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Abstract 

Biochemical reactions are inherently stochastic, with their kinetics commonly 

described by chemical master equations (CMEs). However, the discrete nature of 

molecular states renders likelihood-based parameter inference from CMEs computa-

tionally intensive. Here, we introduce an inference method that leverages analytical 

solutions in the probability generating function (PGF) space and systematically evalu-

ate its efficiency, accuracy, and robustness. Across both steady-state and time- 

resolved count data, our numerical experiments demonstrate that the PGF-based 

method consistently outperforms existing approaches in terms of both computational 

efficiency and inference accuracy, even under data contamination. These favorable 

properties further enable the extension of the PGF-based framework to model selec-

tion—a task typically considered computationally prohibitive. Using time-resolved 

data, we show that the method can correctly identify complex gene expression mod-

els with more than three gene states, a task that cannot be reliably achieved using 

steady-state data alone.

Author summary

Biochemical processes within cells, such as gene expression, are inherently 
stochastic. To understand these dynamics, researchers use mathematical mod-
els like the Chemical Master Equation (CME) to infer kinetic parameters from 
experimental data. However, traditional inference methods often face a bottle-
neck: they are either computationally too slow or lack the necessary accuracy 
when dealing with the complex, noisy data produced by modern single-cell 
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experiments. In this study, we introduce a high-performance inference framework 
based on the Probability Generating Function (PGF). By leveraging analytical 
solutions, our method achieves exceptional efficiency and accuracy across both 
steady-state snapshots and transient, time-resolved data. We demonstrate that 
the PGF-based approach is highly robust, maintaining reliable performance 
even when data is corrupted by experimental artifacts such as molecular loss or 
extreme outliers. Crucially, we extend this framework to the critical task of model 
selection. Using a cross-validation strategy, our method can accurately distin-
guish between competing biological hypotheses—for instance, correctly identi-
fying the number of hidden states a gene transitions through before activation. 
This versatile and scalable tool provides a powerful resource for researchers to 
decode the hidden mechanisms of life from complex single-cell datasets.

Introduction

Biochemical reactions are inherently stochastic, arising from the random collisions 
of biomolecules, whose movements are naturally unpredictable. Gene expression is 
a quintessential example of this phenomenon, with extensive experimental evidence 
confirming its stochasticity [1–5]. For clarity, we will primarily use gene expression to 
illustrate our proposed method, though the approach is generalizable. The stochas-
tic nature of these reactions necessitates a probabilistic framework for quantitative 
kinetic analysis, enabling a more precise understanding of molecular-level pro-
cesses [6,7].

A biochemical reaction system can be generally represented by a set of reaction 
equations [8, 9]:

	

∑
i

sirXi
kr−→

∑
i

s′irXi, r = 1, · · · ,R,
	 (1)

where sir and sir′ are the stoichiometric coefficients of species Xi in reaction r. Assum-
ing the law of mass action, the rate of reaction r is given by

	
fr(n) = krΩ

∏
i

(ni
Ω

)sir
,
	 (2)

where kr is the rate constant, n = [n1, · · · , nN]⊤, ni is the molecule count of species 
Xi, and Ω is the reaction volume. A fundamental task in analyzing the kinetics of the 
reaction system in Eq. (1) is inferring the kinetic parameters kr from observed mol-
ecule counts (ni) ∈ N of certain species—a process known as parameter inference 
or estimation in systems biology [10–12], or system identification in control theory 
[13,14]. N is the set of natural numbers.

Parameter inference is fundamentally an inverse problem that necessitates 
repeated forward computations of the kinetic model. Given the various approaches 
available for kinetic model computation, the inference methods in the literature can 
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be broadly classified into four groups. The first group employs maximum likelihood estimation (MLE) combined with finite 
state projection (FSP) [11,15–17]. FSP solves a set of chemical master equations (CMEs) [9,18], which are difference- 
differential equations commonly used to describe stochastic reaction kinetics. This approach assumes that the probability 
of molecule counts exceeding a certain threshold (truncated size) is zero [19,20]. However, the computational efficiency of 
these methods declines rapidly as the number of species, and consequently the number of equations, increases exponen-
tially. Moreover, the selection of the truncated size requires careful consideration to achieve an intricate balance between 
computation load and precision. The second group employs the method of moments (MOM), where a few low-order 
moments are calculated both from the molecule count data and the kinetic models, and then used to generate a  
Gaussian-like synthetic likelihood for inference [12,21–24]. These methods are computationally efficient, requiring the 
solution of only a few differential equations. However, their accuracy can be unsatisfactory, especially when higher- 
order moments are needed to derive a sufficient number of moment equations for inference. In such cases, the accuracy 
of moments computed from small sample sizes can be compromised [10]. Additionally, if the reaction involves multiple 
reactant molecules (i.e., it is not a first-order reaction), denoted by 

∑
i sir > 1, the moment equations derived from the cor-

responding CMEs are not closed, necessitating the use of various moment closure methods [18,25,26]. Moment closure is 
inherently an approximation, potentially introducing another layer of inaccuracy. The third group employs an Approximate 
Bayesian Computation (ABC) scheme combined with the Stochastic Simulation Algorithm (SSA) for parameter inference 
[27–29]. ABC approximates the posterior distribution by simulating data under various parameter values and comparing it 
to observed data. Parameters yielding simulations that closely match the observed data are accepted as approximations 
of the true posterior. This approach is advantageous as it bypasses explicit likelihood calculations, with SSA providing an 
exact method for generating simulation data. However, this framework has drawbacks, including the need for large simu-
lation samples to accurately approximate the posterior, which can be computationally expensive, and sensitivity to tuning 
parameters such as the tolerance level and distance metric.

The final group is the PGF-based inference method [30–32], which we systematically investigate in this work. This 
method computes the empirical PGF directly from count data and compares it with the analytical PGF solution derived 
from the model, using either the density power divergence [30,31] or the mean squared error [32] as the objective func-
tion. Minimizing this discrepancy yields the inferred kinetic parameters. Ref. [32] has demonstrated several advantages 
of the PGF-based inference method: (i) Analytical PGF solutions are available for a broad class of gene expression 
models. Traditionally, these solutions have been used by performing Taylor expansions to recover probability mass 
functions, followed by maximum likelihood estimation (MLE) for parameter inference. However, this approach is numer-
ically demanding—particularly because PGF solutions often involve hypergeometric functions that require high-order 
derivatives, which are computationally unstable and require high numerical precision. As a result, such methods are 
not widely adopted [33,34]. In contrast, the PGF-based method circumvents the need for differentiation by directly 
evaluating the PGF over a range of variable values, thereby improving both stability and computational efficiency. This 
approach enables full utilization of existing PGF solutions. (ii) The PGF-based method achieves computational effi-
ciency comparable to MOM, while maintaining inference accuracy on par with MLE. Building on these advantages, we 
systematically evaluate the accuracy, efficiency, and robustness of the PGF-based method under two types of data con-
tamination: binomial downsampling and outliers. Furthermore, we extend the PGF-based framework in Ref. [32] from 
steady-state to time-resolved count data. Within this extended setting, we develop a model selection strategy based on 
cross-validation. Using this approach, we demonstrate that time-resolved data enables reliable identification of complex 
gene expression models with more than three gene states—a task that cannot be accomplished using steady-state 
data alone.

Section Results I presents the PGF-based inference method for steady-state count data. Section Results II evaluates 
its computational efficiency, accuracy, and robustness, with a particular focus on the sensitivity of parameter estimates in 
the presence of technical noise (downsampling) and data outliers. Section Results III extends the method to time-resolved 
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count data, and Section Results IV develops a model-selection framework based on PGF inference. Section Discussion 
concludes the paper and outlines future research directions.

Results

PGF-based inference method for steady-state count data

Consider a reaction system consisting of N species (Xi for i = 1, · · · ,N ) and R reactions as defined by Eq. (1) with reaction 
rates given by Eq. (2). The kinetics of this system can be effectively described using the probabilistic framework of CMEs

	

d
dt
P(n, t) =

R∑
r=1

(E–sr – 1)fr(n)P(n, t)
	 (3)

Where P(n,t) represents the probability of observing ni copies of molecule Xi for i = 1, · · · ,N  in the system at time t. The 
vector sr is defined as

	 sr = [s̄1r, s̄2r, · · · , s̄Nr]⊤	

with s̄ir = s′ir – sir . The step operator E–sr  acts on a general function f(n1, · · · , nN) as follows

	 E–sr f(n1, · · · , nN) = f(n1 – s̄1r, · · · , nN – s̄Nr).	

This indicates that applying the operator shifts the arguments of the function f by subtracting the corresponding compo-
nents of the vector sr. Solving Eq. (3) is challenging due to the presence of both discrete variables (ni, which are integers) 
and continuous variables (t). The PGF method offers a way to circumvent this challenge. The PGF is defined as

	
G(z, t) =

⟨
N∏
i=1

znii

⟩
=

∑
n1,··· ,nN

P(n, t)
N∏
i=1

znii
	 (4)

in which z = [z1, · · · , zN]⊤ and ⟨·⟩ is the expectation operator. Essentially, the PGF provides a compact way to represent 
the full count distribution P(n,t) without listing the probability of every possible count vector explicitly. It is defined as the 
z-transform of the probability mass function P(n,t), which encodes all probabilities into a single analytic function of an aux-
iliary variable (or vector) z. In this sense, the z-transform plays a role for discrete random variables analogous to that of 
the Laplace transform for continuous variables, and it is widely used because moments and other distributional properties 
can be extracted directly from the transformed function.

By applying Eqs. (4), (3) can be conveniently transformed into a set of partial differential equations (PDEs). These 
resulting PDEs can then be tackled using various standard methods for solving PDEs. This approach, known as the PGF 
method, has been effectively employed to solve a wide range of kinetic models, as summarized in Table A in S1 Text. In 
Section A in S1 Text, we also introduce some properties of the PGF, which allow the construction of the PGF for more 
complex systems by using the solutions in Table A in S1 Text as foundational building blocks [25,32,35–43].

Building on the PGF solutions of various kinetic models, we now introduce the PGF-based inference method for the 
steady-state distribution.

Consider a population of nc cells where the count of the j-th species in the i-th cell is nij for i = 1, · · · , nc and j = 1, · · · ,N
. Following Eq. (4), the joint empirical PGF (EPGF) for this count data is given by

	
G(z) =

1
nc

nc∑
i=1

N∏
j=1

znijj .
	 (5)
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Moreover, from the kinetic model of interest we can derive a PGF, denoted by Gθ(z), where θ denotes the kinetic param-
eters. The inference task is then to estimate θ by minimizing the discrepancy between G(z) and Gθ(z) under a chosen 
metric. Here, we adopt the mean squared error, defined as

	
J(θ) =

∫

Γ

gθ(z) dz,
	 (6)

where

	 gθ(z) = ∥G(z) – Gθ(z)∥22,	

and Γ = [zmin, zmax]N.
It is worth noting that the mean squared error formulation of gθ(z) is a special case of the density power divergence 

with hyperparameter α = 1 (see Eq. (2.1) in Ref. [30]), and that the density power divergence approaches the Kullback–
Leibler divergence as α → 0 [31]. The kinetic parameters are estimated by solving the optimization problem

	
θ̂ = argmin

θ
J(θ).

	 (7)

To reduce computational effort, we apply the Gauss quadrature method to approximate the integral Eq. (6) as follows

	
J(θ) = aNz

∑
i∈I

ωigθ(zi)
	 (8)

where ωi =
∏N

j=1wij, and

	 zi =
[
azyi1 + bz, · · · , azyiN + bz

]⊤
,	

with

	
az =

zmax – zmin
2

, bz =
zmax + zmin

2 	

Algorithm 1 PGF-based inference method for steady-state count data

Input: �Number of cells (n
c
), the count tuples of N species {(ni1, · · · ,niN)} for i = 1, · · · ,nc, integra-

tion bounds zmin and zmax
Output: Kinetic parameters θ
1:   Generate Gauss quadrature points and weights yij and wij by the command gausslegendre
2:   Compute the joint PGF for count data by using Eq. (5)
3:   Initialize the inferred parameters θ
4:   while Threshold not reached do
5:   �  Compute the generating function Gθ(z) by using the solutions in Table A in S1 Text and the 

properties (P1)-(P5) in S1 Text
6:     Compute the loss function J(θ) by using Eq. (8)
7:   �  Employ the Nelder-Mead optimization algorithm to solve Eq. (7) and update the inferred param-

eters θ
8:   end while
9:   return Kinetic parameters θ

Here yij ∈ [–1, 1] for j = 1, · · · ,N  is the ij-th integration point of the Gauss quadrature of order Ny, and wij is the corre-
sponding integral weight obtained using the gausslegendre function in Julia. The vector i = [i1, · · · , iN]⊤ is a sequence of 
the indices with each component ij = 1, · · · ,Ny for all j, and the set I  contains all such index vectors i.
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Intuitively, the PGF provides a compact representation of the full probabilistic information of the random variables. For 
example, factorial moments can be obtained from derivatives of the PGF evaluated at z = [1, . . . , 1]⊤. More generally, 
these derivatives can be viewed as local finite-difference information of the PGF around z = [1, . . . , 1]⊤. Therefore, when 
the PGF is sufficiently characterized, parameter identifiability based on the PGF is (in principle) closely related to identifi-
ability based on factorial moments.

The optimization problem in Eq. (7) is solved using the Nelder–Mead algorithm, implemented through the Optim.jl 
package in Julia. Since all kinetic parameters are positive, we play the trick – optimizing their logarithmic transformations 
and subsequently exponentiating the results to obtain the inferred values. The PGF-based inference procedure is summa-
rized in Algorithm 1.

In Fig 1A, we illustrate the PGF-based inference method using the telegraph model (inset, Fig 1A) [44] and its appli-
cation to single-cell RNA sequencing (scRNA-seq) data. The scRNA-seq data are typically represented as a gene-by-cell 
count matrix. For a selected gene, we compute the histogram of its transcript counts and, using Eq. (5), convert this his-
togram into the EPGF. In the telegraph model, a gene switches between active and inactive states with rates σon and σoff , 
respectively; transcription occurs only in the active state at rate ρ, and mRNA degrades at rate d. The corresponding PGF 
solution Gθ(z) is provided in Table A in S1 Text. The kinetic parameters are θ = [ρ, σon, σoff]⊤. Under steady-state condi-
tions, the four kinetic parameters cannot be inferred simultaneously; hence, without loss of generality, d is set to 1, which 
is equivalent to normalizing the remaining three parameters by d. These parameters are estimated by optimizing the cost 
function J(θ) in Eq. (6), where the integral is efficiently evaluated using the Gauss quadrature method (Eq. (8)).

Our PGF-based inference method involves two hyperparameters—the integration bounds zmin and zmax. To assess 
their impact on inference accuracy, we uniformly sampled 200 sets of kinetic parameters ρ ∈ [1, 30], σon ∈ [0.01, 3], and 

σoff ∈ [0.01, 10]. For each set, we generated steady-state count distributions for 1000 cells using the SSA implemented in 
DelaySSAToolkit.jl [45]. We then performed PGF-based inference with integration ranges [zmin, zmax] varying from 
[0,0.1] to [0.9,1], along with the natural choice [0,1]. All log-transformed parameters were initialized at 1. As shown in Fig 
1B, the inference accuracy, measured by the relative error averaged over all inferred parameters,

	
RE = Averagei

(
|θi,true – θ̂i|

θi,true

)
,
	

decreases steadily as the integration range approaches 1, reaching its minimum at [0.9,1], which is slightly smaller than 
that of the natural choice [0,1]. The monotonically decreasing error curve in Fig 1B indicates that inference accuracy is 
not uniform across the integration range. To better understand this heterogeneity, we selected two extreme ranges from 
the curve, namely [0,0.1] and [0.9,1], and reconstructed the distributions using the kinetic parameters inferred from each 
range. The resulting reconstructions are shown in Fig 1C. The reconstruction obtained using [0.9,1] closely matches the 
ground truth, whereas that obtained using [0,0.1] fails to capture the distribution tail. We ruled out an optimizer artifact by 
verifying that the obtained solutions satisfied the prescribed optimization tolerance. This behavior is also consistent with 
the structure of the PGF. Specifically, the PGF is a power series in z, and for z ∈ [0, 1], each term P(n)zn decreases with n. 
As z becomes smaller, contributions from larger n (tail probabilities) decay much faster than those from smaller n. Conse-
quently, minimizing the objective in Eq. (8) over small-z intervals places disproportionate weight on low-count probabilities 
and underweights errors in the tail, which can reduce inference accuracy. These results suggest that using an interval 
near z = 1, such as [0.9,1], is a practically effective choice for PGF-based inference and may be broadly useful across a 
wide range of systems.

As our PGF-based inference method remains optimization-centered, we next investigate how the choice of optimi-
zation algorithm and initialization strategy influences inference accuracy. We consider two optimization algorithms—
the Nelder–Mead method and gradient descent, the latter representing a broad class of gradient-based methods—and 
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three initialization strategies: (i) setting all log-transformed parameter values to 1; (ii) using log-transformed MOM 
estimates (see the MOM-based inference method section); and (iii) perturbing the log-transformed MOM estimates 
by adding random values sampled from N (1, 1.5). Each algorithm–initialization combination was applied to count 
distributions generated from 200 sets of kinetic parameters, and the relative error was computed for each case. The 
results, summarized in Fig 1D, show that the Nelder–Mead algorithm consistently outperforms gradient descent 
across all initialization strategies. Moreover, the inference accuracy of Nelder–Mead remains relatively stable across 
the three strategies, whereas gradient descent exhibits substantial variation, indicating that Nelder–Mead is less 
sensitive to initialization. We also found that Nelder–Mead requires less computation time than gradient descent, since 
it is gradient-free and gradient evaluation in our setting involves additional overhead from hypergeometric functions. 
Taken together, these results suggest that the optimal configuration for the PGF-based inference method is to use the 
Nelder–Mead algorithm with the simplest initialization strategy—setting all log-transformed parameter values to 1—
together with the integration range [0.9,1].

Fig 1.  Schematic and performance of the PGF-based inference method. A: Schematic illustration of the PGF-based inference framework for scRNA-
seq data using a candidate stochastic gene-expression model (here, the telegraph model). Parameter estimation is performed by minimizing the mis-
match between the model’s analytical PGF (e.g., the closed-form solutions listed in Table A of S1 Text; for the telegraph model, the PGF is the Kummer 
confluent hypergeometric function M(σon,σon + σoff, ρ(z – 1))) and the empirical PGF, where the mismatch is quantified by Eq. (8). B: Inference accuracy 
over 200 count distributions generated from randomly sampled kinetic parameters increases as the integration range approaches 1. The best accuracy 
is achieved at [0.9,1], slightly better than the natural choice [0,1] (dashed line). Bars indicate the 95% confidence interval of relative errors averaged 
across all three telegraph model parameters. C: Reconstructed distributions from four inferred parameter sets using [0.9,1] (yellow) align more closely 
with the ground truth (purple dots) than those from [0,0.1] (green). D: The Nelder–Mead algorithm outperforms gradient descent and shows robustness 
to different initialization strategies.

https://doi.org/10.1371/journal.pcbi.1014160.g001
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Performance evaluation

Given the optimal configuration, we next compare the PGF-based inference method with representative methods from 
the other three groups of inference methods mentioned in the Introduction – ABC, MOM (see the MOM-based inference 
method section) and MLE integrated with FSP (see the MLE-based inference method section) from the perspectives of 
accuracy, computational cost and robustness against data contamination.

To this end, we generated five sets of kinetic parameters for the telegraph model (Table B in S1 Text) and used the SSA 
to simulate 10 batches of count data for each set, with each batch containing 1000 cells. We first compared the PGF-
based inference method with ABC, implemented via ApproxBayes.jl using Gamma(2,2) priors and the default error 
tolerance ϵ = 0.1. For each parameter set, both methods were applied to all batches, and the median of RE was computed 
to obtain a robust estimate of inference accuracy while mitigating random sampling effects. The mean and SEM (standard 
error of the mean) of these medians are shown in Fig 2A, demonstrating that the PGF-based method is substantially more 
accurate than ABC. We also assessed computational efficiency. Both methods were run on a MacBook Air (Apple M2 
chip, 16 GB memory), and as shown in Fig 2B, the PGF-based method was over 500 times faster. Due to this large dis-
parity in speed and accuracy, ABC was excluded from further comparisons. Next, we benchmarked PGF-based inference, 
MOM, and MLE + FSP across a wide range of sample sizes. Using the same five parameter sets and data generation 
protocol (with varying sample sizes), we generated count data for comparison. For consistency, all methods employed the 
Nelder–Mead optimizer with hyperparameters g_tol = 10−20 and iterations = 2000. As shown in Fig 2C, the averaged 

Fig 2.  Performance of inference methods in terms of accuracy, efficiency, and robustness. A: Inference accuracy of PGF-based inference and 
ABC, evaluated by the mean and SEM (error bars) of median REs across 10 replicate datasets for each of five kinetic parameter sets. B: Computa-
tional time for PGF-based inference and ABC, showing a > 500-fold speed advantage of the PGF-based method. C: The mean and SEM (error bars) of 
median REs as a function of sample size for PGF-based inference, MOM, and MLE + FSP. D: Runtime usage for the three methods. E: Memory usage 
for the three methods. F: PGF-based inference remains the most accurate under binomial downsampling (xi ∼ Binomial(ni, 0.5)), which mimics sequenc-
ing capture inefficiency. G: Integration range comparison under outlier contamination, showing that [0,1] achieves the best balance of robustness and 
accuracy. Error bars indicate the 95% confidence interval of relative errors averaged across all three telegraph model parameters. H: Inference error 
under moderate outlier contamination (one count of 30 per batch; sample size = 3,000). PGF-based inference is minimally affected, while MOM shows 
substantial degradation.

https://doi.org/10.1371/journal.pcbi.1014160.g002
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RE medians were used to quantify inference error, which decreased with increasing sample size for all methods, as 
expected. The PGF-based inference method consistently achieved the highest accuracy, with comparable performance 
from the others only at very large sample sizes (∼ 104). Finally, we evaluated computational time and memory usage (Fig 
2D and 2E). MOM was the most efficient, followed by PGF-based inference, while MLE + FSP was 10–100 times more 
resource-intensive. Considering both accuracy and efficiency, the PGF-based inference method offers the best balance 
and is the preferred approach.

We next evaluated the robustness of the three inference methods by examining how their accuracy degrades under two 
types of data contamination: binomial downsampling and outliers. The former simulates the sequencing process, where each 
transcribed mRNA has a probability of being captured and sequenced. This downsampling effect is commonly modeled by a 
binomial distribution [46]. To assess its impact, we used the same dataset as in Fig 2C, replacing each count value ni with a 
binomial random variable xi ∼ Binomial(ni, 0.5), representing a 50% chance that each transcript is captured. We then applied 
the same evaluation protocol as in Fig 2C to compare the three inference methods. As shown in Fig 2F, although inference 
accuracy degrades for all methods, the PGF-based inference still outperforms the others, with an even larger performance 
margin. We also examined robustness to outliers by introducing spurious large values into the data to mimic doublets, a com-
mon experimental artifact in droplet-based single-cell assays in which two or more cells are encapsulated in the same reaction 
volume (droplet) and assigned a single barcode. This artifact typically appears as abnormally large count values. Specifically, 
we contaminated the dataset used in Fig 1B by randomly setting one observation per parameter set to a count of 100, thereby 
simulating an extreme outlier measurement. We then followed the same evaluation protocol. As shown in Fig 2G, under this 
contamination, the integration range [0.9,1] is no longer optimal; instead, the natural choice [0,1] becomes nearly optimal. 
Taken together with the results in Fig 1B, these findings indicate that the integration range [0,1] provides the best balance 
between accuracy and robustness. Finally, we contaminated the dataset used in Fig 2C (sample size 3000) by randomly 
replacing one count per batch with the outlier value 30 and applied the same evaluation protocol. As shown in Fig 2H, the 
PGF-based inference method exhibits only a slight increase in inference error, whereas MOM shows a substantial degrada-
tion. This confirms that the PGF-based method is the most robust among the three.

In summary, the PGF-based inference method, when combined with the integration range [0,1], achieves the best over-
all performance in terms of accuracy, robustness, and computational efficiency (second only to MOM in speed).

Extension to time-resolved count data

Techniques such as single-molecule fluorescent in situ hybridization (smFISH), live-cell imaging, and single-cell EU RNA 
sequencing (scEU-seq) provide rich time-resolved count data for gene expression dynamics [11,47–49]. This motivates an 
extension of our PGF-based inference method to accommodate time-resolved data. Fortunately, this extension is straight-
forward to implement. The framework is illustrated in Fig 3A, using the telegraph model as a representative example. We 
assume that population-level snapshots of mRNA counts are collected at a set of discrete time points T = {t1, t2, . . . , tnt}. 
For each time point t ∈ T , we compute the EPGF G(z, t). In parallel, we evaluate the corresponding analytical PGF solu-
tion Gθ(z, t) from the model at each time point. The discrepancy between the empirical and analytical PGFs is computed 
analogously to Eq. (8), leading to the following objective function

	
J(θ) = aNz

∑
t∈T

∑
i∈I

ωigθ|G(z, t) – Gθ(z, t)|2.
	 (9)

By substituting Eq. (9) for Eq. (8) in Algorithm 1, we obtain a natural extension of the PGF-based inference method for 
time-resolved count data.

Next, we compared the three inference methods using time-resolved count data. To do so, we reused the kinetic 
parameters from Fig 2C and supplemented them with a degradation rate of d = 1. Starting from the initial condition of an 
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active gene with no mRNA present, we used SSA to simulate trajectories over the interval t ∈ [0, 6]. We varied the number 
of snapshots (nt), evenly spaced over (0,6], from 120 to 2, and correspondingly varied the number of cells per snapshot 
(nc) from 100 to 6000, while keeping the total number of cells fixed at nc × nt = 12000. We then followed the same eval-
uation protocol used in Fig 2C to compare the three inference methods. Technical details for MOM and MLE + FSP are 
provided in the MOM-based inference method and MLE-based inference method section, respectively. To ensure con-
sistency, the optimization hyperparameters were set to g_tol = 10−10, f_reltol = 10−8, and iterations = 2000. As 
shown in Fig 3B, all three methods exhibit a clear trade-off between temporal resolution (nt) and the number of cells per 
snapshot (nc), with the best performance occurring around nc = 1000 and nt = 12. This indicates that, under a fixed total 
sampling budget (nc × nt), over-allocating the budget to temporal resolution (i.e., using many time points) reduces the num-
ber of cells per snapshot, increases snapshot-level uncertainty, and ultimately degrades parameter-estimation accuracy. 
Conversely, over-allocating the budget to the number of cells per snapshot reduces snapshot uncertainty but yields sparse 
temporal sampling, which is insufficient to resolve the dynamics accurately. Therefore, an optimal balance exists between 

Fig 3.  Performance of inference methods on time-resolved count data. A: Schematic of the PGF-based inference framework applied to time- 
resolved data. B: Inference accuracy across varying numbers of cells per snapshot (nc) and time points (nt), with the total number of cells fixed at  
nc × nt = 12000. All methods exhibit an optimal trade-off near nc = 1000 and nt = 12, with the PGF-based method consistently achieving the highest accu-
racy. C: Computational time usage as a function of nc. D: Memory usage as a function of nc. The PGF-based method is the most efficient, outperforming 
the other two by one to two orders of magnitude.

https://doi.org/10.1371/journal.pcbi.1014160.g003
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these two extremes. Across the entire range of nc, the PGF-based method consistently achieved the highest accuracy. 
Interestingly, we also quantified the computational time (Fig 3C) and memory usage (Fig 3D) for all three methods. In this 
setting, the PGF-based method emerged as the most computationally efficient—it was an order of magnitude faster than 
MOM and used only one-tenth of its memory. This improvement arises because, unlike in the steady-state setting where 
MOM solves only algebraic equations, the time-resolved setting requires MOM to repeatedly solve ODEs for moment 
trajectories—an overhead that the PGF-based method avoids.

Model selection using PGF-based inference for time-resolved count data

We now describe how to extend the PGF-based inference method for time-resolved count data to address the problem 
of model selection, with the goal of identifying gene activity dynamics. Since our method does not rely on conventional 
likelihood functions, classical model selection approaches based on information criteria (e.g., AIC [50], BIC [51]) are not 
applicable. Instead, we adopt and extend the cross-validation-based strategy proposed in Ref. [32], which was originally 
developed for steady-state count data.

Assume we collect count data from nc cells at each time point t ∈ T , where T = {t1, t2, . . . , tnt}. To implement 10-fold 
cross-validation, we randomly partition the nc cell-level observations at each time point into 10 equally sized subsamples. 
For each candidate model, nine subsamples are used to infer the kinetic parameters θ̂, and the remaining subsample 
serves as validation data, on which the inference accuracy is evaluated via the performance score J(θ̂) computed from  
Eq. (9). This process is repeated ten times so that each subsample is used exactly once for validation. The resulting vec-
tor of performance scores for each candidate model is denoted by Jmodel = [J(θ̂1), . . . , J(θ̂10)]⊤. To determine the best-fitting 
model, we apply the one-standard-error rule [52]. Given a set of competing models {model1, . . . ,modeln}, we compute the 
mean and standard deviation of performance scores for each model

	 J̄modeli = ⟨Jmodeli⟩, σmodeli = σ(Jmodeli )	

for i = 1, · · · , n. We identify the model with the lowest mean performance score,

	
J̄best = min

i=1,...,n
J̄modeli ,	

and denote its corresponding standard deviation as σbest. We then compute the Pearson correlation coefficient between 
the performance score vector of the best model and that of each candidate model:

	 ρbest,i = cor(Jbest,Jmodeli ).	

The model-specific performance threshold is defined as

	 threshmodeli = J̄best + σbest
√
1 – ρbest,i.	 (10)

A candidate model is considered competitive if its mean performance score is below this threshold. The full procedure is 
illustrated in Fig 4A and detailed in Model selection using PGF-based inference method section.

To validate the proposed model selection method, we considered the refractory model [42,53], a three-state gene model 
in which two states are transcriptionally inactive (prohibitive), and the remaining state permits active transcription, as illus-
trated in the inset of Fig 4A. Using the kinetic parameters reported in Table C in S1 Text, we employed the SSA to simulate 
1,000 cells from time t = 0 to t = 6, starting from gene state G

1
 and zero mRNA. By t = 6, the system reaches steady state. 

Count data were collected at 0.5 time unit intervals. We evaluated model selection performance by listing the two-state tele-
graph model as a competing alternative and deriving the time-dependent PGF solution for the refractory model analytically 
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(Section B in S1 Text). Applying the cross-validation–based PGF inference procedure to the time-resolved dataset, the 
resulting performance scores (Fig 4C, inset) correctly identified the refractory model as the best-fitting one. This conclusion 
is further supported by the reconstructed distributions: as shown in Fig 4B and 4C, the distributions reconstructed from 
inferred parameters using both the refractory and telegraph models (based on a representative fold; see Table C in S1 Text) 
were compared with the ground-truth distribution. The refractory model yields an more accurate match.

For comparison, we also applied the steady-state model selection method from Ref. [32], using only the snapshot at 
t = 6. In this case, the method incorrectly identified the telegraph model as the best-fitting one (Fig 4D, inset). The recon-
structed distribution from the refractory model under this steady-state-only setting poorly captures the ground-truth, partic-
ularly at zero-mRNA levels, suggesting possible overfitting in parameter inference across folds. This is also reflected in the 
inferred parameter values (Table C in S1 Text), where estimates based on steady-state data are considerably less accu-
rate than those obtained using time-resolved data—a trend also noted in Ref. [32]. Taken together, these results demon-
strate the effectiveness of the PGF-based inference framework combined with cross-validation for model selection using 
time-resolved count data. Moreover, they highlight the necessity of time-resolved measurements for accurately identifying 
gene regulatory mechanisms.

Fig 4.  Validation of the PGF-based model selection method using time-resolved count data. A: Schematic of the PGF-based model selection 
framework applied to time-resolved data, using the telegraph and refractory models as candidate models (inset). B and C: Reconstructed mRNA distribu-
tions at t = 0.5 and t = 6 using inferred parameters from the refractory model (yellow) and the telegraph model (purple) based on one fold of time-resolved 
data. The refractory model matches the ground truth distribution (green) more closely than the telegraph model. (C, inset) Performance scores across 10 
folds identify that the refractory model is correctly selected as the best-fitting model. D: Using only steady-state data at t = 6 results in incorrect selection 
of the telegraph model (inset). The reconstructed distribution based on the refractory model under this setting fails to capture the ground-truth distribu-
tion, particularly at zero-mRNA count.

https://doi.org/10.1371/journal.pcbi.1014160.g004
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Discussion

In this paper, we extended the PGF-based inference method proposed in Ref. [32]—originally developed for steady-state 
count data—to accommodate time-resolved count data, and further generalized the associated model selection strategy 
based on cross-validation. Using this extended framework, we demonstrate that time-resolved data enables the reliable 
identification of complex gene expression models with multiple gene states, a task that cannot be achieved using traditional 
steady-state count data alone. In addition, we investigated the effect of key hyperparameters on inference accuracy and 
identified an optimal configuration for practical use. We systematically evaluated the accuracy, computational efficiency, 
and robustness under two types of data contamination, of representative methods from four major inference frameworks. 
Our results show that the PGF-based inference method consistently outperforms the others across nearly all experimental 
settings and evaluation metrics. These findings highlight the PGF-based approach as a highly promising next-generation 
inference framework for count data, a common data structure arising in stochastic biochemical reaction systems.

PGF-based inference methods have also been studied in Refs. [30,31], where inference is performed by minimizing the 
density power divergence, which involves a hyperparameter α. In this work, we use the simpler, numerically more stable 
mean squared error metric, consistent with Ref. [32] and with the approach adopted throughout this paper. It is worth not-
ing that Refs. [30,31] primarily focused on models with simple analytical PGFs, such as the Poisson and negative binomial 
distributions. In contrast, the PGFs addressed in Ref. [32] and in the present work arise from biochemical kinetic models 
and are substantially more complex.

One limitation of PGF-based inference is its dependence on analytical PGF solutions, which are generally unavailable 
for arbitrary reaction networks. However, this limitation can be partially alleviated in two ways: (i) the PGF solutions sum-
marized in Table A of S1 Text can be extended to more complex networks using the properties listed in Section A of S1 
Text; and (ii) newer approaches, such as the queueing-theoretic framework in Ref. [32], enable PGF-based solutions for 
broader classes of stochastic reaction networks. As analytical solutions continue to accumulate and more advanced solu-
tion techniques are developed, the computational efficiency and accuracy of PGF-based inference become increasingly 
valuable. In this context, a key contribution of PGF-based inference is that it bridges the rich theoretical literature on PGF 
solutions with practical analysis of scRNA-seq data.

The primary goal of this paper is to provide a systematic evaluation of the computational efficiency, accuracy, and 
robustness of the PGF-based inference method. In particular, assessing accuracy requires ground-truth parameter values, 
which are typically unavailable in experimental datasets but can be specified in synthetic data; accordingly, we rely exten-
sively on synthetic datasets throughout this study. While applying the PGF-based inference method to large-scale scRNA-
seq datasets could enable deeper biological analysis, such applications are beyond the scope of the present paper.

Notably, the PGF-based inference method proposed in Ref. [32] and further developed in the present paper is readily 
extensible to multi-species biochemical reaction systems. Although this study focuses on the telegraph model involving a 
single mRNA species - so as to isolate and evaluate inference performance without confounding factors - this extensibility 
is a key feature for developing kinetic models based on the central dogma of molecular biology. This is particularly import-
ant in light of recent advances in single-cell sequencing technologies, which allow for simultaneous measurement of mul-
tiple molecular species within the same cell. For example, cellular indexing of transcriptomes and epitopes by sequencing 
(CITE-seq) enables joint quantification of mRNA and surface proteins [54], single-cell assay for transposase-accessible 
chromatin using sequencing (scATAC-seq) captures chromatin accessibility alongside transcriptomic data [55], multi-
plexed error-robust fluorescence in situ hybridization (MERFISH) provides spatially resolved nuclear and cytoplasmic RNA 
counts [56], and Velocyto extracts spliced and unspliced RNA counts [57]. These developments highlight the importance 
of modeling frameworks that can flexibly incorporate multiple species.

While the present study focuses on the application of the PGF-based inference method to model selection, future work 
may explore its integration with other downstream tasks, such as clustering and deconvolution, to further leverage the 
power of PGF in single-cell data analysis.
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Materials and methods

MOM-based inference method

One competing approach is the MOM-based inference method, which constructs a synthetic likelihood from the moments 
of the count data. For clarity, we focus here on the procedure for applying the MOM-based method to infer the kinetic 
parameters of the telegraph model.

Consider a population of nc cells, where each cell has ni(tj) molecules of species X (e.g., mRNA) measured at time tj, for 
j = 1, 2, . . . , nt. The first three moments computed from the count data are

	

µk(tj) =





1
nc

nc∑
i=1

ni(tj) k = 1,

1
nc

nc∑
i=1

(ni(tj) – µ1(tj))k k = 2, 3.
	 (11)

By the law of large numbers, the moment distribution is approximately Gaussian. We use the following likelihood function 
[10,12] to infer the kinetic parameters

	

L
[
µ1(tj), · · · ,µk(tj)|θ

]
=

nt∏
j=1

nk∏
k=1

1√
2πσ2k (tj)

exp

(
–

(
µk(tj) – µ̂k(θ, tj)

)2
2σ2k (tj)

)
,

	 (12)

where σ2k (tj) denotes the variance of the k-th order empirical moment at time tj, computed from the count data using the 
following expressions

	

σ21(tj) =
1
nc

µ22(tj),

σ22(tj) =
1
nc

(
µ4(tj) –

nc – 3
nc – 1

µ22(tj)
)
,

σ23(tj) =
1
nc

(
µ6(tj) – µ23(tj)

)
.

	 (13)

By contrast, the moments µ̂k(θ, tj) are theoretical moments computed from the underlying kinetic model. For the telegraph 
model under steady-state conditions, the four kinetic parameters cannot be independently identified; only the ratios of ρ, 
σon, and σoff  normalized by the degradation rate d are identifiable. Therefore, we fix d = 1 without loss of generality. In this 
setting, we set the number of moments nk = 3 and the number of time points nt = 1, so that µ̂k(θ, tj) simplifies to µ̂k(θ). These 
moments can be directly derived from the steady-state PGF solution provided in Table A in S1 Text, and are given by

	

µ̂1(θ) =
ρσon

d(σoff + σon)
,

µ̂2(θ) =
ρσon

d(σoff + σon)
+

ρ2σoffσon
d(σoff + σon)2(d + σoff + σon)

,

µ̂3(θ) =
ρσon

d(σoff + σon)
+

3ρ2σoffσon
d(σoff + σon)2(d + σoff + σon)

+
2ρ3σoffσon(σoff – σon)

d(σoff + σon)3(d + σoff + σon)(2d + σoff + σon)
,
	 (14)
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with d = 1. Maximizing the likelihood defined in Eq. (12) is equivalent to minimizing its negative logarithmic likelihood, 
which is given by

	
JMOM(θ) =

3∑
k=1

(
µk – µ̂k(θ)

)2
σ2k

.
	 (15)

Under steady-state conditions, the numerical procedure for the MOM-based inference method is outlined in Algorithm 2, 
with optimization details identical to those of the PGF-based inference method.

Algorithm 2 MOM-based inference method

Input: Number of cells (n
c
), the count vector {n1, · · · ,nc}

Output: Kinetic parameters θ.
1:   Initialize the inferred parameters θ
2:   Compute the moment µk and variance σ2

k from count vector using Eqs. (11) and Eq. (13)
3:   while Threshold not reached do
4:     Use Eq. (14) to compute the moments of the telegraph model
5:   �  Employ the Nelder-Mead optimization algorithm to solve Eq. (15) and update the inferred 

parameters θ
6:   end while
7:   return Kinetic parameters θ

Indeed, Algorithm 2 under the steady state conditions are employed as a parameter initialization strategy in Fig 1D.
To extend Algorithm 2 to time-resolved count data, we set the number of moments to nk = 2. In this setting, the reduction 

in the number of moment measurements is compensated by increased temporal resolution across multiple time points. 
The number of kinetic parameters to be inferred is four. The theoretical moments µ̂k(θ, tj) at each time point tj are com-
puted by solving the system of moment equations

	




∂t⟨nm⟩ = ρ⟨ng⟩ – d⟨nm⟩,
∂t⟨ng⟩ = –σoff⟨ng⟩ + σon

(
1 – ⟨ng⟩

)
,

∂t⟨n2m⟩ = 2ρ⟨nmng⟩ + d⟨nm⟩ – 2d⟨n2m⟩ + ρ⟨ng⟩,
∂t⟨nmng⟩ = ρ⟨ng⟩ + σon⟨nm⟩ – (d + σoff + σon)⟨nmng⟩,	 (16)

where ⟨·⟩ denotes the expected value. Solving this system yields ⟨nm⟩ and ⟨n2m⟩ at each time point tj, for j = 1, . . . , nt. 
These are used to compute the first and second theoretical moments µ̂1(tj) and µ̂2(tj). Accordingly, for time-resolved count 
data, Algorithm 2 is modified as follows: (i) In Step 2, the empirical moments µk(tj) are computed for k = 1, 2 across all time 
points. (ii) In Step 4, the theoretical moments µ̂k(θ, tj) are obtained by numerically solving the moment equations in Eq. 
(16). (iii) In Step 5, the loss function defined in Eq. (12) becomes

	
JMOM(θ) =

nt∑
j=1

2∑
k=1

(
µk(tj) – µ̂k(θ, tj)

)2
σ2k (tj)

.
	

MLE-based inference method

As MLE-based methods are commonly used and serve as natural benchmarks for comparison, we provide the technical 
details of the MLE-based approach that utilizes the FSP method for likelihood computation.
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Given observations from nc cells measured at time points tj for j = 1, . . . , nt, the dataset for N molecular species is 
denoted as D = {(ni1(tj), · · · , niN(tj))}, where nik(tj) is the copy number of species k in cell i at time tj. The total likelihood of 
observing all data is given by the product over all cells and time points

	
L(D|θ) =

nt∏
j=1

nc∏
i=1

P(ni1(tj), · · · , niN(tj)|θ).
	

Inference of the kinetic parameters θ is then performed by minimizing the negative log-likelihood

	
JMLE(θ) = –

nt∑
j=1

nc∑
i=1

logP
(
ni1(tj), . . . , niN(tj) | θ

)
.
	 (17)

The probability P(ni1(tj), · · · , niN(tj)|θ) is computed using FSP, which approximates the solution of CMEs by solving a trun-
cated system of ODEs [19]. Specifically, the truncated CME for the telegraph model is given by

	
dP(t|θ)
dt

= AP(t|θ),
	 (18)

where the probability vector is defined as

	 P(t) = [P0(0, t|θ), · · · ,P0(nT, t|θ),P1(0, t|θ), · · · ,P1(nT, t|θ)]⊤,	 (19)

with Ps(n, t|θ) denoting the probability of observing n mRNA molecules while the gene is in state s ∈ {0, 1} at time t, and nT 
representing the state space truncation level. The transition rate matrix A has the block structure,

	

A =



A1 A2

A3 A4


 .

	 (20)

Here the submatrices are given by

	

A1 = – σonI – diag([0, d, · · · , nTd]) + diag1([d, · · · , nTd]),
A2 =σoffI,

A3 =σonI,

A4 = – (σoff + ρ)I – diag([0, d, · · · , nTd]) + diag1([d, · · · , nTd])
+ diag–1(ρI). 	 (21)

The operator diagφ(v) constructs a diagonal matrix with the elements of the vector v placed on the main diagonal when 
there is no subscript, on the upper off-diagonal when φ = 1, and on the lower off-diagonal when φ = –1. The identity matrix 
is denoted as I. This system is numerically integrated using standard ODE solvers to evaluate the likelihood required for 
MLE. Notably, CMEs of any kinetic model can be concisely expressed in the form of Eq. (18) by organizing the probabili-
ties of all possible states into the vector P(t|θ).

The numerical procedure for the MLE-based inference method is outlined in Algorithm 3, with optimization details iden-
tical to those of the PGF-based inference method.
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Algorithm 3 MLE-based inference method

Input: Number of cells (n
c
), number of snapshots in time (n

t
), the count tuples of N species 

{(ni1(tj), · · · ,niN(tj))} for i = 1, · · · ,nc and j = 1, · · · ,nt
Output: Kinetic parameters θ.
1:   Initialize the inferred parameters θ
2:   while Threshold not reached do
3:     Compute the probability P(ni1(tj), · · · ,niN(tj))|θ) for the inferred parameters θ using Eq. (18)
4:   �  Employ the Nelder-Mead optimization algorithm to solve Eq. (17) and update the inferred 

parameters θ
5:   end while
6:   return Kinetic parameters θ

It should be noted that under steady-state conditions (i.e., nt = 1), there is no need to integrate Eq. (18) over time to obtain the 
steady-state distribution. Instead, one can directly solve the corresponding stationary system by modifying the equation as follows: 
replace the first row of the matrix A with all ones, and set the left-hand side of Eq. (18) to the vector [1, 0, . . . , 0]⊤. Solving this 
modified set of algebraic equations yields the steady-state probability P(ni1, . . . , niN | θ), which is used in Step 3 of Algorithm 3.

Model selection using PGF-based inference method

Algorithm 4 Model selection methodInput: Number of cells (n
c
), the equal sized counts data 

{D1,D2, · · · ,D10}, the set of candidate models {model1, · · · ,modeln} ordered by the model complexity (the 
number of kinetic parameters)
Output: Best-fitting model
1:   for each candidate model model

i
 do

2:     for each fold j do
3:       Use Algorithm 1 to infer kinetic parameters ϕ̂j based on the data {D1, · · · ,Dj,Dj+1, · · · ,D10}
4:       Compute the performance score J(ϕ̂j) on the validation dataset Dj
5:     end for
6:     Collect all the performance scores for model

i
 Jmodeli = [J(ϕ̂1), · · · ,J(ϕ̂10)]

⊤

7:     Compute the corresponding mean (J̄modeli) and standard deviation σmodeli
8:   end for
9:   Find the minimal performance score J̄best and its index I
10:   for each candidate model model

i
 and i ≤ I do

11:   �  Calculate the correlation coefficient ρbest,i of the performance score vectors of the best 
model and model

i

12:     Calculate the threshold of performance score threshmodeli using Eq. (10)
13:     if J̄modeli ≤ threshmodeli then
14:       Accept model

i
 as the best-fitting model

15:       Break
16:     end if
17:   end for
18:   return Best-fitting model model

i

Supporting information

S1 Text. Supplemental Notes, Supplemental Tables, and References. This appendix includes a summary table of 
exact probability generating function (PGF) solutions for a broad class of stochastic gene-expression models, including 
birth–death, bursty, telegraph, refractory, feedback, delayed-degradation, and two-compartment extensions (Table A). 
It also presents the key properties of PGFs used throughout this work, including binomial partitioning, marginalization, 
summation, independence, and zero inflation (Section A). In addition, the appendix provides a detailed derivation of the 
exact time-dependent solution for the three-state refractory model (Section B). References are listed at the end of the 
appendix.
(PDF)
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