specific neuron is silenced, the prediction error it
would have corrected continues to accumulate in the membrane potentials of the remaining active neurons. Thus, neu-
rons with a similar alignment (in our case, the neurons whose spikes are closely mapped in state space) will fire, redis-
tributing the work across the remaining neurons in the population. Another example of spiking control over more complex
linear system can be found in the Results, where we employ our algorithm to control a series of muscle fiber unit models
to move a point arm in space (Fig 9).
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Fig 9. Arm reaching simulation. A: Scheme of the feedback spiking control for a single point arm reaching task. The current state of the system x(f)
includes the states of the neuromuscular units and of the point arm. It is given as input to the network, along with target state values z(f) which are only
relative to the arm position (the state of each unit is not constrained by the target). The SNN outputs spikes s(t), are then mapped through B onto the
dynamics of the fiber units. The spikes affect the velocity component of each SMD, causing an oscillatory displacement. In these examples, the N=500
neurons are randomly assigned to eight uncoupled SMDs. The state of such units are then linked to a 2D point mass. B: Examples of eight separate
reaching tasks where the network controls the fiber units to guide the point arm through eight different target trajectories. In the rightward trajectory task,
we perturb the velocity of the arm in two points during the simulation. After the perturbations, the network is able to redirect the trajectory and trace the
target. C: Activity measures for one of the eight tracing tasks. In the top panel, the two coordinates x, and x, of the point arm correctly trace the target
trajectory, as the error is kept around zero. In the middle panel, the eight SMDs oscillate according to the spike input, and influence the arm movement.
In the bottom panel, little spike activity is needed to generate the necessary oscillations in the unit and cause the point arm to move in space.

https://doi.org/10.1371/journal.pcbi.1014432.9009

Arms reaching task simulation

We now use our paradigm to propose a bio-inspired example of motor control. In this example, the spiking network
aims at controlling a point arm model through oscillating SMD elements that represent simplified fiber units. The use of
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controlled oscillators as models of muscle fiber displacement is present in the literature [14,41,42]. The overall dynamical
system is described by a single linear state equation, whose state vector x(f) contains both the kinematic variables of

the arm (its position and velocity in time) and the internal mechanical states of the SMDs. Although all the state variables
transformations are included in the same system matrix A, they play fundamentally different physical roles. The arm states
correspond to observable coordinates of a point-arm extremity moving in two dimensions. The SMD states represent inter-
nal muscle-like fiber extensions (fiber stretches) relative to their equilibrium lengths. These displacements are not spatial
coordinates in the external workspace; rather, they quantify mechanical deformation within each fiber unit. Through stan-
dard SMD dynamics, a fiber extension and its velocity generate force, which in turn drives the arm’s motion. The spikes of
the network directly control the velocity with which the fiber is extended (or contracted). The SMD dynamics then evolve
continuously according to their intrinsic spring stiffness, damping, and inertial properties. The collective state of these units
is then linked to the position and velocity of the point arm in space (Fig 9A). Importantly, the control objective (and conse-
quently the loss) is defined exclusively in terms of the arm’s target trajectory. The target z(t) specifies desired time-varying
coordinates in two-dimensional space, and no explicit target is assigned to the SMD states. Although the full system

state includes both arm and fiber units variables, the cost function penalizes only deviations of the arm position from the
desired trajectory, leaving the internal unit states unconstrained except through their mechanical coupling. In the exam-
ple provided in Fig 9B, eight units oscillate in response to spike control signals and consequently affect the position of a
single point in 2D space to trace a certain target. Starting from a point in the origin (green dot) we set eight different target
trajectories to be traced consecutively and their respective end points (red dots). As shown, the network successfully con-
trols the state of the fiber units to trace the target movements. During the rightward trajectory task (from the origin (0,0) to
the (20,0) coordinates) we perturb the arm on its way to the target. To do so, we set the velocity of the arm to fixed values
during certain timesteps, after which we let the network resume the control. As shown, the network manages to redirect
the trajectory and trace the target. In Fig 9C, we show some measures of activity for one of the example trajectories. We
illustrate how both components of the trajectory (x, and x,) are correctly traced, and the error is minimized. This is caused
by the fiber displacement (stretch) of the units over time. Each spike mapped onto these units is reflected in a dampened
oscillatory behavior. As a result, as shown in the bottom panel, very sparse spiking behavior is sufficient to generate the
correct SMD responses that drive the point arm to the target.

Discussion
Proposed spiking control framework

As described in Introduction, biological neurons use spikes for signaling and control of downstream system. Control of
dynamical systems has been widely studied and applied in different contexts, including artificial neural networks
[20-22,24,25], but generally doesn’t consider spikes directly as control signals. In this work we remedied this by showcas-
ing how control can be computed directly through the use of single spike events. This allowed us to obtain a model that
uses spikes to actively kick the dynamics of the downstream plant, and exploits its intrinsic dynamics to reach a certain
target. The emitted spikes are instantaneous events (modeled as Dirac delta functions, see Results). The spike genera-
tion mechanisms in the network and the mappings to the system need to be adjusted to the various constraints the plant
might have in its dynamics (as explained in Results). In order for this control paradigm to work on physically constrained
systems, we developed a predictive algorithm, that takes into consideration the effect of our control inputs onto the system
within a certain future window, f. Our spiking rule is fully local and is computed for each neuron in every timestep of the
simulation. Therefore, the target can be reached without a network-level objective, and without any explicit learning para-
digm. Of course, introducing learning could still be a very useful addition to adjust all the meta-parameters of the network
when adapting the control to different plants, or to tackle plants with unknown dynamics. From this simple spiking rule, we
obtain, without imposing it, a recurrent network of IF neurons that exerts control by only inputting a spike if it improves the
defined loss. This rule does not guarantee the optimality of the control as a whole (as explained in Discussion), but allows
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for the control to work without the need for network-level information. Lastly, we scaled up this framework to control a cou-
pled oscillator system, with various connected masses (each with its different target) and a larger network. We showcase
that not only our control algorithm is easily scalable to complex linear systems and higher-dimensional networks, but it is
also robust to neuron loss.

Assumptions and constraints

Greedy spiking rule. An important clarification about our proposed algorithm is that the spiking rule by which the
network produces control signals does not guarantee any optimality on the controller as a whole. Each timestep in the
simulation, the neurons operate the spike decision by independently trying to decrease the distance towards a target. That
is why the neurons produce control signals (spikes) in a “greedy” way, as defined in the work of [20]. If spiking improves
the loss, the neuron always spikes, as that is the only information that it has available. No other network-level information
is used in the process. In other words, computing this local greedy spike decision for each neuron in the current timestep
(albeit considering the effect of the spike in f seconds), does not equate to finding the best set of spikes over a whole
future window, let alone over the whole simulation. As a result, our approach does not guarantee that the control actuated
by the network is necessarily the optimal control solution for reaching a certain target. Furthermore, as described in the
Results, many of the meta-parameters in the network are manually set rather than learned or optimized for the control
task at hand. In most of our examples, we impose the values of f, i1, B, and N that best fit the scale of the system to
control, to showcase our proof of concept with clarity.

Features of the control scheme. From the described spiking rule, we obtain a recurrent LIF network able to exert
control over a linear dynamical system. Although such spiking rule is based on a loss evaluated over a time window of
duration f, the control problem considered in this work is of infinite-horizon in nature. That is to say, there is no terminal
time or terminal cost in the control problem, and control actions are generated progressively as the system evolves,
without reference to a final target state. Therefore, the parameter f only specifies a fixed-time prediction window over
which the loss is evaluated. The control decision at each time does not involve any optimization of future control actions.

Consequently, this work does not directly include an account for how the cumulative effect of spikes allows for the
reduction of control error. However, the stability analysis provided by [43], traces analogies between our discrete impulses
control method and an analogue continuous control, and in doing so, proves the control stability of our paradigm. The core
of the work of [43] is the introduction of an auxiliary variable x.(f), defined as the sum of the plant state x(f) and a linear
combination of the internal neuronal variables z(f) (analogue to our voltages V(f)). The auxiliary variable can be seen as a
continuous counterpart of our impulsive control, accounting for hypothetical impulses from the neurons, rescaled by how
close their voltage is to its threshold. Applying these hypothetical impulses to the system state amounts to a jump from x(f)
to x¢(f). In the section “Extension to connected neuronal units” of their work, [43] use Lemma 12 to prove that the internal
neuronal variables z(f) of the network remain uniformly bounded from above and below. Because the neuronal variables
are bounded, the “perturbation” they introduce to the continuous auxiliary variable x.(f) is also bounded. Since the neuro-
nal variables are encoding for the distance between the state and the target, that error (while not reaching zero due to the
kicks strenght B), will converge to and stay within a small region around the target. The spiking system is then guaranteed
to be practically stable in the control of the plant.

Simplicity of use case. Following a similar reasoning, we purposefully chose a simple dynamical system, which is
linear (fully observable) and two-dimensional. We also chose a simple target that progressively changes position and then
stabilizes. This simplicity allowed us to showcase our results without any additional complication, demonstrating how this
framework easily scales to any linear dynamical system. However, the limits of our paradigm still need to be tested, by
including adaptive (or learned) meta-parameters, and expanding our control algorithm to operate on non-linear systems
(see Discussion). Important to note that even in an optimal controller, these meta-parameters would need to be adjusted
based on the control problem at hand. The differences in the control approach of our network is highlighted in Fig 7 and
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explained in Results, where we control the same SMD system with a standard LQR (optimal controller), a filtered spiking
algorithm, and our spiking controller. As shown, the filtered spiking controller (Fig 7B) approximates the control signal of
an LQR (Fig 7A), making the resulting trajectories in state space equivalent, while our spiking algorithm (Fig 7C) differs
significantly from the optimal trajectory in state space. However, by adjusting the meta-parameter correctly, the network
still traces the target with good accuracy (as shown in the error profile), while producing significantly less spikes than the
filtered spiking controller.

Considerations on spiking control

Relation to prior spike-based control models. Previous works underlined the importance of each spike event in
the computation of neural networks [20,34,36]. Such spike-based computational models highlight the relevance of the
temporal precision of spike events, where precise spike timing is determined by each neuron’s contribution to a desired
output. These models exhibit features similar to cortical networks, including irregular spiking and E/I balance [36]. Many of
these models are developed from SCN theory, which gives them a strong overlap with our framework but also introduces
important distinctions (as described in Materials and Methods). In SCNs, as in our approach, spike activity is used to
generate a signal that controls a dynamical system. However, SCNs use this signal to control their own network read-
out (thereby influencing the dynamics of their internal state). This read-out can be quite complex, and include synaptic
kernels, requiring a form of predictive spiking [36,37] similar to the one employed in our paradigm. In short, despite
SCN-related works share common aspects with out approach, they do not explicitly hypothesize that the computational
role of spikes could be controlling a different downstream system. In contrast, our work generalizes to the control
any downstream linear system, rather than focusing solely on modulating the network’s own internal state. Moreover,
when SCN principles are employed to solve realistic control tasks [22,24,25], the emphasis on a temporal, single-spike
perspective is lost, favoring a rate-based or filtered-spike approach, which glosses over the role of each spike in the
network’s computation.

Future outlook. In neuroscience, single spike events for control could have a huge significance when modeling
downstream actuator systems. Spike-based control seems to be a promising modeling angle when explaining the control
of downstream muscle actuators [14], that ultimately allow movement to occur. This paradigm could be expanded to
include models of body orientation in space as well as the control of more detailed models of limbs [12]. Spiking control
is also compatible with existing dynamical system approaches to modeling complex inter-network phenomena like
epilepsy [44]. Further down the line, spiking control could be a useful approach to interpret how the spikes influence the
dynamics of the network that produce it. This has been theorized by previous works in SCNs [20,21], suggesting that
the computational role of spikes in the network is to control its dynamics, and many physiological features of biological
networks are a consequence of this necessity. In this case, the downstream system is the network itself (or a second
downstream network), which means that our paradigm could serve as a tool to explain potential roles of the spike code
in all bio-plausible networks. As mentioned above, various works emerged from this initial SCN perspective to investigate
the biophysical and computational properties of these networks, and their potential values for interpreting detailed neural
models [36,37]. Not only these works stem from the common root of SCN-based modeling, but they also incorporate
elements that we employ in our algorithm, such as different forms of predictive spiking. Revisiting these topics with our
control-focused perspective could give interesting insights, for instance, on the computational role of E/I balance [45]
or provide fresh perspectives on various properties of SNNs [46]. Following a similar path, we could study the effect of
bio-plausible additions in our framework, like noise or network perturbations, analyzing for instance the robustness of our
system [35].

Expanding our proof-of-concept to more complex nonlinear systems could be relevant to investigate the role of spikes
in controlling realistic downstream actuators. This could include detailed models of muscle fibers for the control of move-
ment [14], or models of complex downstream networks. Furthermore, it could have use cases for neuromorphic control

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014432 July 9, 2026 20/30




A Computational
PLOS }. Biology

applications where a better exploration of the full state space of the plant is needed. Tackling nonlinearity might require
further refinements on the model by employing local linearization techniques [47,48] or a simultaneous prediction of
multiple future states [49]. In the effort to apply this algorithm to more realistic use cases, another required step would be
to find a way to adjust neural parameters according to the control problem. As mentioned in Results, a lot of important
parameters of the network are currently imposed to best fit the control case. Ideally, we would want the same network to
be able to control different plants. This could be achieved by applying a discount factor on some parameters, which would
allow us to adapt, for instance, the value of f as the simulation progresses, finding the best time window to balance the
number of spikes in input and the accuracy with which the target is traced. Finally, we can introduce learning on all the
parameters of the network, to make our control as flexible as possible to a wide range of downstream systems. Not having
to assume that we operate on completely observable plants would greatly expand the use cases of our algorithm, and
would allow for testing of various neuroscience-derived hypotheses.

Materials and methods
Simulation and network setup

Simulation details. All the simulations in this paper were implemented in Python using the following packages.
NumPy(version 1.23.5): for matrix operations and numerical computations. SciPy(version 1.10.1): for solving differential
equations and simulating trajectories using solve ivp. Matplotlib(version 3.7.1) and Seaborn(version 0.13.2): for
visualizing results, including raster plots, heatmaps, and system trajectories. Python control system library ‘control’
(version 0.10.1): for the initializations of the continuous control example.

Code availability. All simulations were run with Python 3.11.5. The source code and all the necessary dependencies
are available at https://gitlab.socsci.ru.nl/2023-phd-paolo-agliati/spiking-neurons-as-predictive-controllers-of-linear-
systems.

Time settings. In each single SMD simulation (Figs 4 to 7), the total time T is set to 50 seconds, the timestep
ot =0.01s divides each run into nT=5000 timesteps. For the coupled SMD examples (Figs 8 and 9), T=100s, 6t = 0.01s,
and nT=10000.

Target settings. For every simulation, the target z is only defined for the position component of the system’s state,
and it is initialized at zero. For Figs 4, 6, and 7, three target values are set: zp,5¢ = 5, from five second into the simulation,
Zpase = 10 after 15 seconds, and z,se = 15 after 30 seconds, and until the end of the simulation. For Fig 8 we use
similar zp,se steps, but we initialize them so each mass is attributed a different set of targets, which are progressively
more positive or negative. In Fig 5 we use bigger and irregular steps, to better show the activity of the four neurons:

Zpase = —30 from five second into the simulation, z,,s = 0 after 15 seconds, zp,se = —25 after 20 seconds, zpase = 20 after
30 seconds, and until the end of the simulation. In Fig 9, z,,se is defined as pre-computed curved arch trajectories for the
arm positions, set at different angles in 2D space. Between each value of z,.s., the parameter z,, = 0.5 manages the
exponential behavior of the target curve. The value of zj. is adjusted to 0.8 and 1 for Figs 8 and 9, respectively.

Neurons and spike mapping. For most runs, the number of neurons N is fixed to two, except for Fig 5 where N=4.
In the scaling up examples of Figs 8 and 9, N=500. B is kept to spike the velocity component of a fixed value of 2 or -2
for most simulations (the values relative to the positions are kept at zero). One exception is the physically unconstrained
cases of Fig 4, where B can also allow spikes to the position of the same amounts (2 and -2). For Fig 5, B values are
sampled from a normal distribution, with the second column (velocity) normalized to have norm 1. The resulting value is
then doubled. The same normalized B values are quadrupled in the coupled oscillator simulation of Fig 8, and multiplied
by six in the examples of Fig 9. In this three cases, the dimensions of matrix B are also adapted to allow each one of the
N=4 and N=500 neurons to have their spikes mapped onto the system.

Future time window and spike cost. The future window fis kept at 0.3 for the predictive simulations in Figs 4, 5, 7,
and 8. Given the indirect effects of the muscle units on the arm’s movement, we adjusted to a bigger value of f=2 for Fig 9.
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When using reactive control, fis set to zero. For Fig 6, f values in the subsequent simulations are linearly spaced from 0.1
to 1 (included), with the fourth value rounded up at 0.25. 4 is fixed at 0.3 for the simulations in Figs 4, 7 and 9. For Fig 5,
1 is set to 0.5 and for Fig 8, = 0.4. In Fig 6, 1 values in the subsequent simulations are linearly spaced from 0.02 to 1
(included), with the third value rounded up at 0.25.

Initial state and system matrix. The initial state of the simulation x, (at T=0) is always kept at [0,0]. The system
matrix A is also kept the same for all the single-SMD simulations (since we control the same SMD). The first row is set
at [0, 0.5], and the second at [-0.1,-0.1]. For Figs 8 and 9, the variable M=10 is introduced to indicate the number of
masses (or motor units) to control. In these examples, the dimensions of all other matrices are then scaled based on M
(and N), and coupling values v = —0.3 are introduced to make the position and acceleration of the units dependent on
each other. To test robustness to cell silencing in Fig 8, we silence 180 random neurons 30 seconds into the simulation,
and other 180 after 70 seconds.

Continuous and filtered-spiking parameters. The examples of continuous and filtered-spiking control in Fig 7A and
7B largely use the same settings as the other single-SMD simulations. In the continuous control case, we introduce an LQR
gain matrix K to compute the control signal, initialized using the control . 1gr function from the python control package. To
initialize K, we use the matrix B that maps the control signal onto the velocity of system, set as [0, 0.25]. We will also need
a control cost R=0.001 (analogous to  in the spiking control case), and finally a K x K matrix Q to introduce a cost on the
dimensions of the system (analogous to C in our spiking paradigm). The first row of Q is set at [1, 0], while the second is
[0, 1]. For our filtered spiking control we will need a matrix D = [1,—1] to map the filtered spike traces onto the network read-
out. For our example of Fig 7B, we use a spiking cost s = 0.1, and a decay factor A = 1 for the filtered spike traces.

Derivation

Network. In our work, we derive a spiking neural network (SNNs) of leaky integrate-and-fire (LIF) neurons from control
principles. In general, a network of N such neurons is described by their voltage dynamics

V(1) = —AV(t) + Fx(t) + Qs(t), (7)

where V(t) € RN are the neurons’ voltages, \ determines the membrane leak time-constant, x(f) € RX are the inputs,

F ¢ RV*K are the forward weights, Q@ € RV*N are the recurrent weights, and s(f) € RN are the neural spike trains. A spike
is generated whenever a neuron’s voltage crosses its threshold, T;, and a spike train is described as a sum of Dirac delta
functions, si(f) = th d(t—t;). Whenever a neuron spikes, its voltage is updated by a reset value( —R;), throughout this
paper implemented through the diagonal elements of 2. We now will generally be leaving out the time notation (f) for
notional clarity, unless it's important for a specific derivation step.

Dynamical system

We want to control a linear dynamical system. We consider a K-dimensional linear dynamical system, over which we want
to directly exert control using spike events. The system is described by the following equation:

x = Ax + Bs, (8)

where x € RX represents the state of the system (one value for each dimension of the system), A € RK*K is a matrix
which defines the transformations in x that give rise to the dynamics (for instance, an oscillatory behavior), B € R¥*N is

a matrix that maps the spike events onto the system, and s € RN are the spike trains, which represent our control signal.
Since it's a linear system, we can solve it analytically to derive the state of the system in a future time step f, starting from
the current state xg.
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No spike condition. In the absence of any spiking control signal, we obtain:
Xf = eAfxo,

where xq = x(t) is the current state of the system, x; = x(t + f) is the predicted state after f seconds, and e*’ is the matrix
exponential of A times the future observation . We introduce the shorthand e?’ = Ay for ease of writing, resulting in:

Xf = AfXO .

Neuron i spikes condition. We now consider the effect of a single neuron i spiking on the current state of the system,
and how that affects the state of the system f seconds into the future. For the condition where neuron i spikes, the spike
vector s is zero for all elements and one for the element corresponding to the spiking neuron i. The operation Bs in Eq.8
results in considering the ith column of matrix B. Here we denote that with b;. We can write the predicted state of the
system after a spike as:

Xr = Af(Xo + b)),

where b; is the ith column of the matrix B.

Losses

To control the system, we set a target state z which holds one value to be reached for each dimension of the system. To
quantify the distance from this target, we define a loss as the L? norm of the difference between the target and the pre-
dicted state:

L =|lz=xd|* + uL(s) + allrl|,

where z € RK is the target state, i is a parameter that scales the cost for each spike, F(ftt+‘5ts(t)dt) counts the spikes
within a short time window (in practice within a simulation timestep), s are the spike trains, « is a parameter that scales
the cost for the neuron’s activity, and r are the neurons’ filtered spike traces. In the most general case, we can scale
the part of this loss that describes the distance to the target. We introduce the matrix C, which represents a cost on the
dimensions of the system. This allows us to introduce a penalty on the values of the system’s dimensions, which will

weigh on the input to the controller. The loss then becomes:

L =(z-x)"C(z—x7) + ul'(s) + al|r||?, (9)

where C € RK*K is a cost matrix on each dimensions of the system. Assuming the perspective of a single neuron in our
network, we can express this loss in the presence and absence of a spike.
Loss with no spike. In the absence of spikes, the loss of equation (9) becomes:

L" = (z~Arxo)"C(z~ Arxo) + o |r||?.

The error component in this loss can be renamed to E for ease of writing, obtaining:

L"S=FE+ arTr. (1 0)
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Loss with neuron i spike. In our setup, neurons do not have access to the state of other neurons in the network,
but rather compute a comparison between losses independently from each other. Thus, from the perspective of a single
neuron i, only one spike can be produced at the current time, and the function I'(s) outputs a spike vector o which
contains only zeros except for the ith position, which is one. We name this vector o;. Under this assumption, we can
rewrite I'(s) as:

N

t+ot
I(s)=T < /t s(t)dt) = (o) =1,

)

the loss in Eq. (9) then becomes:

L} = (2= Ad(xo + b)) C(z = Ar(xo + b)) + pu + allr + 04| >,

First, we can expand the error term of this loss, obtaining:

LS = E—2(Adb;) C(z— Axo) + (Ad)'C(Ab) + 1+ aflr + o/l .

We now also expand the square term af|r + 0;||?, obtaining:

L$ = E—2(Ab)"C(z—Axo) + (Atb) "C(Ab;) + o + ar'r + 200, + 0,7 0;.

Substituting from Eq. (10):

L3 = LM —2(Asb;)"C(z — Axo) + (Ab)) 'C(Ab)) + 11 + 20:0;"r + a0, 0.

As mentioned previously, 0; and o;” contain only zeros except for the ith position, which is one. This means o;’0; = 1. Let
us consider the other term, o;’r.

o;'r= Z or=r;

Where r; indicates a vector containing only zeros except for the ith position, which holds the firing rates of neuron i. We
can write out loss with neuron i spiking as:

L3 = L" —2(A) C(z— Axo) + (Ab) C(Ad) + 11+ o(2r; + 1), (11)

Neural variables

As mentioned in Discussion, previous works have treated spiking neurons as systems that can directly encode dynam-
ical variables. Based on this view, they derived a “greedy” spiking rule where a neuron j fires whenever this results in a
decrease of a cost function, which usually measures the distance between the dynamical variable x and its estimate X,

or a target z. This is a fully local rule: a neuron’s decision to fire depends solely on its current membrane potential and

its threshold, which in turn depend on information locally accessible to the neuron at that moment. The neuron does not
access global information about the activity of the network. This rule guarantees that each spike emitted by a neuron con-
tributes to improving the representation (or the control) of the dynamical variable, and has therefore a clear interpretation
within the computing objective of the network. We start deriving our network based on this simple firing condition:
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L[3< LM,

Substituting from Eq. (10) and (11):
LM —2(Ab)) C(z— Axg) + (Ab) "C(Ab) + pu+ arr+ o2+ 1) - L™ < 0,
—2(Ab)TC(z— Axo) + (Ab))'C(Ab)) + 1+ a(2r; + 1) < 0.

Bringing the negative signed factors to the right side of the inequality, we obtain:

b/ATC(A) + 1+ a(2r,+ 1)
_ ,

b/A;C(z—Axo) >

We can attribute the left side of this inequality to the threshold of the neuron i:

b/A/C(Ab)) + i+ a(2r; + 1)

Ti= - :
2

As mentioned in Results, we showcase our simulations imposing an asynchronous firing mechanism on the network,
so that only one neuron is allowed to fire in each timestep. However, our network derivation generalizes beyond this
constraint. We introduce the cost term based on each neuron’s firing rate in our losses («||r||> and af|r + s;||2), which is
reflected on the neuron’s threshold as «(2r; + 1), and limits the neuron’s ability to spike based on its own past activity. This
spike-threshold adaptation mechanism allows us to retain the local aspect of our spiking rule, without causing too many
control signals being inputted into the plant, and thus retaining the sparsity of the network’s spiking regime. The spiking
mechanism has very strong biophysical bases and has been present in previous modeling paradigms, especially in com-
bination with LIF neuron models [23,50].

On the right side, all the time dependent factors can be attributed to the voltage of that neuron:

Vi = b/ A C(z— Axo).
This gives us a spiking condition for neuron i: V; > T;. If we do not pose any constraint on the dimensions of the system,
we would make the matrix C an identity matrix I, obtaining the voltage and threshold values described in Eq. (4) and Eq.

(5). Stepping back from the single neuron perspective, and considering instead the voltages of all the neurons in the net-
work, we obtain:

V =BTA/C(z— Ax).

From there, we pose:

G =B'A/C,

obtaining:

V= G(Z—AfXO). (12)

We now consider the rate of change of V, as well as the rate of change of all time-dependent variables:
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V= G(i—Af).(o), (13)

the change of the current state of the system over time xp can be expressed by Eq. (8):

Xo = AXq + Bs.

Substituting this into Eq. (13) yields:

V = G(z— A{AX, + Bs))
= G(Z —A/AX + ABs)
=Gz- GAfAXO - GAfBS. (1 4)

We then add and subtract a V on the right side of the equation. We leave the -V as is, while we substitute the +V using
the definition of V from Eq. (12), obtaining:

V =-V +Gz-GA/AX, + Gz— GAxxy — GABs;

which can be written as

V =-V+G(z+z)—GA{A + 1)x; — GABs.

We can trace this back to the form of a recurrent network of integrate and fire neurons:

V=-V+G(z+2z)—Fxg—Qs, (15)

where F = GA{A +1), and 2 = GA/B = B'A;//CA/B.

This full network equation describes the changes in V € RV, which represents the membrane potentials. Here,
G < RNXK are the target input weights: forward connections that encode for the target z. Considering the changes in tar-
get value over time z as well as the actual value of the target z allows for the network to trace rapid changes of the target.
Only encoding for the current value of z would still allow to control the system, but with a slower tracing of the target. The
matrix F € RV*K represents the state input weights, that contain the forward connections to encode the current system’s
state xo, @ € RV*N are the recurrent weights, and s are the spikes. Note that the diagonal elements of  implement a
reset in the membrane potential after each spike. Each individual neuron will have its self-reset implemented by a factor
of b;" A/’ C(Asb;), making it formally equivalent to the reset (—=R;) of LIF neurons. Starting from a greedy spiking condition,
we obtained a network of LIF neurons in the form of Eqg. (7). Such network has a voltage decay term, forward weights that
map the target onto the network, forward weights that encode the system state in input, recurrent connectivity, and spikes,
and is able to control our linear dynamical system. For a K-dimensional system to control and a network of N neurons, B
is a N x K matrix, while A; and C are K x K matrices. Thus, Q2 = B'TA;/CA/B is of rank K. Hence, our spiking control solu-
tion uses a network with low-rank connectivity (with a rank given by the dimensionality of the controlled system).

Relation to spike coding networks

Works in SCNs use a very similar derivation as the one described in Materials and Methods. In these works, a read-out is
usually defined in the following form:

y=Dr, (16)
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where D € RK*N contains the decoding or output weights of all neurons, and y € RX is the K-dimensional network read-
out (also sometimes seen as the network state). r ¢ RN represent some form of filtered spike trains, ranging from simple
exponential filtering (such that r = —=Ar + s), or more complex post-synaptic response kernels. In both cases a loss is
optimized such that the output of the network progressively tracks its input, x. A loss between these two quantities can be
defined:

L =||x—Dr][?. (17)

Much like in our derivation, from this loss voltage, dynamics are derived by considering the rule that spikes should only
happen if L(neuron spikes) < L(no spikes), which we took inspiration from for the control case. For works that make use of
complex kernels either some prediction of the future state was also employed [36], or a delayed signal was used to explic-
itly model the difference between past and current state [37].

These derivations are largely similar to ours, with the crucial differences that we consider downstream linear
systems of a general form, and that previous SCN works have mainly considered a single read-out given by filtered
spike trains. In this sense, our work can be seen as a generalization of standard SCN paradigms (which exert ‘control’
mainly over their own read-out), which expands the use of similar principles to explicitly control any downstream linear
dynamical system.

Filtered spiking controller

For the filtered spiking controller in Fig 7B, we used a more direct extension of SCNs. There, we consider a network that
should produce a read-out which matches the optimal control expected from an LQR controller. This means our network
spikes to constrain the loss between the network output, and the LQR control signal, such that:

L =|lu-Dr|?, (18)

where u = —K(x — 2) is the control signal as it would be generated by an LQR controller. When defining the LQR signal to
approximate, we consider a K-dimensional system controlled by a W-dimensional control signal. The matrix K € RW>K
is then the optimal feedback gain matrix can be found by solving an algebraic Riccati equation, given assumptions on
the cost of state deviations and control actuation [51]. This solution ensures that the control law u = —K(x — z) optimally
balances tracking performance and control cost when controlling the linear system. Spiking activity that constrains the
loss described in Eq. (18) can be achieved by simply using a standard SCN network, while considering —K(x —z) as an
input instead of just x.

Supporting information

S1 Appendix. Supplementary analyses of spiking control performance and robustness. In the supporting S1
Appendix, we address several aspects of the proposed spiking control framework that complement the main results.
We demonstrate how control performance is affected when the assumption of asynchronous firing is relaxed, and
show that a spike-threshold adaptation mechanism restores sparse activity and stable control under delayed or
synchronous firing conditions. We further discuss alternative measures of control energy, including the total work
performed on the controlled system. Finally, we investigate the robustness of the network to voltage noise over a wide
range of amplitudes, characterizing the transition from sparse and accurate control to high-activity regimes in which
noise degrades control performance. Supplementary figures provide illustrative examples of these effects and their
implications for spiking control networks.
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