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Abstract

The vertebrate limb provides an interesting system to study how tissue growth and
molecular signaling interact to shape complex skeletal patterns. How these pro-
cesses are coordinated across space and time is not fully understood. This study
introduces a computational tool to examine how growth interacts with positional cues
and self-organizing patterning mechanisms to shape skeletal structures in both mice
and axolotl limbs. We developed the Growth-Reaction-Diffusion (GRD) framework,

a reaction-diffusion system within a growing domain, where reaction represents

the regulation of patterning cues and diffusion captures their spatial propagation.
The relative contribution of growth, reaction and diffusion is modulated through

two non-dimensional parameters, whose spatial variation is informed by positional
cues derived from experimental morphogen maps. This formulation normalizes the
reaction-diffusion equation relative to growth, enabling investigation of how differ-
ent spatiotemporal regimes of growth interact with reaction and diffusion to produce
whole limb patterning. The GRD framework captures the progressive formation of

all limb segments: the humerus, radius/ulna, and the digits patterns. Our simulations
indicate that in the proximal region (humerus, radius/ulna) the contributions of growth,
reaction and diffusion are equally important to patterning, but in the distal elements
(digits) the reaction and diffusion contributions are much greater than the contribution
of growth to the formation of the digits. Through a single framework, we simulate the
whole-limb skeletal patterns in both mice and axolotls, despite their morphological
differences. These results highlight the model’s potential to explore conserved and
divergent features of limb development from an evolutionary perspective through a
unified mechanism across species.
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Author summary

Understanding limb skeletal patterning is a central question in developmental
biology. Numerical models provide a means to explore this process. We intro-
duce the Growth- Reaction-Diffusion (GRD) framework, which integrates tissue
expansion (growth), gene regulation and cellular specification (reaction), and sig-
naling spread (diffusion). By normalizing patterning dynamics relative to growth,
the framework explores how the relative contributions of growth, reaction, and
diffusion vary across the limb, influencing the timing and positioning of skeletal
elements. The model successfully reproduces the whole-limb skeletal patterning
in both mice and axolotls, supporting the idea of a shared underlying mecha-
nism. This cross-species framework offers a versatile computational tool for
studying fundamental processes in morphogenesis, with potential applications in
developmental biology, and evolutionary studies.

Introduction

Tetrapod limb development is an exemplar model system for exploring how devel-
opmental processes are coordinated during organogenesis. The vertebrate limb

is patterned along three primary axes: the proximodistal axis (PD), which is seg-
mented into stylopod (humerus or femur), zeugopod (radius/ulna or tibia/fibula),
and autopod (hand or foot with digits); the anteroposterior axis (AP), which spec-
ifies digit number and identity [1]; and the dorsoventral axis (DV). Remarkably,
despite diverging over 365 million years of evolution and exhibiting striking differ-
ences in morphology, growth strategy, and appendage function, tetrapod species
share conserved skeletal patterning principles [2,3]. This conservation suggests
that a common underlying developmental logic — likely involving shared molecu-
lar signaling networks and physical self-organizing mechanisms — generates the
diversity of limb forms observed across vertebrates [4,5]. Numerical simulations of
limb patterning have served as essential exploratory tools for understanding how
this logic operates, yet most existing models address individual limb segments

or species in isolation. A unified computational framework capable of simulating
whole-limb skeletal patterning across species would provide a powerful means to
identify what is conserved and what varies in the developmental programs underly-
ing tetrapod limb diversity.

Two complementary theoretical frameworks have guided computational models
of limb patterning. In the positional information (Pl) framework, diffusible morpho-
gens establish concentration gradients that assign spatial identity to cells, which
then differentiate accordingly [6]. Two key signaling centers act as morphogen
sources during limb development: the Apical Ectodermal Ridge (AER), which
provides distal cues guiding PD outgrowth [7,8], and the Zone of Polarizing Activity
(ZPA), which controls AP identity [1,6]. Hox gene expression provides a molecular
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readout of positional identity along the PD axis [9]. While positional information explains how cells acquire spatial
identity, it does not readily account for how discrete, periodic skeletal elements emerge from a continuous tissue.
Reaction-diffusion (Turing) systems address this gap by describing how interactions between two or more morpho-
gens through coupled partial differential equations can spontaneously generate stable spatial patterns [10]. These two
frameworks are now understood to operate together: positional cues modulate the parameters of self-organizing Turing
systems, orienting and scaling the patterns they produce [11-13]. Recent work has identified candidate molecular net-
works — including the BMP-Sox9-Wnt loop [14] and the GDF5-NOG-pSMAD network for joint segmentation [15]— and
demonstrated that these networks are highly context-dependent, with spatial location and developmental timing modu-
lating their behavior [16].

A critical but underappreciated element of limb patterning models is tissue growth. Growth continuously changes
the size and shape of the limb bud throughout development, and this affects patterning in two distinct ways: it alters
the geometry on which patterns form, and it transports molecular signals through tissue expansion, introducing a
convective term into the reaction-diffusion equations [17,18]. Theoretical work has established that growth can drive
pattern formation in parameter regimes inaccessible to static domains [19], and that the history of growth determines
which patterns emerge [20,21]. More recent work extends this analysis to non-uniform growth modes [22], and to
systems where growth is coupled to morphogen concentration [23]. A key challenge in this body of work is that anal-
yses are typically framed relative to reaction or diffusion timescales, with growth treated as slow or as a perturbation
[24,25]. Yet in a developing tissue, growth is the process most directly accessible to experimental measurement (from
time-lapse imaging of limb bud outlines, for example) while the timescales of molecular reaction and diffusion are far
harder to quantify directly. Normalizing the reaction-diffusion system relative to the growth timescale, rather than the
reverse, therefore offers a physically grounded approach that places experimentally measurable quantities at the cen-
ter of the formulation. In this framework, two non-dimensional parameters naturally emerge that express the relative
contributions of reaction and diffusion compared to growth, allowing direct comparison across different spatial regions
and developmental stages, and enabling straightforward re-dimensionalization of model outputs into biologically inter-
pretable units [26].

Despite these advances, existing computational models of limb skeletal patterning address individual segments or
restricted subdomains rather than the limb as a whole. Models of digit patterning have provided fundamental insights into
autopod self-organization but do not address the proximal skeleton [13,14,27—-29]. Conversely, models of PD axis spec-
ification [30] capture the establishment of stylopod, zeugopod, and autopod identity but do not predict the spatial pattern
of skeletal condensations. Models that span multiple segments typically divide the limb into discrete zones with minimal
coupling between them, rather than treating the limb as a continuous and dynamically evolving field [31,32]. Cross-
species comparisons have been made for specific elements, most notably the fin-to-limb transition reinterpreted as a Tur-
ing pattern reorganization [33] and digit segmentation patterns conserved between birds and mammals [15], but no unified
framework has been applied to simulate whole-limb skeletal patterning simultaneously across species with substantially
different growth dynamics and limb morphologies.

In this paper, we present a computational framework that integrates experimentally based geometric growth, molec-
ular transport due to growth, and a reaction-diffusion system to simulate the formation of the entire limb. We normalize
the reaction and diffusion time scales with respect to the growth characteristic time, which provides insight into the
balance between growth, reaction and diffusion in the pattern formation. Within this formulation, positional information
modulates the weight of reaction and diffusion relative to growth. We illustrate the influence of different weight com-
binations on simple growing geometries to facilitate the interpretation of the non-dimensional parameters. In realistic
geometries, our model reproduces the continuous emergence of limb segments in both mice and axolotls, and also
reveals how different spatio-temporal balances between growth, reaction, and diffusion influence successful whole-
limb patterning.
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Materials and methods
Growth

Biologically, growth results from a combination of cell proliferation, changes in cell size, cell migration, and production

of extracellular matrix. These complex processes lead to both expansion of tissue volume and changes in tissue shape.

These are approximated through an elastic deformation driven by the displacement of the limb profile. This deformation

allows us to estimate a continuous growth rate from time-series images of a developing limb. As the limb outline changes

shape during development, the movement of the tissue, characterized by the trajectories of material points, is calculated.
The initial position of a tissue element is defined in a two-dimensional domain using the Lagrangian coordinates

X = (X4, X2). The position of a tissue material point is expressed by the bijective function T

LR — R, x=T(X 1) = (X 1), T2(X, 1), (1)

where x is the current spatial position at time ¢, with T'(X, 0) = X and I'""'(x, f) = X. We consider the deformation of the
tissue entirely due to growth, and we deduce T using experimental data from specific domains (see next section). The
growth velocity at the current configuration is given by

ax
a(x,t) = gt

where the function a(x, f) is considered to be known and twice continuously differentiable. We define the scalar

S(X, t) =V a, (3)

which measures the growth rate, i.e., the rate of area change per unit area.

Derivation of growth from experimental images

To compute the growth rate from experimental images, the growing domain of the tissue €(f) is treated as an elastic
continuum subjected to boundary displacement conditions. By constraining the boundary 0€)(f) to match experimental
outlines at different time points, we estimate how each point in the tissue moves over time by minimising an elastic energy
function, but consider the displacements of the tissue solely due to growth. Experimental data providing the outlines of the
geometry at multiple time points were used to deduce both (Fig 1A). For the mice case, the outline was provided in [35],
while for the axolotl, the outline was manually extracted from images using Fiji [36].

More specifically, to compute T in our 2D domain discretized with finite elements [37], the quadratic elastic
energy function II(¢) is minimized with ¢ =[(4, . . ., {x] being the displacement in all the N nodes of the mesh, with
¢ilt) = xi(t) — xi(t— Al),

_1 T
Q=5 ¢'K¢, "

where K is the growth rigidity matrix, which characterizes how tissue responds to boundary expansion. In the finite ele-
ment implementation, it corresponds to the standard stiffness matrix. We assume a constant, homogeneous, and isotropic
growth rigidity, i.e., a constant and homogenous Young modulus E and Poisson ratio v. This means we treat all regions of
the tissue as equally responsive to growth. We recognize that this a simplification, as developing limbs may exhibit spatial
variations in proliferation rates and growth directions [38]. The minimization process determines how tissue expansion dis-
tributes most evenly throughout the growing domain while maintaining tissue continuity. Despite assuming homogeneous
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Fig 1. Numerical computation of growth rate from experimental images of developing axolotl limbs. (A) Stereo microscopy images were taken
daily for a week from the same animal. An approximate correspondence between days and the axolotl limb developmental stages is provided for a
practical temporal reference [34]. The limb outline was manually extracted from these images and meshed using triangular linear elements. The material
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points x(f) represent the current configuration €, which is related to their initial position X in 2 through the mapping function I'(X, f). Each extracted
outline was converted into boundary conditions, which were enforced in an elasticity problem to solve for the displacement field ¢. This displacement
was then used to compute the growth velocity a and the growth rate S. (B) Computed growth rate S visualized across developmental time points,
highlighting the non-uniform and dynamic nature of growth within the limb. (C) Principal directions of displacement vectors ¢; at each node, revealing the
anisotropic nature of tissue growth.

https://doi.org/10.1371/journal.pchbi.1014348.9001

growth rigidity, this approach generates growth rate patterns that are non-homogeneous, anisotropic, and dynamic over
time for both the axolotl and mouse (Figs 1B, 1C and S1A).

We use as many geometries as the number of time steps. To obtain the outline for each time step, the geometry is
linearly interpolated between experimental data points (Fig 1A). Then, II(¢) is minimized for each time step to deduce
growth displacement, {(f), which can be related to the growth velocity as

ate - 074080 .

where ((t— Af) is the displacement at the previous time step, and At the time step size.

Reaction-diffusion equation on a growing domain

A dimensional version of the reaction-diffusion (RD) equation in a growing domain [17] is given by

dc _ 2
gt + S(x, ) ¢ =D V;c +R(c), ®)

where V2 denotes the Laplacian operator applied to each component of concentrations in ¢ = [u(x, ), v(x, t)]. The total
time derivative dc/dt can be decomposed as dc/dtf = dc/ot + a - Ve, with the first term representing changes for fixed
spatial points x, and the second term accounts for advective transport of u and v due to tissue motion, represented by the
velocity field a(x, f). The convective term S(x, f) ¢, with S =V - a (see equation 3), accounts for local expansion or com-
pression of the tissue, which effectively dilutes or concentrates u and v. The term D V2¢ represents the diffusion process,
i.e., the transmission of specification information across the tissue. This can occur through the diffusion of signaling mole-
cules or through direct cell-cell communication mechanisms, such as gap junctions or mechanical coupling. The diffusion
tensor D is assumed diagonal, with entries D, and D, corresponding to the diffusion coefficient of u and v, respectively,
implying that no cross-diffusion is considered. Vector R(c) corresponds to the reaction term with an activator-substrate
kinetics, specifically Schnakenberg kinetics [39],

R(u,v) = [

ki — U+ U2 v}
ky — Uv (7)
The reaction term represents the cellular mechanisms by which specification information is interpreted and acted upon.
This may include transcriptional activation of genes, signal transduction cascades, or other intracellular processes that
regulate cell fate decisions. The variable v(x, ) acts as a substrate that is spatially out of phase with the activator u(x, f)
(Fig 2A), such that regions of high u coincide with regions of low v, and vice versa. Schnakenberg kinetics were chosen
as a well-established and widely used non-linear instance of activator-substrate dynamics, though other out-of-phase
reaction terms could serve as suitable alternatives. Within the context of our work, the variable u represents the specifica-
tion of the skeletal elements, i.e., differentiation to cartilage. High values of u simulate Sox9-positive cells, whereas high
values of v correspond to Sox9-negative cells. Consequently, the patterns of u generated in a forelimb model correspond
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Fig 2. Growth-reaction-diffusion system. (A) Non-growing rectangle (ag > 1, 8p > 1) visualized for both u and v, demonstrating the out of phase
pattern. (B) Simulated patterns on a growing rectangle for varying ag and 8p. Results for an initial, intermediate and final domain size are shown for the
variable u. Comparison with non-growing domain can be done for (ag > 1, 8p > 1).

https://doi.org/10.1371/journal.pcbi.1014348.9002

to the skeletal elements: humerus, radius, ulna, and digits, which will be the focus of visualization for the remainder of this
paper.

Definition of the timescales. Each process governing pattern formation, growth, diffusion, and reaction, operates on
a characteristic timescale, and the relative magnitudes of these timescales determine their contributions to the resulting
pattern. For clarity, we denote in the sequel by (c4, ¢,) variables (u, v), respectively, and Ry, R, the corresponding
reaction terms of vector R in (7). We define L as the characteristic length, which we choose to be the initial length of the
domain, L. The reaction rate w, characteristic of the kinetic scheme, is used to non-dimensionalize the reaction term R.
The diffusivity of each chemical component is denoted as D;, and we define Dy,ax = max{D;}. The non-dimensionalized
diffusivity is introduced as D; = Di/Dpax.

Two timescales corresponding to the two elements on the right of (6), Tp and Tg for diffusivity and reaction kinetics,
respectively, are introduced:

1
w (8)

Here, the characteristic timescale Tp represents the time it takes for diffusion to spread across a distance equal to the
characteristic length scale L. The timescale Tr refers to the reference duration of a chemical reaction.
The characteristic timescale Tg, which is associated with domain expansion due to growth, is defined as

8 (©)

where the characteristic growth velocity
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=L
¢ tr (10)

has been defined. Here, f; corresponds to the final time, at which the domain reaches the final length L¢, and a. rep-
resents the characteristic velocity at which the domain grows from its initial to its final geometry. Rewriting the growth
timescale in terms of the final apparent strain ¢f = (L;— Lg)/Lo and using the relation a; = esLo/t; in (9) results in Tg = tiey.
This expression provides an alternative interpretation for Tg: the time required to achieve a net 100% strain in the domain.
As described above, domain growth is modeled through an imposed displacement at the boundaries, computing the inte-
rior deformation that is compatible with the displacements by minimizing the energy II defined in (4). The resulting defor-
mation is assigned to a growth strain, i.e., neglecting any elastic deformation.

Non-dimensionalization. The process of non-dimensionalization of the RD equations captures the interactions and
interdependencies within the system by identifying the key dimensionless groups that govern the system. Any of the
three timescales, T, Tg or Tp, could be used to non-dimensionalize the time variable. Because the characteristic time of
growth is the only experimentally measurable quantity in our problem, we use it to non-dimensionalize the time variable.
Introducing 7 = t/Tg into (6), and writing the equation in component form for clarity, we obtain

aci | _ o _a_Tern Tz, .
—+a-VixCi+¢ S= =DVici+ —R; =1,2
7 a-ViCi+¢ S 7,0 £Ci Ta i(€), =1, (1)

where ¢; = ¢;/C; and x = x/L, with C; the reference concentration for the " chemical component. The non-dimensional
growth rate is S = Vi - a with a = a/a; and a; = Ly/Tg. The non-dimensional time 7 can be related to the apparent strain
as

t (12)

Dropping the bars and reverting 7 back to a non-dimensional t to simplify notation, results in

ac;
Ftl +a- Ve + ¢ S = BpDiVac; + arRi(c), (13)
where we have been introduced the parameters §p and ag, defined by
T _ DiTg T
=== and arp=— = Tgw.
R A U P (14)

One advantage of this approach is that the explicit knowledge of Tg enables straightforward conversion of nondimen-
sional results back into dimensional units, allowing direct comparison with experimental data. The system in (13) can be
expressed in compact form for the two concentrations as

dc

=7 S(x, ) ¢ = BpD V3¢ + arR(c).

(15)
Interpretation of the parameters arg and 8p. The parameters ag and p serve as indicators of the relative
importance of reaction and diffusion compared to growth.
When ar and §p are less than one, growth dominates. In this regime, the pattern is strongly shaped by the
growth, through the convective term Sc, which represents the transport of u and v caused by tissue expansion due
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to growth as shown in the supplementary information (S1B, S2A and S3A Figs). When both parameters are close

to one, all processes, reaction, diffusion, and growth, proceed on comparable timescales, yielding patterns shaped
by the interplay of all mechanisms. When agr and p exceed one, reaction and diffusion dominate over growth. The
spatial pattern is governed primarily by the intrinsic properties of the reaction—diffusion system, and growth has negli-
gible influence, producing outcomes similar to those observed in static (non-growing) domains (Fig 2B). Note that the
inclusion of the convective term Sc is essential when growth dominates reaction and diffusion effects (see S1C, S2B
and S3B Figs).

To illustrate these effects, we have simulated numerically an initially rectangular domain that is stretched along the hor-
izontal direction, as shown in Fig 2. When ag, 8p > 1, the patterns obtained are similar to those when a static domain with
different increasing sizes are modelled, resulting in a sequence of pattern bifurcations, with a negligible contribution of the
convective terms. Instead, when ag, 8p < 1, growth effects dominate and produce an apparent stretching of the patterns.
For intermediate values, stretching and pattern bifurcations are combined as the domain grows.

In practical terms, these parameters provide a framework for interpreting and estimating dimensional timescales. For
example, in axolotl limb development, experimental data indicate a final apparent strain ¢; = 3.95 over a period of 12 days.
This implies a characteristic growth timescale Tg = t/ef ~ 3.03 days. Based on the range of ar values used in our simula-
tions (from 1 to 30), the corresponding reaction timescales Tg = Tg/ag span from 3.03 days down to 0.101 days. Similarly,
the diffusion timescales Tp = Tg/6p, with 8p up to 15, span from 3.03 days down to 0.202 days. These estimates demon-
strate how the non-dimensional framework allows re-dimensionalization of the system and facilitates interpretation of
quantities of interest across biological contexts.

Numerical simulations

The governing equation (15) is discretized in space using the finite element method and in time with the implicit midpoint
rule. The numerical implementation is performed in MATLAB [40] in an in-house code. Linear triangular elements with
three-point Gauss quadrature are used to mesh the domain. According to our non-dimensionalization, relative time is
given by 7 = gtlty, and therefore at final time 77 = . In our simulations, the number of time increments is given by /AT,
with A7 the non-dimensional time step. In the mice case, we used A7 = 0.0017 and a total number of increments of 3804
to achieve the corresponding ¢ ~ 6.5 fold lengthening. Homogeneous Neumann boundary conditions are applied. The
function R follows Schnakenberg kinetics [39] with model parameters k., k,, and d that ensure pattern formation (refer to
S1 Table for the parameters used and section S1 Text for the parameter space).

Simulations were initialized with random perturbations (10% variation) around a steady state defined by R(c) = 0. For
mouse and axolotl limb models, an epithelial layer was included at t=0 with ¢(0) = 0 (Figs 3-5). The effect of this initial
condition is further explored in S4 Fig.

HCR-FISH and whole-mount hybridization imaging

Hybridization Chain Reaction Fluorescence In Situ Hybridization (HCR-FISH) was performed in whole-mount developing
limb following the protocol provided by Molecular Instruments and as described by [41], without modification. Tissues were
fixed in 4% paraformaldehyde, dehydrated in a methanol series, and stored at -20°C until use. Rehydrated tissues were
treated with proteinase K, post-fixed, and hybridized with probes overnight at 37°C. After probe washes, HCR amplifica-
tion was carried out using snap-cooled hairpins, followed by mounting in 1.5% low-melting agarose in glass capillaries and
refractive index matched in EasyIndex (LifeCanvas Technologies).

Light-sheet imaging was performed on a Zeiss Z.1 microscope at 20X with dual side illumination. Refractive index
matched, agarose-embedded samples were imaged in Easylndex. Image stacks were denoised in Zen Blue, and
post-processing (rotation, cropping, and brightness/contrast adjustment) was conducted in Fiji [36] and Matlab [40].
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is agR(c). agr and jp indicate the contribution of reaction and diffusion relative to growth in the system. Growth, reaction and diffusion refer to tissue
expansion, information regulation and signaling communication. The mice limb is oriented along the PD/AP axis. (B) The first row shows the distribution
of ag, informed by PD Positional Information (PI) patterns. The second row displays the input map distribution of gp, informed by signaling from the
Apical Ectodermal Ridge (AER). The final row shows the simulated skeletal patterning, with regions of high u values shown in red indicating locations
of cartilage condensation. The humerus, followed by the radius and ulna, and, finally, five digits can be identified. (C) The distribution of ag and gp are
changed to represent early positional identity. This results in incomplete patterning. Our model suggests that the identity of the three limb segments
(stylopod, zeugopod, and autopod) occurs sequentially (Fig 3B) and is not predetermined at the limb bud stage.

https://doi.org/10.1371/journal.pcbi.1014348.g003

Results
Simulation of the whole limb mouse patterning with the GRD framework and sensitivity analysis

To explore how the GRD framework captures skeletal patterning during limb morphogenesis, a classical model organism
in developmental biology is used: the mouse (Fig 3). The shape of the mouse limb bud during growth was extracted from
outlines of the limb bud from stage mE10:21 to mE12:09 [35]. The GRD framework is able to replicate the sequential
appearance of the skeletal pattern by increasing agr along the PD axis, reflecting the Pl conveyed by Hoxa gene expres-
sion [42]. Higher values of 3p in distal regions compared to the proximal region capture aspects of signaling associated
with the AER [43]. Though not direct representations of gene expression or tissue structures, these parameters act as
spatial modulations within the model that align with known biological patterning influences (Fig 3B). As the limb bud grows
and changes shape over time, these spatial variations in ag and gp become more pronounced. An increase in ag from
proximal to distal suggests that the reaction contributes more to patterning, relative to growth, in distal segments (Fig 3B).
Similarly, an increase in 8p toward the distal tip of the limb bud, indicates that diffusion likewise gains relative weight over
growth in that region (Fig 3B).

The GRD framework provides a tool to investigate how the temporal evolution of positional identity affects patterning
outcomes, allowing us to compare two classic theoretical models for the establishment of positional identity: progressive
positional identity (Fig 3B) and early positional identity (Fig 3C) [44]. The progressive model suggests that positional iden-
tity is acquired sequentially, resulting in the stylopod determined first, followed by the zeugopod, and finally the autopod
[45]. To simulate this scenario, ar evolves from a single uniform value into two and then three distinct regions using a
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Fig 4. Modifying positional cues and simulating limb segment outcomes with the GRD framework. The final Pl, AER and skeletal pattern distribu-
tion is represented. (A) A1 represents the framework without incorporating Pl or AER, implemented as constant and homogeneous ag and j3p,

resulting in a simple stripe pattern. A2 includes PI by allowing spatial variation in ag but excludes AER by keeping Sp constant and homogeneous.

This preserves the proximal pattern seen in Fig 3B but disrupts stripe orientation. A3 incorporates AER by using a spatially varying Sp but excludes PI
with constant ag, leading to the loss of more proximal skeletal elements. (B) Increasing the strength of the reaction relative to growth (controlled by the
parameter ag) in the autopod region leads to a greater number of digits. The stars indicate the digits. (C) Modifying the spatial boundaries of the stylo-
pod or zeugopod regions using the values of ar can result in the loss of proximal skeletal limb segments. (D) Decreasing the strength of the diffusion
relative to growth (controlled by the parameter (p) leads to a loss of the digits orientation. (E) Sensitivity analysis on the kinetic parameters k, and k, of
the Schnakenberg reaction term, and on the diffusivity ratio d. The stylopod and zeugopod patterns remain relatively unaffected compared to the auto-
pod, which is expected given the stronger influence of reaction-diffusion dynamics on autopod patterning. Overall, the patterns show robustness to these
parameter variations.

https://doi.org/10.137 1/journal.pcbi.1014348.9004
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Fig 5. Experimental imaging and computational simulation with the GRD model of axolotl limb patterning. (A) Fluorescence imaging of

Hoxa9 (top row), Hoxa11 (middle row), and Hoxa13 (bottom row) at successive stages of axolotl limb development. These genes serve as markers of
proximal-to-distal PI, and inform the spatiotemporal map of ag in our simulations (F, left, “Positional Information”). (B) Fluorescence imaging of Wnt5a
(top row), Wnt3a (middle row), and Fgf8 (bottom row) key markers of the distal cue, used to inform the spatiotemporal map of §p in our simulations (F,
center, “Distal cues”). (C) Orientation reference for the 2D plane (in blue) from the 3D limb imaging (in gray) shown in panels A, B, and E. The 2D domain
is oriented along the proximal-distal (PD) and antero—posterior (AP) axes. (D) Composite representation of positional information (from Hoxa genes),
distal signaling cues (from Wnt genes), and skeletal patterning at developmental stage 46. Note: Hoxa9, Hoxa11, and Hoxa13 are shown in cyan, blue,
and yellow respectively; their co-expression results in mixed colours, such that regions where Hoxa 13 overlaps with Hoxa9 and Hoxa11 appear green.
(E) Fluorescence imaging of Sox9, a marker of chondrogenic progenitors, across developmental stages. At stage 48, skeletal elements are labeled: h
(humerus), r (radius), u (ulna), d1 (first digit), d2 (second digit). (F) The GRD model simulation results on the experimental limb geometry. The inputs ag
and Sp are informed by gene expression data (A and B); the output variable u simulates the spatial pattern of skeletal condensations (E).

https://doi.org/10.1371/journal.pcbi.1014348.9005
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sigmoid function normalized to the final domain length. The different regions correspond to the limb segments and reflect-
ing the gradual establishment of positional identity. Similarly, 5p is modulated by linearly increasing its distribution over
time at the distal tip. In contrast, in the early positional identity model, both ag and 5p distributions and values are fixed
from the limb bud stage and are stretched with the domain growth (Fig 3C). The progressive identity scenario leads to
appropriate skeletal patterning, with sequential emergence of the humerus, radius/ulna, and digits. These results support
a model in which positional identity unfolds progressively during development, rather than being fully established at early
stages.

To explore the sensitivity of the model to ag and 5p, we systematically modified these parameters (Fig 4A-4D). In the
absence of changes to ar and Sp, simulating lack of positional information and lack of an AER, the model simulates sim-
ple stripe patterns, potentially corresponding to a rudimentary stylopod element (Fig 4A1). Including Pl (changes in ag)
but not the proximal-distal cues of the AER (8p) resulted in circumferential, rather than radial, elements in the digits
(Fig 4A2). Including AER (3p) but excluding Pl (changes in ag), produces spots, rather than stripes, in the proximal skele-
tal elements (Fig 4A3).

These sensitivity analyses suggest that ag influences the wavelength of the pattern, which determines the number of
stripes (skeletal elements) formed. In the typical case, this allows a transition from one stripe (humerus) to two stripes
(radius and ulna) and eventually to multiple stripes (digits). As the value of ag increases at the autopod, more digits are
formed (Fig 4B). Increasing ar from 4 to 12 increases the number of digits from 2 to 6. Even though Pl is defined along
the proximal-distal axis through the spatial modulation of ag, the resulting pattern also reflects anterior-posterior organiza-
tion of the number of skeletal elements. This highlights how PD inputs can influence AP patterning outcomes and rein-
forces the known interdependence between the two axes [46,47].

To further explore ag (the relative weight of reaction to growth) in segment identity, we tested whether individual limb
segments could be selectively removed or shortened by shifting the transition points between the different ag values
(cyan, blue and yellow regions in Fig 4C). We applied this to both the stylopod and the zeugopod by shifting the transition
point from the cyan region to the blue one. In both cases, shortening a segment is achievable, consistent with biological
experiments [48], but it simultaneously alters autopod patterning. The framework therefore cannot completely remove or
shorten the stylopod or zeugopod without affecting the autopod, reflecting the interconnected nature of limb segments
where changes to one region impact the development of others.

Parameter fp (the relative weight of diffusion to growth) affects the orientation of the radial stripe-like pattern of the
digits. With a progressive increase in (p, the pattern gradually orients radially (Fig 4D), with higher values producing a
more ordered digit-like arrangement. This highlights the critical role of 5p in influencing digit patterning, similar to the AER
[49,50].

A sensitivity analysis on the kinetic parameters k, and k; of the Schnakenberg reaction term and on the diffusivity ratio
d is provided in Fig 4E. The stylopod and zeugopod patterns remain relatively unaffected compared to the autopod, which
as expected, is more strongly influenced by reaction-diffusion dynamics. The patterns overall show robustness to these
parameter variations.

Integrating experimental data to simulate axolotl limb patterning

To test the robustness of the GRD framework across divergent tetrapod species, we applied it to the axolotl salamander
(Ambystoma mexicanum), an anamniote with well-documented differences in limb development compared to amniotes
such as mice and chickens [51]. While several features of their development are unique, key principles are conserved
[52-55].

One of the most striking differences is that salamanders do not form a morphologically distinct AER. Despite this,
the region retains its function to induce distal outgrowth [54]. Molecular expression also diverge in some aspects. For
instance, while Ffg8 is restricted to the AER in mice and chickens, in axolotls it is only expressed in the mesenchyme
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[56-58]. Another key difference lies in digit formation. In amniotes, digits form from postaxial to preaxia; through a paddle
stage that is later sculpted by apoptosis in the interdigital regions [59]; while in axolotl they emerge in the opposite order
through localized outgrowth [51,59]. In amniotes, digits form from postaxial to preaxial, while in axolotl they emerge in the
opposite order through localized outgrowth [51,59]. Despite these differences the fully patterned limb is remarkably similar.
This raises the question whether the same underlying principles drive patterning in both systems, even if the specific out-
comes may vary.

To inform the computational model, we imaged key genes involved in axolotl limb patterning at different developmen-
tal stages (stages 44—-47 [34]) using light-sheet fluorescence microscopy (Fig 5A, 5B, 5E). Whole-mount samples were
imaged in 3D, reoriented, and a representative 2D section capturing spatial gene expression patterns along the PD and
AP axes was extracted for analysis (Fig 5C). Fig 5A shows the expression of the Hox genes Hoxa9, Hoxa11, and Hoxa13,
which encode Pl along the PD axis of the developing limb [52]. These markers broadly correspond to future stylopod
(Hoxa9), zeugopod (Hoxa11 and Hoxa9), and autopod (Hoxa13, Hoxa11 and Hoxa9) regions. We observed that Hoxa9
was expressed broadly throughout the mesenchyme from stage 44 onward. Hoxa11 was expressed from the middle
portion of the limb bud to the distal tip from stage 45 to stage 47. Hoxa13 first appeared at the distal tip around stage 45.5
and remained restricted to the autopod region through subsequent stages. These results are consistent with previously
reported spatiotemporal expression patterns of Hoxa genes during axolotl limb development [60]. Additionally, we imaged
MRNA expression associated with distal cues including Wht3a, Wnt5a, and Fgf8 (Fig 5B) [56—58]. Wnt3a expression is
localized to the limb epithelium. Wnt5a is expressed in both the epithelium and the mesenchyme at the distal tip. Fgf8 is
first detected at stage 45 in the distal mesenchyme and overlaps spatially with Wnt5a, though it emerges slightly earlier.
All channels are shown together in composite images in Fig 5D. The presence of similar expression domains in axolotls
supports the idea that key signaling pathways are conserved, even in the absence of a morphologically distinct AER [61].

In Fig 5E, we imaged the expression of Sox9, a transcription factor marking chondrogenic progenitors. By stage 48,
distinct skeletal elements become visible, including the humerus (h), radius (r), ulna (u), and digits (d1, d2). Earlier stages
(44-47) show the gradual emergence of these elements, with the humerus visible by stage 45-45.5 and the radius and
ulna beginning to appear by stages 46—47. We focused our imaging and numerical analysis up to stage 48, when two of
the four digits are present, as this stage is sufficient to provide a spatial reference to validate the GRD model simulations.
Later stages were not included, as they follow the same principles through sequential digit addition.

Using the experimentally informed geometries and spatial inputs, we ran numerical simulations of the GRD frame-
work to predict sites of skeletal patterning across developmental stages (Fig 5F). In these simulations, ag and §p were
assigned to reflect the distributions of Hox gene expression and distal signaling factors, respectively. Similar to the
images in Fig 5A, the segments’ identities are acquired progressively: the stylopod region (cyan) is established from the
start, followed by the emergence of the zeugopod domain (blue) around stage 45.5, and finally the autopod (orange)
around the end of stage 46 to stage 47. Distal cues are applied at the distal tip from as early as stage 44—45 and per-
sist throughout the limb development. The conversion from experimental data (Fig 5A, 5B) to computational inputs (Fig
5F) therefore relies on qualitatively matching the spatiotemporal profiles of ag and Sp (the relative weight of reaction
and diffusion to growth) to the observed gene expression domains. The resulting output variable, u, represents the
simulated skeletal elements. The model recapitulates the progressive emergence of distinct limb segments, beginning
with a central condensation corresponding to the stylopod around stage 45.5, which later bifurcates into two elements
by stage 46—47, followed by a second bifurcation that gives rise to additional elements aligned with digit positions
observed in Sox9 expression at stage 48. The spatial correspondence between the simulation output (Fig 5F, right) and
experimental marker expression (Fig 5E) demonstrates that the underlying developmental logic captured by the GRD
model is conserved and extensible beyond mouse limb development. The role of AER signaling and PI, which in our
framework reflect the relative contribution of diffusion and reaction with respect to growth, is further explored in supple-
mentary simulations (S5 Fig).
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Discussion
Growth, Turing patterns and positional information in whole limb patterning

In this work, we introduce the Growth-Reaction-Diffusion (GRD) framework to provide a numerical tool for simulating pat-
terning during limb formation. It is structured around three fundamental factors: 1) growth, which captures changes in size
and shape; 2) the reaction, which includes gene regulatory interactions and their effects; and 3) the diffusion, encompass-
ing morphogen signaling, cell-cell signaling, morphogen diffusion, etc. (Fig 3A).

In vivo, these mechanisms operate through gene regulatory networks which represent the network of genes that deter-
mine cell fate [62]. For digit patterning specifically, researchers have identified several promising molecular candidates
that can be modeled through RD systems, including the Sox9-Bmp-Wnt feedback loop [14,29] and the TGF-3-Bmp loop
[63]. Similar to previous models that assume that positional identity directly modifies molecular kinetics, our approach
alters the weight of reaction and diffusion relative to growth using positional identity [13,14]. The spatial and temporal
continuity allows a systematic investigation of how different segments of the limb interact, respond to perturbations, and
influence one another over time (Fig 4B, 4C). We assess the removal and modification of the AER and PD cues and
demonstrate altered patterning (Fig 4A). This perspective also allows to explore the timing of positional identity emer-
gence (Fig 3B, 3C).

In the GRD framework, we use growth as the reference timescale, rather than reaction or diffusion, as in previous mod-
els [18,64]. We chose this approach because growth is an observable process that can be quantified, whereas the times-
cales of reaction and diffusion are more difficult to directly measure. These timescales can be understood as indicating
which aspect of the system —growth, reaction, or diffusion —plays the dominant role at a given point in space and time. In
our simulations the relative timescales, represented by ar and fp, vary spatially over time.

Proximally, g = 1 and Sp = 1, indicating that reaction, diffusion, and growth all contribute to the emerging pattern.
Distally, however, higher values of ag and 5p (8 and 26) indicate that reaction and diffusion, respectively, dominate over
growth. This supports the assumption that, during autopod patterning, growth occurs on a slower timescale than the reac-
tion and diffusion, and can therefore be neglected in the reaction-diffusion equations [24]. In contrast, the lower values
observed in the zeugopod and stylopod suggest that growth is more tightly integrated into the patterning process in these
regions. This spatial variation emphasizes the need to explicitly model growth through the convective term when address-
ing the entire limb patterning. As illustrated in an initially hypothetical squared domain (Eigs 2A, 2B and S2A), the growth
rate distribution can significantly influence the pattern when agr and Sp are low, while higher values yield outcomes similar
to those on static domains or on growing domains without the convective term.

While this framework highlights the importance of growth, its current formulation has limitations. First, the use of a
quadratic energy function for retrieving the bulk growth does not fully replicate the nonlinearities of this process [65].
Moreover, the model assumes no intrinsic directionality in growth and no built-in regional biases, meaning all parts of the
domain are treated as equally permissive to growth. Despite this simplified starting assumption, the GRD model gener-
ates anisotropic and inhomogeneous growth rate patterns as a result of the boundary conditions (Fig 1B, 1C). However,
studies have shown that growth in the developing limb has inherent directional biases and regional variations [38,66—68].
Our preliminary tests with different growth rate distributions show that the specification pattern is significantly impacted by
these, both on the rectangular domain (S2 and S3 Figs) and on the developing mouse limb (S1 Fig). These results further
emphasize the necessity of including the convective term in the equations, particularly in early stages where the growth
dynamics are equally as important as the RD system, and the importance of incorporating biologically realistic growth
dynamics in future work.

Moreover, since our model is two-dimensional, it does not account for patterning along the dorsal-ventral axis, meaning
that spatial interactions in the third dimension are entirely missing from the model. In addition, future work could integrate a
more detailed understanding of growth to better align with biological reality. Growth, patterning, and cellular differentiation are
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inextricably linked during development [69], yet the current GRD framework does not fully capture the complexity of their inter-
actions. In particular, growth is computed independently of the R-D system, though a coupling between them should emerge,
especially when the parameters ag and p are close to one. A particularly promising avenue would be to couple the model
self-consistently. One possible approach would be to use the resulting patterns to inform local tissue rigidity, which in turn
feeds back into the growth and patterning computations. Exploring this feedback loop between pattern formation and tissue
growth could provide interesting insights into the mechanisms underlying limb morphogenesis.

The GRD framework from an evolutionary perspective

Limb development follows conserved patterning principles across tetrapods, yet morphological outcomes vary significantly
between species. These shared developmental mechanisms, including conserved self-organizing principles, suggest that a com-
mon morphogenetic logic underlies limb formation across tetrapods [2]. The GRD approach provides a framework to model these
core processes by focusing on how spatial and temporal dynamics generate variability within a unified developmental model.

The GRD framework enables us to investigate homologous patterning mechanisms across species with different limb
morphologies, such as amniotes and anamniotes (Figs 3B, 5F). Previous studies have explored developmental variations
by modifying spatial and temporal cues, focusing on a specific skeletal elements (e.g., digits) or a collection of discrete
zones, such as active and frozen regions, with minimal coupling between them [31]. In contrast, the GRD model treats
the whole limb as a continuous field. We can reproduce known changes in digit number (Fig 4B) and, like existing studies,
potentially link them to molecular regulators such as Hox genes [13]. However, the sensitivity of patterning to positional
cues highlights the need for a more accurate spatial representation of these variations in the model (Figs 4C and S6).
Specifically, this would involve improving how imaging data is translated into model inputs to better capture the spatial
variations in ag and gp distributions, allowing for more precise simulations of patterning outcomes [70,71].

Beyond capturing developmental variability, the GRD framework provides a tool for exploring evolutionary shifts in limb
morphology. The evolutionary trajectories of mice and axolotls diverged over 365 million years, leading to distinct growth
and patterning strategies. Yet, despite these differences, they can be studied within the same framework, enabling us to
identify shared principles across tetrapods and explore a range of evolutionary changes. For example, features such as
autopod elongation in bats [72], digit loss in tetrapods [4] or even limb regeneration properties [73] could be reexamined
as a modulation of growth rate relative to reaction and diffusion. One of the most striking evolutionary transitions, the fin-
to-limb shift, offers a compelling test case for this model [33]. In addition to studying changes like those in the AER, the
GRD framework provides a complementary perspective: could modifications in growth rate have also contributed to key
structural changes? The GRD model serves not only as a simulation tool but also as a means to guide future experimental
work, potentially revealing the molecular pathways underlying these transitions.

In summary, this study applies the Growth-Reaction-Diffusion (GRD) framework to investigate how growth dynamics
influence patterning in limb development. This perspective allows reinterpreting the interplay between RD systems and
positional identity, offering a shared self-organizing mechanism for all limb segments. Beyond its developmental applica-
tions, the framework opens new avenues for exploring evolutionary transitions. Future work will extend the model to include
realistic anisotropic inhomogeneous growth to further bridge the gap between theoretical models and biological complexity.

Supporting information

S1 Fig. Effect of the growth rate and the parameters g and 3p on pattern formation. Simulations were conducted on
a growing mouse limb bud domain, as described in the main text. (A) is the growth rate from each mouse developmental
stage with homogeneous and linearly growth rigidity. (B) shows the effect of the growth profile on the pattern with different
values of ag and 8p. (C) demonstrates the effect of removing the convective term. (D) represents the pattern without growth.
(PDF)
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S2 Fig. Effect of the convective term on pattern formation in growing domains. (A) Simulation on a growing rectan-
gular domain including the convective term, as described in the main text. (B) Simulation on a growing domain without the
convective term. (C) Simulation on a static domain (no growth), where the convective term is absent by definition.

(PDF)

S3 Fig. Effect of growth rate distribution S on pattern formation in growing domains. (A) Simulation on a growing
rectangular domain including the convective term with different distribution of growth rigidity across a range of ar and Sp
values. (B) Similar simulations without the convective term.

(PDF)

S$4 Fig. Effect of the epithelium on pattern formation. (A) Pattern formation with an epithelium boundary condition.
The epithelium is modeled by setting u(0) = 0 and v(0) = 0 in the first two layers of elements. The rest of the elements are
initialized at the steady-state solution (ug, vp), defined as R(ug, vp) = 0. (B) Pattern formation without the epithelium. All
elements are initialized at the steady-state solution (ug, vp).

(PDF)

S5 Fig. Effect of the distribution of ag and 3p on the axolotl limb. The first column represents the framework without incor-
porating positional information (PI) or the apical ectodermal ridge (AER), implemented through homogeneous distributions of
both ag and Sp. The second column includes Pl but excludes AER, modeled by a homogeneous 5p and a spatially varying ag.
The third column incorporates AER but excludes PI, implemented by a homogeneous ar and a spatially varying Sp.

(PDF)

S6 Fig. Influence of 3p distribution on limb bud patterning. (A) The intensity of gp, (B) Change in AER thickness, and
(C) the PD positioning of the AER influence patterning within the limb bud.
(PDF)

S1 Table. Parameter values used for different cases.
(PDF)

S1 Text. Turing space through linear stability analysis. This section presents the derivation of the equations governing
the Growth-Reaction-Diffusion system and describes the linear stability analysis used to identify the range of parameters
that ensure pattern formation.

(PDF)
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