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Calibration of complex stochastic infectious disease models is challenging. These
often have high-dimensional input and output spaces, with the models exhibiting
complex, non-linear dynamics. Coupled with a paucity of necessary data, this results
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are easier to implement and adapt in real-time. However, these often require evaluat-
ing very large numbers of simulations, rendering them infeasible for many large-scale
problems. We present a framework for using emulation-based methods to calibrate

a large-scale, stochastic, age-structured, spatial meta-population model of COVID-
19 transmission in England and Wales. By embedding a model discrepancy process
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remaining and key areas for future work.
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informing the efficacy of potential disease management strategies. During
ongoing outbreaks, it is often necessary to develop and fit simulation models
to emerging data in real-time, as new information and data emerges. This
requires undesirable trade-offs, where increasing model complexity can make
the outputs more realistic and useful to policy-makers, but the inference prob-
lem far more challenging (and often computationally infeasible within realistic
time-frames). In Part 1 we developed a framework for using emulation-based
methods (employing fast surrogate models) to calibrate complex epidemic
models that overcomes key challenges for real-time development and fitting

of complex models using uncertainty quantification methods. In this paper we
further develop these approaches and show that they can be scaled to perform
well in high-dimensional models, illustrating their utility by successfully calibrat-
ing a large-scale, stochastic, age-structured, spatial meta-population model of
COVID-19 transmission to data available from 315 spatial regions in England
and Wales. We conclude with a discussion about remaining challenges and
future directions.

Introduction

Mechanistic models of infectious disease (ID) transmission are becoming increas-
ingly used to inform disease control strategies for novel outbreaks of communicable
diseases. During the recent COVID-19 pandemic in the UK, ID models were used
routinely (through the Scientific Pandemic Influenza Group on Modelling, Operational
Subgroup (SPI-M-0) of the Scientific Advisory Group for Emergencies (SAGE)) to
provide predictions for key quantities, such as the number of infections and deaths,
as well as the potential for hospital and ventilator capacities to be exceeded. Fur-
thermore, these models were routinely used to assess the efficacy of potential policy
interventions, including lockdown and vaccination rollout [1—10], which they can do by
leveraging the ability of such models for forecasting the future evolution of an out-
break under different scenarios.

However, this also highlighted key areas where current calibration methodologies
fell short. Gold-standard methods for model calibration, that account for the large
amount of non-ignorable missing data and the mechanistic nature of disease spread,
are highly computationally intensive to evaluate. The requirement for models to
calibrated in real-time (within 1-7 days at most), meant that models had to be quick
to develop, evaluate and fit. This necessarily leads to compromises: usually models
were either heavily simplified, losing realism in favour of computational tractability,
or they were more realistic but fitted to aggregated data (e.g., national or regional
levels—Fig AAin S1 Appendix), losing the ability to make predictions and forecasts
at more nuanced resolutions (such as at Lower Tier Local Authority or electoral ward
levels—Figs AB—AC in S1 Appendix respectively). Furthermore, there is a need for
frameworks to be developed that can be adapted quickly in response to a rapidly
changing disease landscape, for example the introduction of new strains of the
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pathogen or the availability of new data sources. This greatly favours methods that have the potential to be integrated
into general-purpose software. To this end, simulation-based inference methods are attractive because general-purpose
simulation software already exists, e.g., [11-13], but also because infectious disease modellers are adept at developing
and evaluating complex simulation models. In any case, simulation models are required for both forecasting and scenario
planning, even if they are not used for calibration.

A challenge is that simulation-based inference methods, such as Approximate Bayesian Computation (ABC; [14,15]),
often require hundreds of thousands of model runs, even for simple models. For computationally intensive models this
quickly becomes infeasible to evaluate. These computational challenges are exacerbated further as the size of the input
space grows (i.e., as more parameters are introduced, since there is now a much higher volume of input space to search
for good model runs), and also as the size of the output space grows, since it becomes more difficult to find good matches
to high dimensional data without introducing substantive approximations [15,16].

In Part 1 [17] we highlighted the utility of Uncertainty Quantification (UQ) methods for the calibration of computationally
intensive simulation models. Of key interest are methods that utilise emulators, which are surrogate models that aim to
mimic the behaviour of the complex simulation model but are substantially faster to evaluate. This means that emulators
can be used in place of the complex simulation model in computationally expensive inference algorithms. These ideas
have been successfully applied across a range of fields, including infectious disease models [15,18-25]. In particular,
UQ-practitioners argue that incorporating model discrepancy as a key source of uncertainty is essential, to reflect the fact
that any model is only an approximation of reality [20,24,26].

Nonetheless, despite the utility of such approaches there remain significant challenges in applying such methods in
real-time, and in extending these methods to calibrate to data collected at higher resolutions, for example, if we want to
simultaneously track and predict epidemic trajectories in different age-categories across fine spatio-temporal resolutions.
This latter idea is the principal motivation for the current paper, driven by the fact that during the COVID-19 outbreak there
were key questions—for example assessing the potential impacts of targeted interventions, such as tiered lockdowns or
spatio-temporally varying movement restrictions—that required models that could produce accurate forecasts and predic-
tions at the necessary resolution of the intervention. Our goal is therefore to develop methods that facilitate policy-makers
being better able to ask the kinds of questions that they want to ask, rather than limit their questions according to the
capabilities of current calibration methodologies.

Although there were highly complex and sophisticated simulation models developed during COVID that were specified
at high spatio-temporal resolutions [27], to our knowledge it was nevertheless still necessary to fit such models to data
at higher-level aggregations, such as the regional and national levels [20], and as such are not optimised for fine-scale
forecasting. Therefore we ideally need to develop methods that are able to:

1. incorporate as much epidemiological realism as is required to answer key questions-of-interest;
2. be developed, implemented and updated quickly in response to an emerging outbreak of a novel pathogen;

3. have a flexible way to deal with uncertainties from processes that cannot be directly captured through the model or
data, such as the location and frequency of introductions of infection from outside of the system;

4. be able to track epidemic trajectories at fine (e.g., spatio-temporal) resolutions in order to make more nuanced fore-
casts and allow for the potential for more targeted interventions to be evaluated;

5. be able to deal with data available at different resolutions with differing levels of associated uncertainties;
6. be able to be run in real-time to provide timely information to policy-makers.

In Part 1 [17] we developed a novel simulation-based approach that introduced four main ideas to help tackle some of
these problems, which are:

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014299  June 1, 2026 3/24




PLdS . Computational

1.

" Biology

Set up a structured model discrepancy (MD) process and embed this within the simulation pipeline. In the models
dicussed here we specify an idealised non-uniform zero mean noise process, that explicitly operates to adjust the
hidden states of the model over-and-above the simulator (i.e., the MD is not treated simply as additional observation
error). To do this effectively the MD must also be structured such that the adjusted hidden states are epidemiologically
valid (that is, states are consistent with each other and the observed data). To this end, we have developed a model
discrepancy process that ensures epidemiological validity, but could also be incorporated into general-purpose simula-
tion software (at least for standard compartmental models).

. Introduce a robust mechanism for building in information from available data to constrain the space of plausible epi-

demic trajectories. In the UQ field this is often termed ‘data assimilation’. Here we propose using particle filtering to do
this [28—30], and simple filters could be readily integrated into existing simulation software (at least for standard com-
partmental models). Particle filters also generate unbiased estimates of the likelihood, which are typically more precise
than naive Monte Carlo estimators [29,30]. This is fundamentally important for stochastic models, especially when sim-
ulating across complex populations such as those involving spatial, network or meta-population structures. Since there

are a huge number of potential trajectories that could be realised across the structured population, without some form
of data assimilation it is highly unlikely that we will see good model runs that are consistent with the high dimensional
data without requiring very large numbers of simulations from the model, even in a perfect model/parameter scenario
[15]. This also means that numerical estimates of the likelihood will usually have a much higher Monte Carlo error if
particle filtering is not used [29,30]. As such the data assimilation facilitates much more efficient inference, as well as
improving both prediction and forecasting.

The combination of the embedded MD and data assimilation also tackles several other key challenges that we
encountered when trying to calibrate the model to a large number of spatial regions, most notably that of seeding (i.e.,
the introduction of infections in the early stages of an outbreak), since the MD provides a means to capture the effects
of mechanistic processes that cannot be easily implemented in the simulation model. Since, in its idealised form the MD
process places higher weight around zero, then the likelihood estimates are penalised if excessive MD adjustments are
required to compensate for poor fits of the simulator for a given set of parameters.

3. Exploit the use of fast surrogate models (emulators) to efficiently explore the parameter space given that the simulator
and associated particle filter are computationally intensive to evaluate. Instead of emulating the model outputs directly,
we instead emulate the log-likelihood estimates obtained from the particle filters. By emulating only a single output,
this circumvents a key challenge with standard emulation techniques that require separate emulators for each output
we wish to calibrate to, which for high-dimensional output spaces could undermine any potential efficiency gains of
emulation.

4. We combine this with a calibration technique akin to history matching, where we remove poor parts of the input space
(where the likelihood is estimated to be close to zero after accounting for major sources of uncertainty). To do this we
introduce a novel definition for the Not Ruled Out Yet (NROY) space that accounts for the emulator uncertainty.

This generic framework for building models with embedded model discrepancy processes is laid out in Part 1 [17], and
a schematic for the calibration process is shown in Fig 1. In this paper we illustrate how these ideas can be extended to
work with complex, high-dimensional systems. We also illustrate how this framework can be exploited to help efficiently
tackle some further challenges, such as helping to alleviate particle impoverishment. The latter is a particular issue with
particle filters where particle weights can concentrate on a small number of particles, which upon resampling results in a
lower diversity of particle trajectories [30,31]. A final key challenge with empirical filtering methods is that we can only eval-
uate a finite number of particles, and this affects both the estimates of the filtering distributions and the overall estimate
of the log-likelihood (the unbiasedness property of the likelihood being an asymptotic result for infinite particles). It is not
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Fig 1. Schematic of the likelihood calibration process. We start with the prior elicitation and initial input design, followed by iterations of (a) particle
filtering, utilising both the simulation model and the embedded model discrepancy (MD), and returning log-likelihood estimates; (b) emulation of the
log-likelihood surface; (c) evaluation of the Not Ruled Out Yet (NROY) space using the emulator; (d) generation of a new input design within the NROY
space.

https://doi.org/10.1371/journal.pcbi.1014299.g001

uncommon to see applied particle filtering papers use hundreds, or even thousands of particles. However, complex mod-
els can severely limit the numbers of particles that can be evaluated, due to both the length of time taken to evaluate the
filters and also the memory requirements to store each particle. Only being able to run a small number of particles affects
the efficiency of the particle filters, in terms of both their ability to track the observed trajectories, but also by decreasing
the precision of the resulting log-likelihood estimates.

The motivating example for this work is a spatially-explicit transmission model of COVID-19 infection, defined across
a meta-population of Lower Tier Local Authority (LTLA) districts in England and Wales (around 338 regions, see, e.g.,
Fig AB in S1 Appendix or Figs 3-5). This model was developed during the 2020-2021 pandemic because it could have
provided useful insights into localised spread, and the impact of movement restrictions. However, it was not possible to
calibrate this model effectively in real-time, which hindered its practical use and motivated this series of papers. For this
model, the observed data on hospitalisations and deaths are given at different spatial resolutions, requiring extensions
to both the model structure and filtering algorithms that we developed in Part 1 [17]. In the Materials and Methods, we
describe the data, model structure, embedded model discrepancy, and observation processes; before describing the boot-
strap particle filter. In the Results we discuss the results of a simulation study, as well as models fitted to the real data. We
discuss the impacts of these and other challenges, as well as avenues for future work in the Discussion.

Materials and methods
Data

All data processing and visualisation was done in the R statistical language [32] principally using the tidyverse [33],
patchwork [34], sf [35] and areal [36] packages. For a full list of packages used, please see the S1 Appendix. We
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fitted the model to publicly available data on deaths and hospitalisations, provided under the Open Government Licence
v3.0. The data used in this paper are available at https://doi.org/10.5281/zenod0.19847027. Unfortunately many of the
original source links for the data are no longer active, however we provide documentation detailing where the data were
downloaded from through the Zenodo link above.

The incidence of deaths within 28 days of a positive COVID-19 test (i.e., the number of new deaths at each time point)
are available either by a subset of the 338 original LTLAs (315 areas), or by age-class (<5, 5-17, 18-29, 30-39, 4049,
50-59, 60-69, 70 +years) and region (‘East Midlands’, ‘East of England’, ‘London’, ‘North East’, ‘North West’, ‘South
East’, ‘South West’, ‘West Midlands’ and “Yorkshire and the Humber’). Unfortunately, to our knowledge, there are no
publicly available data stratified by age-class and LTLA. LTLAs are nested within regions. Spatial maps and lookup tables
were found on https://geoportal.statistics.gov.uk from the Office for National Statistics (licensed under the Open Govern-
ment Licence v.3.0), and maps contain OS data (Crown copyright and database right 2022). The data only provide total
observed deaths and cannot delineate deaths in hospital from deaths in the community.

Hospitalisation data are provided at yet different aggregations. Hospital incidence data (i.e., the number of new patients
with COVID-19 admitted to hospital) are available by age-class (0-5, 6-17, 18-64, 65+ years) and NHS-region (‘East of
England’, ‘London’, ‘Midlands’, ‘North East and Yorkshire’, ‘North West’, ‘South East’ and ‘South West’). Hospital case
data (i.e., the number of people in hospital with COVID-19 at a given time) are only available by NHS-region. For the pur-
poses of calibration, counts at the LTLA level can be aggregated to region using the lookup tables described above, and
can then be mapped to the corresponding NHS-region, assuming that both ‘East Midlands’ and ‘West Midlands’ map to
the ‘Midlands’ NHS region, and that both ‘North East’ and “Yorkshire and the Humber’ map to ‘North East and Yorkshire'.
Although not perfect, for the age to NHS-age categories we map: <5-0-5; 5-17-6-17; (18-29, 30-39, 40—49, 50-59) -
18-64; and (60-69, 70+) » 65+years.

The movement data at the electoral ward level are provided in the MetaWards package [13], but were mapped from
the original 2011 wards to 2019 wards using areal interpolation [36]. We then aggregate movements from the electoral
ward level (>8,000 areas) to the LTLA level (338 areas), which is feasible since wards are geographically nested within
LTLAs. Specific movements of groups of people between each pair of spatial locations is known as a movement cohort.
Note that the movement (commuter) data includes wards in Wales, but the death and hospitalisation data only includes
LTLAs and regions in England, and so although the underlying model simulates transmission within and between LTLAs
in England and Wales (338 regions), we only calibrate using simulated counts and data from England (315 regions). Since
the commuter data does not delineate by age, we split the population in each LTLA into age-categories according to the
proportions of people in each age-class in the overall population, and then did the same for each movement cohort. These
age-breakdowns were derived from publicly available records from the 2011 census licensed under the Open Government
Licence v3.0 [37]. For comparison, Fig Ain S1 Appendix shows the comparative number and size of wards, LTLAs and
regions in England and Wales in 2019 (for consistency we only show the areas that map to the LTLAs that we have death
data available for).

Model structure

For ease-of-reference the specific model structure for our COVID-19 model, introduced in Part 1 [17], is reproduced in
Fig 2. Briefly, all individuals begin in the S (susceptible) state. Transmission occurs through contact with individuals in any
of the infectious states (A, P, /, or I,), and on infection they enter the exposed (E) state, where they are infected but not
yet infectious. Individuals will then progress through either the asymptomatic pathway, where they will eventually recover
(A — Ry), or they progress through the symptomatic pathway, passing first through a pre-symptomatic state P, and then
onto a symptomatic state /,.. Some symptomatic individuals will remain in the general population and eventually recover
(2 — Ry), some will die without going to hospital (D), and some will be hospitalised (H). Some hospitalised individuals
will eventually die (D,)), whilst some will eventually recover (R,). We assume that all recovered individuals have immunity
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Fig 2. Schematic of the COVID-19 model considered in this paper and an example of the compartmental structure we consider throughout.

https://doi.org/10.1371/journal.pcbi.1014299.g002

to reinfection at the current time (since we are only modelling the short-term dynamics here). The model is specified in
discrete-time over daily time intervals, and the probabilities of transitioning along different pathways are dependent on
age, such that older individuals are more likely to transition down more severe pathways. Whenever we see forks in the
pathways in Fig 2 we have multinomial transitions, otherwise we have binomial transitions. For brevity, full details of the
transition probabilities and parameterisation of the model can be found in Section C in S1 Appendix.

Notation. We use X to denote counts arising from the transmission model, Y to denote counts adjusted for the
model discrepancy process, and Z to denote observed counts. We use primes to denote incidence (e.g., X', Y', Z’), and
subscripts to denote specific states, time points, age-classes and spatial areas. We assume that we have N_ age-classes,
N, spatial areas, N_regions, N, NHS age-classes, N, NHS-regions and N, time points.

Attime t, we let X; = {Xias;a=1,...,Naand s=1,..., N5}, where

Xias = (Xtas,Ss Xtas,Ey Xtas,As Xtas,RA ) Xtas,P, Xtas,l1 )

Xtas,lz ’ Xtas,R,s Xtas,D,y Xtas,H- Xtas,DHs Xtas,RH) ’

is a vector of counts from the transmission model at time t for age-class a in spatial area s. Similarly, we let
Yi={Yus;a=1,...,Naand s=1,...,Ng}, where

Yias = (ytas,S, Ytas,E, ytas,A, ytas,RAs ytas,Py Ytas,lp

Ytas,lzs ytas,R,, ytas,D,, Ytas,Hs ytas,D,.,, ytas,RH) y

is a vector of counts adjusted for model discrepancy (MD) at time t for age-class a in spatial area s (see the Model dis-
crepancy section for more details).
As described above, the observed data are not available at the same spatial resolution as the simulator
and model discrepancy processes, and as such we let Z; = < Zi.. p, Zis p, Zipp ps Zin;@ =1, ..., Nasr="1,...,Ny;
=1,...,Ns;b=1,...,Nbandn=1,..., N, denote the available data that we calibrate to. Here the D state corresponds
to the sum of D, and D,,. The later Observation distributions section describes how we map the MD-adjusted states Y, to
the observed states Z,.
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Fig 3. Particle trajectory plots across the ensemble of design points at Wave 10 for the simulated outbreak. A) Spatial (LTLA-level) plots of the
mean number of deaths by day 54, for the data and the fitted model. B) Cumulative deaths at day 54 within each LTLA (ranked in decreasing order of
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predicted deaths). C) Cumulative deaths over time, aggregated over the 315 LTLAs. D) Hospital cases over time in each NHS region. E) Cumulative
deaths over time in each age/region category. F) Cumulative hospital incidence over time by each NHS age/region category. In plot B) the green points
are the predicted ensemble means, and the error bars are the 95% prediction intervals. For clarity we show a zoomed-in version of the plot also. The
yellow and red points are the observed data coloured by whether they lie inside and outside of the prediction intervals respectively. In plots C-F, the
blue dashed lines correspond to the observed data and the black solid lines to the mean trajectories from the particles taken across the ensemble. The
ribbons correspond to 50% and 95% prediction intervals. A vertical dashed line corresponds to the end point of the observed data, such that trajectories
before the line are generated from the particle filter, and trajectories to the right of the line are simulated forecasts from the model. Source for shapefiles:
https://geoportal.statistics.gov.uk from the Office for National Statistics licensed under the Open Government Licence v.3.0. Contains OS data: Crown
copyright and database right 2022.

https://doi.org/10.1371/journal.pcbi.1014299.g003

Movement cohorts. We use the framework set out in [38] to model the impact of movements of individuals between
spatial regions on the outbreak dynamics. The movement data has two components: work and play movements. Work
movements consist of fixed moves of individuals between different LTLAs each day for the purposes of work. Conversely,
play movements are governed by a stochastic process, where the numbers of individuals moving between specific LTLAs
on a given day are governed by a series of multinomial distributions. Following the structure used in the MetaWards
package [13,38], we assume that movements happen only during the day, and then all individuals return to their home
LTLAs at night.

The transmission process is then applied twice at each time point, once during the day and once at night. As such the
force-of-infection and the number of susceptibles in a given LTLA differs between the day and night due to movements.
Furthermore we scale the FOI in each LTLA by 0.7 during the day, and 0.3 at night to reflect the relative lengths of the
day and night. To ensure that individuals are moved correctly we keep track of the number of individuals in each state
in each movement cohort, defined as a group of individuals who move between a specific pair of LTLAs. The number of
movement cohorts is therefore much larger than the number of LTLAs, but from these we can reconstruct the numbers of
susceptibles and infectives in each LTLA during both the day and night so that we apply the correct transmission process.
Given a number of new infections in an LTLA, we can then redistribute these across the movement cohorts proportion-
ately to the number of susceptibles in each cohort that maps to each given home LTLA (see Section F in S1 Appendix).

All other transitions are assumed to happen at the end of the day, and we can simulate these within each movement
cohort directly. This is because the probabilities of transition for individuals are fixed. As such the process of using bino-
mial/multinomial sampling in each cohort and then summing these up within each LTLA is equivalent to sampling the
transitions at the LTLA-level directly and then redistributing them proportionately to the relative counts.

Lockdown. To capture the impacts of lockdown we introduce additional parameters: firstly, work and play movements
happen at random with a probability pmove, Which represents the effect of lockdown on the probability of movements
occurring; and secondly, the force-of-infection in each LTLA [egn. (A.1) in S1 Appendix] is multiplied by a parameter
0 < Bs < 1, to model the impact of interventions such as social distancing. We also swap the contact matrices in the force-
of-infection terms [eqn. (A.1) in S1 Appendix] from one derived from the POLYMOD survey [39] in the early stages of the
outbreak, to the one derived from the CoMix survey after the first lockdown [40]. As before, we start the modelling on 15"
February and fit to data up to 9" April 2020, corresponding to 54 days in total, with forecasts generated for a further two-
weeks.

Model discrepancy. Following Part 1 [17], for absorbing states (D,, R,, D, R, and R,) we place the model
discrepancy (MD) on the incidence (i.e., new cases) rather than the state counts, and for all other states we place the
MD on the numbers of individuals in each state directly. The MD terms are assumed conditionally independent within
each age-class and area. In Part 1 [17] we outlined a general approach that ensures the MD process produces states
that are epidemiologically valid. For example, we can’t have more deaths than infections, or more hospitalisations than
symptomatic cases and so on. This approach also ensures that the counts are truncated appropriately (e.g., we can’t have
negative counts). As a result, although the MD is formulated as an idealised zero-mean noise process—with more weight
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Fig 4. Particle trajectory plots across the ensemble of design points at Wave 10 for the real UK data up to the first lockdown. A) Spatial
(LTLA-level) plots of the mean number of deaths by day 37, for the data and the fitted model. B) Cumulative deaths at day 37 within each LTLA (ranked
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in decreasing order of predicted deaths). C) Cumulative deaths over time, aggregated over the 315 LTLAs with death data available. D) Hospital cases
over time in each NHS region. E) Cumulative deaths over time in each age/region category. F) Cumulative hospital incidence over time by each NHS
age/region category. In plot B) the green points are the predicted ensemble means, and the error bars are the 95% prediction intervals. For clarity we
show a zoomed-in version of the plot also. The yellow and red points are the observed data coloured by whether they lie inside and outside of the pre-
diction intervals respectively. In plots C—F, the blue dashed lines correspond to the observed data and the black solid lines to the mean trajectories from
the particles taken across the ensemble. The ribbons correspond to 50% and 95% prediction intervals. A vertical dashed line corresponds to the end
point of the observed data, such that trajectories before the line are generated from the particle filter, and trajectories to the right of the line are simulated
forecasts from the model. Source for shapefiles: https://geoportal.statistics.gov.uk from the Office for National Statistics licensed under the Open Govern-
ment Licence v.3.0. Contains OS data: Crown copyright and database right 2022.

https://doi.org/10.1371/journal.pcbi.1014299.g004

placed around values of zero—in practice it is necessary to derive a series of ordered conditional discrete truncated
distributions. To ensure validity we progress backwards through the epidemiological pathways by adding MD to the later
states to begin with. As such the discrepancy added to the earlier epidemiological states is dependent on the discrepancy
added to the later epidemiological states. In this way the methodology differs significantly from just adding independent
Gaussian noise to the hidden states.

In Part 1 [17] we made a case that a natural choice for an MD distribution for the models/data under consideration here
is the Skellam distribution, and we set up a framework for how to utilise and parameterise this distribution. The Skel-
lam distribution can be approximated by a truncated discrete Gaussian distribution, which can be more computationally
efficient, and in this paper we decided to use truncated discrete Gaussian distribution throughout. Although we originally
posited this as an approximation to the Skellam, it is perfectly reasonable to use this as a direct alternative to the Skellam
that has many of the same properties. Another motivation for this change was to explore ways in which the structure of the
truncated discrete Gaussian might be leveraged to provide more efficient look-ahead particle filters, although we do not
present any of that exploratory work here, but return to these ideas in the Discussion.

We denote a random variable W € Z from a truncated discrete Gaussian distribution, with mean 1, variance o2, lower
bound LB € Z and upper bound UB € Z as:

W ~ tNP (u, o2, LB, UB) ,

for —oo < u < 00, 0 > 0 and LB< W< UB. The probability mass function, and how to sample from this distribution efficiently,
is described in S1 Appendix for Part 1.
The MD for arbitrary state ¢, Assc, is specified as:

Atas,c ~ tND (O! 2aMD + 2bMD Wtas,c- LBtas,Cy UBtas,c) (1)

where W, corresponds to either the simulator incidence or count for the given state ¢ (depending on which state the
MD is being applied to) and parameters ayp and byp allow the MD variance to increase as counts increase (see Part 1
[17] for more details and discussion). The full specification and derivation of the model discrepancy terms and bounds are
given in Section E in S1 Appendix. We also found it was necessary to add in some additional parameters that enabled the
MD process to be phased in at different times in different spatial regions to reflect the fact that introductions of infections
were not uniform across the country in the early stages of the outbreak (see Section C.2 in S1 Appendix for full details,
and we return to this in the Discussion).

Observation distributions. As discussed in the earlier Data section, a key methodological challenge that arose during
model development is that the movement data (and thus the simulation process) is specified at the LTLA-level (by age-
class), but the data that we wish to calibrate to are not available at the same resolutions. Furthermore, the catchment
areas of hospitals do not map cleanly to administrative boundaries, such as LTLAs, which makes integrating hospital

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014299  June 1, 2026 11/24



https://geoportal.statistics.gov.uk

N Computational
PLO\Sﬁ\\ Biology

A B
Cumulative deaths at t = 54 Cumulative deaths att = 54
Data Prediction 0.6K
56°N
0.4K
55°N
0.2K
54°N ¥ 0.0K
[=
53°N 3
= 0.4K
52°N '
0.3K
51°N 0.2K
. 0.1K
50°N 8.0 o WPMBEMACNILL
6°W 4°W  2°W  0° 6°W  4°W  2°W  0° LTLA (in decreasing order of deaths)
Count MmEm—— m , . , . o
oun 100 200 300 400 ® Inside 95% ClI e Outside 95% CI e Prediction
c . .
Hospital cases (NHS region)
Cumulative deaths North
aggregated over LTLAS East of ) North South South
(aggreg ) England Lyridon Midizrds I\E(as&& West East West
40K 1 orks.
® 30K 1 1 1 1 1 1 1 1
3 20K 10K ! i i : |
O 10K o« 4 ‘ ‘
0K i 0K B ‘
0 20 40 60 0 2550 0 2550 0 2550 0 2550 0 2550 0 2550 O 2550
Days Days
E
Cumulative deaths (age / region) Cum. hosp. incidence (NHS age / region)
<5 5-17 18-29 30-39 40-49 50-59 60-69 70+ <5 5-17 18-59 60+
1 1 1 1 1 1 1 15K 1 1 1 1
1 1 1 1 1 1 1 1 Miggsr:ds 10K 1 1 1 I Eastof
EEE Pt Eibe Pt B P Foiche Eiad 5K 1 1 4! }England
1 1 1 1 1 1 1 1 0K e S
East of
1 1 1 1 1 1 1 1 15K I 1 1 1
EE b FRe PRl B B B B England o ! ! '
London
1 1 1 1 1 I ) 5K ! ! }
1 1 I 1 I I 1 J London 0K —- - b I
e e - oA A _ A 15K 1 1 1 1
10K I ! i
1 1 1 1 1 1 1 1 North 5K " . Midlands
1 1 1 1 1 1 1 1 East -
1 1 L L - -t I B 0K —
@ 1 1 1 I I I I I 15K : ! ! ' North
§ § 1 1 1 1 1 1 1 = h\;\?erg,: 10& : : : L East &
O _4__4-_4-__«-_.4-_4-_4-J gK i i ‘ ‘Yorks.
e EEERE FRECRE PRER pRER P R e
’ a g > East 12& : : ! ! l\\ll\?erg:
1 1 I 1 1 1 1 1 0K g i .‘ .‘
gg 1 1 1 1 1 1 1 1 Sv\c;:;rtw 15K I | ! |
s B Pe e Ciae Eiae Pt o 10K ; i i '/ South
s L s A R N R e g fC [ M e
—— e A o —a® B a8 e idiands 15K 1 1 1 1
1 1 1 1 1 1 1 1 Yorkshire 1ok 1 1 1 1 South
1 1 1 1 1 1 1 1_ and The 5K 1 1 1 1 West
—— i i e m ___m Humber 0K — — =
02550 02550 02550 02550 02550 02550 02550 02550 02550 02550 02550 0 2550
Days Days

Fig 5. Particle trajectory plots across the ensemble of design points at Wave 10 for the real UK data beyond the first lockdown. A) Spatial
(LTLA-level) plots of the mean number of deaths by day 54, for the data and the fitted model. B) Cumulative deaths at day 54 within each LTLA (ranked
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in decreasing order of predicted deaths). C) Cumulative deaths over time, aggregated over the the 315 LTLAs with death data available. D) Hospital
cases over time in each NHS region. E) Cumulative deaths over time in each age/region category. F) Cumulative hospital incidence over time by each
NHS age/region category. In plot B) the green points are the predicted ensemble means, and the error bars are the 95% prediction intervals. For clarity
we show a zoomed-in version of the plot also. The yellow and red points are the observed data coloured by whether they lie inside and outside of the
prediction intervals respectively. In plots C—F, the blue dashed lines correspond to the observed data and the black solid lines to the mean trajectories
from the particles taken across the ensemble. The ribbons correspond to 50% and 95% prediction intervals. A vertical dashed line corresponds to the
end point of the observed data, such that trajectories before the line are generated from the particle filter, and trajectories to the right of the line are sim-
ulated forecasts from the model. Source for shapefiles: https://geoportal.statistics.gov.uk from the Office for National Statistics licensed under the Open
Government Licence v.3.0. Contains OS data: Crown copyright and database right 2022.

https://doi.org/10.1371/journal.pcbi.1014299.g005

data with death data even more difficult. Various methods were proposed during the pandemic to try to map NHS data to
different spatial scales [41,42], but this remains a considerable challenge. Although we discuss these issues in the context
of our COVID-19 model in England and Wales, we believe that these kinds of model-to-data mapping issues are likely

to arise in other systems, especially when simulation models are being developed at finer resolutions and when data are
being pulled in from different sources, especially as data availability changes as we might expect in an emerging outbreak.
In this manuscript, given that we only have age-level data for deaths at the regional level, we decided to use a hierarchical
observation process to map the LTLA/age-level information from the model to the higher-level aggregations in the data

in a sensible way, whilst allowing the observation process model to reflect additional uncertainties in the mappings and a
lack-of-independence between data sources. Full details of this approach are given in Section G in S1 Appendix.

Bootstrap particle filter. In this manuscript we applied a bootstrap particle filter (BPF) [28] in order to better track
the spatio-temporal trajectories in the different age-classes, and provide estimates of the log-likelihood for a given set of
parameters. The BPF is also straightforward to implement despite the fact that the data are recorded at different scales to
the hidden states of the model. This is because the observation process only determines the particle weights, and does
not play a role in the forward simulations of the hidden states outside of the particle re-sampling step [28,30]. Look-ahead
filters, such as the auxiliary particle filter [43] or twisted particle filter [44], are likely to produce better estimates of the
filtering distributions and log-likelihoods, but the standard versions of such filters require the data to be specified at the
same scale as the hidden states. We return to this as a key area for future research in the Discussion.

The BPF for our model is shown in Algorithm B in S1 Appendix. We note that this has the potential to be built into
general-purpose software, because software to simulate from general compartmental models in meta-population settings
already exists [12,13] and we have developed a generic way to specify the model discrepancy process for a compartmen-
tal model in Part 1 [17]—see also the Model discrepancy section. The more difficult component to generalise is the obser-
vation process, which is likely to be situation dependent. Nonetheless, the kind of approach developed in the Observation
distributions—detailed fully in Section G in S1 Appendix—Ilends itself to being more generalisable.

In Section 1.1 in S1 Appendix we also incorporate some novel amendments to the standard BPF to help alleviate parti-
cle impoverishment using Markov chain Monte Carlo (MCMC; [45]) steps [30,31], specifically by leveraging the structure
of the model to do this in a more computationally efficient way that reduces the number of evaluations of the complex
simulator that needs to be done, relative to a naive implementation.

Model implementation. The meta-population framework described above and developed originally in [38] is
implemented in the open-source MetaWards software [13] (available at https://metawards.org/). Indeed originally we
coded the simulator up in MetaWards, although currently this software does not natively support particle filtering, and
as such we rewrote our specific model in R using the Rcpp [46] and RcppArmadillo [47] packages, which allowed us
to implement the MD process and bootstrap particle filter developed here. For the emulators we used deep Gaussian
Processes (DGPs), using the approach of [48], implemented in the dgpsi package in R [49]. Likelihood calibration was
performed using the hmer package in R [50]. For a full list of packages used, please see Section A in S1 Appendix. All
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code used to run the models in this paper can be found at https://doi.org/10.5281/zenodo.19847027. Derivations of the
initial plausible regions for the parameters of our initial COVID-19 model are given in Part 1 [17] and discussed in Section
Kin S1 Appendix.

Emulation and likelihood calibration. For Wave 1 we generated an initial input design using Latin Hypercube
Sampling for the uniform ranges, and then augmented this with a space-filling design over the non-uniform ranges as
described in Part 1 [17]. For each wave we generated a set of 200 design points, and a further set of 50 independent
validation points.

For each design point 8; we ran the BPF in Algorithm B (in S1 Appendix) and generated an estimate of the log-
likelihood, 1(0,-). Using dgpsi, we then trained a two-layer DGP emulator with a heteroscedastic Gaussian likelihood
function on these runs, and validated the emulator using the hold-out validation runs. To reduce the complexity of the
emulator, we selected a set of active variables using automatic relevance determination (ARD) where we fitted an initial
standard GP, and then removed any input parameters with large length-scales. We chose length-scale thresholds for
each wave by comparing the estimated length-scales with each other, and then checking that the validation plots were
not significantly affected by the removal of the inactive variables. Then the DGP was fitted to just the active variables
identified by the ARD process. If the fitted DGP passed the out-of-sample validation checks, then we augmented the
training data with the validation data to produce a final updated emulator. We got much improved validation by emulating
h () =log [-I ()] instead of /() directly.

As described in Part 1 [17], we developed a novel definition of the Not Ruled Out Yet (NRQY) space, such that:

Onroy ={0: P (I0)=16"") >log(9)) > 1-a}, )

where 7(0**) is the current maximum log-likelihood estimate from the simulator runs. Since here we emulate h (0) we
note that

P (/(9) _io) > Iog(e)) =p (—e“(9> _io) > Iog(e))
P (h () < log [-7(0**) - Iog(e)D ,

and thus we can amend (2) accordingly, such that
Onroy = {0 P <h (6) <log [—7(0**) - Iog(e)D > a} _

We set a = 0.95 with ¢ = 0.00001 throughout.

By definition, 8** is in the tails of the emulated log-likelihood surface, and so on rare occasions the emulator will
pass all usual diagnostics but rule-out 8** if the emulator does not capture the tails of the log-likelihood surface well
enough. To ensure that 8" is always retained in the NROY space, we adapted the local Voronoi tessellation approach
of [51], where we retain regions around a set of ‘doubt points’, which are points that the emulator wants to rule out, but
for which there is some evidence should be retained. To generate doubt points we first select all the training and valida-
tion points that the emulator wishes to rule out (using the NROY definition based on the emulator in (3)). Then, for each
ruled-out point we calculate a version of this measure based on the log-likelihood estimates from the particle filters
directly, rather than through the emulator approximations (in some papers this would be akin to the so-called ‘simulator
implausibility’—see, e.g., [50]). Doubt points (8°) are then the subset of ruled-out points that would not be ruled out by
the following measure:

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014299 June 1, 2026 14 /24
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g° = {0 P (h (6) < log [—7(0**) - Iog(e)D <1-aand —e"® —j6") > Iog(e)} . @

If 6° is empty, then we can proceed with our calibration procedure as normal. If 6" is not empty, then we further augment
6° by including any design point which is closer to a doubt point than any other design point, where distance is measured
using the emulator posterior covariance function. This final set of augmented doubt points are automatically retained in the
NROY space, but furthermore any new point that lies closer to a doubt point than any other design point, is automatically
retained in the NROY space, where distance is once again defined using the emulator posterior covariance function.

Once we have defined the remaining NROY space in each wave, we used the slice-sampling approach of [22]—imple-
mented in hmer—to sample from it. To generate a space-filling design for subsequent waves, we generated a large num-
ber of samples from the NROY space before sub-sampling these using a maximin design. For a consistent comparison,
we ran 10 waves of likelihood calibration for each example.

Simulation and real-data studies

As a test of the methodology we simulated an outbreak where the parameters we used for the simulation are shown in
Table B in S1 Appendix. To initiate the simulation infections were introduced randomly through the model discrepancy
process in different spatial regions. We introduced a lockdown at day 37, and ran the simulation for 68 days in total. We
applied the observation process described in the Observation distributions section to generate ‘observed’ data at the same
levels of aggregation as seen in the real data. We fitted the model to data up to day 54, but then simulated the particle
trajectories forwards to generate probabilistic forecasts for the final two-weeks so that we could assess how well we could
calibrate to the observed data and how the forecasts performed. The simulation study also allows us to assess whether
we are picking up the true parameter values in the NROY space. As a comparator we also fitted to the same simulated
data set but assuming that the observed hospital and death data was available at the same resolution as the model.

We then fitted the model to the real data, initially up to the first lockdown, and then a second run up to day 54 (so
beyond the first lockdown). We compared the particle trajectories and forecasts to the observed data to assess the model
fits and forecasting performance.

Results

The runs of the particle filters were conducted on the JASMIN High Performance Computing (HPC) facility [52] (https://
jasmin.ac.uk). Emulation and likelihood calibration were conducted on standard desktop/laptop machines. Amongst all

of the different scenarios below, the minimum time taken for a single particle filter to run was 1.7 hours, and the longest
was 11.6 hours. To balance out HPC resource requests, we decided to run each of the 250 design/validation points in a
given wave in parallel on JASMIN, over 250 independent nodes (so each design point was evaluated in serial). We note
that given multiple cores on each node, runtimes could be further improved by parallelising various aspects of the particle
filter, at the cost of requiring additional CPU capabilities. Nonetheless, evaluating the model, even with a small number of
particles, is highly computationally expensive, and as such this further justifies the use of emulation methods.

Simulation studies

We conducted 10 waves of likelihood calibration, using the approach described in the Emulation and likelihood calibration
section, with 200 design points and 50 validation points at each wave (corresponding to a standard 80:20 split of training
to validation samples). We fitted the model to data up to day 54, but then simulated the particle trajectories forwards to
generate probabilistic forecasts for the final two-weeks. The mean time to run the particle filter across all waves was 3.9
hours, with a range of 2.7-6.1 hours.
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Fig 3 summarises the particle trajectories across the ensemble of design points at Wave 10 fitted to the simulated data
at day 54. We can see that the epidemic started in Yorkshire and the North East, and that the particle trajectories seem to
be tracking the observed data well across the various resolutions. We note that the two-week forecasts also seem good
here, with the uncertainty bounds containing the true (but unobserved) trajectories. For comparison, Fig B in S1 Appendix
shows the particle trajectories over the initial Wave 1 input space, and here we can see that even with the filtering the
particle trajectories have a very large variance over the initial plausible region. This illustrates the improvement in model
fit through successive waves of calibration. In Fig 3 and Fig B (in S1 Appendix) we keep the y-axes the same across the
different sub-plots to highlight the spatio-temporal heterogeneity between different regions and age-classes. For contrast,
Figs D and C in S1 Appendix show the same plots but allowing the y-axes to vary to more easily show the model predic-
tions relative to the data.

We reiterate that there is no explicit seeding process in this model, instead we simply allow the MD process to intro-
duce infections in the early stages and then let the particle filter guide the trajectories using information in the available
data. We note also that we can obtain estimates for all the underlying hidden states, which for the Wave 10 particles are
shown in Fig O in S1 Appendix. We can see that these match the true (but hidden) trajectories fairly well. It is worth noting
that the model is predicting fewer hospital deaths in the oldest age-category than the true trajectory, but since the model
is only being fitted to total deaths (i.e., D, + D,), there is limited information in the data to identify the true trajectories of D,
and D,, separately.

Figs S and T in S1 Appendix show the evolution of the NROY space over the different waves for the parameters of
the model, with the true values of the parameters shown as red points. These show that over successive waves the
NROY space becomes a small proportion (1.7 x 107°) of the original input space, and that at Wave 10 the true values are
contained within the NROY space, suggesting that the calibration process is honing in on the correct region of parameter
space. We can also see that we cut more space out for some variables than others, and this is likely due to some vari-
ables remaining inactive across the different waves. We discuss this in more detail in the Discussion. Overall we can see
that the approach is working well.

Simulation study assuming availability of data at the correct model aggregations. We also ran 10 waves of
likelihood calibration on the simulated data assuming that the observed hospital and death data was available at the
same resolution as the model (i.e., at the age / LTLA level). The mean time to run the particle filter across all waves was
4 hours, with a range of 2.9-11.6 hours. For brevity the results are shown in the S1 Appendix, with the ensemble particle
trajectories for Waves 1 and 10 shown in Figs K—L and Figs M—N respectively. Again, by Wave 10 the model is doing a
good job of fitting to all spatial locations in all age-classes, except perhaps the number of hospital deaths in the oldest
age-class, where the model is underpredicting the number of deaths in the LTLAs with the highest observed number of
deaths at day 54. In the Simulation studies section we noted that the previous model underestimated the ‘true’ number
of hospital deaths, most likely due to the model being fitted only to total observed deaths, and not by hospital and
community deaths simultaneously (e.g., Fig O in S1 Appendix). If we look at the predicted hidden states for the model
fitted to the new data—Fig R in S1 Appendix—we can see that the model is still underpredicting the D,, state, but not by
as much as the previous model, suggesting (as expected) that this increase of information in the observed data results
in better predictions of the hidden states, even if not perfect. To explore this behaviour in more detail, we can also see
that once again at Wave 10 the NROY space is a small proportion (=1.1 x 1078) of the original input space (Figs Y-Z in S1_
Appendix), but in particular the variables 7, and ny (which allow the relative hospital and community death rates by age
to vary) are not yet well-identified, even with the increased information in the data. The fits could potentially be improved
by running more calibration waves, however in this case only 12% of the NROY space was removed after Wave 9, and
examination of the validation plots from the emulator suggested that the variance between log-likelihood estimates across
the NROY space is high enough that we are unlikely to reduce space substantially more without reducing the Monte Carlo
error of the particle filter estimates. We will return to this challenge in the Discussion.
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Real data

For the real data we have the additional complexity that the hospitalisation data is only available from 19" March 2020,
whereas the death data is available from 2™ March 2020. Hence the likelihood terms for the observation process need to
be adjusted to target only the available data at any given time point.

Fitted to data up to the first lockdown. Since we are unsure of the initial conditions, we choose to run the model
from 15" February 2020, up to the first lockdown on the 23 March 2020, a total of 37 days. We assume that deaths from
COVID-19 are zero between 15" February—2" March, but leave the hospitalisation data missing until 19" March. We
assume the population was fully susceptible on the 15" February, and allow the MD process to introduce infections as
required. We then produce forecasts for the following two-weeks.

As before we conducted 10 waves of likelihood calibration, and the mean time to run the particle filter across all waves
was 2.9 hours, with a range of 1.7-5.3 hours. The particle trajectories for Wave 10 are summarised in Fig 4, and a com-
parison to the Wave 1 trajectories (Fig E in S1 Appendix) shows a substantial improvement in model fit over successive
waves of likelihood calibration. (Again, Figs G and F in S1 Appendix show the same plots but allowing the y-axes to vary
to more easily show the model predictions relative to the data.)

Here we can see that the model is doing a good job of estimating the spatial heterogeneity in the observed numbers
of deaths, and is generally fitting most observed trajectories well. It seems to overpredict the cumulative deaths in var-
ious LTLAs (Fig 4B), resulting in a smoother distribution over space than seen in the data (Fig 4A). This could be for
various reasons, the predominant one being that there is much less information in the dataset at this point than we had
in the simulated data, especially since hospitalisations are only available 4 or 5 days prior to the first lockdown. This has
the knock-on effect that in the early stages of the outbreak the only data that can be used to inform the particle weights
is found right at the end of the epidemiological pathways described in Fig 2. Given a finite number of particles this can
lead to a lag-effect, such that by the time there is sufficient information in the data to constrain the trajectories, they are
already moving away from the truth. We note that this is a generic challenge with using boostrap particle filters, but is felt
more acutely here due to the lack of hospitalisation data in the early stages, and the small number of particles that we are
able to run. We discuss these challenges in more detail, and possible ways they could be alleviated in future work in the
Discussion.

Fig U in S1 Appendix shows the input spaces for the t.yp terms, and we can see very clearly the spatial variation,
with London requiring MD to be added earlier than the rest of the country, and the North West much later. FigV in S1
Appendix shows the rest of the parameters, and we can see that by Wave 10 the NROY space is a very small proportion
(=1.4%x107") of the original input space, despite the paucity of available data compared to the simulation study.

Fitted to data beyond the first lockdown. As before, we start the modelling on 15" February, with the first lockdown
coming into place on 23" March 2020. We fit to data up to 9" April 2020, corresponding to 54 days in total, with forecasts
generated for a further two-weeks.

As before we conducted 10 waves of likelihood calibration, and the mean time to run the particle filter across all waves
was 4.7 hours, with a range of 3—8.7 hours. The particle trajectories for Wave 10 can be seen in Fig 5, and a comparison
to the Wave 1 trajectories (Fig H in S1 Appendix) again shows a substantial improvement in model fit over successive
waves of likelihood calibration. (Again, Figs J and | in S1 Appendix show the same plots but allowing the y-axes to vary to
more easily show the model predictions relative to the data.) Here we can see that the information afforded by the addi-
tional 17 days’ worth of data has substantially improved the model fits. In Fig 5B we can again see the lag-effect that was
discussed in the previous section, where all the trajectories seem to overpredict in the early stages but then pull back to
align with the observed data later on. This is further evidence that we need better particle filters, since it may be that we
are inducing some bias in the parameter inference as a means of correcting for the early lag-effect. Figs W and X in S1
Appendix show the evolution of the NROY space over successive waves, and we can again see that the Wave 10 NROY
space is a very small proportion (=5.3 x 107'%) of the original input space.
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Discussion

We have developed a novel method for calibrating computationally intensive stochastic infectious disease models in
high-dimensions, that utilises emulation and likelihood calibration to perform robust exploration of the parameter space to
find the region of high posterior density. Using this approach we have successfully calibrated an age-structured model (8
age-classes) across a meta-population of 338 connected spatial regions (calibrating to 315 of these regions), where the
underlying simulation model also includes patterns of movement driven by commuter data and a transmission process
governed by contact matrices derived from social mixing surveys. Traditional approaches to this problem require emula-
tors to be built for each output-of-interest, which would be prohibitive here since we want to fit to time-series data across
315 spatial areas and multiple time points simultaneously. We circumvent this problem by emulating a transformation of
the log-likelihood surface instead, which is a one-dimensional output and thus only requires a single emulator (see also
[563,54]). Alternatively one could fit to aggregated data [20], but this would lose the ability to accurately track epidemic
trajectories in high-dimensions.

However, as with almost all infectious disease systems the likelihood function is analytically intractable, since it's eval-
uation relies on inferring a (often large) set of hidden states [55-59]. A scalable data augmented/reversible-jump MCMC
method was developed during the pandemic and applied to a highly spatio-temporally resolved model of COVID-19 in the
UK to directly inform the control efforts [59]. These methods are very powerful, but require that the model and inference
algorithm to be intrinsically linked, and thus each new model requires a bespoke MCMC algorithm, which are challenging
to code, optimise and run at-scale, and require significant expertise in MCMC methods to develop. Our approach provides
an alternative framework, in which the problem of integrating over large (and unknown) numbers of hidden states is done
using particle filtering, which generates estimates of the likelihood that rely only on being able to simulate directly from the
underlying complex model [28]. This is appealing in practice because it is often far more straightforward to write simula-
tion code than MCMC code for these kinds of models. We therefore view these approaches as being complementary, and
both are active areas of ongoing research. In our proposed methodology we also develop a novel model structure where
we embed a model discrepancy process into the simulation pipeline, which, alongside the use of particle filtering tackles
various challenges, particularly how to deal with introductions of infections from processes that are not explicitly captured
in the simulation model (including imports from outside of the UK, which is vital in the early stages of the outbreak to gen-
erate plausible seeding in time and space and for which a suitable mechanistic model does not exist).

Particle filtering (and other simulation-based) methods have been used successfully in the past for calibrating infectious
disease models, usually by embedding within MCMC [60—65] or SMC? [66] algorithms. However, these methods can be
extremely computationally challenging, often requiring large numbers of particles to be run, even in relatively small-scale
systems. In the examples explored here, the minimum runtime for a single particle filter evaluation was 1.7 hours, simu-
lating across a 37 day period, but the longest was 11.6 hours simulating across a 54 day period. In future work we would
aim to fit models to even longer time periods, and all of this together make it infeasible to embed these kinds of filters in
standard MCMC or SMC algorithms.

As a result, we instead use emulation as a fast way to comprehensively explore the input space, and combine this
with iterative likelihood calibration to efficiently converge towards the area of high posterior density through a series of
waves (since under the uniform priors used here the posterior density is proportional to the likelihood). An emulator can
be trained from a relatively small set of training runs of the model, and then used to systematically explore the parame-
ter space to remove areas of the input space where the probability of the true likelihood being within a specified region
around the posterior mode is low (the ruled out region). These training runs are can be easily parallelised across design
points, and/or within the particle filters as required. The number of training points can be fixed in advance, meaning that
the computational burden can be controlled more effectively on HPC clusters. Once trained, the emulators are quick
to evaluate, and so large numbers of predictions can be made quickly and efficiently, meaning that the emulator can
comprehensively explore the input space in a way that can’t be achieved if we were to rely on the particle filters alone.
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Log-likelihood surfaces can be challenging to emulate, so we exploit recent advances for efficiently and robustly fitting
Deep Gaussian Processes to do this [48]. Of course this still requires multiple waves of likelihood calibration to be done,
which adds to the overall computational time, and this means that ways in which we can reduce the number of waves that
need to be evaluated will further enhance this methodology. One possiblity in this direction is the development of better
look-ahead filters, since this means that log-likelihood estimates will have less uncertainty and thus we should reduce
space much more efficiently from wave-to-wave. We fit to publicly available, but incomplete hospitalisation and death data
that are available at different degrees of spatial/age-structured hierarchies. Overall we used only 2,500 evauations of the
particle filters for each scenario we explored, with the emulators being built and run on standard machines. Although not
perfect, the fitted models show good calibration in space-and-time, although with key areas for improvement in future
work, as discussed in detail below.

A key novelty we introduce is to embed a structured model discrepancy process into the system. We set this up as an
idealised zero-mean noise process that operates across all epidemiological states and allows a mechanism for amending
the hidden states based on processes that are not explicitly modelled, such as the introduction of infection in the early
stages of the outbreak. This latter consideration was a major challenge to overcome. Running the full model in the prior
space produced some runs that were consistent with the data at the national level, but not at finer spatial resolutions (not
even at the regional-level let alone the LTLA-level). One way to approach this issue is to introduce some spatio-temporal
seeding process, such as to have some spatially-explicit background rate-of-infection parameters that exert a constant
infectious pressure over time. There are various problems with this approach: firstly, there is little evidence to inform the
functional form of these terms (there certainly isn’t a constant pressure in reality), and secondly, this introduces a large
number of additional parameters to estimate which increases the volume of the input space dramatically. We tried a range
of other approaches for generating seeding events heterogeneously across spatial regions, including a method based on
using the first few weeks worth of data to generate empirical priors for the likely states of the system at a fixed point in
time by running simpler MCMC models in each spatial region independently. None of approaches we tried worked well,
but the embedded MD process, coupled with the use of particle filtering, provided a flexible approach to dealing with this
problem, and we have shown in this paper that the method can produce good model fits even without any explicit seeding
mechanism in the model. This differs from other approaches to dealing with unknown mechanisms because it allows for
model states to be increased or decreased with respect to information in the observed data. It also ensures that the added
noise results in epidemiologically consistent hidden states. Furthermore, the use of MD also introduces additional uncer-
tainty that represents the fact that the underlying transmission model structure is itself an approximation of reality. The
ability to track trajectories in space and time is of vital importance if we want to use models to produce spatio-temporal
predictions/forecasts, and/or to explore control policies such as localised lockdowns.

Other recently developed simulation-based calibration approaches include Physics-inspired neural networks (e.g., [67]),
which provide an efficient calibration approach for compartmental models, but currently have only been applied to deter-
ministic models. Interestingly, [67] also stated that they had challenges inferring the initial conditions of their model, which
our embedded MD process helped us to overcome.

Other recent approaches are aligned with the ideas of amortised inference [68], in which complex emulators (such as
neural networks) are trained on large numbers of initial runs from the complex simulator, and then leveraged to perform
efficient inference. The challenge here is that in high-dimensional input spaces a very large number of simulator runs
would be required in order to get a good emulator that works sufficiently well across the whole input space. One advan-
tage of history matching (and our analogous approach) is that it does not require perfect emulators to rule out space, and
as such the progression through multiple waves can be efficient in terms of the numbers of simulator runs required (e.g.,
[15,69]). We use many less simulator runs than [70] in their examples. We also found that if you want good prediction and
forecasting power in high-dimensions, then data assimilation is necessary, and this plus the embedded MD process helps
to deal with the initial condition problem. Similar challenges can be found in other approaches that rely on large numbers
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of simulator runs, such as ABC with random forests [71]. These methods are being actively developed, and so we look
forward to future developments in these areas.

Despite the utility of our methodology, there are still key challenges to overcome. The main one relates to the effec-
tiveness of the particle filter to build in information across the whole time-series when simulating particles. For example,
in Section C.2 in S1 Appendix we discuss the introduction of a set of region-specific parameters controlling the amount
of MD error introduced in the early stages of the outbreak. We found that without these parameters the particle trajecto-
ries would systematically overestimate the observed curves, despite, in theory, the MD process being able to increase
or decrease the numbers of individuals in each state over time. So, what is happening here? The first thing to note is
that although the MD has an idealised zero-mean, in order to ensure that the MD adjusted states are epidemiologically
valid we require truncation of the MD distributions (see the Model discrepancy section). When counts are low, and
truncated below by zero, this necessarily means that the mean of the truncated MD process is >0, which makes epi-
demiological sense, since the counts can’t be less than zero. However, it also means that in the early stages there is a
higher likelihood of the MD increasing the counts rather than decreasing them (i.e., the necessary truncation induces
some skewness). As such, in the initial stages particles are more likely to increase on average. The second thing to
note is that in the early stages of the outbreak there are negligible control measures in place, and in that situation R,
is larger than 1 (in fact R >2 in our model). This means that once seeds are introduced the simulation model will kick
in and drive infections upwards unless there is information in the data to put preferential weight on lower counts. This
leads to the third consideration, which is that the observed data relate to epidemiological states found towards the
ends of the various pathways described in Fig 2 (i.e. hospitalisations and deaths). This induces a /lag-effect, which the
standard BPF cannot overcome since it has no way of adjusting states at earlier time points based on data at much
later time points. This is a well-known problem in particle filtering, but is acutely felt here because we are trying to track
trajectories in high dimensions, in a highly stochastic model with a lag-effect induced by the observable data. We note
that this issue is a practical consideration that would be unlikely to happen if we were able to run very large numbers of
particles, since there would be a non-negligible probability that at least some of the particles were on trajectories more
consistent with later time points.

We deal with this issue in part by introducing the parameters described in the Section C.2 in S1 Appendix, which slows
the introduction of MD in different regions. In practice this controlled things better at the regional level (as seen in the var-
ious posterior predictive plots such as Figs 3-5), but it is likely that some of these issues were still felt at the LTLA-level,
where individual LTLAs were not always mapped precisely, despite the regional-level predictions being good. This could of
course be alleviated by having a finer spatial resolution for when the MD process begins to kick in, but this comes at the
cost of increasing the size of the parameter space, which is one of the key things we wish to avoid having to do.

All of this motivates future work to explore the use of more sophisticated look-ahead particle filters. A key consideration
is that although it is straightforward to simulate forwards from a stochastic compartmental transmission model, it is hard
to condition those simulations on observed data without completely rewriting the code base (this is especially challenging
given, e.g., stochastic movements of individuals between regions). In simulation work we were able to design a one-step
ahead auxiliary particle filter [43] that helped alleviate this problem a bit by simulating the X, terms directly from the trans-
mission model, and then using the observed data Z, to inform the simulation of the MD adjusted states, Y, given X and
Z. Since the Y; | X; are independent discrete truncated Gaussian random variables, it is easier to build information from
Z, into the simulation of Y; | X; than it is to build it into the simulation of X; | Y; as would be the usual approach. However,
it was challenging to get this working for the real data due to the fact that the observed data were also specified on a dif-
ferent scale to the hidden states (since the one-step ahead filters use the future data to inform simulation of earlier hidden
states, this requires a way to map information in observed data at one level of aggregation down to the hidden states at
another level of aggregation, which is highly challenging for a model of this complexity). As such, we didn’t progress much
further with this here.
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Other recent advances in the field of look-ahead filters include twisted particle filters (TPFs; [44]), which are designed
explicitly to deal with this exact issue, where information at later time points can be fed back to inform simulations at
earlier time points through the introduction of twisting functions that amend the filtering distributions accordingly. These
approaches maintain the unbiasedness properties of the likelihood estimate but can reduce the Monte Carlo variance of
these estimates hugely. The cost is that the twisting functions have to be learned, and so approaches such as that of [44]
iterate through each particle filter multiple times in order to learn these twisting functions appropriately. For a system such
as ours, where a single evaluation of a particle filter is highly time consuming, then this could be computationally prohibi-
tive. However, using emulation helps to alleviate some of these computational challenges by reducing the number of filters
that have to be evaluated, certainly compared to the alternative of embedding a TPF into an MCMC or SMC? algorithm.
By reducing the variance in the likelihood estimates it may be possible to cut out substantially more space at each wave of
likelihood calibration, thus requiring less training runs of the model to calibrate effectively. We also think that it is likely that
with a good look-ahead filter it would not be necessary to include additional parameters controlling when MD is added,
such as those developed in the Section C.2 in S1 Appendix, thus making the calibration challenge far easier.

This is a key area of interest for future research, because an efficient look-ahead filter, coupled with the embedded MD
process we have developed, would provide a powerful way to deal with many practical issues associated with calibrating
complex spatio-temporal infectious disease models that we have discussed in this paper. We note that key challenges
would also have to be overcome in terms of mapping the observed data at low spatial resolutions to the hidden states at
high spatial resolutions, as previously discussed for the auxiliary particle filter. Additional methodological work would be
required to figure out how to twist the complex transmission model, which is defined in discrete-time and space, and fur-
ther compounded by the additional MD process. It may be possible to employ similar ideas to those discussed above for
the APF, or leverage ideas around conditional sampling similar to those developed in Section J of S1 Appendix. Another
interesting approach would be to explore whether it would be possible to target an approximate likelihood surface that can
be evaluated using more tractable (but approximate) models [72]. Another area-of-interest would be how to perform online
inference, since the current approach requires simulating the complete time-series each time one wishes to update the
calibration with new data, which is likely to become very time-consuming for long outbreaks.

Overall we think that the broad approach developed here and in Part 1 [17] show great potential in terms of being a
generalisable way to calibrate complex infectious disease models, and if efficient look-ahead filtering approaches could be
developed then this may well move this into the realms of being able to perform robust inference in real-time.

Supporting information

S1 Appendix. Supporting information and plots.
(PDF)
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