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Abstract

Researchers across different fields, including but not limited to ecology, biology, and
healthcare, often face the challenge of sparse data. Such sparsity can lead to uncer-
tainties, estimation difficulties, and potential biases in modeling. Here we introduce a
novel data augmentation method that combines multiple sparse time series datasets
when they share similar statistical properties, thereby improving parameter estimation
and model selection reliability. We demonstrate the effectiveness of this approach
through validation studies comparing Hawkes and Poisson processes, followed by
application to subjective pain dynamics in patients with sickle cell disease (SCD), a
condition affecting millions worldwide, particularly those of African, Mediterranean,
Middle Eastern, and Indian descent.

Author summary

When studying health conditions like sickle cell disease, we often face a frustrat-
ing challenge: individual patient datasets are too small or sparse to draw reliable
conclusions. We developed a method to overcome this by combining data from
multiple patients who show similar patterns, effectively treating them as different
snapshots of the same underlying process. We tested this approach on pain
event data from sickle cell disease patients, where understanding pain patterns
is crucial for improving care but individual records are often incomplete. Our
method revealed that pain events in most patients follow a “self-exciting” pattern,
something that couldn’t be confidently determined from individual patient data
alone. This technique could help researchers in many fields where data is scarce

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014389 June 12, 2026

1/15



http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pcbi.1014389&domain=pdf&date_stamp=2026-06-22
https://doi.org/10.1371/journal.pcbi.1014389
https://doi.org/10.1371/journal.pcbi.1014389
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0003-2552-1374
mailto:kumarutkarsh2025@u.northwestern.edu

. Computational

PLOS }. Biology

and reproduction in any medium, provided the
original author and source are credited.

Data availability statement: All relevant data
are within the manuscript and its Supporting
Information files.

Funding: This work was supported by the
National Institutes of Health (https://www.nih.
gov) [grant number 5R01AT010413] awarded
to DMA, NRS, and TB. The funders had no role
in study design, data collection and analysis,
decision to publish, or preparation of the
manuscript.

Competing interests: The authors have
declared that no competing interests exist.

but understanding temporal patterns is essential, from ecology to healthcare,
enabling more reliable insights from limited observations.

Introduction

Patient-reported data (including data from wearable devices) has gained increasing
prominence in healthcare settings recently [1-9]. This data, however, is often char-
acterized by inherent variability, including fluctuations in reporting frequency and
content, which complicates analysis. Moreover, the temporal dynamics associated
with health events, including symptom fluctuations or treatment responses, pose a
multitude of analytical challenges. Stochastic models provide tools for analyzing such
data, when sufficiently abundant, allowing researchers and clinicians to learn useful
information from observed patterns over time [10—12]. However, attempting to draw
conclusions from too narrow a set of observations can lead to overfitting, unreliable
estimates, and difficulties in generalizing [13—15].

To address these issues, researchers have developed methodologies such as
Bayesian approaches, which incorporate prior information and uncertainty [16], and
hierarchical models that pool data across related groups to enhance estimates for
conditions with sparse data [17]. Additionally, augmentation techniques like boot-
strapping and space-filling algorithms allow for the generation of synthetic data
points, improving the robustness of statistical analyses [18-21]. However, little has
been done on sparse sampling in the context of systems with inherent temporal cor-
relations and dependence structure. In this paper, we develop a new method that has
broad applicability to sparsely sampled data from dynamical processes, and we focus
in particular on testing the method in the real-world context of data capturing pain
events in patients with sickle cell disease. Unlike synthetic augmentation approaches,
which generate artificial data points, our method pools real observations across
statistically similar datasets. In particular, given a collection of sparse time series
suspected to share underlying dynamics, our augmentation strategy improves both
model discrimination and parameter recovery compared to single-series analysis,
with performance gains that vanish when series are drawn from unrelated processes.

Materials and methods
Model and assumptions

Our approach is motivated by collections of datasets that have irregular sampling and
limited length, but where at least a subset of the collection may be well explained by
a single model. This is true for our example collection of pain events in patients with
SCD.

In particular, the frequency of early hospital readmission in SCD patients (almost
90% readmitted within 30 days [22,23]) suggests that pain events may naturally
cluster temporally. Therefore, we treat the occurrence of significant pain events
as a self-exciting process, meaning that patients are at elevated risk for a subse-
quent event immediately after one occurs. This type of process was first described
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mathematically by Alan G. Hawkes in the context of modeling seismic activity [24—26], where earthquakes trigger after-
shocks. The analogy extends naturally to SCD, where initial obstructions in blood flow result in inflammatory responses
that may precipitate subsequent pain episodes. Similar dynamics have been reported in criminal activities [27] and finan-
cial markets [28]. We thus treat the occurrence of pain events as a Hawkes process.

A Hawkes process is a counting process {N(t)|t > 0} with an associated history # () := {tj|t; < f}, where {; is the time of
ih event, and a conditional intensity function \(f|H(t)) of the form

AUHB) = o(t) + Y B(t-1),
it>t; (1)

where A\ > 0 is the baseline intensity and ® > 0 is a monotonically decreasing function referred as the memory kernel.

In such a process, the occurrence of an event increases the likelihood of a subsequent event for some time after the
initial arrival (with this “memory timescale” set by the decay rate of ®). Henceforth, the terms “conditional intensity func-
tion” and “intensity function” will be used interchangeably, and A(f) = \({|#H(f)).

We further simplify the Hawkes process model by assuming a constant baseline intensity \q(f) = Ao and an exponen-
tial memory kernel ®(t—t;) = exp[-d(t—t;)] with § > 0. We choose the exponential kernel for three reasons: (a) it provides
analytical tractability, allowing closed-form likelihood computation; (b) it gives clear parameter interpretability with 5~ rep-
resenting a characteristic memory timescale; and (c) it is physiologically plausible, as inflammatory cascades likely exhibit
exponential decay kinetics.

One common assumption in the use of Hawkes models is that the process is observed from its onset. However, in
practice, data may be collected during an arbitrary interval in the middle a longer process—this is the case for our SCD
datasets, which begin months to years after the onset of SCD symptoms. Keeping that in mind, we introduce an additional
compensatory term to capture past events not recorded in the dataset, (y— \g)e™®. This yields our proposed model inten-
sity function

A =o+a)y e+ (y—2)e™,
itot; (2)

where \g >0, > 0,6 >0, and v > 0 are constants and ¢ is the time of i event. A description of each parameter can be
found in Table 1 and parameters are visualized in Fig 1.

We note that this model is designed for time series datasets that capture an event at t=0, which serves as the refer-
ence point for the initial condition . The key parameters dictating model behavior are Ay, « and §, whereas ~ should be
seen as a correction factor to compensate for the effects of past history not captured in the dataset.

Model fitting and selection

Before fitting to data, we wish to establish what would characterize a “successful” model. In particular, we would like to
choose a reasonable null model against which to test, and we hope to deduce exactly how much data is necessary to
distinguish among models.

Table 1. Description of model parameters introduced in Eq. (2) (see also Fig 1).

Parameter | Description Units
Ao Baseline intensity value for underlying homogeneous Poisson process. [T
@ Amplitude of impact of an individual event arrival on intensity. [T
J Rate of decay to baseline intensity (5-! sets memory length). [
ot The intensity measurement recorded at the initiation of the data collection period. [T

https://doi.org/10.1371/journal.pcbi.1014389.t001
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A(t|H(t))

Fig 1. Visual guide to shifted Hawkes process parameters and intensity dynamics. Characterization of the parameters introduced in Eq. (2) (see
also Table 1). The peaks represent event arrivals in real-time. The shaded area represents the history not captured in the observed data. In this exam-
ple, the observable t=0 is t,. The blue horizontal dashed line shows the value of the baseline intensity Ao and the red horizontal dashed line shows the
initial intensity value ~. The amplitude of impact « is depicted by the length of the vertical yellow line segment, whereas the decay rate ¢ characterizes
the exponential decay curves, like the one shown in green.

https://doi.org/10.1371/journal.pcbi.1014389.g001

Substituting a = 0 and v = )\q into Eq. (2) yields a homogeneous Poisson process (henceforth referred to simply as
“a Poisson process”), but this is just a special case of the Hawkes model where memory effects are absent. The same
limiting behavior arises when § — oo, meaning memories disappear instantaneously after each event. Conversely, the
Hawkes model can be seen as an extension over a baseline Poisson model with a self-exciting memory kernel. For this
reason, the Poisson process is a natural candidate for a null model. In addition to the fact that it represents a simple and
widely used framework for modeling point processes, we can assess whether the added complexity of the Hawkes pro-
cess results in a statistically significant improvement.

We fit model parameters using maximum likelihood estimates, where likelihood for a dataset {t}Y, is given by

N
L(®lt1, ta, ..., tn) = (H /\(t,-)> e S Ms)ds
- 3)
For the Hawkes model, if we know the complete history (as in simulations), the process starts at baseline intensity
~v = Ao, and is defined by

A() = Ao + oy e,
it>t; (4)

We use the Akaike Information Criterion (AIC) for the comparison, as it provides a theoretically grounded balance
between a model’s goodness of fit and complexity [29] (though we note that there are potential problems with the use
of information criteria in dynamical systems [30]). Our candidate model has four degrees of freedom (g, v, 6, ), while
the null model has just one (Ap). Since these models are nested, with the Poisson model being a simpler version of the
Hawkes model, differences in complexity can make it challenging to recover the true model, especially with limited data.

To illustrate, we simulate multiple time series of varying lengths using Eq. (4). Fig 2 shows that AIC often reflects
greater evidence for the Poisson model for shorter time series, indicating a threshold length (dependent on parameter
choices) below which this approach fails to detect the true dependency structure.

This aligns with the principle that AIC generally performs better with larger sample sizes, where the trade-off between
fit and complexity becomes clearer [31]. A version of Fig 2 using the corrected AIC (AICc) [32] is provided in S3 Appendix.
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Fig 2. Minimum dataset size required for reliable Hawkes vs. Poisson model discrimination. Number of data points needed to distinguish Hawkes
model from Poisson. The black dashed line is for basic preference (£ = 1), whereas the green dashed line is for 95% confidence (£ = 0.05). For each N,
we calculate the relative likelihood 50 times. The averages are calculated, and denoted by the red markers. The purple-shaded region denotes the 95%
confidence interval. The likelihood values and critical N depend on the parametric choices. We use (\g, «, §)=(1, 3, 6).

https://doi.org/10.1371/journal.pcbi.1014389.g002

Corrections for finite data do not resolve the sparse data problem, they have the opposite impact of making it a greater
challenge.

Data augmentation

Our idea for augmenting sparse datasets is as follows: (1) we test datasets, pairwise, for statistical similarity; (2) we
replace each individual dataset with an ensemble of those shown to be similar; and (3) we fit model parameters to each
full ensemble, treating it as composed of disconnected excerpts drawn from a single process.

Concretely, we use the two-sample Kolmogorov-Smirnov (KS) test to assess pairwise similarity between datasets. The
KS test is a nonparametric method that compares the empirical cumulative distribution functions of two independent sam-
ples, making no assumption about the functional form of the underlying distribution. It is sensitive to differences in both the
location and shape of the distribution, and is computationally trivial to apply pairwise across a collection of many series.

By applying the KS test, we can systematically group datasets with comparable characteristics, enabling a collective
analysis. The null hypothesis for this test is that two samples come from the same distribution. The test statistics and
sample sizes are used to calculate the p-values for the test, and the hypothesis is accepted if this p-value exceeds our set
threshold p;. An example of its application is shown in Fig 3.

We note that, since the KS test compares samples drawn from distributions, it cannot be applied directly to entire
time series. To address this in the context of our patient data, we instead compare the distributions of interarrival times
between events, which capture the underlying temporal structure. We characterize the sensitivity and limitations of this
criterion systematically in S4 Appendix.

Once similar datasets are identified, we define a “collective likelihood” that integrates information across these matched
groups, enhancing the reliability of model selection in contexts where individual datasets are too sparse for robust analy-
sis. The following provides a step-by-step description of this strategy, applied to a collection of small or sparse time series
where model selection might otherwise be unreliable:

Step 1: Consider a collection of m time series datasets C = {l{ ti=1...n;,j=1...m}. Compute the set of interarrival times
AC={At:i=1...nj—1,j=1...m}.

Step 2: Calculate the p-values using a two-sample KS test for each pair of datasets of interarrival times and define the
matrix P ={p(i,j) : i,j = 1...m}. Those with p-values below a given threshold p. are taken to be similar.

Step 3: We define the collective likelihood (L) of a model for dataset j as

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014389 June 12, 2026 5/15
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Fig 3. KS test demonstrates non-transitive similarity and identifies matchable patient pairs. (Left) Two-sample KS test for three normal distri-
butions (1, 2, and 3) with slightly different means and variances (colored blue, red, and green, respectively). The three p-values for (1 vs. 2), (1 vs. 3),
and (2 vs. 3) are 0.03, 0.02, and 107%, respectively. This example demonstrates the non-transitive nature of the test: the mutual distances between the
dots in the upper panel are in proportion to the mutual KS statistics; 1 is similar to both 2 and 3, whereas 2 and 3 are far apart and are thus dissimilar.
(Right) Similar patients in our collection of datasets using the two-sample KS test (0.1 significance level). Blue shades for matched pairs of patients and
yellow-pink shades for unmatched.

https://doi.org/10.1371/journal.pcbi.1014389.g003

ij = Lj H L,‘,

i:Pji>pe,iFf (5)

where L; is the individual likelihood of a given model for dataset i and p. is a similarity threshold. This way, we consider
the similar datasets to be different realizations of the same process. The neighbourhood N (j) for dataset j is defined as

NG ={iF]j|Pj=pc}-

No transitive closure is applied, so each dataset receives an independent augmentation group reflecting only its direct
pairwise similarities.

Step 4: We calculate the best-fit parameters and AIC values for each model using the collective likelihood. We use these
for model selection.

Note that this aggregation approach is non-transitive due to the non-transitivity of the KS test. If datasets A and B are
statistically similar, and B and C are as well, it need not be true that A and C are. This point is illustrated through Fig 3
(left) and Step 3. Thus, the model parameters ultimately fitted to A, B, and C may all end up different. The dependence of
neighbourhood size on threshold choice is characterized in S4 Appendix.

To understand the statistical sense behind the construction of the collective likelihood in Eq. (5), note that for a single
series the likelihood is simply a product of probability densities over observed interarrival times under a given parameter
vector 8. The collective likelihood extends this product directly to k matched series, with the same @ appearing in every
factor—equivalent to treating the matched series as disjoint entities of a single longer realization of the same process.
This is strictly stronger than hierarchical or partial-pooling formulations [17], which allow parameters to vary across group
members under a shared hyperprior. Here, the implicit assumption is exact exchangeability: any series in the augmenta-
tion group could have been observed in place of any other, because all are governed by the same generative mechanism.
This assumption is what makes the KS-based grouping step essential: it is the mechanism by which we verify, before
computing the collective likelihood, that the exchangeability condition is approximately satisfied.
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Results
Model analysis and method verification

Differentiating Hawkes from Poisson. We consider two processes, a Poisson process with A\p = 2 and a Hawkes
process (Eq. (4)) with comparable stationary behavior. Specifically we choose parameters such that the expected value of
its equilibrium intensity E[A(f)] = M\o(1— /)" is 2 as well (see S1 Appendix for a brief derivation of this formula and
S2 Appendix for a brief discussion of parameter identifiability issues).

The goal of this numerical experiment is to test whether the proposed data augmentation strategy improves model
selection by enhancing the ability to distinguish between the two processes. Specifically, we evaluate the AIC differences
between the Poisson and Hawkes models fitted to Naug = 10 original single-series datasets with Ne = 30 events each and
a single augmented datasets for each model class.

The results are summarized in Fig 4, where AAIC values are shown for single-series (colored circles) and augmented
datasets (larger triangles). Blue markers indicate a preference for the Hawkes model, red markers indicate a preference
for the Poisson model, and purple markers correspond to inconclusive cases. The gray shading in the figure represents
the inconclusive region, corresponding to results within the 95% confidence interval where neither model is clearly pre-
ferred. The boundary for this inconclusive region can be derived from the relationship between AAIC and relative likeli-
hoods Lrelative = €Xxp (~AAIC/2). At the 95% confidence level this yields AAIC™ = —21In(0.05) ~ 6 (so any |AAIC| 2 6 lies
outside the inconclusive region and indicates strong evidence favoring one model over the other).

Augmenting datasets consistently moves results outside the inconclusive region for both processes, demonstrating that
the strategy does indeed enable more robust model selection.

Parameter estimation for augmented datasets. We wish to test the impact of our proposed data augmentation
strategy on parameter estimation. To do so, we generate a collection of time series each consisting of N, events taken
from an arbitary time interval in a Hawkes process. This mimics the situation often found in real-world datasets, where
full histories are rarely available and only segments from a limited time interval are observed. We compare the best-fit
estimators obtained from augmentation of Na,g of these time series against the best-fit parameters derived from a single
longer time series with a total of NaygNe events. Fig 5 illustrates the effect of varying the number of augmentations while
holding the number of events per series fixed at N = 16.

As the figure shows, the data augmentation approach can recover parameters comparable to those obtained from an
uninterrupted time series of equivalent total length. That is, our method can yield robust parameter estimates, effectively
compensating for sparsity.

201 4
s §
Lo 5
O
é_zo._
| 4
Poisson Hawkes

Fig 4. Data augmentation shifts preference from inconclusive to confident model selection. We generate 20 synthetic times series, 10 from a
Poisson process and 10 from a Hawkes process, then examine the relative statistical support AAIC_p) = AIC(H) — AIC(P) for each model before and
after augmentation. Each single-series realization is shown as a colored circle, and augmented datasets are shown as larger triangles with the same
color scheme. Blue markers indicate a preference for the Hawkes model, red markers indicate a preference for the Poisson model, and purple markers
correspond to inconclusive cases. Points above the dashed line correspond to a preference for the Poisson model, while points below correspond to a
preference for the Hawkes model. Here Na,g = 10 and N, = 30 (events per time series). Regions outside the grey band correspond to model support
with >95% confidence. Parameters: (Ao =1, a =2, § =3.5) and \p = 7/3.

https://doi.org/10.1371/journal.pcbi.1014389.g004
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fran and éaug are parameter estimates from the full series and augmented strategy, respectively. Right column: lengths of 95% confidence intervals,
normalized by parameter values to facilitate comparison across different scales.

https://doi.org/10.1371/journal.pcbi.1014389.g005

Results for real-world data

Data. Sickle cell disease (SCD) is a lifelong genetic disorder that affect hemoglobin, which is a carrier of oxygen in red
blood cells (RBCs). In SCD, RBCs deform into “sickle” shapes, obstructing regular blood flow and causing potentially life-
threatening problems. SCD affects more than 100,000 people in the US and 8 million people globally [33,34]. About 90%
of acute care visits for SCD patients are associated with severe and frequent pain episodes. Understanding and modeling
these pain episodes is crucial for improving patient care and treatment strategies, as they significantly impact both quality
of life and healthcare costs [35].

Our study employs data from our self-developed Sickle cell Mobile Application to Record symptoms via Technology, or
SMART application [36—-38]. Fig 6 shows two examples of patient-reported subjective pain data collected via this app. This
data comes from a small cohort of 39 patients who were asked to report their pain levels every day. Although subjective
pain reports may not fully correspond to physiological indicators, they remain central to SCD pain management because
pain is inherently subjective and self-report is currently the only validated method for assessing pain severity (and has
been shown to be a reliable indicators of clinical outcomes in SCD [39-42]). Among other things, the dataset includes pain
levels and corresponding timestamps.
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Fig 6. Real patient data. Sample screenshots from SMART app and typical patient time-series data collected using the app [36]. Note inter-patient
variability, temporal irregularity, reporting fatigue, and other data quality challenges.

https://doi.org/10.1371/journal.pcbi.1014389.g006

For our analysis, we treat the event times as the timestamps corresponding to only non-zero pain levels, where each
reported pain level above zero constitutes an event. We assume that pain is effectively zero between reports and that
the occurrence of pain events exhibits stochastic behavior with temporal dependencies. Even though a lack of report on
a particular day is assumed equivalent to a non-event, we acknowledge this assumption may introduce some error given
potential reporting fatigue or missed entries.

Model fit and distinction. In Fig 7, we show the results of using our data augmentation method to compare Hawkes
and Poisson (null) models for real-world datasets from the SCD patient cohort. We illustrate the model comparison via A
AIC both without (circles) and with (triangles) data augmentation. Color indicates confidence: red for inconclusive regions
where AAIC lies between -6 and 6, and blue for Hawkes fits with more than 95% confidence (AAIC < —6). Note that the
maximum AAIC is + 6 since the Hawkes model reduces to the Poisson model with appropriate parameter choice, and
there is a difference of three in the number of degrees of freedom.

While the single-series fits exhibit a preponderance of cases with preference for the Poisson null model over the
Hawkes model (28 of 39), the augmented fits demonstrate a preference for the Hawkes model in an overwhelming

25
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Fig 7. Augmentation method applied to patient data. \We plot the difference in AIC (Hawkes minus Poisson) for each time series before (circles) and
after (triangles) augmentation. Grey band corresponds to the inconclusive zone (red markers), the region below the band indicates a preference for the
Hawkes model with at least 95% confidence (blue markers). See the right panel of Fig 3 for the KS-based similarity matrix used in augmentation.

https://doi.org/10.1371/journal.pcbi.1014389.g007
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majority of cases (36 of 39)—see Table 2. Notably, Hawkes model selection for augmented datasets occurred even in
many cases where the non-augmented dataset had AAIC = 6, the strongest case for the Poisson null model.

These results provide compelling evidence for the advantage of leveraging collective likelihoods based on patient
similarity in enhancing both model selection and parameter estimation. A negative control experiment confirming that this
improvement requires genuine shared structure among pooled series is provided in S4 Appendix. The observed increase in
preference for the Hawkes model aligns well with the hypothesis that temporal dependencies play a crucial role in the data.

Discussion

We have introduced a data augmentation strategy that leverages statistical similarity among sparse time series to improve
model selection and parameter estimation—a challenge arising across many scientific domains where individual observa-
tions are limited but temporal dependencies are expected.

Methodological contributions

The augmentation approach addresses two key challenges in analyzing sparse event data. First, it enables model discrim-
ination when individual time series lack sufficient events for conclusive selection. Second, it provides robust parameter
estimates by treating statistically similar datasets as multiple realizations of the same underlying process. The collective
likelihood framework (Eq. 5) is general and applicable beyond point processes or any specific domain.

Our augmentation approach improves precision by increasing the effective sample size while preserving temporal
structure, without requiring assumptions about the specific form of dependencies.

Key assumption

For the augmentation method to be applicable, there must be a reasonable expectation that the pooled datasets share
a common underlying generative process, that is, they reflect the same physical or biological phenomenon. This is not a
limitation on the method’s validity, but rather the theoretical basis on which it operates: pooling datasets that truly arise
from the same process allows them to be treated as independent realizations of that process, which is precisely what
makes the collective likelihood meaningful. When this condition is satisfied, the method yields reliable inference; when it is
violated — for instance, when time series arise from experiments governed by vastly different dynamics or entirely differ-
ent equations — the method should not be applied, as it would produce erroneous and misleading statistical support. S4
Appendix provides empirical characterization of the conditions under which this requirement is satisfied.

In the case of SCD, experts in the field typically classify patients into a limited number of categories [43,44], lending
weight to the convenient modeling assumption that they can be clustered based on dynamics.

Table 2. Comparison of AlC-based model preferences: single series fit vs augmented fit. “Basic Preference” indicates the model with the
lower AIC. Confidence level 0.05 reflects a strong preference for one model (|AAIC| = 6), and confidence level 0.01 reflects a very strong
preference for one model (|AAIC| > 9.2).

Series Type Confidence Level Corresponding | AAIC| # Poisson Patients # Hawkes Patients
Single Basic Preference 0 28 11

0.05 6 2 6

0.01 9.2 0 6
Augmented Basic Preference 0 3 37

0.05 0 0 29

0.01 9.2 0 27

https://doi.org/10.1371/journal.pcbi.1014389.t002
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Limitations

The KS-based similarity assessment may not capture all temporal structure. Non-transitivity (Fig 3) allows augmented
datasets to differ across units but introduces potential selection bias. More sophisticated clustering incorporating
domain-specific covariates could refine grouping [16,17].

Different Hawkes parameters can produce similar interarrival distributions if branching ratios match (S2 Appendix).
External covariates could help resolve this degeneracy. The exponential kernel assumes a single memory timescale;
many processes involve multiple scales. Constant baseline intensity ignores periodic patterns or trends. Extensions
incorporating time-varying parameters, compound kernels, or covariates could address these while preserving the core
strategy [45,46].

Computational costs scale as O(m?) for similarity testing and O(mk) for optimization, where m is the number of units
and k is average group size. For large datasets, approximate methods or hierarchical clustering could improve scalability.

Comparison with existing approaches

Traditional approaches to sparse data include bootstrapping [18] and space-filling algorithms [19], which generate syn-
thetic observations, and Bayesian methods [16], which incorporate prior information. Our approach differs fundamentally:
rather than augmenting individual datasets with synthetic or prior-based data, we pool real observations across statisti-
cally similar units. This preserves the empirical nature of inference while increasing effective sample size.

Hierarchical models [17,47] also pool information across related groups but require explicit nested structure and shared
parameter assumptions. Our similarity-based approach is more flexible, allowing non-hierarchical grouping based on
empirical distributional properties. The non-transitivity of similarity (Fig 3) means each unit can be augmented with a differ-
ent subset of the collection, enabling heterogeneous pooling not possible in standard hierarchical frameworks.

For point processes specifically, most augmentation strategies focus on spatial pooling or assume homogeneity across
units [45]. Our approach shares conceptual similarities with Kriging-based methods in spatial statistics, which also pool
information across related observations using kernel-based covariance structures [20]. However, while Kriging and its
spatiotemporal extensions [21] operate on continuously observed fields with explicit spatial or temporal covariance mod-
els, our method is designed for discrete event sequences with no assumed parametric similarity structure—similarity is
assessed empirically via a nonparametric test on observed data. Our framework—showcased using Hawkes process—
instead performs likelihood-based inference on discrete event times without assuming an underlying continuous trajectory,
reflecting our modeling assumption of no latent activity between observed reports. Our temporal similarity assessment via
interarrival distributions provides a principled criterion for identifying poolable units without requiring spatial structure or
homogeneity assumptions.

Application to SCD pain dynamics

Our application to sickle cell disease pain events demonstrates practical utility in a real-world clinical context. The shift
from 15% to 74% of patients showing confident support for a self-exciting process model has implications for manage-
ment. It suggests, e.g., that treatment could be improved by enhanced monitoring during high-risk periods following acute
episodes, with duration dictated by the memory timescale (6~') (which we found to range from 30 seconds to 6 minutes in
our data—suggesting risk should return to baseline within about 30 minutes). The inferred memory timescales likely reflect
rapid physiological fluctuations, such as inflammatory responses or blood pressure dynamics, that operate on minute-to-
hour timescales. Though the data collection strategy was set up to avoid missing data, in the plausible case of reporting
fatigue, sensitivity of inferred dynamics to missing data is assessed in S4 Appendix.

Current guidelines emphasize reactive treatment [40,41], but temporal dependencies suggest that interventions pre-
venting initial events or breaking excitation cycles during vulnerable periods may be more effective. The branching ratio
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alé quantifies self-excitation strength—patients with higher ratios may benefit from aggressive early intervention to pre-
vent cascades, enabling personalized protocols based on individual temporal dynamics [8,39].

Future directions

Immediate next steps include validation on independent SCD cohorts to assess generalizability, and application to other
temporal event datasets where ground truth is known (e.g., simulated epidemic data with known self-exciting parameters).
For SCD, integration of clinical covariates (hemoglobin levels, genotype, treatment) into the similarity assessment may
improve patient grouping beyond interarrival times alone.

Extensions to marked point processes (see, e.g., [48] or [49]) could incorporate event severity, addressing a key lim-
itation in the SCD application where pain intensity varies. Time-varying Hawkes models [46] combined with our strategy
could capture transitions between acute and chronic pain states [50,51]. Each extension maintains the core principle:
leveraging similarity to overcome individual data sparsity.

Deep learning approaches have recently tackled related challenges in other domains: graph contrastive methods have
been applied to identify latent structure from sparse biological sequences in an interpretable, consensus-driven manner
[52], while debiasing frameworks have been developed to ensure that model selection reflects true generative structure
rather than spurious correlations [53]. Adapting such architectures to temporal point process settings could offer comple-
mentary advantages in data-rich regimes where likelihood-based methods are limited by model assumptions.

In the work we present here we have manually selected appropriate dataset augmentation thresholds p. for each
numerical experiment. Though clearly of interest, we defer for future work the challenge of automatically determining a
reasonable threshold, which is connected to the problem of clustering / community detection on a weighted network (the
analogue of our p-value matrix P).

Finally, we have presented our method in the context of selecting among two point process models, but we believe it
could be adapted for selection among more than two candidate models and also for continuous time mechanistic models
(e.g., dynamical systems), though AIC may need to be employed with caution in such cases [30].

Conclusions

This study introduces a data augmentation strategy for temporal event modeling that addresses challenges posed by
sparse individual time series. By pooling statistically similar datasets through collective likelihoods, the approach enables
reliable model selection and robust parameter estimation when individual units contain insufficient events for conclusive
inference.

We demonstrate the use of this method in the context of pain event data for a collection of 39 patients with sickle
cell disease. The method’s applicability ultimately rests on a key assumption that multiple sparse datasets originated
from the same (or nearly the same) model. In situations where this is plausible, we expect our framework to enable
reliable inference from fragmented data, advancing our ability to understand and predict the dynamics of complex
systems.

Supporting information

S$1 Appendix. Equilibrium intensity for stationary Hawkes process. Brief derivation of expected value formula for
Hawkes process intensity.
(PDF)

S2 Appendix. Identifiability of («, d) in the exponential Hawkes process. Analysis of practical non-identifiability and
likelihood surface properties.
(PDF)
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