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Abstract 

Many biological processes, like gene regulation or cell signalling, rely on molecules 

(inputs) that bind to targets leading to downstream responses. In the gene regulation 

field, recent data have shown that higher transcription factor (TF) concentrations 

may increase transcription levels of a gene without affecting the gene activation time. 

We call this behaviour output decoupling. Motivated by these observations, here we 

investigate mechanisms for output decoupling in Markov process models where a 

readout molecule is produced downstream of ligand binding. Our focus is on iden-

tifying regimes where the steady-state level of the readout changes with input con-

centration, while the activation time, quantified by mean first-passage times, remains 

unaffected. Through a combination of analytical and numerical investigations, we find 

two mechanisms through which output decoupling can arise: i) rate scale separation, 

where the system is comprised of slow and fast transitions that are differentially reg-

ulated by the input; and ii) incoherent regulation, where the input acts on two transi-

tions with opposing effects on readout production, when all rate constants are similar. 

Such incoherent regulation has emerged as a plausible regulatory mode of TFs, and 

we suggest decoupling as a new characteristic feature of this regulatory mode. More 

broadly, our findings offer a mechanistic and conceptual framework for reasoning 

about output decoupling in input-output systems.

Author summary

How biomolecular systems respond to signals often depends not only on the 
final level of activity they reach, but also on the initial activation dynamics. These 
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two outputs—steady-state level and activation time—are usually coupled: higher 
input concentration tends to produce both higher activity and faster responses. 
Yet recent experiments suggest that, in some cases, the strength of the re-
sponse can change while the speed remains constant. In this work, we explore 
the conditions under which such “output decoupling” can occur. Using mathe-
matical models of molecular systems, we identify two ways this can happen. 
In one case, the activation time is determined by slow steps in the system that 
the input does not control. In the other, the input exerts opposing effects on the 
system, simultaneously promoting and hindering the response, which balances 
the timing. By revealing how decoupling arises, our study provides a framework 
for interpreting puzzling experimental results. More broadly, it shows the value of 
jointly considering both dynamics and steady-state behavior when studying how 
molecular systems process information.

Introduction

Many biological processes are regulated by an input molecule that binds to a target. 
Examples include ligands binding to receptors, transcription factors (TFs) binding 
to regulatory sites on DNA, and splicing regulators binding to pre-mRNAs. Upon 
binding, the molecular system can undergo internal molecular changes that result in 
a measurable readout (Fig 1A). Example readouts can be a receptor’s phosphoryla-
tion level, a gene’s expression level, or an exon’s inclusion level. Usually, we extract 
summary features, or “outputs”, from the molecular readout and study their relation-
ships with the input levels (Fig 1A,B). We call these types of mappings input-output 
responses [1–5].

Two outputs commonly considered in the literature are the steady-state level of the 
molecular readout, and the activation time. The latter can be defined and quantified in 
different ways (Discussion). In this work, we consider the activation time as the time 
for the molecular readout level to change upon introducing the input (Fig 1A), and 
we will define it formally below. When both the steady-state and activation time have 
been quantified as functions of input concentration, experiments have typically shown 
coupling: a higher steady-state level is usually accompanied by faster (smaller) acti-
vation times (Fig 1B, Coupled). Examples include β -adrenergic receptor activity as a 
function of drug concentration [6], viral entry as a function of receptor concentration 
[7], and transcription of various genes as a function of TF concentration [8–13].

Coupling can be intuitively explained by thinking about a system that undergoes a 
series of reversible transitions between an inactive and an active state from which the 
molecular readout is produced, with the binding of the input promoting (accelerating) 
the transitions towards the productive state [9,14,15]. In this scenario, higher input 
concentrations reduce the time for the readout to change while also increasing its 
steady-state level.

By contrast, experimental data from recent studies of gene regulation in the 
Drosophila blastoderm suggest the possibility of output decoupling, where the 
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transcription level of a gene increases as a function of the concentration of an input TF, but the activation time does not 
change (Fig 1B, Decoupled). For example, such decoupling has been observed in the regulation of hunchback [9]. This 
gene is activated by the TF Bicoid, which exhibits a concentration gradient over the antero-posterior axis of the embryo. 
Eck et al. [9] observed that the transcriptional output (initial polymerase loading rate) of a hunchback reporter is position-
dependent, whereas the activation time is not (Fig 1C). Similar observations have been made in other studies of this [16] 

Fig 1.  Interplay between steady state and activation time. (A) Schematic of input-output responses. An input ligand with concentration x (left) is 
processed by a system from which we measure a molecular readout, from which the readout’s steady-state level or activation time can be quantified 
(right). Here, “activation time” is defined as the time required for the readout to increase by one molecule after the input has been introduced. (B) Sche-
matic of coupled and decoupled input-output responses for the steady-state level and activation time, given that the input is an activator. In the former, 
the steady-state level increases while the activation time decreases with input concentration; in the latter, the steady-state level increases with the input 
concentration, while the activation time remains constant. (C) Measurements of RNA polymerase loading rate (top), average transcription onset time 
(bottom, purple), and fraction of reporter-expressing nuclei (bottom, orange) for a reporter MS2 construct with the wild-type hunchback promoter, along 
the antero-posterior axis of the Drosophila melanogaster blastoderm (nuclear cycle 13), reproduced from [9, Fig 4]. Low “A/P position” corresponds to 
the anterior end of the embryo, where the Bicoid concentration is high; high values correspond to the posterior end of the embryo, where the Bicoid 
concentration is low. (D–G) The models used in this paper, where M is the molecular readout and x denotes the input concentration. See text for more 
details. (D–E) Chain models with implicit ligand binding. The ligand’s regulatory effect is captured in the edge labels as arbitrary functions of x. The 
graph, CN , without the terminal state M is used to calculate the steady-state level; the augmented graph, C+N , is used to calculate the activation time. See 
text for more details. (F–G) Ladder models that explicitly incorporate ligand binding. The vertical edges represent ligand binding and unbinding, with 
rates k

on
 x and k

off
, respectively. As with the chain models, the graph, DN , without the terminal state M is used to calculate the steady-state level, while 

the augmented graph, D+
N , is used to calculate the activation time. See text for more details.

https://doi.org/10.1371/journal.pcbi.1014288.g001
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and other genes [11,14]. This decoupling may serve valuable roles in development, for instance by enabling temporal 
coordination of gene expression programs across tissue regions exposed to different morphogen concentrations. Decou-
pling may also be a desirable feature in synthetic biology applications, where different output levels are to be achieved at 
a given time, or simultaneously over a given population of cells. Although specific models have been proposed in some of 
the aforementioned studies (Discussion), a theoretical understanding of the fundamental mechanisms and key features 
required for generating decoupling is missing.

To explore this question, we focus on processes in which a ligand binds to a target and promotes the downstream 
production or accumulation of a molecule. This accounts for TFs activating transcription, or a ligand-bound receptor influ-
encing protein modification or altering the permeability of a channel or transporter. For generality, we use the term “ligand” 
to refer to the input molecule, although we mostly frame the work in the language of gene regulation, given the motivating 
observations in that field.

We begin by giving a general overview of the models, namely Markov processes, that we examine and the mathe-
matical formalism, namely the graph-theoretic linear framework [17–21], that we use to analyse them. We start with the 
simple two-state telegraph model, then proceed to more complex models. By employing a dialogue between numerical 
approaches and analytical calculations, we find two regulatory strategies for output decoupling: i) when the system exhib-
its rate scale separation, in which a slower transition or set of forward transitions govern the activation time, with the input 
affecting the steady state by modulating other transitions and ii) when the system exhibits an incoherent regulatory mode, 
which simultaneously promotes and hinders production of the readout. This regulatory mode has recently garnered atten-
tion in the field of eukaryotic gene regulation [22–24], and our results suggest that output decoupling could be another 
significant consequence of such incoherent regulation. More generally, we demonstrate that a rich mechanistic playground 
is uncovered when jointly investigating the steady state and the transient regime of molecular systems, thus further moti-
vating joint experimental and theoretical investigation of these two regimes.

Modeling approach and mathematical setup

Linear framework models

We model ligand-binding-readout systems as discrete-state, continuous-time Markov processes using the graph-
theoretic linear framework [17–21]. This framework describes the dynamical properties of a Markov process on a graph, 
such as its steady-state behaviour or its first-passage times, in terms of the structural properties of the graph. Crucially, 
this framework allows for the derivation of exact, closed-form expressions for these dynamical properties, obviating the 
need for specifying numerical values for model parameters. We have extensively exploited these capabilities in previ-
ous studies to analyse various types of input-output systems, including those with multiple binding sites [5] and confor-
mations [24,25].

We start by describing the system as a finite, directed graph, G, with labelled edges, in which the vertices, V(G)
, represent the system states; the edges, denoted i → j, represent transitions among the states; and the edge labels, 
denoted ℓ(i → j), represent transition rates with dimensions of 

(
time

)–1
. Such a description gives rise to a corresponding 

continuous-time Markov process, X(·), on state space V(G), in which the edges represent possible transitions between 
these states, with each edge label as the corresponding transition rate. To be more precise, the infinitesimal transition rate 
from i to j is nonzero if, and only if, the edge i → j exists in G, and the rate is given by the edge label:

	
lim
h→0

Pr
(
X(t + h) = j | X(t) = i

)
h

= ℓ(i → j).
	

We note that the edge labels, ℓ(i → j), are assumed to be constant in time. As such, the transition rates in X(·) are con-
stant, i.e., X(·) is a time-homogeneous Markov process.
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Now, suppose that V(G) =
{
1, . . . , n

}
, and let pi(t) be the probability that X(·) occupies vertex i ∈ V(G) at time t, given 

some choice of initial vertex. The time-evolution of this probability is given by the master equation [26, 18],

	

d
dt
p(t) = L(G)p(t),

	 (1)

where p(t) =
(
p1(t), . . . , pn(t)

)T
 and L(G) is the n × n Laplacian matrix of G, whose entries are given by

	

L(G)i,j =





0 if i ̸= j and j ̸→ i

ℓ(j → i) if i ̸= j and j → i

–
∑

k∈V(G):i→k ℓ(i → k) if i = j. 	 (2)

For instance, we can use this formula to see that the Laplacian matrix of the three-vertex graph, T , in Fig 2A is the follow-
ing 3 × 3 matrix,

Fig 2.  Using spanning trees and forests to calculate steady-state responses and activation times. (A) An example three-vertex graph, T , and a 
corresponding augmented graph, T + , as discussed in the text. Here, Vprod(T ) =

{
3
}

. (B) The spanning trees of T  rooted at 1, 2 and 3. Roots are shown 
in orange. These spanning trees contribute to the calculation of the steady-state response, through Eq. 9; see the text for details. (C) The spanning 
forests of T +  rooted at {j,4}, for each j = 1, 2, 3, in which there is a path from vertex 1 to vertex j (top three rows); and the spanning trees of T +  rooted at 
4 (bottom row). Roots are shown in orange. These spanning forests contribute to the calculation of the activation time, through Eq. 10; see the text for 
details.

https://doi.org/10.1371/journal.pcbi.1014288.g002
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L(T ) =



–ℓ1,2 – ℓ1,3 ℓ2,1 ℓ3,1

ℓ1,2 –ℓ2,1 – ℓ2,3 ℓ3,2
ℓ1,3 ℓ2,3 –ℓ3,1 – ℓ3,2


 .

	 (3)

We will consider two kinds of models in our analysis. First, we consider chain models (also called pipeline models in 
previous work [20,21]), denoted CN , in which N vertices are reversibly connected in a linear arrangement. In particular, the 
vertices of CN  are given by V(CN) =

{
1, . . . ,N

}
, and consecutive vertices are connected by reversible edges, i → i + 1 and 

i + 1 → i for i = 1, . . . ,N – 1 (Fig 1D–E). Each vertex is assumed to correspond to a different state of the system, including 
the presence or absence of bound ligand, in addition to other internal features. For example, in a receptor system, a state 
could correspond to a given conformation or post-translational modification state. In a gene regulation system, states 
could correspond to DNA conformations, nucleosome patterns, polymerase occupancy at the promoter, and other salient 
features. The binding of the ligand is modelled through the edge labels, which can be generic functions of the ligand 
concentration, ℓ(i → j) = ℓi,j(x) (Fig 1D–E). For the sake of mechanistic generality, we leave the functional form of ℓi,j(x) 
unspecified.

In order to formalise a particular assumption for how the ligand influences the system, we turn to ladder models, 
denoted DN , which explicitly incorporate ligand binding to a single site, and assume that the ligand has an effect while 
bound (Fig 1F–G) [13,27]. In particular, DN  is a graph on 2N vertices,

	 V(DN) =
{
U1, . . . ,UN,B1, . . . ,BN

}
,	

where U1, . . . ,UN  represent ligand-unbound states and B1, . . . ,BN  represent ligand-bound states. There are edges 
between pairs of consecutive unbound vertices, Ui → Ui+1  and Ui+1 → Ui ; pairs of consecutive bound vertices, Bi → Bi+1  
and Bi+1 → Bi ; and pairs of unbound and bound vertices of the same index, Ui → Bi  and Bi → Ui . We assume that the 
label on each binding edge, Ui → Bi , and unbinding edge, Bi → Ui , is independent of the index i, as

	 ℓ(Ui → Bi) = konx and ℓ(Bi → Ui) = koff,	

where x is the ligand concentration, k
on

 is a rate constant with units of 
(
concentration · time

)–1
, and k

off
 is an off-rate. On 

the other hand, we allow for the other edge labels to vary with i, and write them as

	 ℓ(Ui → Uj) = ℓi,j and ℓ(Bi → Bj) = γi,jℓi,j.	

Here, γi,j > 0 is a dimensionless parameter that captures the extent to which the ligand promotes (γi,j > 1), hinders (γi,j < 1),  
or maintains as is (γi,j = 1) the transition from index i to index j. We call these parameters regulatory factors.

Quantifying steady-state level and activation time

We now describe how we quantify the steady-state response and activation time of these systems. Each system we con-
sider in this paper produces a molecular readout, M, whose copy-number we denote by nM. We assume that each graph, 
G, contains a subset of vertices, Vprod(G) ⊂ V(G), from which the system can produce M at a constant rate r. In addition, 
we assume that M undergoes first-order degradation, with rate δnM . In this context, we can naturally define the steady-state 
level, SS(x), of M as the steady-state mean value of nM, which can be shown to be equal to (Appendix A in S1 Text) [28,29],

	

SS(x) = ⟨nM⟩∗ =
r
δ

∑
v∈Vprod(G)

p∗v ,

	 (4)
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where p∗v  is the steady-state probability of the vertex v. That is, p∗v  is the v-th entry in the vector, p∗ =
(
p∗1, . . . , p

∗
n

)T
, of 

probabilities that satisfies Eq. 1 with the left-hand time-derivative set to zero,

	 L(G)p∗ = 0.	 (5)

Eq. 4 describes how the steady-state behaviour of the input-output system, as described by the graph G, determines the 
steady-state level of the readout, M, as a function of the input concentration, x. For the chain models, we assume that 
Vprod(CN) =

{
N
}

; for the ladder models, we assume that Vprod(DN) =
{
UN,BN

}
.

To obtain p∗v  for each v ∈ Vprod(G), Eq. 5 tells us that p* lies in the kernel of L(G). If G is strongly connected—that is,  
if every pair of vertices in G is connected by a path of directed edges—then one can show that this kernel has  
dimension 1 [18],

	 dimkerL(G) = 1.	

In this case, p* is unique, and can be obtained by identifying any vector, ρ, in kerL(G) by normalizing by the coordinate 
sum. The kinds of graphs we consider, CN  and DN , are strongly connected for all N. To calculate ρ in the numerical analy-
ses we perform below, we obtained the singular value decomposition (SVD) of L(G) and set ρ to the right singular vector 
corresponding to the zero singular value [30] (Materials and Methods).

On the other hand, we define the activation time of a system to produce one new molecule of M as a mean first- 
passage time (mFPT) on an augmented graph, G+, in which an additional “terminal” vertex is introduced to describe the 
production event. We also denote this new vertex by M, and identify it with n + 1 in the vertex ordering. We then define G+ 
as the graph on vertices V(G+) = V(G) ∪

{
M
}

 that is obtained by adding the edges j → M, for j ∈ Vprod(G), each with the 
production rate, r, as the edge label. Fig 2A demonstrates this construction on our example graph, T , with Vprod(T ) =

{
3
}

.  
The resulting augmented graph, T + , contains a new terminal vertex, M = 4, as well as the edge 3 → 4 with label 
ℓ(3 → 4) = r. From Eq. 2, we can see that the Laplacian matrix of T +  is the 4 × 4 matrix,

	

L(T +) =



–ℓ1,2 – ℓ1,3 ℓ2,1 ℓ3,1 0

ℓ1,2 –ℓ2,1 – ℓ2,3 ℓ3,2 0
ℓ1,3 ℓ2,3 –ℓ3,1 – ℓ3,2 – r 0
0 0 r 0


 .

	 (6)

Now, let i ∈ V(G) be a non-terminal vertex in G+, and let X+(·) be the Markov process associated with G+. We define the 
activation time from vertex i as the mean time taken by X+(·) to first reach M from i. In other words, the activation time 
from vertex i is the mFPT,

	 mFPTi(x) = E
[
inf

{
t > 0 : X+(t) = M

}
| X+(0) = i

]
.	 (7)

This mFPT can be obtained from the matrix equation (Appendix A in S1 Text) [21],

	

(
L(G+)[{n+1},{n+1}]

)2


mFPT1(x)

...
mFPTn(x)


 =




ℓ(1 → n + 1)
...

ℓ(n → n + 1)


 ,

	 (8)

where we have introduced L(G+) = –L(G+)T , and L(G+)[{n+1},{n+1}]  is the n × n sub-matrix of L(G+) obtained by removing 
the row and column corresponding to M ≡ n + 1. Briefly, this matrix equation is obtained by defining the adjoint master 
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equation of X+(·) and taking its Laplace transform (Appendix A in S1 Text). For our numerical analyses below, we solved 
for the vector of mFPTs in Eq. 8 by obtaining the QR decomposition of the left-hand matrix [30] (Materials and Methods).

Let us consider how this calculation bears out for our example graph, T + . Taking the negative transpose of the Lapla-
cian matrix, L(T +), in Eq. 6 and removing the row and column corresponding to M = 4, we get

	

L(T +)[{4},{4}] =




ℓ1,2 + ℓ1,3 –ℓ1,2 –ℓ1,3
–ℓ2,1 ℓ2,1 + ℓ2,3 –ℓ2,3
–ℓ3,1 –ℓ3,2 ℓ3,1 + ℓ3,2 + r


 .

	

As such, the vector of mFPTs to M from the other three vertices satisfies the equation (Eq. 8),

	




ℓ1,2 + ℓ1,3 –ℓ1,2 –ℓ1,3
–ℓ2,1 ℓ2,1 + ℓ2,3 –ℓ2,3
–ℓ3,1 –ℓ3,2 ℓ3,1 + ℓ3,2 + r



2 

mFPT1

mFPT2

mFPT3


 =



0
0
r


 .

	

Analytical formulas for SS(x) and mFPTi(x)

As described above, it is straightforward to solve Eqs. 5 and 8 numerically, given particular values of the edge labels, 
using standard techniques. Complementing this approach, we also sought to obtain analytical formulas for SS(x) and 
mFPTi(x), both of which are accessible via the Matrix-Tree theorems [18,21]. To understand these formulas, we must 
first consider the spanning forests of a graph. For any graph Γ, a spanning forest of Γ is a subgraph, F, that (1) contains 
all the vertices in Γ (“spanning”); (2) contains no cycles, even when ignoring edge directions (“forest”); and (3) contains 
exactly one outgoing edge from each vertex other than a subset, R(F) ⊂ V(Γ), from which there are no outgoing edges. 
This subset of vertices are called the roots of F. If R(F) consists of a single vertex, then F is a spanning tree. We denote 
the set of spanning forests of Γ rooted at A ⊂ V(Γ) by ΦA(Γ). Returning to our running example, we show in Fig 2B the set 
of spanning trees of T  that are rooted at each of the vertices 1, 2 and 3, which we denote by Φ{1}(T ), Φ{2}(T ) and Φ{3}(T ),  
respectively.

Since there is exactly one outgoing edge from each non-root vertex in any spanning forest F, it is easy to see that F 
must contain a directed path of edges, i → i1 → · · · → ik → j, from each vertex, i ̸∈ R(F), to precisely one root, j ∈ R(F). 
For instance, if F is a spanning tree rooted at R(F) =

{
j
}

, then every vertex must have a path to j in F. On the other hand, 
each root in any spanning forest has a trivial path to itself and, since roots lack outgoing edges, evidently has no path to 
any other root. Now, given A ⊂ V(Γ) and j ∈ A, we denote by ΦA:i⇝j(Γ) ⊂ ΦA(Γ) the subset of spanning forests rooted at A 
in which there is a path from i to j. Here, i may either be any non-root vertex or j itself, so that i ∈

(
V(Γ) \ A

)
∪ {j}.  

If i = j, then, as described above, j always has a trivial path to itself and has no path to any other root, and so we have 
ΦA:j⇝j(Γ) = ΦA(Γ).

Fig 2C shows four subsets of spanning forests of our example augmented graph, T + , each with a different set of roots 
(
{
1, 4

}
, 
{
2, 4

}
, 
{
3, 4

}
, and 

{
4
}

) and a different choice of root to which there is a path from the vertex 1. For instance, 
the second row contains the spanning forests of T +  that are rooted at 

{
2, 4

}
 and contain a path from 1 to 2; following our 

notation, this is the set Φ{2,4}:1⇝2(T +). Note that, in the first row, we show the set Φ{1,4}:1⇝1(T +) of spanning forests rooted 
at 

{
1, 4

}
 with a path from 1 to itself; as described above, since such a trivial path exists in every spanning forest rooted at {

1, 4
}

, this set is equal to the set Φ{1,4}(T +). Similarly, the last row shows the set Φ{4}(T +) of spanning trees rooted at 4; 
since every vertex has a path to the lone root in a spanning tree, this set is also equal to Φ{4}:1⇝4(T +).

We are now ready to provide our formulas for SS(x) and mFPTi(x). For the former, the Matrix-Tree theorem tells us that 
the steady-state probability vector, p*, in Eq. 5 is given by [17–19]
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p∗ =

ρ

ρ1 + · · · + ρn
, with ρi = w(Φ{i}(G)),

	 (9)

where w(·) is the weight function, which, here, evaluates the sum of products of edge labels over each spanning forest in 
Φ{i}(G). More broadly, if H is any collection of graphs, then w(H) is defined as

	
w(H) =

∑
H∈H

( ∏
u→v∈H

ℓ(u → v)

)
.

	

To see how this calculation works on T , we can run through the spanning trees in Fig 2B and read off the corresponding 
edge labels in Fig 2A, to get

	

ρ1 = w(Φ{1}(T )) = ℓ2,1ℓ3,1 + ℓ2,1ℓ3,2 + ℓ2,3ℓ3,1

ρ2 = w(Φ{2}(T )) = ℓ1,2ℓ3,2 + ℓ1,3ℓ3,2 + ℓ1,2ℓ3,1

ρ3 = w(Φ{3}(T )) = ℓ1,3ℓ2,3 + ℓ1,2ℓ2,3 + ℓ2,1ℓ1,3.	

We can then use Eq. 9 to calculate p*, then use Eq. 4 to solve for SS(x). In particular, since Vprod(T ) =
{
3
}

, Eq. 4 tells us that

	
SS(x) =

rp∗3
δ

=
r
δ

(
ρ3

ρ1 + ρ2 + ρ3

)
.
	

As for the mFPTs, we can use the All-Minors Matrix-Tree theorem to show that [21]

	

mFPTi(x) =
∑
j∈V(G)

w(Φ{j,M}:i⇝j(G+))
w(Φ{M}(G+))

,

	 (10)

where, as described above, G+ is obtained by augmenting G with the terminal vertex, M (Appendix A in S1 Text). For 
instance, applying this formula to our example augmented graph, T + , with i = 1 yields

	

mFPT1 =
∑

j∈{1,2,3}

w(Φ{j,4}:1⇝j(T +))
w(Φ{4}(T +))

.

	 (11)

The spanning forests of T +  that contribute to the numerator are given in the first three rows of Fig 2C; the spanning trees 
that contribute to the denominator are given in the last row. Reading off the edge labels in Fig 2A, we can see that these 
terms are given by

	

w(Φ{1,4}:1⇝1(T +)) = ℓ2,1ℓ3,1 + ℓ2,1ℓ3,2 + ℓ2,3ℓ3,1 + ℓ2,1r + ℓ2,3r

w(Φ{2,4}:1⇝2(T +)) = ℓ1,2ℓ3,2 + ℓ1,3ℓ3,2 + ℓ1,2ℓ3,1 + ℓ1,2r

w(Φ{3,4}:1⇝3(T +)) = ℓ1,3ℓ2,3 + ℓ1,2ℓ2,3 + ℓ1,3ℓ2,1

w(Φ{4}(T +)) = ℓ1,3ℓ2,3r + ℓ1,2ℓ2,3r + ℓ1,3ℓ2,1r,	

which we can substitute into Eq. 11 to obtain an expression for mFPT1.
Eqs. 9 and 10 demonstrate that analytical formulas for both quantities, in terms of the edge labels of the under-

lying graph, can be obtained through spanning tree/forest enumeration, as we have done with T  and T + . However, 
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such enumeration can be prohibitively expensive even for simple graphs. To circumvent this, we turn to a recurrence 
relation due to Chebotarev and Agaev [31], which we summarize here and describe in more detail in Appendix A in 
S1 Text.

For any graph Γ with vertices V(Γ) =
{
1, . . . , n

}
, Chebotarev and Agaev defined a sequence of n × n matrices, Qk(Γ), in 

which the (i,j)-th entry, denoted by q(k)i,j (Γ), is the total weight of the spanning forests of Γ with the following properties: (1) 
it contains k edges, (2) j is one of its roots, and (3) it contains a path from i to j. Upon evaluating these matrices for G and 
G+, we can rewrite Eqs. 9 and 10 in terms of these matrices (Appendix A in S1 Text). First, we can rewrite our expression 
for ρi  in Eq. 9 as

	 ρi = q
(n–1)
i,i (G).	 (12)

Second, we can rewrite Eq. 10 as

	

mFPTi(x) =
∑
j∈V(G)

q(n–1)i,j (G+)

q(n)n+1,n+1(G
+)
.

	 (13)

Now, these reformulations are useful because Chebotarev and Agaev showed that these matrices follow the recurrence 
relation,

	
Qk+1(Γ) = –L(Γ)Qk(Γ) +

(
tr
(
L(Γ)Qk(Γ)

)
k + 1

)
I,

	 (14)

with the initial condition Q0(Γ) = I. This means that we can calculate Qn–1(G), Qn–1(G+), and Qn(G+) by iteratively applying 
Eq. 14, then use their entries to calculate ρi  in Eq. 12 and therefore the steady-state response (Eqs. 4 and 9), as well as 
the mFPT with Eq. 13. Crucially, these equations constitute an algorithm with a polynomial runtime in the number of verti-
ces, n, that circumvents the need to enumerate spanning trees and forests.

Let us now consider how this calculation proceeds on T  and T + . First, taking the negative transpose of L(T ) in Eq. 3 
and L(T +) in Eq. 6, we get

	

L(T ) =




ℓ1,2 + ℓ1,3 –ℓ1,2 –ℓ1,3
–ℓ2,1 ℓ2,1 + ℓ2,3 –ℓ2,3
–ℓ3,1 –ℓ3,2 ℓ3,1 + ℓ3,2




	

and

	

L(T +) =




ℓ1,2 + ℓ1,3 –ℓ1,2 –ℓ1,3 0
–ℓ2,1 ℓ2,1 + ℓ2,3 –ℓ2,3 0
–ℓ3,1 –ℓ3,2 ℓ3,1 + ℓ3,2 + r –r
0 0 0 0


 .

	

Noting that n = #V(T ) = 3, we can now apply Eq. 14 to compute Q2(T ), Q2(T +) and Q3(T +). The resulting matrices are 
rather complicated, but the reader can easily undertake these calculations to verify that the entries required in Eqs. 12 and 
13 are given by
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q(2)1,1(T ) = ℓ2,1ℓ3,1 + ℓ2,1ℓ3,2 + ℓ2,3ℓ3,1

q(2)2,2(T ) = ℓ1,2ℓ3,2 + ℓ1,2ℓ3,1 + ℓ1,3ℓ3,2

q(2)3,3(T ) = ℓ1,3ℓ2,3 + ℓ1,2ℓ2,3 + ℓ2,1ℓ1,3

q(2)1,1(T +) = ℓ2,1ℓ3,1 + ℓ2,1ℓ3,2 + ℓ2,3ℓ3,1 + ℓ2,1r + ℓ2,3r
q(2)1,2(T +) = ℓ1,2ℓ3,2 + ℓ1,3ℓ3,2 + ℓ1,2ℓ3,1 + ℓ1,2r
q(2)1,3(T +) = ℓ1,3ℓ2,3 + ℓ1,2ℓ2,3 + ℓ1,3ℓ2,1

q(3)4,4(T +) = ℓ1,3ℓ2,3r + ℓ1,2ℓ2,3r + ℓ1,3ℓ2,1r. 	

The reader may also verify that these expressions are precisely the weights of the spanning forests given in Fig 2B and C. 
S1 Fig shows the agreement between the mFPT obtained using this procedure and a set of simulated trajectories of X+(·) 
using the Gillespie algorithm [32].

Quantifying decoupling

To quantify decoupling between SS(x) and mFPTi(x), we consider normalised dynamic ranges for the two outputs, which 
we define as

	

SS(x) =
SS(x)
r/δ

and mFPT
i
(x) =

mFPTi(x)

max
x>0

{
mFPTi(x)

} .
	 (15)

These definitions restrict SS(x) and mFPT
i
(x) to between 0 and 1. Indeed, this restriction is self-evident for mFPT

i
(x); for 

SS(x), this stems from Eq. 4, which tells us that

	

SS(x) =
∑

v∈Vprod(G)

p∗v
	

is the sum of steady-state probabilities for the subset of productive states, v ∈ Vprod(G). From here, we define the dynamic 
range of the two outputs as

	

∆SS = maxx>0

{
SS(x)

}
– min

x>0

{
SS(x)

}

∆
mFPT

i = max
x>0

{
mFPT

i
(x)

}
– min

x>0

{
mFPT

i
(x)

}
,
	 (16)

which also range between 0 and 1. We note that both ∆SS  and ∆
mFPT

i  are relative dynamic ranges: the former is normal-
ized by the theoretical maximum value of SS(x) (namely r/δ), while the latter is normalized by the actual maximum value 
of mFPTi(x). Therefore, both dynamic ranges account for changes in SS(x) and mFPTi(x) in proportion to these maximum 
values. We also note that perfect decoupling, in which only the steady-state level changes with input concentration, is 
obtained when ∆

mFPT
i = 0 and ∆SS = 1.

Results

Decoupling under rate scale separation in C2  and D2

We start our analysis by considering the two-state chain model, C2 , which is equivalent to the “random telegraph” model of 
transcriptional bursting (Fig 1E) [14,33,34]. Here, vertex 1 represents an inactive state, and vertex 2 represents an active 
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state that can produce the molecular readout, M, so that Vprod(C2) =
{
2
}

. The steady-state level is given by (Eqs. 4 and 9; 
Appendix A in S1 Text) [22,28]:

	
SS(x) =

rp∗2
δ

=
r
δ

(
ℓ1,2(x)

ℓ1,2(x) + ℓ2,1(x)

)
,
	

whereas the activation time is given by (Eq. 10)

	
mFPT1(x) =

ℓ1,2(x) + ℓ2,1(x) + r
rℓ1,2(x)

,
	 (17)

where we have set the initial vertex to i = 1. Notice that, upon sending r → ∞, we have

	
lim
r→∞

mFPT1(x) =
1

ℓ1,2(x) 	 (18)

From this, we can see that if the ligand acts only on the edge 2 → 1, such that ℓ1,2(x) = ℓ1,2  does not depend on x, and 
the production rate is large (r → ∞), then mFPT1(x) remains constant while the steady-state level, SS(x), changes with x. 
Thus, in this regime, the ligand may only affect the steady-state level, but not the activation time, leading to decoupling. 
This simple model immediately suggests that decoupling can be easily achieved if the ligand only acts on the deactivation 
transition, as long as production from vertex 2 is sufficiently fast such that, upon reaching vertex 2, the system produces 
M before transitioning back to vertex 1. We call this rate scale separation. If the ligand acts on the edge 1 → 2 as well, so 
that ℓ1,2(x) also depends on x, whether decoupling is possible depends on the functional forms of ℓ1,2(x) and ℓ2,1(x).

In order to examine the implications of assuming a specific mechanism by which the bound ligand affects the system, 
we next considered the corresponding ladder model, D2  (Fig 1F). Here, recalling that Vprod(D2) =

{
U2,B2

}
, the steady-

state level of M is defined as (Eqs. 4 and 9)

	
SS(x) =

r
δ

(
p∗U2

(x) + p∗B2 (x)
)
,
	

and we can similarly use Eq. 10 to derive the activation time, mFPTU1 (x), with initial vertex i = U
1
.

The ligand can either promote or hinder production of the readout; in this model, this is determined by the values of the 
regulatory factors, γ1,2  and γ2,1 . The former measures the strength with which the ligand regulates the forward transition, 
B1 → B2 ; the latter measures the strength with which the ligand regulates the backward transition, B2 → B1 . To simplify 
our analysis, we will assume that the ligand acts on only one of the two transitions, and that it promotes readout produc-
tion, thus acting as an activator. Mathematically, this means that either γ1,2 > 1 and γ2,1 = 1, or γ1,2 = 1 and γ2,1 < 1. Using 
the mathematical machinery laid out in the previous section, it can be shown that, in this regime, SS(x) increases mono-
tonically with x and mFPTU1 (x) decreases monotonically with x (Appendix B in S1 Text). In this case, analytical expres-
sions for the corresponding dynamic ranges can be obtained by comparing the values of SS(x) and mFPT

U1 (x) at x = 0 
and x → ∞. In particular, when the forward transition is regulated by the ligand (γ1,2 > 1, γ2,1 = 1), we obtain the following 
dynamic ranges:

	

∆SS =
γ1,2 – 1

γ1,2

(
ℓ12
ℓ21

)
+ γ1,2 + 1 +

ℓ2,1
ℓ1,2

, ∆
mFPT

U1 =
γ1,2 – 1
γ1,2

(
ℓ2,1 + r

ℓ1,2 + ℓ2,1 + r

)
.

	 (19)

Meanwhile, when the ligand regulates the backward transition (γ1,2 = 1, γ2,1 < 1), we obtain,
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∆SS =
1 – γ2,1

ℓ1,2
ℓ2,1

+ γ2,1 + 1 + γ2,1

(
ℓ2,1
ℓ1,2

) , ∆
mFPT

U1 =
1 – γ2,1

ℓ1,2
ℓ2,1

+ γ2,1 + r
ℓ2,1

.

	 (20)

The expressions in Eq. 20 reveal that, when the backward transition is regulated by the ligand, ∆
mFPT

U1  tends to zero as 
r → ∞, while ∆SS  does not depend on r. However, if the forward transition is regulated by the ligand (Eq. 19), then taking 
the same limit causes ∆

mFPT
U1  to converge to a finite nonzero value, namely (γ1,2 – 1)/γ1,2 . Therefore, a similar result 

to what we found for C2  holds for D2 : the two outputs can be decoupled if the ligand regulates the backward transition, 
B2 → B1 , and the production rate, r, is large. Notice that, in both equations, ∆SS  and ∆

mFPT
U1  may both tend to zero in 

other limiting regimes, e.g., ℓ1,2/ℓ2,1 → ∞; this does not correspond to our definition of decoupling, but rather a trivial case 
of unresponsiveness of the system.

Decoupling under rate scale separation in D3

Molecular systems in various biological settings often transition through multiple states before producing the molecular 
readout [9,14,15,35,36]. We thus asked what happens in the ladder model D3 .

To begin with a simplified setting, we assumed ℓ1,2 = ℓ2,1  and ℓ2,3 = ℓ3,2 , and that the ligand regulates exactly one of 
the four transitions, B1 → B2 , B2 → B1 , B2 → B3 , and B3 → B2 , promoting readout production. In this case, there are four 
possibilities, which are enumerated in Table 1. For each of these regimes, it can be shown that SS(x) and mFPTU1 (x) are 
both monotonic in x (Appendix B in S1 Text) and analytical expressions for the dynamic ranges of the corresponding nor-
malised quantities can be obtained, analogously to the D2  model.

The normalised dynamic ranges for the four parametric regimes are summarized in Table 1 below, where we have 
introduced the dimensionless parameters,

	
α =

ℓ2,3
ℓ1,2

and β =
r

ℓ1,2
.
	 (21)

We first notice that, in almost all the cases, having a large production rate (r → ∞) is no longer sufficient to get decou-
pling. The only case in which this is sufficient is case 1.IV, where only the last backward transition, B3 → B2 , is regulated. 
Here, we may rewrite ∆

mFPT
U1  as,

Table 1.  Dynamic ranges of SS and mFPT
U1  in D3 , for regulatory regimes that promote readout production through the regulation of one 

transition.

regulatory regimes ∆SS ∆
mFPT

U1

1.I γ1,2 > 1 γ1,2 – 1

3
(
2γ1,2 + 1

) γ1,2 – 1

γ1,2

(
β + α + αβ

αβ + 2β + 3α

)

1.II γ2,1 < 1 1 – γ2,1

3
(
γ2,1 + 2

) (
1 – γ2,1

)( α + β

αβ + 2β + 3α

)

1.III γ2,3 > 1 2
(
γ2,3 – 1

)

3
(
γ2,3 + 2

) γ2,3 – 1

γ2,3

(
2
(
α + β

)
αβ + 2β + 3α

)

1.IV γ3,2 < 1 2
(
1 – γ3,2

)

3
(
2γ3,2 + 1

) (
1 – γ3,2

)( 2α

αβ + 2β + 3α

)

https://doi.org/10.1371/journal.pcbi.1014288.t001



    
PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014288  May 15, 2026 14 / 37

	
2
(
1 – γ3,2

)( r
ℓ1,2

+
2r
ℓ2,3

+ 3
)–1

.
	

This is in line with the findings for D2  in the previous section, and can be understood intuitively as follows. When r is 
sufficiently large, every time the system reaches U

3
 or B

3
, it will rapidly proceed to M without backtracking to vertex U

2
 or 

B
2
, respectively. Therefore, the mFPT from U

1
 to M can be approximated as the mFPT from U

1
 to U

3
 or B

3
, whichever is 

reached first. Now, if the ligand does not regulate any transition other than B3 → B2 , the dynamics with which the system 
proceeds to U

3
 or B

3
 in the limits of zero or infinite ligand concentration, respectively, are the same on average. Since the 

mFPT is monotonic in x (Appendix B in S1 Text), this implies that the mFPT does not change with x. Therefore, in case 
1.IV, a large production rate is sufficient for decoupling.

In addition, we notice that for cases 1.II, 1.III and 1.IV, but not 1.I, there exists a different parametric regime in which 
∆
mFPT

U1  tends to zero but ∆SS  does not, thus giving rise to decoupling: α,β ≫ 1, which we may rewrite in terms of rates 
as ℓ2,3, r ≫ ℓ1,2 . In particular, we note that, in cases 1.II and 1.III, it is not sufficient to have either α ≫ 1 or β ≫ 1;  
rather, both α and β  must be large. In this rate-scale-separated regime, the first forward transition in the absence of 
ligand, U1 → U2 , is much slower than the second, U2 → U3 , as well as the production transitions, U3 → M and B3 → M.  
In addition, when γ1,2 = 1 (as in cases 1.II, 1.III, and 1.IV), the first forward transition in the presence of ligand, B1 → B2 ,  
is also much slower than U2 → U3 , B2 → B3 , U3 → M, and B3 → M. We hypothesised that, in this case, a partitioning of 
the graph arises where the slow rate, namely ℓ1,2 , completely determines the activation time, while the fast rates dictate 
the dynamic range of the steady-state level. To test this hypothesis, we examined mFPTU1 (x) for cases 1.II, 1.III and 1.IV, 
when x = 0. For all three cases, the activation time is given by (Eq. 13 and setting x = 0),

	
mFPTU1 (x = 0) =

1

ℓ1,2

(
1 +

3α + 2β
αβ

)
.
	 (22)

Here, imposing α,β ≫ 1 yields an activation time that depends merely on ℓ1,2 . Since, as shown above, ∆
mFPT

U1 → 0 in 
this parametric regime for cases 1.II, 1.III and 1.IV, this means that mFPTU1 (x) depends merely on ℓ1,2  for all x. Therefore, 
under rate scale separation, the activation time depends entirely on the slower, unregulated forward transition.

Meanwhile, the expression for the steady-state level, SS(x), depends on the specific case, as well as which paramet-
ric limits are applied to realise the condition that α and β  should be large. For instance, in the simple setting in which 
we send ℓ1,2 → 0, it can be easily shown that the steady-state level in case 1.III—obtained by applying Eq. 9 and taking 
the symbolic limit as ℓ1,2 → 0—depends on the fast rate ℓ2,3 , and the corresponding regulatory factor, γ2,3 , in addition to 
k

on
, k

off
, and x. In contrast, the steady-state level in case 1.II, in which the slow backward transition B2 → B1  is regulated, 

depends on the regulatory factor, γ2,1 , but not the fast rate, ℓ2,3 .
Next, we aimed to assess whether rate scale separation can still give rise to decoupling if we relax some of the 

assumptions made in the above analysis, namely that ℓ1,2 = ℓ2,1  and ℓ2,3 = ℓ3,2 . We found that, upon relaxing these 
assumptions, the expressions for ∆SS  and ∆mFPT  become substantially more complicated; therefore, we resorted to 
numerical optimization to search for parameter regimes that lead to decoupling, focusing on case 1.III (γ2,3 > 1; Fig 3A).

We defined a coupling score,

	 f = 1 – (∆SS –∆
mFPT

U1 ),	

which describes the extent of coupling between the steady-state level and activation time. Perfect decoupling corresponds 
to f = 0, corresponding to a maximum steady-state dynamic range (∆SS = 1) and a minimum activation time dynamic range 
(∆

mFPT
U1 = 0). We then searched for parameter sets that yield a small value of f by using a Particle Swarm Optimization 
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Fig 3.  Decoupling under rate scale separation in the ladder model, D3 , for case 1.III in Table 1 (A–E) and a generalization of case 2.I in Table 
2 (F–J). (A) Schematic of D3  with regulation of B2 → B3  (case 1.III). (B) Distribution of coupling scores after termination of the PSO. Each PSO run was 
terminated whenever f < 1 for more than 5 consecutive generations. For almost all the runs (n = 99) f < 0.1. (C) Evolution of f over each PSO run. The red 
curve represents the “best” optimized parameter set with the smallest value of f. (D) Input-output responses of optimized parameter sets for which f < 1 
and the steady-state level increases monotonically with x. (E) Distributions of parameter values corresponding to the curves in panel D, with α = ℓ2,3/ℓ1,2  
and β = r/ℓ1,2 . The green curve represents the best parameter set (red curve in C). (F) Schematic of D3  with regulation of B1 → B2  and B2 → B3  
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(PSO) algorithm [37,38] (Materials and Methods). Briefly, this algorithm begins with a collection (or “swarm”) of parameter 
sets (or “particles”), and iteratively updates each particle’s position and velocity according to the values of the objective 
function (here, f) across the swarm. Over successive generations, the swarm collectively converges to the optimal solu-
tion(s) with respect to the objective function.

We allowed the rates, ℓi,j , koff
, and r, to lie within a large parameter range, namely 

[
10–4, 104

]
 in units of δ . The binding 

rate constant, k
on

, was also assumed to lie in the range 
[
10–4, 104

]
, but in units of δ/

(
1 c.u.

)
, where “c.u.” denotes the 

concentration units used for x. Finally, the dimensionless regulatory parameter, γ2,3 , was constrained to lie in the range [
1, 103

]
. Each parameter was restricted to lie within these ranges throughout the optimization. We ran 100 independent 

optimization runs, each starting from a different random initial condition. Fig 3B and C show that more than 90% of the 
runs converged to a final coupling score of f < 0.1, strongly suggesting that this procedure effectively minimizes the objec-
tive function.

Among these successful optimization runs, we retained only the optimised parameter sets for which SS increases with 
x, and visualised the corresponding normalised steady-state level and activation time responses (Fig 3D). This revealed 
that, while the steady-state level increases monotonically with x (Fig 3D, left), the mFPT barely changes (Fig 3D, right), 
demonstrating near-perfect decoupling. In line with our analytical results, we found that (1) the values of α and β  are both 
large, and (2) the second forward transition, B2 → B3 , is strongly promoted by the ligand, with γ2,3  almost always reaching 
its maximum value of 103 (Fig 3E). This strongly suggests that our optimization procedure is identifying parameter regimes 
that achieve decoupling via rate scale separation.

Notably, we also found that ℓ3,2  often exceeds ℓ2,3 , albeit to an extent less than r; for instance, the best parameter set 
over all optimisation runs (Fig 3E, green) exhibited ℓ3,2/ℓ2,3 ∼ 10 and β/α = r/ℓ2,3 ∼ 102 . We also found a broad distribution 
of values for ℓ1,2/ℓ2,1 . This indicates that the assumptions that ℓ1,2 = ℓ2,1  and ℓ2,3 = ℓ3,2  are not necessary for decoupling 
via rate scale separation. Indeed, combining these results with the analytical formulas in Table 1 reveals that ℓ3,2 > ℓ2,3  
strengthens decoupling, by increasing the steady-state dynamic range, ∆SS . We can understand this effect by consider-
ing some simple limiting cases. For instance, it is easy to see that, for a regulatory regime in case 1.III in which ℓ1,2 = ℓ2,1 , 
ℓ2,3 = ℓ3,2 , and γ2,3 ≫ 1, we have a basal steady-state response of SS(x = 0) = 1/3, which limits the steady-state dynamic 
range that can be achieved (Appendix C in S1 Text). On the other hand, removing the equality constraints on the hori-
zontal transition rates enables the accumulation of steady-state probability on the non-productive states, U

1
 and U

2
, and 

thereby decreases SS(x = 0), which allows for an increased dynamic range. Therefore, asymmetry in the transition rates 
acts in concert with the regulatory factor, γ2,3 , to modulate the steady-state dynamic range, whereas α and β  together 
dictate the mFPT dynamic range, thus inducing decoupling.

We next proceeded to extend our analysis to regulatory regimes in which the ligand regulates two transitions. There are 
16 such possible regulatory regimes, depending on the choice of ligand-regulated transitions and whether each corre-
sponding regulatory factor, γi,j , is either greater than or less than 1. We can categorize these regimes into two classes: 
eight coherent regimes, in which the ligand consistently promotes or hinders transitioning towards the productive state 
(e.g., γ1,2 > 1 and γ2,3 > 1); and eight incoherent regimes, in which the ligand simultaneously promotes and hinders tran-
sitioning towards the productive state (e.g., γ1,2 > 1 and γ2,3 < 1) [24]. We first restricted our attention to the four coherent 
regulatory regimes in which the ligand consistently promotes transitioning towards the productive state; these regimes 
are enumerated in Table 2. For each of these regimes, it can be shown that SS(x) and mFPTU1 (x) increase and decrease 

(generalization of case 2.I). (G) Distribution of coupling scores after termination of the PSO. Each PSO run was terminated after 23 hours of computation 
time. For almost all the runs (n = 99) f < 0.1. (H) Evolution of f over each PSO run. The red curve represents the best parameter set. (I) Distributions of 
optimized parameter values for which f < 1 and the steady-state level increases monotonically with x. The green curve corresponds to the best parameter 
set (red curve in H). (J) Normalized dynamic ranges for two families of parameter sets, with the parameters set as follows: ℓ2,3 = ℓ3,2 = 10δ , koff = δ ,  
kon = δ/

(
1 c.u.

)
, r = 10δ , γ2,3 = 10, γ1,2 = 1 or 10, and ℓ1,2 = ℓ2,1  varied over a logarithmic range. The dots represent numerical computations (Materials 

and Methods), and the dashed lines represent the formulas in Table 2 (case 2.I).

https://doi.org/10.1371/journal.pcbi.1014288.g003
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monotonically with x, respectively (Appendix B in S1 Text), and we can obtain analytical expressions for the normalised 
dynamic ranges of these quantities, as before. These expressions are given in Table 2.

Although these expressions are more complicated, we still see that imposing rate scale separation, by setting α,β ≫ 1,  
causes ∆

mFPT
U1 , but not ∆SS , to tend to zero, as long as the slow, forward transition (B1 → B2 ) is not regulated (cases 

2.III and 2.IV). Moreover, for each of these two cases, it is easy to directly compare the expressions for ∆SS  and ∆
mFPT

U1  
to the expressions that arise when only one transition is regulated (cases 1.II and 1.III for 2.III, and cases 1.II and 1.IV 
for 2.IV), to see that ∆

mFPT
U1  decreases and ∆SS  increases when a second transition is regulated. As such, introducing a 

second regulated transition enhances decoupling.
We next assessed the relevance of the constraints ℓ1,2 = ℓ2,1  and ℓ2,3 = ℓ3,2 , again using the numerical optimization pro-

cedure outlined above. We aimed to minimize the coupling score, f, for a generalized version of case 2.I (Fig 3F), in which 
γ1,2  and γ2,3  can both assume any value within the range, 

[
10–3, 103

]
. Similarly to the optimization for case 1.III, we found 

that more than 90% of the optimization runs converge to a coupling score of f < 0.1 (Fig 3G), albeit with a larger number 
of generations (Fig 3H), as expected by the increased dimensionality of the parameter space. Notably, we found that the 
optimal parameter sets exhibit significant rate scale separation, α ≫ 1 and β ≫ 1, as well as values of γ1,2 ≈ 1,  
representing little to no regulation of the slow forward transition B1 → B2 , and γ2,3  close to the maximum value of 103 
(Fig 3I). This strongly suggests that, to attain decoupling, the algorithm is effectively reducing this generalization of 
case 2.I to a regulatory regime in case 1.III, in which B1 → B2  is unregulated. Therefore, regulation of the slow forward 
transition, B1 → B2 , does not improve decoupling when the input also regulates B2 → B3 . This contrasts with what we 
observed above for cases 2.III and 2.IV, where regulation of two transitions does improve decoupling when B1 → B2  is not 
regulated.

In addition, we found that the ratios ℓ1,2/ℓ2,1  and ℓ2,3/ℓ3,2  follow similar distributions as in case 1.III (Fig 3E), with 
ℓ3,2/ℓ2,3 ∼ 10 in the best parameter set (Fig 3I, green). This, again, reflects the fact that increasing ℓ3,2/ℓ2,3  decreases 
SS(x = 0), and therefore increases ∆SS , thus strengthening decoupling.

The equations in Table 1 and Table 2 and the numerical results in Fig 3 show that a large rate scale separation can 
give rise to decoupling. To assess whether decoupling can be achieved in a more constrained scenario, we examined a 
family of example parameter sets in case 1.III with γ2,3 = 10, ℓ2,3 = ℓ3,2 = r = 10δ , koff = δ , and kon = δ/

(
1 c.u.

)
, and plotted 

∆SS  and ∆
mFPT

U1  while varying ℓ1,2 = ℓ2,1  over several orders of magnitude (Fig 3J, dark colours). Note that, in this case, 
α = β . Here, we found that, while ∆SS  did not significantly vary with ℓ1,2 , we could decrease ∆

mFPT
U1  to as small as 0.1 by 

setting α = β ≈ 101.5 , suggesting that values of α, β , and γ2,3  much less than those reported in Fig 3E can also give rise 
to significant decoupling. Meanwhile, we found that the same family of parameter sets but with γ1,2 = 10, which instead fall 

Table 2.  Dynamic ranges of SS and mFPT
U1  in D3 , for regulatory regimes that promote readout production through the regulation of two 

transitions.

regulatory regimes ∆SS ∆
mFPT

U1

2.I γ1,2 > 1, γ2,3 > 1 2γ1,2γ2,3 – γ1,2 – 1

3
(
γ1,2γ2,3 + γ1,2 + 1

) αβγ2,3(γ1,2 – 1) +
(
α + β

) (
2γ1,2γ2,3 – γ1,2 – 1

)

γ1,2γ2,3
(
αβ + 3α + 2β

)

2.II γ1,2 > 1, γ3,2 < 1 2γ1,2 – γ1,2γ3,2 – γ3,2

3(γ1,2γ3,2 + γ1,2 + γ3,2)

(
αβ + β

) (
γ1,2 – 1

)
+ α

(
2γ1,2 – γ1,2γ3,2 – γ3,2

)

γ1,2
(
αβ + 3α + 2β

)

2.III γ2,1 < 1, γ2,3 > 1 2γ2,3 – γ2,1 – 1

3
(
γ2,1 + γ2,3 + 1

)
(
α + β

) (
2γ2,3 – γ2,1 – 1

)

γ2,3
(
αβ + 3α + 2β

)

2.IV γ2,1 < 1, γ3,2 < 1 2 – γ2,1γ3,2 – γ3,2

3
(
γ2,1γ3,2 + γ3,2 + 1

) β
(
1 – γ2,1

)
+ α

(
2 – γ2,1γ3,2 – γ3,2

)
αβ + 3α + 2β

https://doi.org/10.1371/journal.pcbi.1014288.t002
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under case 2.I, did not exhibit significant decoupling for any choice of ℓ1,2 = ℓ2,1  (Fig 3J, light colours), consistent with our 
observations in Fig 3I.

In summary, our numerical and analytical results demonstrate that rate scale separation, when paired with a lack of 
regulation of the slower forward transition, B1 → B2 , gives rise to decoupling in the ladder model, D3 . In order to check 
whether this same mechanism enables decoupling in larger models, we performed a similar analysis of D6  and found that, 
there too, decoupling can arise when (1) the system exhibits a block of transitions that are slower than a subsequent block 
of transitions, and (2) regulation occurs along one or more of the faster forward transitions (S9A–C Fig). Such separa-
tions of timescales have been widely recognised in the setting of gene regulation, where changes in chromatin state are 
typically measured to proceed on slower timescales than TF binding and the reactions that comprise the polymerase cycle 
[33,39–41]. This suggests that decoupling in gene regulation could arise when activating TFs do not accelerate the slow 
chromatin opening transitions, but rather work on other subsequent steps.

Decoupling due to incoherent regulation, in the absence of rate scale separation

We then asked whether there are alternative regulatory mechanisms that can yield decoupling when all transitions oper-
ate on similar timescales. Recently, we and others have argued that TFs may act on multiple steps of a gene-regulatory 
mechanism in an incoherent fashion, simultaneously promoting and hindering transcription [22,24]. In the light of this, we 
hypothesized that such incoherent regulation may be an alternative way to maintain a constant activation time, perhaps by 
counterbalancing the effects of promoting progression towards the productive state through certain transitions by hinder-
ing this progression along other transitions, all while allowing for a change in the steady state.

To examine how decoupling might arise when the transition rates are constrained to be similar, we first considered the 
extreme scenario in which ℓ1,2 = ℓ2,1 = ℓ2,3 = ℓ3,2 . In this case, assuming that the ligand acts only on the forward transitions 
B1 → B2  and B2 → B3  (i.e., γ1,2, γ2,3 ̸= 1 and γ2,1 = γ3,2 = 1), it can be shown that decoupling cannot be achieved in any 
coherent regulatory regime in which γ1,2 ≥ 1 and γ2,3 ≥ 1. In particular, it can be shown that, in this regime (Appendix D in 
S1 Text),

	 ∆SS < ∆
mFPT

U1 .	

This implies that, whenever γ1,2 ≥ 1 and γ2,3 ≥ 1, the coupling score, f, must be greater than one. Therefore, if the ligand 
is assumed to promote one of the forward transitions and ℓ1,2 = ℓ2,1 = ℓ2,3 = ℓ3,2 , decoupling may only be achieved if the 
ligand hinders the other forward transition, i.e., the ligand regulates the two transitions in an incoherent manner.

We next considered what happens when we allow for such incoherent regulation by the ligand. Here, the ligand reg-
ulates two transitions in such a way that it promotes progression towards the productive state through one transition, 
while hindering this progression through the other (e.g., γ1,2 > 1 and γ2,3 < 1). In this case, SS(x) and mFPT

U1 (x) are not 
necessarily monotonic in x (Appendix B in S1 Text), consistent with similar observations reported in previous work [23,24]. 
However, we can still characterise conditions under which mFPT

U1 (x) is not necessarily constant in x, but satisfies the 
weaker condition,

	
mFPT

U1 (x = 0) = lim
x→∞

mFPT
U1 (x).

	 (23)

In particular, we can show that, if we set ℓ1,2 = ℓ2,3 = ℓ2,1 = ℓ3,2 = r and allow for regulation along B1 → B2  and B2 → B3  
(γ1,2, γ2,3 ̸= 1 and γ2,1 = γ3,2 = 1), then we have,

	
lim
x→∞

mFPT
U1 (x) – mFPT

U1 (x = 0) =
2γ1,2 – 5γ1,2γ2,3 + γ2,3 + 2

6γ1,2γ2,3
.
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Equating this to zero and solving for either γ1,2  or γ2,3 , we obtain,

	
γ1,2 =

γ2,3 + 2
5γ2,3 – 2

and γ2,3 =
2
(
γ1,2 + 1

)
5γ1,2 – 1

.
	

From here, it is easy to see that γ1,2 > 1 if, and only if, γ2,3 < 1. This implies that any coherent regulatory regime in which 
γ1,2, γ2,3 > 1 or γ1,2, γ2,3 < 1 cannot satisfy Eq. 23, and therefore cannot exhibit a constant mFPT

U1 (x) in x. This demon-
strates that, in the extreme scenario where ℓ1,2 = ℓ2,1 = ℓ2,3 = ℓ3,2 = r, incoherent regulation is necessary to achieve 
mFPT

U1 (x = 0) = limx→∞mFPT
U1 (x), which is a prerequisite for a flat activation time, ∆

mFPT
U1 = 0. We emphasize, how-

ever, that mFPT
U1 (x) may be non-monotonic in x in general, in which case ∆

mFPT
U1  may be nonzero even if the initial and 

final values of mFPT
U1 (x) are the same.

To pursue a more comprehensive analysis of decoupling in the situation where the transitions proceed with similar 
rates, we again turned to numerical optimisation. In particular, we adapted our PSO approach to incorporate a “Rate Scale 
Constraint” (RSC) that constrains the ratio between each pair of transition rates, as follows:

	

minimize f = 1 –
(
∆SS –∆

mFPT
U1

)

subject to g1 =
∣∣log10

(
ℓ1,2/ℓ2,3

)∣∣ – RSC ≤ 0

g2 =
∣∣log10

(
ℓ1,2/ℓ2,1

)∣∣ – RSC ≤ 0

g3 =
∣∣log10

(
ℓ2,3/ℓ3,2

)∣∣ – RSC ≤ 0,	 (24)

where RSC is some positive constant. The smaller RSC is, the more similar ℓ1,2 , ℓ2,1 , ℓ2,3 , and ℓ3,2  tend to be. Within the 
PyMoo optimisation framework that we used to perform PSO [38], inequality constraints are handled as penalties to the 
objective function; as such, we independently confirmed that all solutions obtained from the PSO do satisfy the constraints 
given in Eq. 24 (S2C Fig, left). We emphasise that we did not impose any constraints on the ligand’s regulatory mode, in 
principle allowing for both coherent and incoherent regulation.

We first focused on the case where the ligand may regulate the two forward transitions, B1 → B2  and B2 → B3  (so that 
γ1,2  and/or γ2,3  may be distinct from 1, and γ2,1 = γ3,2 = 1). We ran PSO with six different values for RSC: 0.005, 0.05, 0.5, 
1, 2, and 3. As before, to increase the probability of finding global optima, we performed 100 replicates of the optimization, 
each starting from a different random initial condition. The convergence of each replicate for RSC = 0.005 is shown in S2A 
Fig. Consistent with the analyses throughout the manuscript, we considered only activating responses, where the steady-
state response increases with TF concentration.

Fig 4A shows that, as RSC → 0, we obtained a larger minimum coupling score, suggesting that it is more difficult to 
obtain decoupling under rate scale constraint. When examining the corresponding input-output curves for RSC = 0.005 
in which SS increases with x, we observed some dependence of the normalised mFPT on the ligand concentration (Fig 
4B, bottom). Yet, we observed that the increase in the coupling score was mostly determined by a smaller dynamic range 
in the steady-state level, arising from a nonzero basal steady-state level at zero input concentration (Fig 4B, top). This is 
consistent with our previous reasoning: the closer ℓ1,2/ℓ2,1  and ℓ2,3/ℓ3,2  are to 1, the closer the normalised steady-state 
level at zero ligand concentration is to 1/3, which is indeed the value of SS(x = 0) that we observe in our optimisation 
results (Fig 4B, top).

When examining the optimal parameter sets with a coupling score of f < 1 for RSC = 0.005, we found that γ1,2  and γ2,3  
lie in the incoherent space, with γ1,2 < 1 and γ2,3 > 1 (Fig 4C). To confirm the relevance of the incoherent regulatory mode, 
we identified the best parameter set from this ensemble of optimization results (Fig 4D, green curve) and computed the 
coupling score while varying γ1,2  and γ2,3  within the range 

[
10–6, 106

]
 (Fig 4E shows a portion of this parameter space 

region; the green cross corresponds to the best parameter set). As expected, in this scenario, moving γ1,2  away from the 
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identified minimum towards γ1,2 = 1 leads to a rapid increase in the coupling score, suggesting significant sensitivity of 
the coupling score to the value of γ1,2 . To observe this more directly, we computed the responses for the parameter points 
corresponding to the crosses in Fig 4E (Fig 4F). When we set γ1,2 = 1 (black cross), we observed that decoupling was 

Fig 4.  Decoupling under rate scale constraint arises under incoherent regulation. (A) Distributions of the coupling score, f, obtained from opti-
mization with various rate scale constraints (RSC). The lower the RSC, the more similar the horizontal transition rates are forced to be. Optimisations 
were terminated after a predefined compute time (Materials and Methods). Only the parameter sets for which f < 1 are shown, and their number for each 
RSC value is given underneath the corresponding set of points. (B) Input-output responses corresponding to the parameter sets obtained from optimi-
sation with RSC = 0.005, for which f < 1 and SS increases with x. (C) Values of γ1,2  and γ2,3  in the parameter sets corresponding to the responses in B 
(RSC = 0.005). (D) Parameter values corresponding to the responses in B (RSC = 0.005). The green line represents the best parameter set (minimum 
f). Each parameter is plotted in units of δ , except for k

on
, which is in units of δ/(1 c.u.). (E) Heatmap of the coupling score, f, with respect to γ1,2  and 

γ2,3 , with the other parameters set to the most optimal parameter set (green curve in D), along with select choices of γ1,2  and γ2,3  (crosses) whose 
corresponding input-output curves are shown in F. (F) Input-output curves corresponding to the parameter sets indicated in E. (G) Overlap between 
the concentration ranges over which the input-output curves in B change by 90%. Given two intervals [a,b] and [c,d], the overlap is computed as 
max{0,min{b, d} – max{a, c}}/((b – a) + (d – c)). The closer this value is to zero, the less overlap there is between the concentration ranges over which 
SS(x) and mFPT

U1 (x) exhibit the greatest change. (H) Values of γ1,2  and γ2,3  in the best parameter set for each choice of RSC.

https://doi.org/10.1371/journal.pcbi.1014288.g004
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significantly reduced, with ∆
mFPT

U1 ≈ ∆SS ; and when we entered the coherent space by setting γ1,2 > 1 (pink cross), we 
found that ∆

mFPT
U1  exceeds ∆SS  (Fig 4F).

By analysing the curves in Fig 4B, we found that the concentration range over which the steady-state level changed 
the most was systematically different from that for the mFPT, which can be quantified by the overlap of the input ranges 
over which the curves change the most (Fig 4G, see also the green curves in Fig 4F). Examining the parameter sets, we 
noticed that the concentration, x

1/2
, at which the steady-state level is half-maximal, i.e.,

	

SS(x1/2) – minSS(x)

maxSS(x) – minSS(x)
=
1
2
,
	

is always close to koff/kon , which is reminiscent of a Michaelis–Menten kinetic scheme (S3A Fig, left). We also observed 
that the concentration at which the normalised mFPT is minimised, which we denote by x

fast
, is close to ℓ1,2/kon  (S3A 

Fig, right). Together, this suggests that we can modulate the overlap to some extent by tuning k
off

. Indeed, we found that 
increasing the value of k

off
 in the best parameter set in Fig 4D shifted the normalised steady-state curve rightward and 

increased x
1/2

, while only minimally affecting x
fast

 (S3B Fig). However, we also found that increasing k
off

 beyond a certain 
critical value also increases ∆

mFPT
U1  (S3B-C Fig). This illustrates that, within an appropriate range of values of k

off
, we not 

only achieve global decoupling in the sense that the variation in the steady-state is much larger than that of the activation 
time, but we can also achieve a concentration-dependent form of decoupling, in which SS(x) and mFPT

U1 (x) both vary 
with x, but over largely non-overlapping ranges.

Regarding the effect of the RSC value and thus the similarity of the rates of the various transitions, we found that, as 
we increased RSC to allow for rate scale separation (RSC ≥ 1), the optimal value of γ1,2  approached 1, whereas the opti-
mal value of γ2,3  remained similarly large (Fig 4H). In other words, we observed a transition from an incoherent regime, in 
which γ1,2 < 1, γ2,3 ≫ 1, and the transition rates are more tightly constrained, to a regime in which B1 → B2  is unregulated 
(γ1,2 ≈ 1), γ2,3 ≫ 1, and the transition rates are separated (i.e., case 1.III in Table 1, Fig 3E).

We also noticed that the optimisations tended to yield values of r near the maximum possible value (r ≈ 104, Fig 4D), 
although there was a spread of values. To ascertain whether a large value of r is necessary for decoupling in this context, 
we also ran optimisations with the additional constraints that ℓ1,2 = ℓ2,3 = r and ℓ2,1 = ℓ3,2 , so that the production transi-
tion proceeds on the same timescale as the preceding forward transitions, U1 → U2  and U2 → U3  (S4 Fig). As before, 
we observed the strongest decoupling when the ligand operates in an incoherent regime, with comparably low coupling 
scores as in the previous optimisation (S4 Fig). This suggests that decoupling due to incoherent regulation does not 
require a large value of r relative to the other transition rates.

Finally, we also considered regulatory regimes in which one or both of the backward transitions, B2 → B1  and 
B3 → B2 , are regulated. Specifically, we performed additional optimisations with the constraints ℓ1,2 = ℓ2,3 = r and 
ℓ2,1 = ℓ3,2 , but with the following choices of regulatory factors that may differ from 1: (I) γ2,1  and/or γ2,3 ; (II) γ1,2  and/or 
γ3,2 ; or (III) γ2,1  and/or γ3,2  (S6 Fig, S7 Fig, and S8 Fig, respectively; Appendix E in S1 Text). Here, we found instances 
of decoupling for cases II and III in the incoherent space (γ1,2 < 1 and γ3,2 < 1 for case II, γ2,1 > 1 and γ3,2 < 1 for case 
III), in which the ligand-bound transitions were biased towards B

1
 and B

3
. This again demonstrates that incoherent regu-

lation can give rise to decoupling. On the other hand, no instances of decoupling were found for case I, for which the 
reasons remain elusive (S6 Fig).

In summary, our findings demonstrate that, when the transition rates are similar to each other, incoherent regulation can 
facilitate decoupling between the steady-state level and activation time. In this regime, unlike decoupling due to rate scale 
separation, the activation time exhibits a more significant dependence on the input concentration, but this variation can 
occur over a concentration range that is largely non-overlapping with that over which the steady-state changes (Fig 4G), 
effectively leading to decoupling. We have also confirmed that these results extend to the larger graph, D6  (S9D-E Fig).
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Decoupling from an equilibrium of initial states

So far, we have defined the activation time in the ladder models, D+
N , as the mFPT from one initial state, U

1
, to the 

terminal state, M, in which a copy of the readout M has been produced. This definition is reasonable in the setting of 
morphogen-mediated gene regulation in developmental systems such as the Drosophila blastoderm, a key model system 
that motivated our analyses in this paper [9,11,14,16]. In this system, the nuclei divide every few minutes, with each mito-
sis resulting in the repression of transcription and the condensation of chromatin into a broadly inaccessible state. There-
fore, it is reasonable in this context to assume that, upon the initiation of a new nuclear cycle, the regulatory DNA element 
that binds the morphogen has been “reset” to exist in the state U

1
.

However, in other contexts, such as those in which the cell is non-dividing or exhibits a long division time, it is plausi-
ble that the system exists in an equilibrium of initial states before the ligand is introduced. In this case, a more appropri-
ate measure of the activation time would be the average mFPT to the terminal state over all possible initial states, each 
weighted by its steady-state probability (Fig 5A). In other words, we define,

	
mFPT⟨U⟩(x) =

N∑
i=1

(
p∗Ui

(x = 0) ·mFPTUi (x)
)
,
	 (25)

where we have used the same notation as in Eq. 7, and p∗Ui
(x = 0) is the steady-state probability of Ui in DN  prior to intro-

duction of ligand (x = 0). A mathematical justification of this definition is provided in Appendix F in S1 Text.
To determine whether decoupling can be obtained with this alternative definition of activation time, we ran the con-

strained PSO with different choices of RSC (Eq. 24), again focusing on the case where γ1,2  and γ2,3  may be distinct from 
1, and γ2,1 = γ3,2 = 1. As with the preceding analysis, we found that the strength of decoupling decreases as we decrease 
the RSC (corresponding to a stronger constraint on the transition rates), but we still observed significant decoupling at 
RSC = 0.005 (Fig 5B). As before, the increase in the coupling score with the RSC can be attributed to a smaller dynamic 
range in the steady-state level (Fig 5C, top). In this case, we found that the activation time shows little to no dependence 
on the ligand concentration, in contrast to our previous analysis (Fig 5C, bottom; compare to Fig 4B, bottom). We con-
firmed this observation with Gillespie simulations, which we performed to further validate the definition in Eq. 25 (S5 Fig).

Importantly, the optimized parameter sets were found to lie in the incoherent space for RSC = 0.005 (Fig 5D). Upon 
varying the regulatory factors, γ1,2  and γ2,3 , in the best parameter set (Fig 5E, green curve), we again found that the stron-
gest decoupling is indeed obtained when γ1,2 < 1 and γ2,3 > 1 (Fig 5F and G). Moreover, increasing RSC results in optimal 
parameter sets that satisfy γ1,2 ≈ 1 and γ2,3 > 1 (Fig 5H), again demonstrating that, as we allow for rate scale separation, 
we reach regulatory regimes in which only B2 → B3  is regulated (case 1.III in Table 1). Finally, we confirmed that decou-
pling under incoherent regulation with respect to mFPT

⟨U⟩
 can also be observed in the D6  model (S9F–G Fig).

Sensitivity of the proposed mechanisms to single-parameter variations

Our analyses demonstrate that decoupling can arise from two mechanisms: rate scale separation and incoherent reg-
ulation under rate scale constraint. We now examine how sensitive these mechanisms are to variations in individual 
parameters. For each optimal parameter set, θ∗ , with steady-state response ∆SS(θ

∗) and activation time ∆
mFPT

U1 (θ
∗), we 

generated a perturbed parameter set, θ(i) , in which the i-th entry was perturbed by setting its value to 10α , where α was 
randomly sampled from the uniform distribution on [log10 (θ

∗
i ) – 1, log10 (θ

∗
i ) + 1], and every other entry was held fixed. We 

then calculated the corresponding steady-state dynamic range, ∆SS(θ
(i)), and activation time dynamic range, ∆

mFPT
U1 (θ

(i))
, and compared these values with their unperturbed counterparts, as

	

∆∆SS = ∆SS(θ
(i)) –∆SS(θ

∗)

∆∆
mFPT

U1 = ∆
mFPT

U1 (θ
(i)) –∆

mFPT
U1 (θ

∗).	 (26)
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We emphasize that, in this procedure, each parameter is perturbed one at a time; as such, this analysis does not reveal 
how the system may respond to simultaneous perturbations of multiple parameters. We expand on this point in the 
Discussion.

Fig 6A–6C show the results of this analysis for the rate scale separation mechanism. Here, θ∗  was set to the best 
parameter set in Fig 3E (green line), which is an example of a case 1.III mechanism, in which the ligand regulates the 

Fig 5.  Decoupling from an equilibrium of initial states. (A) Schematic of the mFPT⟨U⟩(x) definition of activation time. This definition assumes that, 
before the ligand is introduced, the system has reached a steady state over the unbound states. That is, at the moment immediately prior to the introduc-
tion of ligand (t = 0 and x = 0), the system may occupy any of the unbound states (red vertices), each according to its steady-state probability. (B) Distri-
butions of the coupling score, f, obtained from optimization with various rate scale constraints (RSC). Only the parameter sets for which f < 1 are shown, 
and their number for each RSC value is given underneath the corresponding set of points. (C) Input-output responses corresponding to the parameter 
sets obtained from optimization with RSC = 0.005, for which f < 1 and SS increases with x. (D) Values of γ1,2  and γ2,3  in the parameter sets correspond-
ing to the responses in C (RSC = 0.005). (E) Parameter values corresponding to the responses in C (RSC = 0.005). The green line represents the best 
parameter set. Each parameter is plotted in units of δ , except for k

on
, which is in units of δ/(1 c.u.). (F) Heatmap of the coupling score, f, with respect to 

γ1,2  and γ2,3 , with the other parameters set to the most optimal parameter set (green curve in E), along with select choices of γ1,2  and γ2,3  (crosses) 
whose corresponding input-output curves are shown in G. (G) Input-output curves corresponding to the parameter sets indicated in F. (H) Values of γ1,2  
and γ2,3  in the best parameter set for each choice of RSC.

https://doi.org/10.1371/journal.pcbi.1014288.g005
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B2 → B3  transition via the regulatory factor γ2,3  (Fig 3A). This parameter set is shown in Fig 6A. For each parameter i, 
we sampled 1000 parameter sets θ(i)  and calculated the corresponding distributions of ∆∆

mFPT
U1  (Fig 6B) and ∆∆SS  

(Fig 6C). As shown in Fig 6B, we found that ∆
mFPT

U1  is minimally affected by these perturbations. This suggests that, as 
long as the perturbation does not significantly decrease the rate scale separation, ∆

mFPT
U1  is minimally affected. As for 

∆SS , we found that the same parameter perturbations led to small changes in ∆SS , with the largest changes arising from 
the second set of transitions (Fig 6C). In particular, we note that increasing (resp. decreasing) γ2,3  leads to an increase 
(resp. decrease) in ∆SS . This was previously suggested by our theoretical analysis of the case 1.III mechanism (Table 1), 
although we note that this preceding analysis enforced the additional assumption that ℓ1,2 = ℓ2,1  and ℓ2,3 = ℓ3,2 .

In Fig 6D–F, we show the results of two similar analyses for the incoherent regulation mechanism. Here, θ∗  was first 
set to the best parameter set in Fig 4D (green line), in which the horizontal transition rates were tightly constrained, with 
an RSC value of 0.005; this parameter set is shown in Fig 6D. Now, since introducing parameter perturbations can cause 
these constraints to be violated, and incoherent regulation is only useful for decoupling for tightly constrained rates (Fig 
4H), we hypothesized that perturbing the horizontal transition rates in θ∗  would lead to weaker decoupling. This is indeed 
what we observed: perturbing ℓ1,2 , ℓ2,3 , or ℓ2,1  in either direction resulted in significantly larger values of ∆

mFPT
U1  (Fig 

6E). In contrast, we observed no such effect upon perturbing ℓ3,2 ; we attribute this to the significantly larger value of r in 
θ∗  (Fig 6D), which is sufficiently large that a 10-fold increase in ℓ3,2  does not appreciably increase the probabilities of the 

Fig 6.  Sensitivity of decoupling via the rate scale separation (A–C) and incoherent regulation (D–I) mechanisms to single-parameter pertur-
bations. (A) The best parameter set, θ∗ , obtained from the optimization in Fig 3A–E (see also Fig 3E, green line). (B–C) Distributions of ∆∆

mFPT
U1  (B) 

and ∆∆SS  (C) arising from perturbations in each parameter, starting from the choice of θ∗  in A. The colormap represents the log-ratio of the perturbed 
parameter value, θ(i)i , with respect to the optimal parameter value, θ∗i . (D) The best parameter set, θ∗ , obtained from the optimization in Fig 4 (see also 
Fig 4D, green line). (E–F) Distributions of ∆∆

mFPT
U1  (E) and ∆∆SS  (F) arising from perturbations in each parameter, starting from the choice of θ∗  in D. 

(G) A modified version of the parameter set in D, in which all horizontal rates have been set to the same value, ℓ1,2 = ℓ2,1 = ℓ2,3 = ℓ3,2 = ℓ, as described 
in the text. (H–I) Distributions of ∆∆

mFPT
U1  (H) and ∆∆SS  (I) arising from perturbations in each parameter, starting from the choice of θ∗  in G. Here, the 

horizontal rates were perturbed as a single parameter, ℓ, as described in the text.

https://doi.org/10.1371/journal.pcbi.1014288.g006
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backward transitions, U3 → U2  and B3 → B2 , relative to the probabilities of the terminal transitions, U3 → M and B3 → M. 
Moreover, we found that perturbing the regulatory parameter, γ1,2 , also gives rise to increased ∆

mFPT
U1 , but perturbing γ2,3  

does not; this is consistent with what we observed in Fig 4E, where a thin sliver of values in γ1,2  in the incoherent space 
affords the strongest decoupling under strong rate scale constraint. As for ∆SS , we found that its sensitivity to parameter 
perturbations is comparable to that for ∆

mFPT
U1 , with the largest changes arising from perturbations to the horizontal tran-

sition rates (Fig 6F).
We then sought to understand whether the incoherent regulation mechanism is sensitive to a different type of perturba-

tion, in which we force all horizontal rates to be equal (Fig 6G–I). Here, we set θ∗  to the same optimal parameter set as in 
Fig 4D, but with ℓ2,1 , ℓ2,3 , and ℓ3,2  set to the ℓ1,2  value. This modified parameter set is shown in Fig 6G. We then treated 
all four of these parameters as one common parameter, denoted ℓ, which we perturbed in the same way as before. Here, 
since perturbing ℓ does not change the ratios between the horizontal rates, which are fixed at 1, we hypothesized that the 
decoupling mechanism corresponding to θ∗  is more robust to such perturbations. Again, this is indeed what we observed 
(Fig 6H). We also observed a similarly high sensitivity to perturbations in γ1,2  and low sensitivity to perturbations in γ2,3  as 
in the preceding analysis. Finally, we found that perturbing ℓ also leads to negligible changes in ∆SS  (Fig 6I), in contrast to 
the sensitivity of ∆SS  to perturbations in the horizontal transition rates in Fig 6F. This is consistent with our observations in 
Appendix C in S1 Text, on the effects of variable horizontal rates on ∆SS . In all, these results demonstrate that rate scale 
separation is less sensitive to single-parameter variations than incoherent regulation with a rate scale constraint, due to 
the intrinsic requirement that the horizontal rates be similar in the latter mechanism.

In S10 Fig, we show the results of similar analyses for two parameter sets identified from the optimizations in Fig 5, 
which were performed with respect to the mFPT⟨U⟩  definition of activation time (Eq. 25). As described next, these analy-
ses yielded very similar results to those shown in Fig 6, corresponding to the mFPTU1  definition.

First, we set θ∗  to the best parameter set obtained for the optimization with RSC = 3 (Fig 5B), in which the rates are not 
tightly constrained, and the two forward regulatory factors, γ1,2  and γ2,3 , may be distinct from 1 (S10A Fig). We observed 
significant rate scale separation in this parameter set and a value of γ1,2 ≈ 1 (Fig. 5H). To make this analysis comparable to 
that in Fig. 6A–C, we fixed γ1,2 = 1 and did not subject it to perturbations. We found that perturbing the other parameters as 
before yielded very similar ∆∆SS  distributions to the analysis in Fig 6C (S10C Fig). As for ∆∆

mFPT
⟨U⟩ , we observed qual-

itatively similar results to the analysis in Fig 6B, but with slightly greater sensitivity to perturbations in ℓ1,2  and ℓ2,3  (S10B 
Fig). We then set θ∗  to the best parameter set obtained for the optimization with RSC = 0.005 (Fig 5E, green line, and S10D 
Fig), in which the rates are tightly constrained, similar to the best parameter set in Fig 4D analysed in Fig. 6D–F. Again, we 
found that parameter perturbations yield a very similar pattern of ∆∆SS  distributions to the corresponding analysis in Fig 6F 
(S10F Fig), and a qualitatively similar pattern of ∆∆

mFPT
⟨U⟩  distributions to the analysis in Fig 6E (S10E Fig). Finally, we set 

θ∗  to the same parameter set but with ℓ2,1 , ℓ2,3 , and ℓ3,2  set to the ℓ1,2  value, and treated all four parameters as one com-
mon parameter, ℓ (S10G Fig), akin to our previous analysis in Fig 6G–I. Again, the resulting ∆∆SS  and ∆∆

mFPT
⟨U⟩  distribu-

tions (S10I Fig and S10H Fig, respectively) were similar to the corresponding distributions in Fig 6I and H.
Finally, we asked how this picture changes when we constrain the parameters to better reflect plausible scenarios in 

biological input-output systems. Specifically, we used our optimization procedure to identify parameter sets that achieve a 
prescribed minimum value for ∆SS  over a reduced input concentration range, as well as a target value for mFPTU1  along 
that range, while also achieving strong decoupling globally.

We chose a reduced input concentration range spanning three orders of magnitude,

	
x ∈

[
10–3 c.u., 1 c.u.

]
,
	 (27)

which is a plausible estimate for spatial morphogen gradients in developing embryos [42,43]; and sought to achieve a 
steady-state dynamic range that exceeds half its theoretical maximum, i.e.,
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	 ∆SS > 0.5.	 (28)

We also chose a target mFPTU1  value of δ–1 , so as to attain an activation time that roughly scales with the half-life of the 
readout, M; this is again broadly consistent with measurements in gene regulation systems, in which both the activation 
time and the half-life of the produced mRNA are often on the order of minutes [44,45]. Since mFPTU1  can change with x, 
we sought to enforce this target value by implementing the constraint,

	
mFPTU1 (x = 10–3 c.u.) ∈

[
0.9δ–1, 1.1δ–1

]
.
	 (29)

That is, we accepted values within 10% of the target value. We first ran the optimization procedure with these three new 
constraints, to obtain a parameter set that achieves strong decoupling through a rate scale separation mechanism (S11A 
Fig). We then ran the optimization procedure with these three constraints, plus the additional constraint that

	 ℓ1,2 = ℓ2,1 = ℓ2,3 = ℓ3,2 = ℓ,	

to attain a parameter set that achieves strong decoupling with significant rate scale constraint (S11B Fig).
We then performed the same sensitivity analysis as described above on these new parameter sets. Here, we computed 

∆∆
mFPT

U1  and ∆∆SS  over the reduced concentration range, and we also computed the change in mFPTU1  at x = 10−3 c.u. 
due to each parameter perturbation, which we defined as

	

∆mFPTU1 (x = 10–3 c.u.) = mFPTU1 (x = 10–3c.u.;θ(i))

– mFPTU1 (x = 10–3 c.u.;θ∗).	 (30)

For the rate scale separation mechanism, we found that only perturbing the slow forward rate, ℓ1,2 , incurs large changes 
in mFPTU1 (x = 10–3 c.u.) (S11C Fig, left), which is consistent with the intuition that the corresponding transitions, U1 → U2  
and B1 → B2 , are rate-limiting. When the horizontal rates are constrained to be equal, we found that perturbing the one 
common rate, ℓ, incurs similarly large changes in mFPTU1  (S11D Fig, left).

Meanwhile, we observed largely similar patterns of changes in ∆
mFPT

U1  to the corresponding parameter sets in Fig 
6A–C and 6G–I, except for a few parameters. First, we found that, for the rate scale separation mechanism, ∆

mFPT
U1  is 

more sensitive to perturbations in ℓ1,2  and ℓ2,3  than in the previous analysis (compare Fig 6B with S11C Fig, center). This 
may be due to the enforcement of a target value for mFPTU1  (Eq. 29), which yielded an mFPTU1  value of 1.03 δ–1  for 
the parameter set in S11A Fig, as opposed to a value of ∼ 1000 δ–1  in the corresponding parameter set obtained without 
this constraint, in Fig 6A. Second, we found that, for the incoherent mechanism, ∆

mFPT
U1  is much less sensitive to pertur-

bations in the regulatory factor, γ1,2 , than in the previous analysis (compare Fig 6H with S11D Fig, center). In S11E Fig, 
we show that perturbing γ1,2  actually gives rise to variation in mFPT

U1  outside the concentration range defined in Eq. 27 
(compare with the unperturbed mFPT

U1  curve in S11B Fig). We also note that, in S11B Fig, the range of x over which 
SS(x) changes does not overlap with the corresponding range for mFPT

U1 , akin to the optimal parameter sets in Fig 4B 
(see Fig 4G). These results suggest that this more local form of decoupling is less sensitive to perturbations in γ1,2 .  
Finally, we observed mostly similar patterns of changes in ∆SS  as in the previous analysis (compare Fig 6C and I with 
S11C Fig, right, and S11D Fig, right, respectively).

In all, these findings suggest that imposing the additional constraints we have introduced in Eqs. 27–29 can alter the 
sensitivity patterns of decoupling to single-parameter variations, but in a manner such that decoupling is only sensitive to 
perturbations outside the concentration range of interest. We also find that the strength of decoupling over the reduced 
concentration range is still less sensitive than other features, such as the activation time itself over the same range.



    

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014288  May 15, 2026 27 / 37

Discussion

In this work, we sought to identify regulatory strategies that enable an input ligand to modulate the steady-state level of 
a molecular readout while maintaining a constant activation time, defined as the time for the first readout molecule to be 
produced. By systematically analyzing Markov process models of an input-output system in which a ligand binds to a 
single regulatory site, we found two distinct regimes that support such decoupling between steady-state level and activa-
tion time. In the first regime, which we call rate scale separation, different transitions in the system proceed on different 
timescales, the system first undergoes slow transitions and then fast transitions, and the ligand does not regulate the slow 
forward transitions. In this way, the ligand controls the steady-state level whereas the slow, rate-limiting forward transitions 
dictate the activation time in a ligand-independent manner. In the second regime, the ligand acts as an incoherent regula-
tor, exerting mutually opposing effects on different transitions towards the productive state.

The rate scale separation scenario aligns well with the setting of transcriptional regulation, where it is well-known that 
different regulatory steps—such as chromatin remodeling, transcription initiation, and RNA polymerase pausing—operate 
on distinct timescales (reviewed in [41]), and TFs may selectively regulate a subset of these processes [27,46,47]. In this 
way, a TF may regulate the steady-state level without affecting the activation time.

This idea is in line with the data reported in Eck et al. [9] on the regulation of hunchback by Bicoid and Zelda in the 
Drosophila blastoderm. As we mentioned in the Introduction, in Eck et al., the authors report that in WT embryos, a 
hunchback reporter exhibits a constant activation time over the antero-posterior axis of the embryo, despite the presence 
of a Bicoid concentration gradient along this axis, which only affects the reporter transcription levels. However, in embryos 
lacking the pioneer factor Zelda, which is regarded to be present at a roughly constant level along the antero-posterior 
axis, both the activation time and the transcription level were found to depend on Bicoid concentration. One plausible 
interpretation of this data, according to our findings here, is that the activation time is determined by the pioneering activity 
of Zelda, which would continuously promote the slow process of chromatin opening throughout the embryo. In turn, Bicoid 
would primarily control the faster process of RNA polymerase loading. In Appendix G in S1 Text and S12 Fig we show an 
adaptation of the D3  model to qualitatively account for these data.

In a more recent paper, Alamos et al. [48] reported similar observations of decoupling with a synthetic enhancer that 
binds the morphogen Dorsal in the Drosophila embryo. However, Alamos et al. proposed a different model, namely a 
model based on the Erlang process [49], to explain these data. This model is equivalent to a version of the chain model, 
CN , in which all backward transitions are omitted and all forward transitions have the same rate, which depends on Dorsal 
concentration. While Alamos et al. showed that this model can recapitulate the observed decoupling on average, their 
analysis also assumed a short time window (∼ 7 min) during which transcription could be activated. Such a time window is 
naturally imposed by the fast nuclear division times in the early Drosophila embryo [50], but this assumption also effec-
tively truncates the distribution of possible activation times in a fashion that causes the mean of this distribution to appear 
independent of Dorsal concentration (S13A,D Fig). In other words, this distribution may be effectively interpreted as that of 
the conditional FPT to transcriptional activation, given that activation indeed occurs within the 7 min window [21]. Ala-
mos et al. observed that the fraction of nuclei that undergo activation within this observation window does increase with 
Dorsal concentration. It is therefore plausible that extending the observation window could potentially shift this conditional 
FPT distribution, and its mean, in a manner that depends on Dorsal concentration (S13 Fig). Indeed, we have found that 
allowing for longer observation windows in Alamos et al.’s model yields an activation time that does depend on Dorsal 
concentration (Appendix H in S1 Text, S13D Fig). These findings raise the question of whether the decoupling reported by 
Alamos et al. is an intrinsic feature of that enhancer system, or rather emerges as a byproduct of the fast nuclear cycles 
within the Drosophila embryo [50]. Further experiments that accommodate live imaging of this system over longer obser-
vation windows, perhaps outside the context of the Drosophila embryo, are required to resolve this question.

In addition to rate scale separation, we have also found that decoupled responses can arise under incoherent regula-
tion. Such regulatory regime is increasingly recognized as a feature of gene regulation [24,51], but a thorough mechanistic 
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understanding of how incoherence arises, and what consequences this regulatory mode harbors for biological function, 
is still lacking. Our analyses reveal that one such consequence may be decoupling, albeit to a less robust extent than the 
decoupling obtained under rate scale separation. Our optimization results in Fig 4 and S6–S8 Fig also suggest that the 
ability of an incoherent regulator to achieve decoupling may depend on which transitions are regulated. We envision that 
further work should aim to identify the origins of these dependencies, as well as the differing constraints and tradeoffs that 
apply to systems under rate scale separation and incoherent regulation.

Among the incoherent parameter sets that exhibit decoupling with respect to the mFPT
U1  definition of activation time, 

we noted that those pertaining to some regulatory regimes have low unbinding rates, k
off

 (Fig 4D and S7 Fig). However, 
in the context of gene regulation, experimental measurements of TF–DNA dissociation rates generally tend to be fast 
[40,41]. This is more consistent with the results in S8 Fig, which show that when B2 → B1  and B3 → B2  are regulated, 
larger values of k

off
 can support decoupling. In addition, our analysis of decoupling with respect to mFPT

⟨U⟩
 yielded a col-

lection of parameter sets with greater variability in k
off

, and we were indeed able to identify parameter sets with larger k
off

 
values that support decoupling. We suspect that the need for a relatively low k

off
 in some regulatory regimes arises from 

our assumption that regulation occurs only while the ligand is bound. We anticipate that decoupling and fast unbinding can 
co-occur more consistently in more complex models, for example by including “memory states” that maintain the regula-
tory effect of the ligand after it has unbound, or by including states of intermediate binding [52].

Our sensitivity analysis shows that decoupling in our models is much more sensitive to some parameter variations than 
to others. However, our analysis was restricted to single-parameter variations. Simultaneous perturbations in multiple 
parameters could well reveal additional features. For example, in our analysis of the incoherent regulation mechanism 
(Fig 6D–F), we found that decoupling is quite sensitive to changes in the horizontal rates, which must be similar to facil-
itate decoupling via incoherent regulation. However, it is possible—as already suggested by our analysis in Fig 6G–I—
that coupled perturbations in all four horizontal rates could preserve the rate scale constraint that is required to facilitate 
decoupling within this regime. One well-established method for quantifying the effects of multi-parameter perturbations is 
to calculate the Hessian matrix, with respect to the model parameters, of an appropriately defined objective that quanti-
fies the change in decoupling as a function of the parameters [53–55]. The eigenvalues and eigenvectors of this Hessian, 
evaluated at our optimal parameter sets (denoted θ∗  in Fig 6), can be then used to identify parameter combinations for 
which the model is sensitive (“stiff”) or robust (“sloppy”) to variations. Such an analysis is likely to yield a more comprehen-
sive understanding of the parametric robustness of decoupling but it lies outside the scope of the present paper.

Our analysis focused on particular choices of models—the chain models, CN , and the ladder models, DN—alongside 
additional assumptions, such as the assumption that the ligand regulates at most two horizontal transitions in DN . As 
such, there are several aspects of this analysis that may be generalized in future work. First, examining the effects of 
different numbers of internal states (N), beyond the specific cases of N = 2, N = 3 and N = 6 considered here. Second, our 
models assume a single ligand-binding site, as is the case in many experimental systems [27,48,56,57]; despite this, we 
also expect that incorporating multiple binding sites may yet reveal additional mechanisms for decoupling. In the same 
direction, incorporating multiple ligands would be insightful. Third, in the ladder models, we assumed that ligand unbinding 
proceeds with a constant rate, k

off
, that is independent of the system state. This assumption encodes the simple scenario 

in which progression towards the productive state does not influence the ligand’s unbinding kinetics. For example, a TF 
may bind to a regulatory element far from the promoter, but still affect the rate of polymerase assembly at the promoter in 
a way that does not modulate the TF binding properties. Other scenarios may be best accounted for by considering that 
ligand unbinding depends on the system state.

Gene regulation is a process that relies on various mechanisms of energy expenditure, especially in eukaryotes, 
where the genome is packaged into chromatin that must be continually remodeled and modified to facilitate gene regu-
lation [5,9,23,24,58]. As such, in our models, we do not assume that the system relaxes towards a steady state of ther-
modynamic equilibrium. Yet, the equilibrium assumption has been commonly used in models of gene regulation, and 
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investigating what new regulatory capabilities arise with non-equilibrium mechanisms is an active research area [58,59]. 
This raises the question of whether and how energy expenditure facilitates decoupling. As an initial examination of 
whether imposing thermodynamic equilibrium is detrimental for decoupling, we considered in Appendix I in S1 Text and 
S14 Fig an equilibrium “re-parametrisation” of the D3  model, in which the k

off
 rates depend on the regulatory factors, γ1,2  

and γ2,3 . In this model, the transition rates are defined such that the “regulatory” sub-system described by D3  relaxes 
to a state of thermodynamic equilibrium. Employing a simple analysis outlined in Appendix I in S1 Text, we observed no 
appreciable differences in the responses from those in the original non-equilibrium parametrisation. We leave open the 
intriguing question of whether this conclusion holds more generally to future work.

Our analyses relied on particular quantitative definitions of readout levels and activation time. We believe that the 
biological interpretation of the activation time as an mFPT in the underlying Markov process is straightforward. It is also 
experimentally tractable, as modern techniques now offer access to such timing information, often in the form of FPT dis-
tributions, in various molecular systems (e.g., [6,8,15,60,61]). On the other hand, other definitions of activation time may 
be considered. For example, recent studies in the literature [22,62–65] have considered the time required for the molecu-
lar readout to reach a given mean abundance. Notably, this quantity depends on the degradation rate of the molecule, in 
contrast to our definition (Appendix J in S1 Text, S15 Fig). It will be insightful to examine how decoupling arises for various 
definitions of activation time.

The relevance of the steady-state level as a measure of readout abundance is less clear, as there are many molec-
ular systems that do not reach a steady state, especially in in vivo contexts in which the system is embedded in a 
highly dynamic environment. For instance, the transcriptional output of a gene rarely reaches a steady state, and RNA 
is typically produced in transient, stochastic bursts [66]. As such, while steady-state assumptions, or even assump-
tions of thermodynamic equilibrium, are widespread in theoretical studies of such systems [9,28,67–71], the overall 
validity of these assumptions are questionable. In our analysis, we focused on parameter regimes in which a flat, or 
nearly flat, activation time is accompanied by large changes in the steady-state response. This setup ensures that 
the flat activation time exhibited by our parameter sets is not a trivial consequence of, e.g., non-responsiveness to 
the ligand, but rather arises from nontrivial regulatory strategies. An interesting question for future work is the extent 
to which the mechanisms we have described here can achieve decoupling between activation time and a transient 
readout level.

Regarding functional consequences, decoupling between readout abundance and activation time has significant impli-
cations for input-output systems in biology. For example, cells across different spatial positions or lineages in a develop-
mental system may need to respond synchronously to different local morphogen concentrations, which could be facilitated 
by a decoupling mechanism. Conversely, the ability to tune timing while maintaining fixed output levels could support 
functions that require fine-tuned activation timing regulation. These “reverse decoupling” regimes remain unexplored and 
merit further investigation. Additionally, applying similar analyses to alternative definitions of activation time—such as time 
to a threshold readout abundance [65], or to the onset of a burst in readout production—could deepen our understanding 
of dynamic regulatory mechanisms and improve the mechanistic interpretation of experimental data.

Materials and methods

Calculating the steady-state level, activation time, and their dynamic ranges

As described in the section “Modeling approach and mathematical setup,” we used both numerical and analytical 
approaches for calculating the steady-state level, activation time, and their dynamic ranges, which we defined using 
the graph-theoretic linear framework [17–20] (Appendix A in S1 Text). For the analytical calculations, we implemented a 
symbolic version of the Chebotarev–Agaev recurrence (Eq. 14), using the Python package SymPy [72]. Barring additional 
symbolic simplifications, this approach allows us to obtain exact algebraic expressions for the steady-state level and 
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activation time for any graph, G, in O(n4) arithmetic operations, where n is the number of vertices in G. This is much more 
efficient than any method based on direct enumeration of the spanning trees and/or forests that feature in Eqs. 9 and 10, 
which can scale exponentially with n [19].

For the numerical calculations, we calculated the steady-state level by obtaining the SVD of L(G), identifying the 
right singular vector corresponding to the zero singular value, and normalizing appropriately. This right singular vector 
is unique whenever G is strongly connected. The normalized vector, which is the steady-state vector, p*, arising from 
the master equation (Eq. 1), was then used to evaluate SS(x), as per Eqs. 4 and 15. On the other hand, we calculated 
the activation time by obtaining the QR decomposition of the left-hand matrix in Eq. 8, and using the corresponding 
solution vector to Eq. 8 to evaluate mFPT

i
(x), as per Eq. 15. Briefly, a QR decomposition of an invertible matrix is a 

decomposition, A = QR, such that Q is orthogonal, Q–1 = QT , and R is upper-triangular; such decompositions are use-
ful for solving matrix equations of the form Ax = b. While the exact runtime complexities of these decompositions can 
differ between implementations, we expect that they will be asymptotically faster or comparable to the O(n4) runtime of 
the Chebotarev–Agaev recurrence, and—more importantly—faster in practice due to the availability of highly opti-
mized implementations.

All calculations were implemented in C++, using multiple-precision floating-point numbers from the Boost.Multiprecision 
library [73] with a precision of 100 digits, and implementations of SVD and QR, from the Eigen library [74]. Python bind-
ings were implemented to call these C++ functions from Python, so that they could interface with the PyMoo optimization 
suite (see below).

We checked that the mFPTs obtained from Eq. 13 agree well with estimates obtained from Gillespie simulations [32,75] 
on a simple four-vertex graph (S1A Fig). We sampled 100 combinations of values for the rates, each from a log-uniform 
distribution on the range 

[
10–3, 103

]
, and ran increasing numbers of Gillespie simulations starting from vertex 1 to esti-

mate the mFPT to vertex 4. As expected, we observed that the agreement between these estimates and their correspond-
ing exact values, given by Eq. 13, increases with the number of trajectories (S1B Fig).

To numerically compute the dynamic range for a given parameter set, we calculated SS(x) and mFPT(x) over a loga-
rithmic concentration range of 

[
10–20, 1020

]
, with a logarithmic stepsize of ∼0.04004. We chose this wide range to ensure 

that these calculations capture the complete dynamic range of these outputs. For each output, we then identified the max-
imum and minimum value over this concentration range, and computed the dynamic ranges according to Eq. 16.

Minimization protocols for the decoupling score f

In preliminary investigations for this study, we compared various metaheuristic optimisation algorithms to find parameter 
sets that exhibit decoupling. We found the Particle Swarm Optimization (PSO) implementation provided by PyMoo [38], 
a multi-objective optimization suite, to be the most efficient option, and therefore used it for all the numerical analyses 
discussed in this work.

The PSO algorithm was first introduced by Kennedy and Eberhart in 1995 [37]. Conceptually, the procedure is based 
on a swarm of particles, each with an associated position and velocity vector, which are iteratively updated to minimise an 
objective function, f. We denote the position and velocity of the i-th particle along the d-th dimension at time t as X(i)d (t) and 
V(i)d (t), respectively. (Here, t is treated as an integer variable.) In our case, each particle corresponds to a parameter set, 
with the particle’s position given by the parameter values. Meanwhile, the velocity of the i-th particle along the d-th dimen-
sion, V(i)d (t), is determined by:

1.	 that particle’s position at which f attained its lowest value throughout the particle’s trajectory up to time t, which we 
denote by P(i)d (t); and

2.	 the position at which f attained its lowest value throughout the entire swarm’s history up to time t, which we denote  
by Gd(t).
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More specifically, V(i)d  is given by

	
V(i)d (t) = ωV(i)d (t) + c1r1

(
P(i)d (t) – X

(i)
d (t)

)
+ c2r2

(
Gd(t) – X

(i)
d (t)

)
,
	

where ω  is an inertia factor, r1, r2 ∈ [0, 1) are noise coefficients representing the level of “craziness” in the optimisa-
tion, and c

1
 and c

2
 balance the contributions from the i-th particle’s “personal” behaviour (P(i)d ) and the swarm’s global 

behaviour (Gd) [37]. PyMoo dynamically adjusts ω , c
1
, and c

2
 throughout the optimisation, with initial values of ω = 0.9 and 

c1 = c2 = 2, following the prescription outlined in [76]. Finally, the position of each particle is updated as

	 X(i)d (t + 1) = X
(i)
d (t) + V

(i)
d (t).	

We ran PSO for each of the problems defined in the paper, passing a total of 100 different random seeds to obtain a pop-
ulation of optimal solutions. To sample the initial set of particles, we used Latin hypercube sampling, which is the default 
choice in PyMoo. To enforce parametric bounds, the parameters that fall outside the defined bounded range are set to the 
closest bound value during the optimisation.

As the termination criterion for each PSO run, we used either convergence to a score of f < 0.1 for more than five con-
secutive generations, or a computation time exceeding 23 hours. The termination criterion that was used for each PSO 
run is specified in the corresponding figure caption.

Optimisations were performed on the O2 High Performance Compute Cluster at Harvard Medical School and the Sci-
entific Computing Core Facility of the Department of Medicine and Life Sciences at Pompeu Fabra University.

Supporting information

S1 Text. Supporting text containing Appendix A-J. 
(PDF)

S1 Fig. Agreement between mFPT from the Chebotarev–Agaev recurrence (Eq. 13) and estimates from Gillespie 
simulations. (A) Three-state model with one absorbing state. Each edge label represents an infinitesimal transition rate 
of the associated Markov process. (B) Agreement between the theoretically derived mFPT and estimates using a Python 
implementation of the Gillespie algorithm, GillesPy2 [75]. Parameter values were sampled from a log-uniform distribution 
on [10−3, 103]. “Max time” refers to the maximum simulation time, “# traj” to the number of simulated trajectories. The red 
dashed line represents the line where theoretical and simulated values coincide.
(TIF)

S2 Fig. Convergence of the optimization results in Fig 4 and Fig 5. (A) Evolution of the coupling score, f, with the 
number of optimization generations for the parameter sets shown in Fig 4 for RSC = 0.005 (with activation time defined 
as mFPT

U1 ). (B) Evolution of f with the number of optimization generations for the parameter sets shown in Fig 5 for 
RSC = 0.005 (with activation time defined as mFPT

⟨U⟩
). In both panels, the red line represents the trajectory of the optimal 

parameter set with the least f. (C) Values of the constraint functions g
1
, g

2
 and g

3
 at the end of each optimization in A (left) 

and B (right). The i-th constraint is given by gi < 0.
(TIF)

S3 Fig. Discrepancy between the concentration ranges over which SS(x) and mFPT
U1 (x) change significantly, 

for the parameter sets in Fig 4D. (A) Left: Comparison of koff/kon  against the concentration, x
1/2

, at which SS(x) is half-
maximal. Right: Comparison of ℓ1,2/kon  against the concentration, x

fast
, at which mFPT

U1 (x) is minimized. The red lines 
represent the loci at which each pair of quantities are equal. (B) SS(x) and mFPT

U1 (x) as functions of x (solid lines and 

http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s001
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s002
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s003
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s004
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dashed lines, respectively), with each parameter set to the value in the best parameter set in Fig 4D save for k
off

, which is 
varied as shown. (C) Values of x

1/2
 and x

fast
 for the best parameter set in Fig 4D, but with different values of k

off
. The size of 

each dot represents the value of ∆SS  (green) and ∆
mFPT

U1  (purple).
(TIF)

S4 Fig. Optimization results with ℓ1,2 = ℓ2,3 = r and ℓ2,1 = ℓ3,2 , and with γ1,2  and γ2,3  regulated. (A) Optimization 
results with f < 1, each coloured according to the value of f. (B) Steady-state response and activation time for the best 
parameter set: ℓ1,2 = ℓ2,3 = r = 9.999δ ; ℓ2,1 = ℓ3,2 = 23.93δ ; kon = 0.403δ/(1 c.u.); koff = 0.0001δ . (C) Scanning of the regula-
tory space for the best parameter set. The red area represents the minimum of the coupling score f.
(TIF)

S5 Fig. Comparison between theoretical and simulated activation times for the best parameter sets in Figs 4D 
(A) and 5E (B). Simulated mFPTs in both plots were obtained using GillesPy2 [75]. In A, each simulation trajectory was 
initialized at U

1
, and run on the augmented graph, D+

3 , for a maximum simulation time approximately 100 times larger than 
the reciprocal of the slowest horizontal rate in Fig 4D. In B, each simulation trajectory was first initialized at U

1
, then “pre- 

equilibrated” on the non-augmented graph, D3 , with x = 0 for a simulation time approximately 100 times larger than the 
reciprocal of the slowest horizontal rate in Fig 5E. Then, starting from the last state visited during this pre-equilibration, we 
ran the simulation trajectory on the augmented graph, D+

3 , with x > 0 for the same maximum simulation time. 100 simula-
tion trajectories were run for both A and B. Error bars represent 99% confidence intervals of the mean. The corresponding 
theoretical values for mFPTU1  and mFPT⟨U⟩  were obtained using Eq. 13.
(TIF)

S6 Fig. Optimization results with ℓ1,2 = ℓ2,3 = r and ℓ2,1 = ℓ3,2 , and with γ2,1  and γ2,3  regulated. (A) The optimization 
was performed with ℓ1,2 = ℓ2,3 = ℓf  and ℓ2,1 = ℓ3,2 = ℓb . (B) After 100 optimization iterations, we found no parameter sets with a 
decoupling score, f, significantly smaller than 1. (C) Distributions of parameter values obtained through the optimization, with 
the black line denoting the best parameter set. All parameter values are given in units of δ, except for k

on
, which is given in 

units of δ/(1 c.u.). (D) Steady-state response and activation time for the best parameter set, showing no significant decoupling.
(TIF)

S7 Fig. Optimization results with ℓ1,2 = ℓ2,3 = r and ℓ2,1 = ℓ3,2 , and with γ1,2  and γ3,2  regulated. (A) The optimiza-
tion was performed with ℓ1,2 = ℓ2,3 = ℓf  and ℓ2,1 = ℓ3,2 = ℓb . (B) Optimization results in the (γ1,2, γ3,2) regulatory space, 
showing significant decoupling in the incoherent space (red crosses), with γ1,2 < 1 (the ligand hinders the forward transi-
tion, B1 → B2 ) and γ3,2 < 1 (the ligand hinders the backward transition, B3 → B2 ). (C) Distributions of parameter values 
obtained through the optimization, with the black line denoting the best parameter set. All parameter values are given in 
units of δ , except for k

on
, which is given in units of δ/(1 c.u.). (D) Steady-state response and activation time for the best 

parameter set, showing significant decoupling.
(TIF)

S8 Fig. Optimization results with ℓ1,2 = ℓ2,3 = r and ℓ2,1 = ℓ3,2 , and with γ2,1  and γ3,2  regulated. (A) The optimization 
was performed with ℓ1,2 = ℓ2,3 = ℓf  and ℓ2,1 = ℓ3,2 = ℓb . (B) Optimization results in the (γ2,1, γ3,2) regulatory space, show-
ing significant decoupling in the incoherent space (red crosses), with γ2,1 > 1 (the ligand promotes the backward transi-
tion, B2 → B1 ) and γ3,2 < 1 (the ligand hinders the backward transition, B3 → B2 ). (C) Distributions of parameter values 
obtained through the optimization, with the black line denoting the best parameter set. All parameter values are given in 
units of δ , except for k

on
, which is given in units of δ/(1 c.u.). (D) Steady-state response and activation time for the best 

parameter set, showing significant decoupling.
(TIF)

http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s005
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s006
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s007
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s008
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s009


    

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014288  May 15, 2026 33 / 37

S9 Fig. Response decoupling for N = 6. (A–C) Analytical formulas for ∆SS  and ∆
mFPT

U1  for each special parametrization 
on the left. Each pair of formulas demonstrates that decoupling can be achieved under rate scale separation (ℓ2 ≫ ℓ1)  
when the ligand regulates one or both of the fast transitions. (D) We extended the best parameter set obtained from the 
optimization with RSC = 0.005 from Fig 4D to N = 6, by setting the forward transition rates (including r) to the average 
forward transition rate in the D3  model, (ℓ1,2 + ℓ2,3)/2, and similarly setting the backward transition rates to the average 
backward transition rate in the D3  model, (ℓ2,1 + ℓ3,2)/2. We preserved the remaining parameter values, k

on
 and k

off
. Then, 

assuming that at most two transitions are regulated by the ligand, we ran through each possible pair of regulatory factors 
and sought to identify the values of these regulatory factors that attained the strongest decoupling. The plot shows the 
values of ∆SS  and ∆

mFPT
U1  for the best identified solutions. Decoupling is strongest in the lower right. (E) Heatmap of 

the coupling score, f, with respect to γ4,5  and γ5,6 , which was the pair of regulatory factors with the strongest decoupling 
(highest ∆SS  and lowest ∆

mFPT
U1 ) in D. Note that f is minimized in the incoherent space. (F–G) Same as in D and E, but 

with the activation time defined in terms of mFPT⟨U⟩ . Here, the best parameter set from Fig 5E was extended in the same 
way as in D.
(TIF)

S10 Fig. Sensitivity of decoupling via the rate scale separation (A–C) and incoherent regulation (D–I) mechanisms 
to parameter perturbations, with respect to the mFPT⟨U⟩  definition of activation time. (A) The best parameter set, θ∗ , 
obtained from the optimization in Fig 5 with RSC = 3 (see also Fig 5B). (B–C) Distributions of ∆∆

mFPT
⟨U⟩  (B) and ∆∆SS  (C) 

arising from perturbations in each parameter, starting from the choice of θ∗  in A. The colormap represents the log- 
ratio of the perturbed parameter value, θ(i)i , with respect to the optimal parameter value, θ∗i . (D) The best parameter set, θ∗

, obtained from the optimization in Fig 5 with RSC = 0.005 (see also Fig 5E, green line). (E–F) Distributions of ∆∆
mFPT

⟨U⟩  
(E) and ∆∆SS  (F) arising from perturbations in each parameter, starting from the choice of θ∗  in D. (G) A modified ver-
sion of the parameter set in D, in which all horizontal rates have been set to the same value, ℓ1,2 = ℓ2,1 = ℓ2,3 = ℓ3,2 = ℓ, as 
described in the text. (H–I) Distributions of ∆∆

mFPT
⟨U⟩  (H) and ∆∆SS  (I) arising from perturbations in each parameter, start-

ing from the choice of θ∗  in G. Here, the horizontal rates were perturbed as a single parameter, ℓ, as described in the text.
(TIF)

S11 Fig. Sensitivity of decoupling over a finite concentration range and with a prescribed target mFPTU1 . (A) The 
steady-state response and activation time (left) corresponding to the best parameter set, θ∗ , obtained from optimization 
with the additional constraints in Eqs. 27–29 (right). The concentration range over which the additional constraints were 
enforced, [10–3 c.u., 1 c.u.], is shown in red. (B) The steady-state response and activation time (left) corresponding to the 
best parameter set, θ∗ , obtained from optimization with the additional constraints in Eqs. 27–29, as well as the constraint 
that all four horizontal rates are equal, as described in the text (right). The concentration range over which the additional 
constraints were enforced, [10–3 c.u., 1 c.u.], is shown in red. (C) Distributions of ∆mFPTU1 , ∆∆

mFPT
U1 , and ∆∆SS  arising 

from perturbations in each parameter, starting from the choice of θ∗  in A. The colormap represents the log-ratio of the per-
turbed parameter value, θ(i)i , with respect to the optimal parameter value, θ∗i . (D) Distributions of ∆mFPTU1 , ∆∆

mFPT
U1 ,  

and ∆∆SS  arising from perturbations in each parameter, starting from the choice of θ∗  in B. Here, the horizontal rates were 
perturbed as a single parameter, ℓ, as described in the text. (E) Distributions of parameter values upon perturbing the regu-
lator factor, γ1,2  (left), and the corresponding collections of steady-state responses (center) and activation times (right) that 
arise from these perturbations. These plots reveal that, while these perturbations do give rise to a loss of decoupling, this 
predominantly occurs outside the concentration range over which the additional constraints were enforced.
(TIF)

S12 Fig. Adaptation of the D3  model to account for the data in [9]. We assume transtion rates on two different times-
cales, ℓ1  and ℓ2 , and we assume rate scale separation with ℓ2 ≫ ℓ1 . We assume that the pioneer factor Zelda, which we 

http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s010
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s011
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s012
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1014288.s013
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do not model explicitly given its constant concentration along the antero-posterior axis of the embryo, acts by increasing 
the magnitude of the slow transition rate, ℓ1 , via the regulatory factor, γzld > 1. On the other hand, we model the mor-
phogen Bicoid, whose concentration does vary along the antero-posterior axis, as a ligand that binds and modulates the 
forward transitions, B1 → B2  and B2 → B3 , via the regulatory factor, γbcd > 1.
(TIF)

S13 Fig. Analysis of the Erlang process proposed in [48]. FPT distributions to the terminal state in the Erlang 
process with N + 1 states, for N = 2, . . . , 5. The common transition rate, k([Dl]), was defined as described in Appendix 
H in S1 Text, with c = 0.55min–1  and Kd = 250a.u. [48], and different curves correspond to different concentrations of 
Dl (denoted by TF in the figure). The vertical lines represent the length of the time window during which transcription is 
active (t = 7 min). (B) The same FPT distributions as in A, but each normalized by the corresponding cumulative prob-
ability at t = 7. (C) Empirical distributions of the conditional FPT to the terminal state, given that the terminal state is 
indeed reached within a window of 7 min, in the Erlang process with N + 1 states, for N = 2, . . . , 5. The common tran-
sition rate was defined in the same way as in A, and the distributions were obtained using GillesPy2 [75]. (D) Average 
onset time (black), estimated from the empirical distributions in C as described in Appendix H in S1 Text; and the mFPT 
to the terminal state (red), calculated using Eq. 13, both as functions of Dl concentration. Each curve was normalized 
by its maximum value.
(TIF)

S14 Fig. Decoupling in an equilibrium “re-parametrisation” of D3 . (A) An equilibrium re-parametrisation of D3

, assuming a regulatory regime in which only the second forward rate is regulated, as in Fig 3A. In particular, the 
off-rate for B3 → U3  is set to koff/γ2,3 , so that the cycle condition is satisfied (Appendix I in S1 Text). (B) Steady-
state response and activation time for this re-parametrisation, with the parameter sets from Fig 3E. We find that this 
re-parametrisation does not result in any significant differences from the corresponding curves in Fig 3D. (C) An equi-
librium re-parametrisation of D3 , assuming a regulatory regime in which both forward rates are regulated, as in Fig 3F. 
Here, the off-rates for B2 → U2  and B3 → U3  are set to koff/γ1,2  and koff/(γ1,2γ2,3), respectively, so that the cycle condi-
tion is satisfied (Appendix I in S1 Text). (D) Steady-state response and activation time for this re-parametrisation, with 
the parameter sets from Fig 4D. We find that this re-parametrisation does not result in any significant differences from 
the corresponding curves in Fig 4B.
(TIF)

S15 Fig. Average time to first produce one readout molecule (mFPT) vs. time to produce an average copy- 
number of one molecule. (A) Analytical solution for the mean, M(t) = ⟨nM⟩, of the readout copy-number in the master 
equation in Eq. S3 for the telegraph model, C2 , with ℓ1,2 = a and ℓ2,1 = b, with different choices of the degradation rate, δ
. All other rates were set to a = b = r = 10 t.u. The time required to reach M = 1 increases with δ , as expected. On the con-
trary, the mFPT (Eq. 13) does not depend on δ . (B) mFPT estimates obtained from Gillespie simulations, performed using 
GillesPy2 [75], on C2 . Error bars correspond to 99% confidence intervals around the mean, each obtained from 500 simu-
lation trajectories.
(TIF)
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