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Abstract 

The generation interval, defined as the time taken by an infector to create another 

infection from its time of infection, is a crucial quantity to be estimated during an 

infectious disease outbreak. It informs on the timescale of epidemic unfolding and 

makes it possible the calculation of the basic reproductive ratio, which quantifies the 

transmission potential of an infection, from incidence data. While the intrinsic gener-

ation interval remains stable during an outbreak in the absence of interventions and 

behavioural changes, the generation intervals of successful infection events, ‘realised 

generation intervals’, change over time depending on the dynamics of the epidemic 

and how data are aggregated to define either the forward or the backward generation 

intervals. These time varying distributions are well understood for homogeneous, 

well-mixed populations, and can be used to infer the intrinsic generation interval 

distribution. For heterogeneous populations, the state-of-the-art method relies on the 

use of expensive network-based or agent-based simulations. We use the edge-based 

compartmental modelling framework to develop exact formulae for the generation 

time distribution on a Markovian SIR infection spreading on a heterogeneous contact 

network. These formulae are validated using stochastic outbreak simulations and 

relate backward and forward generation intervals with the intrinsic generation inter-

vals. Finally, we use our results to demonstrate some previously unexplored biases 

in the estimation of the intrinsic generation times from the realised one, which could 

be caused by the incorrect assumptions on the network structure in the model and 

particularly the temporal structure of contacts.

Author summary 

When a new infectious disease outbreak starts, mathematical epidemiologists 
find themselves building or using mathematical models to understand its propa-
gation, predict its future course, and recommend interventions to policy-makers. 
A key part of this process is the estimation of model parameters, including the 
generation intervals, i.e., the time taken by a primary case to infect a secondary 
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case since its infection. Generation interval informs the duration of isolation and 
quarantine and provides a necessary input for the basic reproductive number 
estimation, which quantifies the transmission potential of the infection. However, 
the interpretation of the observed generation time is generally done under the 
assumption of a homogeneous, well-mixed population. Our work provides insight 
into the biases that might creep into estimates of parameters due to this assump-
tion. We derive formulae that relate different types of commonly used generation 
intervals for a population with a heterogeneous contact network. These findings 
will inform infectious disease modellers on how the assumptions they make 
about the contact structure might bias the parameter estimation.

1  Introduction

Generation time, the time a parent takes to produce an offspring since its birth, is 
an important quantity of interest in ecology. The concept has been used extensively 
in epidemiology, where it refers to the time taken for a newly infected individual to 
infect someone else. Knowing this interval distribution is necessary for planning 
contact tracing, quarantine, and isolation in case of an outbreak [1]. It is also neces-
sary to estimate R0 , which quantifies the epidemic transmission potential, from the 
aggregated incidence of infections using the Wallinga-Lipsitch equation [2]. How-
ever, measuring this quantity and correctly interpreting it for outbreak analysis is not 
straightforward [3]. While an intrinsic generation interval can be defined, the observed 
generation interval, which is computed from available epidemiological data, is differ-
ent from the intrinsic one.

The intrinsic generation interval is defined as the time distribution of infectious 
contacts made by a primary case, or, equivalently, the time distribution of gener-
ated infections when the population is fully susceptible and mixes randomly. In 
the case of a randomly mixing population, this is the distribution that is used in the 
Wallinga-Lipsitch equation. This definition of intrinsic generation intervals is consis-
tent with previous definitions in the literature [3]. Their distribution is governed by 
the expected infectiousness as a function of time and the distribution of infectious 
duration. Infectiousness is a combination of biological, behavioural (e.g., use of mask 
or other protection measures) and environmental factors. Thus, these factors can 
affect the intrinsic generation intervals [4]. This definition implies that intrinsic gener-
ation intervals are independent of the contact structure of the population and do not 
depend on whether a transmission event (or infectious contact) leads to a successful 
infection/secondary case.

The observed or realised generation intervals, obtained by contact tracing data, 
are different from the intrinsic ones because of dynamical and population mixing 
effects, and also because of how generation intervals are defined and aggregated 
from available data. For instance, the forward generation interval distribution refers to 
the distribution of times it takes for a group of individuals infected at a given time to 
transmit the infection to others. On the other hand, the backward generation interval 
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distribution takes the point of view of a cohort of infectees, infected at a given time, and is defined as the distribution of 
times to infect them [3].

Interventions or behaviours can affect the infectiousness and duration of infection, which in turn can affect the intrinsic 
generation intervals. Such effects have been documented in the case of SARS-Cov-2 [5]. In the absence of interventions 
and behavioural changes, one would expect the intrinsic generation intervals to remain the same throughout an outbreak. 
In contrast, forward and backward realised generation times vary due to the inherent dynamics of susceptible depletion 
and changes in incidence. The functional relationship between intrinsic and realised generation time was mathemati-
cally studied for a homogeneous randomly mixing population by Champredon and Dushoff within the renewal equation 
framework [3]. The mean backward generation time increases monotonically, underestimating the intrinsic generation 
interval early on and overestimating it later. This bias arises from the incidence dynamics. During the growth phase, recent 
infections dominate the pool of potential infectors, skewing generation times shorter; during the decline, older infections 
dominate, lengthening the generation intervals. On the other hand, the forward-looking formulation of generation time 
avoids this dynamic bias. Still, its mean value shrinks right before the time of peak prevalence [6,7]. One reason for this 
contraction is the high rate at which susceptibles are being depleted near the peak. An infector may generate multiple 
transmissions throughout their infectious period and, if the number of susceptibles remains the same, then the transmis-
sion events are all equally likely to contribute to the generation intervals. Conversely, if the availability of susceptibles 
shrinks significantly during the infectious period the later transmissions are less likely to lead to an infection, and longer 
transmission intervals are less likely to be sampled. An alternative mechanism to understand the generation time con-
traction is the competition between infectors racing to infect someone [6,8,9]. When many infectors compete to infect the 
same susceptible individual, only the transmission by the fastest infector counts as an infection event and contributes to 
the generation time statistics, causing the generation interval to contract. The study of these dynamical mechanisms is 
essential to design techniques to fit the intrinsic generation time from contact tracing data [10–12].

Although most studies rely on the homogeneous mixing assumption, contacts within households, schools, and 
workplaces are recurrent, heterogeneous, and spatially clustered [13–20]. Previous studies investigating clustering and 
recurrence showed that these enhance the competition between infectors and cause a stronger reduction of genera-
tion intervals — more than predicted by homogeneous-mixing models — which persists throughout the outbreak [9,13]. 
Despite these findings, the effect of the contact network on the generation time dynamics remains under-studied, espe-
cially from an analytical perspective. Here, we use the edge-based compartmental modelling framework to derive exact 
equations for realized generation intervals [21]. The framework allows us to systematically address the role of contact 
heterogeneity by comparing a homogeneous network with a heterogeneous network, and contact recurrence by compar-
ing the cases in which contacts’ identities continuously change or are fixed. Our theoretical framework, supported by simu-
lations, provides insights into the dynamics of generation intervals and highlights differences between network topologies. 
Most importantly, it points to potential sources of bias that were previously unexplored.

2  Methods

2.1  Champredon and Dushoff equations

Before introducing the formalism for generation-time distributions on networks, we briefly review the relationships 
between realised and intrinsic generation times, derived by Champredon and Dushoff equations for the special case of a 
homogeneous, well-mixed population [3]. All variables and functions introduced in this and the following sections are listed 
in Table 1. The Champredon and Dushoff [3] equations are the following:

	
fH(t, τ ) =

g(τ )S(t + τ )∫∞
0 g(x)S(t + x)dx

,
 	 (1a)



    
PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1014239  May 12, 2026 4 / 19

	
bH(t, τ ) =

g(τ )i(t – τ )∫∞
0 g(x)i(t – x)dx

.
 	 (1b)

Equation (1a) relates the density of intrinsic generation times, g(τ ), to the time-dependent density of forward generation 
times, fH(t, τ ), through the proportion of susceptibles in the population, S(t). On the other hand, equation (1b) relates the 
density of intrinsic generation times, g(τ ), to the time-dependent density of backward generation times, bH(t, τ ), through 
the incidence, or the rate of new infections occurring, i(t). As we will discuss more in depth later in the text, the variables 

Table 1.  Table of variables and parameters.

Function/variable/parameter Interpretation

(S, I, R) Proportion of susceptible, infected and recovered individuals 
in the population

i(t) Incidence at time t, or the rate at which new infections are 
created at time t

β Transmissibility

γ Rate of recovery from infection

θ(t) Probability that a randomly chosen partner of a randomly 
chosen node has not transmitted to it yet

pℓ Probability that a node has degree ℓ

ψ(x) =
∑

pℓxℓ Probability generating function

(πS, πI, πR) Probability of contact with a node in state (S, I, R), respec-
tively, in an annealed network

(ϕS, ϕI, ϕR) Probability of contact with a node in state (S, I, R), respec-
tively, in a quenched network

g(τ ) = γe–γτ Density of intrinsic generation time distribution for a Markov-
ian SIR dynamics

g̃(τ ) = (β + γ)e–(β+γ)τ Density of pair-wise first transmission times for a Markovian 
SIR dynamics in a quenched population.

G̃(τ ) =
∫ τ

0 g̃(x)dx = e–(β+γ)τ Cumulative density of g̃(τ ), defined above.

fH(t, τ ) Density of forward generation time distribution at time t in a 
well-mixing homogeneous population

fA(t, τ ) Density of forward generation time distribution at time t in an 
annealed network

fQ(t, τ ) Density of forward generation time distribution at time t in a 
quenched network

bH(t, τ ) Density of backward generation time distribution at time t in a 
well-mixing homogeneous population

bA(t, τ ) Density of backward generation time distribution at time t in 
an annealed network

bQ(t, τ ) Density of backward generation time distribution at time t in a 
quenched network

R0 Basic reproduction number

RA
f

Forward reproduction number in an annealed network

RQ
f

Forward reproduction number in a quenched network

u I−→ v Node u infects node v

u → v, u ̸→ v Node u transmits to node v, node u does not transmit to node 
v

ρ(event, t) Rate at which the event 
I−→ v or u → v occurs at time t

https://doi.org/10.1371/journal.pcbi.1014239.t001
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S(t) and i(t), in the above equations, represent the probabilities that a randomly selected individual in the population enters 
into contact with a susceptible or a newly infected individual, respectively. In the homogeneous mixing case, these are 
simply given by the probabilities that an individual is susceptible or newly infected, respectively.

Equations (1a) and (1b) assume a generic intrinsic generation interval distribution [3]. Throughout this manuscript, 
however, we focus on a simple model of infection history, the Markovian susceptible-infected-recovered (SIR). In a well-
mixed and homogeneous population, the model has two parameters, the transmissibility, β  and the rate of recovery, γ . 
Transmissibility is the rate at which an infected person transmits the infection to other individuals, while the rate of recov-
ery informs the timing of recovery of an infected individual. In the Markovian SIR both parameters are constant in time, 
therefore the intrinsic generation interval distribution is the same as the recovery time distribution and has the exponential 
form g(t) = γe–γt  [2].

We then review a property of equation (1b) that will be used later in the manuscript, when addressing the epidemiolog-
ical implications of the effect of contact structure on the generation time estimation. In the initial stages of outbreaks, the 
infections grow exponentially, and so does the incidence. The density of backward generation times can be simplified in 
this stage. Using i(t) ∼ eλt , equation (1b) becomes

	
bexpH (τ ) =

g(τ )e–λτ∫∞
0 g(x)e–λxdx

.
 	 (2)

This density is independent of time t, indicating that when an epidemic is growing exponentially, the distribution of back-
ward generation times is stable. In the case of a well-mixed Markovian SIR model, we have g(t) = γe–γt , and λ = β – γ , 
which implies

	

bexpH (τ ) = (λ + γ)e–(λ+γ)τ = βe–βτ ,
⟨τ⟩exp = 1

β .  	 (3)

This equation suggests that if the backward generation times are observed during the exponential growth phase, then the 
transmissibility, β , can be estimated. In addition, the exponential growth rate, λ = β – γ , can be estimated from the time 
series of incidence. Thus, the parameter γ  can be estimated, which gives us the distribution of intrinsic generation times. 
We will see that the stability of the backward generation intervals applies to all the models we discuss in this work and this 
fact will be used to get insights into the consequences of the contact structure in the R

0
 estimation.

2.2  Generalisation of the Champredon and Dushoff equations to a contact network

Homogeneous compartmental models make use of macroscopic variables such as the proportion of the population 
that is infected, susceptible, recovered, etc. The probability a random interaction with another individual is, e.g., with a 
newly infected individual or a susceptible one, is equal to the proportion of the population that is newly infected or sus-
ceptible, respectively. In a heterogeneous population, however, these contact probabilities no longer take the simple 
forms S(t) or i(t). Still, for annealed and quenched configuration model networks, these contact probabilities are well 
studied and can be derived within the Edge-Based Compartmental Modelling (EBCM) framework. In the next subsec-
tion, we will review the key concepts from EBCM and derive the contact probabilities, which enable the generalisation 
of the equations (1).

2.3  Edge-based compartmental modelling

This section gives a brief overview of the Edge-Based Compartmental Modelling (EBCM) framework [21] that is 
required for understanding the results in the next section. The EBCM framework can be used to solve the SIR model on 
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configuration model networks. These networks are specified by the distribution of the degrees of the nodes, but are limited 
to a tree-like structure, i.e., they do not allow for clustering or higher-order structures.

Real-world networks have a temporal nature: some contacts of an individual are fleeting (fast changing) while others 
are static (long-lasting). The models used here will consider versions of configuration model networks for each type of 
contact. The first one is known as the annealed or mean field configuration model, where even though the number of 
contacts of an individual remains constant, the edges in the network rewire to new nodes constantly. The other is known 
as the quenched or static configuration model, where the edges are static.

We assume that both transmission and recovery follow Poisson processes. On a network, the transmission rate β  is 
replaced by a per-contact transmission rate, so from this point onward β  denotes the transmission rate per edge. As noted 
earlier, we consider Markovian transmission and recovery process, i.e., constant rates, throughout: each edge transmits at 
rate β , and infected individuals recover at rate γ . As seen before, the intrinsic generation interval is, therefore, exponen-
tial. The EBCM equations we use from [21] are derived for an SIR process, but the framework can be extended to other 
disease models—such as SEIR—as long as individuals cannot be reinfected. Consequently, non-exponential intrinsic 
generation-interval distributions can also be incorporated within this approach [22].

For both annealed and quenched networks, a standard compartmental modelling approach would divide the population 
up into sub-groups of homogeneous degree (number of contacts), resulting in at least as many differential equations as 
the number of sub-groups. The EBCM framework reduces such a large system of differential equations into two ordinary 
differential equations, which can be solved numerically with ease.

The EBCM framework makes use of probability-generating functions

	
ψ(x) =

∑
ℓ

pℓ xℓ,
 	 (4)

where pℓ  refers to the proportion or probability of nodes of degree class ℓ. A variable θ is defined to be the probability that 
a randomly chosen partnership of a randomly chosen node has not transmitted to it yet. If a node of degree k is suscepti-
ble, then none of its k partners have transmitted to it. The probability for the node to be susceptible (given its degree k) is 
θk . The prevalence of susceptibles in the population can be computed using

	
S =

∑
k

pkθk = ψ(θ).
 	 (5)

The probability θ is the same for any node in a configuration model network. Let us consider two initially susceptible 
nodes u

0
 and u

1
. If v

0
 and v

1
 are neighbours of u

0
 and u

1
, they are chosen from the same distribution due to the configu-

ration model assumption. Consequently, u
0
 and u

1
 are indistinguishable if we condition only on the fact that v

0
 and v

1
 are 

neighbours of u
0
 and u

1
, without having any other knowledge about v

0
 and v

1
. Thus, the probability v

0
 has not yet transmit-

ted to u
0
 must be the same as the probability that v

1
 has not transmitted to u

1
.

2.4  Annealed network

As discussed above, in a more general case where the number of partners differs among individuals, the probability a 
random contact with another individual is with an infected individual is no longer equal to the proportion of the population 
that is infected. It is instead, the prevalence of half-edges in the population that are attached to an infected node. The 
variable I(t) (the proportion of the population that is infected) is generalised to a variable πI(t) which is the proportion of 
half-edges that connect to infected nodes. Similarly, we generalize πS(t) and πR(t) which are the prevalence of half-edges 
with susceptible and recovered nodes respectively. We also define a new variable πi(t), which is the incidence of infected 
stubs, i.e., the instanteous rate at which half-edges with infected nodes are created by new infections.
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We find that the probability that a random half-edge connects to a susceptible node is

	
πS =

∑
k kpkθ

k
∑

k kpk
= θ

ψ′(θ)
ψ′(1)

.
	

Knowing πS  requires θ(t). Ref. [21] introduces the following differential equation for θ(t)

	
θ̇ = –βθ + β

θ2ψ′(θ)
ψ′(1)

– γθ ln θ,
	

which can be solved assuming that at the start of the epidemic, the initially susceptible nodes have not received any trans-
missions, i.e., θ(0) ≈ 1.

It is important to note that, within the same framework, it is also possible to compute the basic reproduction number and 
the initial exponential growth rate, which will be used later:

	
R0 =

β

γ

⟨K2⟩
⟨K⟩

,
 	 (6)

	
λ = β

⟨K2⟩
⟨K⟩

– γ,
 	 (7)

where ⟨K2⟩ =
∑

k k
2pk  and ⟨K⟩ =

∑
k kpk  [21].

2.5  Quenched network

In the quenched case, the variable S(t) is generalised to a variable ϕS(t) which is the probability that a partner, v of a ran-
domly selected node, u, is susceptible under the assumption that u has not transmitted to v.

	
ϕS =

∑
k kpkθ

k–1
∑

k kpk
=

ψ′(θ)
ψ′(1)

.
	

In this case, the following differential equation [21] can be written:

	
θ̇ = –βθ + β

ψ′(θ)
ψ′(1)

– γ(1 – θ),
	

which can be solved under the same initial conditions as before.
As in the annealed case, the basic reproduction number and the initial exponential growth rate can be computed, and 

they read:

	
R0 =

β

β + γ

⟨K2 – K⟩
⟨K⟩

,
 	 (8)

	
λ = β

⟨K2 – 2K⟩
⟨K⟩

– γ,
 	 (9)

where ⟨K2⟩ =
∑

k k
2pk  and ⟨K⟩ =

∑
k kpk  [21].
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3  Results

3.1  Annealed network

In the Methods section, we have introduced the Champredon and Dushoff equation for a well-mixed homogeneous pop-
ulation, and we have reviewed how the probability of entering into contact with a susceptible individual changes from the 
homogeneous mixing to the contact network case. We have seen that within the EBCM formalism, and for an annealed 
network, such a probability is encoded in πS(t). Here, we combine these concepts to derive an equation for the forward 
generation interval distribution for an annealed network. The calculation details are reported in S1 File. We find that the 
forward generation interval distribution for an annealed configuration model network is

	
fA(t, τ ) =

g(τ )πS(t + τ )∫∞
0 g(x)πS(t + x)dx

.
 	 (10)

Turning our attention to the backward generation interval, the probability of contacting a newly infected node is not equiv-
alent to the incidence of new infections, i(t), but instead, πi(t), the probability of entering into contact with a half-edge point-
ing to an infected node. The backward generation interval distribution is then (see S1 File for details)

	
bA(t, τ ) =

g(τ )πi(t – τ )∫∞
0 g(x)πi(t – x)dx

.
 	 (11)

It is important to observe that the two equations above are generalisations of the Champredon and Dushoff equations for 
forward generation time (1a) and backward generation time (1b), respectively, that reduce to those equations when the net-
work is homogeneous. Indeed, we have seen that πS =

∑
k kSk∑
k kpk

, where pk is the probability mass function (PMF) of the 
degree distribution. If the support of the degree distribution consists of a single positive integer, or in other words, if all the 
nodes in the network have the same number of partners, then πS = S. By replacing πS  with S, equation (10) reduces to 
equation (1a). Similarly, when all the nodes have the same degree πi = i, and thus equation (11) reduces to equation (1b).

Equation (2) shows that the backward generation interval distribution is stable in the exponential growth regime for 
a homogeneous population. This remains valid in the heterogeneous network case, as can be seen by plugging in 
πi(t) = πi(0)eλt  into the above formula, leading to

	

bexpA (τ ) = (λ + γ)e–(λ+γ)τ ,
⟨τ⟩exp = 1

λ+γ .  	 (12)

It should be noted that the expression for bexpA  resembles bexpH  from equation (4), but differs as the initial growth rate for the 
annealed network is not β – γ , as it is in the homogeneous mixing case.

Similar to the forward generation interval, we define an effective reproduction number called the forward reproduction 
number, Rf . It represents the expected number of infections created by an average infector who became infected at time t 
over its entire infectious period. For an annealed network,

	
RA

f (t) =
β(θψ′′(θ(t)) + ψ′(θ(t)))

ψ′(θ(t))

∫ ∞

0
e–γτπS(t + τ )dτ .

 	 (13)

If a reproduction number is calculated empirically through observation of transmission chains and corrected for censoring, 
we would expect it to match with the forward reproduction number. A detailed derivation for this expression is presented in 
S1 File.
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3.2  Quenched network

We now derive the forward and backward generation interval equations for the case of a quenched network. As before, we 
provide the main calculations here and we refer to S1 File for additional details. In an annealed network, a node continu-
ously breaks its edges and re-connects to new edges. So, if a node infects another node, it does not compete with itself 
when transmitting again. Conversely, in a quenched network, a node can compete with itself — after the first transmission, 
all later transmissions to the same neighbour have no effect. To account for the fact that only the first transmission along an 
edge leads to an infection, we introduce the pair-wise first transmission interval. Its distribution is related to the distribution 
of intrinsic generation intervals. The density of the pair-wise first transmission times can be calculated by considering a pair 
of connected nodes u and v, where u becomes infected, and v is susceptible at t = 0. Let us denote the event that u infects v 
(i.e., first transmission), using u I−→ v, and the event that u transmits to v, or attempts to infect v, using u → v. Since the infec-
tiousness of u is constant in time and it recovers at a constant rate γ , the rate at which an infection event happens at time t is 
equal to the rate of transmission from u to v at time t, ρ(u → v, t), times the probability that u never transmitted to v before t

	 ρ(u I−→ v, t) = ρ(u → v, t)× p(u ̸→ v, t′ < t). 	 (14)

For a Markovian SIR infection, transmissibility is the constant, β , but a transmission event also requires that u has not 
recovered. Therefore, ρ(u → v, t) = βe–γt  and

	 ρ(u I−→ v, t) = βe–γt × e–βt. 	 (15)

Thus, the density of pair-wise first transmission times in a quenched network is obtained by normalising ρ(u I−→ v, t).

	 g̃(τ ) = (β + γ)e–(β+γ)τ . 	 (16)

It should be noted that in the annealed case, the pair-wise first transmission interval matches the intrinsic generation 
interval. In the equations for the realised generation time, we will replace the density of intrinsic generation time g(τ ) with 
the cumulative density of pair-wise first transmission times G̃(τ ) = e–(β+γ)τ . In addition, the probability that a stub points to 
a susceptible node – which was πS(t) in the annealed case – is now given by ϕS(t). The modified version of the equation 
in [3] then becomes

	
fQ(t, τ ) =

G̃(τ )ϕS(t + τ )∫∞
0 G̃(x)ϕS(t + x)dx

.
 	 (17)

In the backward case, the incidence of infections, i(t), is replaced with the average probability of incidence among the 
neighbours of a node, ϕi(t):

	
bQ(t, τ ) =

G̃(τ )ϕi(t – τ )∫∞
0 G̃(x)ϕi(t – x)dx

.
 	 (18)

From this equation, we again obtain that the backward generation intervals are stable in the exponential growth regime of 
the outbreak:

	

bexpQ (τ ) = (λ + β + γ)e–(λ+β+γ)τ ,
⟨τ⟩exp = 1

λ+β+γ .  	 (19)
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In contrast to the annealed case, the equations for quenched networks do not immediately reduce to the equations 
derived by Champredon and Dushoff when the network is homogeneous. This is because of the effect of self-competition 
in quenched networks. However, for a homogeneous quenched network, in the limiting case that the transmission rate 
per edge tends to zero, β → 0, and its degree becomes arbitrarily large, k → ∞, while holding βk fixed, the probability 
that a node transmits along an edge is small, and the probability that it does so more than once is negligible. Then, in 
this limit, the epidemic on a quenched network behaves as if it is spreading on an annealed network. The considerations 
made above for the annealed case remain valid in this regime. Thus, the forward and backward generation time distribu-
tion equations for a quenched network converge to the homogeneous mixing equations when all nodes have the same 
arbitrarily large degree and the transmission rate per edge tends to zero.

Finally, the forward reproduction number is given by

	
RQ

f (t) =
βψ′′(θ(t))
ψ′(θ(t))

∫ ∞

0
e–(β+γ)τϕS(t + τ )dτ .

 	 (20)

A detailed derivation for the above derived equations is presented in S1 File.

3.3 Impact of network properties on the realised generation time

We validate the exact results using event-based simulations [23]. Figs 1 and 2 show the comparison between analytical 
solutions and simulations for the annealed and quenched case, respectively. In each figure, we plot the epidemic profile, 
the forward and backward generation times and the forward reproduction number. The figures show the comparison for 
two different topologies that we call TMD and TPL70. TMD refers to a tri-modal degree distribution and TPL70 refers to a 
truncated power law degree distribution (see figure captions for more details). Both networks are heterogeneous, but the 
TPL70 network is a case of extreme heterogeneity. The forward generation intervals in the annealed case show a con-
traction qualitatively similar to what is predicted by the homogenous mixing equations [3]. This is, however, less evident 
when the network is extremely heterogeneous. In the quenched case, forward generation times shrink substantially due 
to the intensified competition among infectors. Although forward generation time varies substantially from one network to 
another, backwards generation time is quite robust to the network structure.

We can further analyse the impact of the network features by numerically solving the derived analytical expressions for 
different scenarios. This is significantly inexpensive compared to stochastic numerical simulations. We conduct various 
numerical experiments to study the impact of heterogeneity on the mean of realised generation times. The results are 
summarised below and the associated figures are presented in S1 File (Figs A-C):
Experiment (i) Structure: Annealed TPL70 network and homogeneous network with the same mean degree. Disease 
parameters: Identical recovery rates (γ = 1) and R0 . Result: Heterogeneity reduces the contraction in the forward genera-
tion interval. However, this could possibly be explained by the lower peak (hence lesser competition) in the heterogeneity 
(See Fig A in S1 File).
Experiment (ii) Structure: Annealed TPL70 network and homogeneous network with same mean degree. Disease param-
eters: Identical recovery rate (γ = 1). The transmission rate is selected such that the two epidemics have the same level 
of peak incidence of infections. Result: Heterogeneity increases the contraction in the forward generation interval, despite 
the same maximum incidence of infections. This can be explained by noting that the peak of πi(t) is higher than i(t). Fur-
thermore, the backward generation intervals also differ significantly (See Fig B in S1 File).
Experiment (iii) Structure: Annealed TPL70 network. Method: Compare distribution of realised intervals assuming homo-
geneity [3] (i.e., using i(t) and S(t)) and not assuming homogeneity (i.e., using πi(t) and πS(t)). Result: Using the net 
incidence of infections underestimates the contraction in forward generation interval. In contrast, the backward generation 
intervals are relatively unchanged (See Fig C in S1 File).
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Fig 1.  Comparison of realised generation intervals using stochastic simulations and the exact solution for annealed networks with two types 
of heterogeneous degree distributions. Left: the degree of a node can be 3, 5, or 7 with equal probabilities. Right: degree distribution is a truncated 
power law with maximum degree of 70 and exponent of -2. We find a good match between theory and simulations for the realised generation inter-
vals and the forward reproduction number. The time-series are centred such that the prevalence peaks at time zero. The thin lines show trajectories 
from each of the 500 simulations, while the plot with markers shows the average. At the start and towards the end of the epidemic, significant noise is 
observed and the simulation deviates from the theory.

https://doi.org/10.1371/journal.pcbi.1014239.g001
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Fig 2.  Comparison of realised generation intervals using stochastic simulations and the exact solution for quenched networks with two types 
of heterogeneous degree distributions. Left: the degree of a node can be 3, 5, or 7 with equal probabilities. Right: degree distribution is a truncated 
power law with maximum degree of 70 and exponent of -2. We find a good match between theory and simulations for the realised generation inter-
vals and the forward reproduction number. The time-series are centred such that the prevalence peaks at time zero. The thin lines show trajectories 
from each of the 500 simulations, while the plot with markers shows the average. At the start and towards the end of the epidemic, significant noise is 
observed and the simulation deviates from the theory for the truncated power law distribution.

https://doi.org/10.1371/journal.pcbi.1014239.g002
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3.4  Implications for estimation of reproduction number

In this section, we will explore how errors could arise if disease parameters are inferred using existing methods to relate 
the observed generation interval and growth rate to the basic reproduction number.

If the intrinsic generation intervals and the exponential growth rate are known, the basic reproduction number can be 
estimated using the Wallinga-Lipsitch equation [2]. The growth rate can be estimated from the incidence at the start of 
the epidemic. However, the intrinsic generation intervals are not observed. Instead, we observe the realised generation 
intervals (forward or backward), which are influenced by the dynamics of the outbreak and the contact structure of the 
population.

So, to fit model parameters and infer the basic reproduction number from the growth rate and the observed generation 
intervals, it is crucial to recognise the distinction between the realised generation intervals and the intrinsic generation 
intervals. In principle, the exact expressions for realised generation interval distributions can be used to infer the intrinsic 
generation interval distribution, which can be used to then estimate R0  [3,9,11,12]. However, the Champredon and Dush-
off’s equation and further developments rely on the homogeneous mixing assumption.

Our results from previous sections show that for a heterogeneous population, the conclusions will be incorrect if simple 
population aggregates, such as the prevalence of susceptibles or the incidence of infections, are used. We expect that the 
joint use of simple aggregate observations of an outbreak and realised generation intervals could bias the estimation of 
the basic reproduction number and the intrinsic generation intervals. To demonstrate this bias, we now look at an example 
case of outbreak analysis and two scenarios with different amounts of information available to the disease modeller.

3.4.1  Example.  Let us consider an SIR pathogen that is causing an epidemic in two disconnected populations. In 
one population, the authorities have the capacity and resources to document the incidence of cases and also perform 
backward contact tracing (let us call it Population 1). In the other population, there is no capacity to perform contact 
tracing, but case incidence is documented (call it Population 2). Both populations are well-described by quenched and 
heterogeneous contact networks. This is a simplification, as any real-world network will have a mixture of short and long-
time scale contacts. Furthermore, we assume that the populations have the same recovery rate (γ1 = γ2 = γ ), while other 
parameters differ. The difference in the transmissibility for the two populations can be attributed to behavioural factors. 
The recovery rate, however, depends on biological factors and is independent of behaviour. Therefore, it is reasonable to 
assume that they are the same and is in fact a commonly used assumption.

First, we describe the quantities of interest in the ground reality from the correct model. Then, we consider cases where 
an infectious disease modeller has some information about the contact structure and see how their modelling assump-
tions can affect model inference in both populations. Detailed derivations of the mathematical equations used here can be 
found in S1 File section 1.3.

By applying the Wallinga-Lipsitch equation to the ground reality model (quenched network) and using equation (19),

	
R0 = 1 +

λ

β + γ
,
 	 (21)

	
⟨τ⟩exp =

1
λ + β + γ

,
 	 (22)

we can write the two basic reproduction numbers in terms of the observable quantities:

	
R1

0 =
1

1 – λ1⟨τ1⟩exp
,
 	 (23)
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R2

0 =
1

1 – λ2⟨τ2⟩exp
,
 	 (24)

where the λ is the exponential growth rate estimated from incidence and ⟨τ⟩exp  is the mean backward generation interval 
during the exponential growth phase, estimated from the contact tracing data. Let us call these observable quantities. We 
can also write the rate parameter of the intrinsic generation time distribution as a function of the observable quantities and 
the degree distributions of the contact networks (see S1 File).
Case A: The modeller does not know anything about the contact structure and assumes a well-mixed homogeneous 
model. The model has two parameters, the transmission rate, β , and the recovery rate, γ , which also specifies the intrin-
sic generation intervals. Using this model, the estimators for population 1 are:

	
γ̂1 =

1
⟨τ1⟩exp

– λ1,
 	 (25)

	
R̂1

0 =
1

1 – λ1⟨τ1⟩exp
.
 	 (26)

Comparing these estimates to the ground reality (equations 7–10 of S1 File) tells us that the basic reproduction number is 
unbiased but γ̂1  is not as it does not properly account for the contact network properties – first and second moment of the 
degree distribution. More precisely,

	

γ̂1 = γ1 + β1 =
λ1
κ1

+ γ1
κ1

κ1 – 1
, where

κ1 =
⟨K21 – K1⟩

⟨K1⟩
.

 	 (27)

For population 2, nothing is known about the backward generation intervals, but the modeller has an estimate for the 
intrinsic generation intervals in population 1 and might see it fit to treat γ̂1  as an estimator for γ2 . This leads to an estimate 
of the reproduction number

	
R̂2

0 =
1 + (λ2 – λ1)⟨τ1⟩exp

1 – λ1⟨τ1⟩exp
̸= 1
1 – λ2⟨τ2⟩exp

,
 	 (28)

which is biased. We find that the bias in the estimator for population 2 is greater when the contact structure is different 
among the two populations. When the contact structure is identical, the estimator is unbiased when the growth rates are 
equal.
Case B: The modeller knows that the contacts are quenched and also has correct information of the average number of 
contacts ⟨K1⟩ and ⟨K2⟩ respectively. In the absence of more detailed information, they assume a homogeneous quenched 
network with degrees k1 = ⟨K1⟩ and k2 = ⟨K2⟩, respectively. The model has two other parameters, the transmission rate 
β  and the recovery rate γ  (which also specifies the intrinsic generation intervals). Using this model, the estimators for 
population 1 are:

	
γ̂1 =

(k1 – 2)(1/⟨τ1⟩exp – λ) – λ

k1 – 1
,
 	 (29)
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R̂1

0 =
1

1 – λ1⟨τ1⟩exp
.
 	 (30)

Comparison with the ground reality model shows that γ̂1  is biased, as calculation does not correctly account for the sec-
ond moment of the degree distribution, while R̂1

0  is not. As in the previous case, the modeller might see fit to treat γ̂1  as 
an estimator for γ2 . This leads to an estimate of the reproduction number for population 2

	
R̂2

0 =
(λ2 + γ̂1)(k2 – 1)
λ2 + γ̂1(k2 – 1)

.
	

This estimator is biased, albeit behaves very differently than the biased estimator in Case A.
In summary, we find that if the incidence and backward contact tracing is available in a population, then even incorrect 

assumptions about the contact structure can yield an unbiased estimator for the basic reproduction number, even though 
the estimator for the intrinsic generation interval is biased. Using this estimated intrinsic generation interval in order to 
estimate the basic reproduction number in another population leads to biased estimates. See Fig 3 for an illustration of the 
bias in R̂2

0 .
Paradoxically, case B displays a more severe bias despite the analysis drawing on more information. This emphasises 

that heterogeneity in contact activity is an important factor that should be monitored alongside the mean during an out-
break. For Population 1, a truncated power law degree distribution is used with an exponent of -2 and maximum degree of 
70. Population 2 has a similar structure but with a maximum degree of 30. The growth rate in Population 1 is λ1 = 0.5 and 
recovery rate is γ = 1.

4  Discussion

In this article, we have generalised Champredon and Dushoff’s theory [3] for realised generation intervals in a homogeneous 
and well-mixed population to heterogeneous networks, using the EBCM framework. This framework allows incorporating 
degree heterogeneity in a tree-like network. In structured populations, realised generation intervals have been investigated 
using network and agent-based simulations [13,24]. These methods benefit from their ability to be modified quite easily – 
adding more coarse-grained structure or even including forms of structure beyond degree heterogeneity. However, they are 
slow and managing the noise reasonably would require a large number of simulations or a large population. In addition, they 
do not provide analytical insights. Some analytical considerations were provided by a few works [9,25]. Our exact expres-
sions, validated using simulations, present an advance in our ability to predict generation intervals in simple heterogeneous 
contact structures and set up a foundation to obtain exact expressions for more complex heterogeneous networks.

Generation intervals are useful in estimating the basic reproduction number of an epidemic. Champredon and Dushoff 
showed how fitting the mean intrinsic generation interval to the mean of the realised generation intervals (backward) is 
incorrect [3]. They anticipate that heterogeneity may affect their results. We confirm this, determine the manner by which 
it affects the results and more importantly, through what mechanism. We found that the realised intervals depend not on 
simple aggregate measures like net prevalence of susceptibles or net incidence of infection, but on more involved mea-
sures such as the prevalence of half-edges in the network, which have a susceptible or a newly infected node attached 
to them. Measurement of such quantities requires higher resolution observation of the population, at the scale of groups 
which are homogeneous in the number of contacts. Such measurements would prove to be unrealistic, and thus the bias 
induced by heterogeneity might be hard to rectify in practice. Future work should explore in depth the dependence of the 
bias on the network and biological parameters to provide a reference for future outbreak analysis efforts. However, know-
ing network statistics and their variations from one population to another may be hard, as these may depend among the 
others on the specific socioeconomic, as well as epidemic and public health contexts [26,27].
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We also use a series of hypothetical experiments to show that the estimates of intrinsic intervals (inferred using real-
ised generation intervals) are sensitive to model assumptions. Despite this sensitivity, the estimates of R0  can be relied 
upon as long as the estimated intrinsic generation intervals are used in the same setting where they were estimated. If the 
estimated intrinsic intervals are used in a different setting (say an epidemic caused by the same pathogen in a different 
setting where the contact/network structure differs) then the estimates of R0  will be biased. This practice of applying gen-
eration interval estimates or related parameter estimates from one setting to an epidemic of the same pathogen in another 
setting is common [28–33]. Conventionally, the realised generation intervals are obtained through contact tracing, but 
recent advances in genomic epidemiology have offered alternative methods to estimate realised generation intervals [34]. 
These methodological advances would not address the biases highlighted here, as these arise from incorrect assump-
tions about the contact structure.

The forward reproduction number that was derived here is an effective reproduction number. Effective reproduction 
numbers are of two types: instantaneous or cohort-based (case reproduction number). The instantaneous reproduction 
number measures the transmission happening at certain time while the case reproduction number measures the transmis-
sion that is caused by a cohort of infectors who became infected at a certain time [35]. The forward reproduction number, 
Rf , is equivalent to the case reproduction number [35,36].

A key assumption throughout this work is that the recovery from infection is a Poisson process, i.e., the intrinsic gen-
eration interval distribution is exponential. Real-world diseases do not follow this assumption for many reasons – the 
biological infectiousness can vary through the progression of an infection, and the rate of recovery does depend on the 
time since infection. However, the expressions for forward and backward generation intervals that we derived can be 
generalised to these more complex cases. Furthermore, we assumed that transmission and recovery rates do not change 
during the course of the epidemic, so neither does the intrinsic generation time. Intervention or spontaneous behavioural 
changes, such as hygiene measures or mask wearing, could affect these parameters. Lockdown or social restrictions, 
instead, would not alter the intrinsic generation time (under the definition adopted here) but would alter the contact 

Fig 3.  Bias in estimation of R0. Comparison between the estimated and true value of the basic reproduction number in a heterogeneous quenched 
network when different homogeneous models are used and the intrinsic generation interval is estimated from a different population (see 3.4.1 for a 
detailed explanation).

https://doi.org/10.1371/journal.pcbi.1014239.g003
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network, thus affecting the realised generation time, the basic reproductive ratio and the incidence growth rate. Changes 
in serial interval were documented during the COVID-19 pandemic [5,37,38]. Accounting for these aspects within the net-
work framework introduced here would be an important future research direction. Finally, real-world networks have many 
kinds of heterogeneities beyond the kind we have investigated here. They have clustering (triads that form a triangle), 
multiple layers and temporal variation. Here, we have only studied degree heterogeneity in two extreme cases of temporal 
variation – quenched (static partners) and annealed (fleeting contact with changing partners). In principle, a linear combi-
nation of the distributions derived here may be used to model contact networks with a more realistic temporal behaviour.

Software

The attached Supporting Information provides details of the simulation methods, detailed derivations of the new formulae 
presented here and additional plots for the results section. The software used in this study is available at https://github.
com/praty-k/gi-networks

Supporting information

S1 File. Supporting information: methods and results. 
(PDF)
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