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Abstract

Graphical models are widely used to represent dependence structures in biological
systems, where directed edges may encode causal relationships under appropriate
assumptions. We present baycn (BAYesian Causal Network), a novel approximate
Bayesian method for inferring probabilities of edge directions and edge absence,
while allowing flexible, user-specified priors to encode sparsity and an input graph to
incorporate biological knowledge. For inference, we develop a Metropolis-
Hastings-like sampler over graph structures based on a pseudo-posterior with a
plug-in likelihood, which eliminates potentially high-dimensional nuisance param-
eters. This formulation substantially improves computational efficiency while yield-
ing posterior probabilities that reflect Markov equivalence. We apply baycn to two
genomic applications: distinguishing direct from indirect target genes of a shared
genetic variant, and inferring combinatorial binding of transcription factors during
tissue differentiation in Drosophila embryos. Both applications involve discrete and
continuous data types that are common in genomics. Selected variables in these
applications are treated as instrumental variables to help impose constraints on edge
direction. Baycn demonstrates substantially improved accuracy at both the graph and
edge levels, while existing methods do not handle mixed data, fail to capture weak
signals, or are computationally infeasible.

Author summary

Biological networks are widely used to describe relationships among genes, pro-
teins, and other molecular features, but inferring which connections are real
and which way information flows remains challenging. We present baycn, a
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at https://github.com/audreyfulab/baycn_analy-
sis_code. The real data is also available in the R
package baycn on GitHub at https://github.com/
audreyfulab/baycn. We also used the Gibbs and
MC3 samplers in the R package structmemc
(https://github.com/ribgoudie/structmcmc),

the orderMCMC and partionMCMC functions

in the R package BiDAG (https://cran.r-project.
org/web/packages/BiDAG/index.html), the
learn_DAG function in the R package BCDAG
(https://cran.r-project.org/web/packages/
BCDAG/index.html), and the ScanBMA function
in the R package networkBMA631 https://www.
bioconductor.org/packages/3.2/bioc/html/net-
workBMA.html.
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Bayesian method that assigns probabilities to three possible states for each
potential connection: Ato B, B to A, or no edge. This edge-based representation
allows researchers to incorporate prior biological knowledge, such as expected
sparsity or known constraints. Baycn is designed to be computationally efficient,
making it practical for real genomic studies. The estimated edge-state probabili-
ties are well calibrated. It can analyze data that include both discrete and con-
tinuous values, which are common in genomics, and can use selected variables
to improve inference of edge direction. Across simulations and two genomic
applications, baycn achieves higher accuracy than existing approaches.

Introduction

Graphical models (or networks), which may include directed and undirected edges,
can be used to represent the statistical dependence among multiple variables and
have wide applications in biology, such as gene regulatory networks [1,2] and
protein-protein interaction networks [3,4]. Under appropriate assumptions, directed
edges in a network may represent causal (or regulatory) relationships [5—7].

A key feature of graphs is their sparsity, which measures how many edges are
present in a graph, or how likely an individual edge is expected to be present. We
often have some knowledge about the sparsity of a graph, especially in biology
where it remains a challenge to infer a reliable gene regulatory network due to com-
plexity in biological processes and high dimension of biological variables involved
[8,9]. For example, [10] estimated that there are about 6000 genes in the yeast
genome, and that on average each gene is regulated by only 2.76 regulators (such
as transcription factors), meaning that the probability of edge presence in the graph is
around 2.76/6000 a priori. This example shows that we describe sparsity more easily
at the edge level than for the whole graph, and that it is often of interest to infer the
probability of a state of an edge: the two directions if present, and absence.

Here, we focus on Directed Acyclic Graphs (DAGSs), also known as Bayesian net-
works, that have only directed edges and no directed cycles. Many Bayesian meth-
ods have been developed for DAG inference, which explore the graph space and
draw a sample graph, either directly from a closed-form posterior distribution or more
often use a Markov Chain Monte Carlo (MCMC) algorithm to sample the posterior
distribution [11-34]. Most of these methods estimate the probabilities for edge direc-
tions and absence, although the priors are typically for all DAGs or for node orderings
or partitions [18,19,24—-26,28-30,32]. Such priors do not translate easily to priors on
the states of an individual edge. For example, a uniform prior is often assumed for all
the DAGs in these methods. In principle, one can calculate the overall probability of
edge presence versus absence, dividing the total number of edges in all DAGs by the
number of DAGs. The probability of each direction is then half the probability of edge
presence. However, this calculation is not trivial, as the total number of DAGs is gen-
erally difficult to obtain. An exception is [33], which constructed an edge-level prior as
a proxy for the prior on the entire graph. A few other Bayesian methods estimate the
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probability of the two directions only for the edges that are deemed present [13—15,17]. In particular, [15] used the prior
above on gene regulators in their scanBMA method for gene expression data, but the probability of edge absence is not
directly calculated. The posterior probabilities of the two possible directions are also treated as independent of each other,
and can sum to above 1.

In our development, we formulate priors by considering three states for an edge: two directions and edge
absence. We introduce a new Bayesian method that substantially eases the prior specification and estimates the
posterior probabilities of three possible states of an edge. We represent a DAG by edge states (i.e., two directions
and edge absence). This framework allows the user to specify a prior distribution for the edge states, which is easier
to formulate with biological information and to specify the level of sparsity in the graph. We take a pseudo-Bayesian
approach to designing the sampling algorithm for efficient inference, using a plug-in likelihood estimate for nuisance
parameters. To reduce the size of the search space and speed up inference, our method can further take as input a
graph from another more efficient graph inference method, e.g., constraint-based methods such as [35,36] and [37].
Although the same edge-state prior is applied across candidate edges, serving primarily as a sparsity-inducing reg-
ularization, posterior dependence among edges naturally arises through the likelihood and the additional structural
constraints imposed by the input graph.

When instrumental variables are available, our method may be used for inferring more directed edges. In
genomics, for example, if a genetic variant (denoted T4, whose values are called genotypes) regulates the expres-
sion of a gene (denoted T)), it can be used as an instrumental variable to better understand the regulatory rela-
tionships between T, and other genes, as the genotypes of individuals in a natural population are randomized; this
idea underlies the Principle of Mendelian Randomization (PMR) [35,38,39]. Classical Mendelian randomization
(MR) methods for causal effect estimation treat genetic variants as instrumental variables and rely on three stan-
dard assumptions [40—42]: (i) relevance: the genetic variant is associated with the gene expression of interest, (ii)
independence: the variant is independent of unmeasured confounders due to random segregation of alleles, and
(iii) exclusion restriction: the variant affects downstream genes only through the regulated gene, and not through
alternative pathways. Consider the expression of another gene, denoted T;3. Under these assumptions, if T3 is
associated with changes in T, and no other processes can explain away this association, one may conclude that
T, causally influences T3, leading to the inference of a small graph Ty — T, — T3. However, our method does not
require a genetic variant to satisfy the conditions of a genuine instrumental variable in the classical MR sense, nor
does it aim to estimate causal effects. Instead, consistent with our previous work [35,38,39], we leverage the PMR
only to impose the directional constraint that disallows edges pointing from gene expression back to genetic vari-
ants in the DAG. Thus, the PMR assumptions are used to reduce the space of admissible graph structures rather
than as strict identification conditions.

We demonstrate the utility and performance of our method through extensive simulations and two representative
genomic applications. The first application focuses on a central problem in statistical genetics: identifying which
genes are directly regulated by a shared genetic variant versus indirectly affected through downstream regulatory
cascades. Addressing this problem requires modeling complex dependency structures among molecular pheno-
types (e.g., gene expression) while accounting for confounding effects due to other genes arising from genome-wide
regulation. The second application examines combinatorial transcription factor (TF) binding during mesoderm devel-
opment in Drosophila embryos, where multiple TFs bind DNA across developmental time points to jointly influence
tissue differentiation. These binding profiles are highly correlated, making it difficult to disentangle direct regulatory
relationships from indirect or redundant effects. Both applications involve mixed data types, including continuous
molecular measurements and discrete genetic or tissue type information. Our method is designed to accommodate
such mixed-type data by leveraging the PMR, and enables more accurate recovery of regulatory structure than exist-
ing approaches in these realistic settings.
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Methods
A Bayesian graphical model for edge states

ADAG G = (V, E) is a set of vertices (nodes) V ={1,2, ..., b} and directed edges E C V x V, where V x V is the set of all
ordered pairs of nodes, such as (j, k) that denotes an edge pointing from node j to node k where j, k € V. The (determinis-
tic) adjacency matrix A € {0, 1}°*? encodes the graph structure (or topology), where Ajx = 1and Ay = 0 represent the edge
J— k,and Aj =0 and Ay = 1represent kK — j. If Ay = A, = 0, there is no edge between nodes j and k.

We introduce baycn (BAYesian Causal Network), an alternate representation that describes the states of individual
edges with the vector S = (S1, Sy, . .., Sm), where m is the number of edges. This vector may contain all the potential
edges in the graph, or a subset based on prior knowledge. Note that the single subscript here denotes the index of the
edge. The ith edge is between nodes j and k (without loss of generality, we will assume j < k) and is in state S;, which can
take on three values: S; =0if j — k, S; = 1if k — j, and S; = 2 if the edge is absent. Let pis = Pr(S; = s) for s € {0, 1, 2}, so
that Z§=o pis = 1. If pjp = pj1, we consider the edge bidirected with both directions being equally likely. When these edge-
state probabilities are the same for all the edges, we drop the subscript / and refer to them as pg, p4and p..

When we wish to emphasize the two nodes of an edge, we write S with the double subscript for nodes j and k. This
notation connects the edge-state vector with the adjacency matrix:

Pr(Sjk = 0) = Pr(Ajk = 1),
Pr(Si = 1) = Pr(Ag = 1),

Pr(Si = 2) = 1= Pr(Aj = 1) — Pr(Ay = 1).

Given data observed at all bnodes, T = (T4, To, ..., Tp)", where each T; represents the random variable at node j, we aim to infer
the posterior edge-state probabilities Pr(S; = s | T) for all candidate edges i and states s € {0, 1, 2} (these posteriors also sum to
one for each i). It is convenient to summarize posterior information in a probabilistic adjacency matrix whose off-diagonal entries are
Pr(Ax =1 T)=Pr(Skx=0]| T)and Pr(A; = 1| T) = Pr(Sy = 1| T); the posterior probability of absence is then the complement.

Edge-state probabilities need to account for Markov equivalence. Two DAGs are Markov equivalent if they have the
same likelihood and represent the same conditional independence [43]. A set of Markov equivalent graphs form a Mar-
kov equivalence class. For example, the canonical mediation model of Ty — T, — T3 has two Markov equivalent graphs:
T1 < T, — T3,and Ty < T, < T3 (Fig 1A). All three graphs depict marginal dependence between T and T; (i.e., T+ T3)
and conditional independence given T, (i.e., T1 LT3 | T2). Averaging over this equivalence class yields true edge-state
probabilities (0.33, 0.67, 0) for the edge T4 — T, and (0.67,0.33,0) for T, — Ts. In contrast, the v-structure Ty — T, « T3
(Fig 1B) has no Markov equivalent DAGs; it represents T, LT3 and T+ T3 | T, such that the true edge-state probabilities
are Oor1.

The probability of the DAG with a known structure S and known parameters 8 can be written as a product of conditional
probabilities where each node is conditioned on its parents

b
Pr(T | S,6) = [[ Pr(T; | pa(T)). 6)),
= (1)

where pa(T)) is the set of parent nodes of T}, 6; is the parameter vector for the distribution of 7;. When pa(Tj) = (), where )
is an empty set, the probability reduces to Pr(T; | 6)).
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Fig 1. Seven topologies used in simulation studies. Orange edges have Markov equivalent edges and cannot be deterministically inferred. (A) A
mediation model where T is the mediator. (B) A v-structure. True probabilities on edge states account for Markov equivalence. The values show the
existence of Markov equivalent graphs for M1 and no Markov equivalent graphs for M2. (C)-(G) Larger networks that contain M1 and M2 as subgraphs.
See S1-S7 Figs for the true edge-state probabilities of the orange edges.

https://doi.org/10.1371/journal.pcbi.1014039.g001

When we assume normality for the continuous data (e.g., gene expression) at a node:

T~ N(u0f), and =g+ > BT
kepa(T;) (2)

where y; is the mean and sz the variance. If there are no parents, ; = fo;.
Alternatively, for the binomial data (e.g., discrete genotype) at a node:

T; ~ Binomial(n;, pj), and Iog(1 ) Boj + Z Bii Tk,
kepa(T;) (3)

where n; is the number of trials (e.g., n; = 2 for genotype coded as 0/1/2, and n; = 1 for binary protein binding), and p; the
“success” probability. Without parents, log [p/(1—p;)] = Bo;.

Together, these specifications define a conditional generalized linear modeling framework in which each node is mod-
eled (with or without its parents) using a distribution appropriate to its data type.
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A Metropolis-Hastings-like sampler using pseudo-likelihood and the edge-state prior

We develop an iterative sampler that proposes changes to edge states and estimates the posterior probabilities, while
accounting for Markov equivalence. Since our focus is on learning the graph structure rather than effect sizes of parent
nodes on their child nodes, we view the parameters 8 in Eq 1 as nuisance parameters.

For inference we adopt a pseudo-Bayesian approach based on classical results from likelihood theory. For each candi-
date graph S, we use the maximum likelihood estimate (MLE) 65 for the nuisance parameter 8 as the plug-in estimate to
obtain the profile likelihood L,(S) = L(T]S, és). We then define a pseudo-posterior over graph structures,

#(SIT) o« w(S)Ly(S), 4)

where T is the prior, and 7 is the pseudo-posterior that is derived from replacing the full marginal likelihood

J L(TS, 8)7(6]S)d6 with a pseudo-likelihood. This approach follows the general framework where a pseudo-likelihood is
combined with a prior to enable inference when nuisance parameters are high-dimensional or direct integration is compu-
tationally prohibitive; in our implementation, the pseudo-likelihood is taken to be the profile likelihood (see the reviews in
[44] and [49]).

Theoretical justification for this approach follows from properties of the profile likelihood. Although profile like-
lihood is not a genuine likelihood, its theoretical properties are well understood. Under standard regularity condi-
tions, profile likelihood is second-order asymptotically Bayesian with respect to an implicit conditional prior on the
nuisance parameters given the parameter of interest (see Proposition 4.1 in [46]). Being second-order asymptoti-
cally Bayesian means that the pseudo-likelihood and a genuine integrated likelihood have the same local behavior
around the true parameter of interest. Here, the integrated likelihood refers to the likelihood obtained by integrating
out the nuisance parameters with respect to the conditional prior. Local behavior is defined with respect to an n~'2
-local neighborhood of the true parameter, corresponding to the rate at which likelihood-based estimators such as
the MLE fluctuate asymptotically. In this neighborhood, the change in the pseudo-likelihood agrees with that of the
integrated likelihood up to terms of order Op(n‘1), which means that the discrepancy between the two log-likelihoods
vanishes at rate n~'in probability.

As a consequence, inference based on the profile likelihood yields the same first- and second-order asymptotic behav-
ior as inference based on the integrated likelihood, including consistency and asymptotic normality. Any bias introduced
by profile likelihood diminishes asymptotically. These results provide theoretical support for the use of pseudo-likelihood—
based inference in large-sample settings. Here, we show in simulations that this yields accurate estimates of edge-state
probabilities while avoiding the computational burden of sampling 6.

Following [15,33], we use a prior that assumes all the edges to be independent: Pr(S) = [],,, Pr(S; = s;). We can con-
struct the prior based on our knowledge or belief about graph sparsity. For example, as noted in the Introduction, in the
yeast genome we expect the prior probability for each direction to be 2.76/6000/2, and for edge absence 1-2.76/6000.
Although the construction of Pr(S) treats the edges independently, the pseudo-posterior induces dependence among the
edges through the likelihood.

The input of our algorithm is the binary adjacency matrix of a candidate graph and the data at the nodes. The candidate
graph may be a fully connected graph, where all nodes are connected. A more efficient approach is to run a fast graph
inference algorithm to produce a candidate graph and use it as the input, even if this graph contains false edges.

At the tth iteration, the key steps of the Metropolis-Hastings-like algorithm are as follows (also see Algorithm 1):

1. Generate a proposal graph S, from the current graph S;, removing directed cycles in the proposal. When t = 1, the
current graph Sy is initialized by randomly selecting a graph from the graph space defined by the input graph.

2. Calculate the acceptance probability o4:
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o = min { Pr(S1) Pr(T | 7,1, 011) Pr(St | S1,1) 1}

Pr(S) Pr(T | S, 0 Pr(S},, [S) [’ (5)
where Pr(S) is the prior probability of the edge states, Pr(T | S, 8) the graph pseudo-likelihood, and Pr(S | ) or Pr(S’ | S)
the transition probability. Here, we estimate 8 by maximum likelihood estimation given the corresponding graph.

3. Generate a random probability u from the uniform distribution U(0, 1). Accept the proposal and set 8,1 = S;,, if U < ay;
or stay at the current graph and set S;.1 = S; otherwise.

Algorithm 1. Metropolis—Hastings-like sampler with cycle resolution.

1: Initialize S; as a DAG drawn from the input candidate graph space
2: for t=1,...,T-1 do
3: Propose a candidate graph S’tH from the current graph S:
while 5’t+1 contains directed cycles do
Identify a strongly connected component (SCC) with > 2 nodes
Modify an edge within the SCC
end while
Compute acceptance probability o
if Uniform(0, 1) < @, then
Sey1 ¢ Sty
else
Sip1 < St
end if
0: end for

= O 0 J o U

To generate the proposal graph in Step 1, we first determine the number of edges to change states by sampling from a
binomial distribution Bin(m, 1/m), where 1/m is the “success” probability. For each of the selected edges, we then sample
from a Bernoulli distribution with probability p to decide which edge state to change to. Since we do not allow for an edge
to remain in the same state, p is determined by the prior of the two remaining edge states. For example, if an edge in
state 0 is selected to change states, and if the prior probability for the edge states is (po, p1, p2) = (0.05,0.05, 0.9), then the
probability of switching to state 1 is p = 0.05/(0.05 + 0.9).

To detect and remove directed cycles in the proposal graph, we exploit the characterization of cycles via strongly
connected components (SCCs). In a directed graph, an SCC is defined as a maximal set of nodes such that for every
pair of nodes j and k in the set, there exists a directed path from j to k and a directed path from k to j [47]. Results in
[47] imply that a directed graph is acyclic if and only if all of its SCCs consist of a single node, and that every directed
cycle is fully contained within a single SCC. Accordingly, at each proposal we decompose the graph into SCCs using
an existing linear-time implementation (the components function with mode =“strong” in the R package igraph),
identify components containing two or more nodes, and randomly modify an edge whose endpoints lie within such a
component. This procedure is repeated until all SCCs are singletons, yielding an acyclic directed graph that serves as
the candidate graph.

The binomial and Bernoulli probabilities in Step 1 are then used to calculate the transition probability in Step 2. We
show that the transition probabilities do not depend on the path taken from the current graph to the proposed graph (the
process of introducing and removing directed cycles) but only on the edges that have different states between the two
graphs:

Theorem 1. When calculating the acceptance probability, the transition probabilities between the current graph S and
proposed graph S’, Pr(S’|S) and Pr(S|S’), depend only on the edges whose states are different between the two graphs.
Proof. See the proof in Note A in S1 Text and examples in Note B in S1 Text.
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Iteration 1 2 3 4 Likelihood Pseudo-Posterior
1R 1 1 2 2 0 -1282.633 _ Probability
2 1 2 2 0 -1282.633 Edge 0 1 2
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4 1 1 2 0 -1264.101 2 1 0 0
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Fig 2. An example of the output from baycn. (A) The true graph GN4. The candidate graph used for inference will also consider only these four
edges. (B) Edge states and log pseudo-likelihood for the graph accepted at each iteration of the Metropolis-Hastings-like algorithm. (C) The proportion of
each edge state in the sample provides an estimate of the pseudo-posterior probability of the edge state.

https://doi.org/10.1371/journal.pcbi.1014039.g002

This algorithm generates a sample of graphs represented by edge states (Fig 2). For each edge, the relative frequen-
cies of the three states in the sample provide an estimate of the pseudo-posterior 7(S|T).

Through changes in edge states, our algorithm can sample from multiple Markov equivalent graphs and thus produce
posterior probabilities that account for Markov equivalence. With sufficient data, the posterior probabilities of edge states
should be the same asymptotically as expected under Markov equivalence.

Under the PMR, instrumental variables are restricted from having incoming edges from other nodes. We enforce
this directional constraint in the proposal step of our graph sampler. For example, consider an undirected network
T4 — T, — T3, which admits four possible directed networks: (i) Ty — T, — T3, (i) T4 < T, < T3, (iii) Ty <+ T, — T3, and (iv)
T, — T, + T3. If Ty is designated as a potential instrumental variable, then any existing edge between T, and T, is con-
strained to point from T4 to T,, and only graphs (i) and (iv) remain admissible. These two graphs have different likelihoods
and are therefore distinguishable. In this simple example, our algorithm can propose only two moves for the edge T — T,
(T4 — T, or edge absence) while allowing three moves for the unconstrained edge T, — T3 (T, — T3, T» < T3, or edge
absence). The implementation is equivalent to imposing a blacklist of edges by other methods.

Relationship to existing Bayesian methods

We compare baycn to six methods (Table 1). Five of them are Markov chain Monte Carlo (MCMC) methods, and
scanBMA [15] is not based on sampling. Two MCMC methods are based on the graph structure: Gibbs [24] and MC?® [18],
and two methods are based on node orderings or node partitions (i.e., subsets of nodes): order MCMC [19,32] and parti-
tion MCMC [26,32]. These methods assign a prior to the graph structures or node orderings/partitions of the entire graph.
Similar to our method, BCDAG [31,34] also assigns a prior to each possible edge, although it infers not only the graph
structure, but also the parameters, with a focus on Gaussian data.

ScanBMA [15] is a Bayesian model averaging approach that assigns prior probabilities to individual regulator-target
pairs [13—15] and performs deterministic model search for each node independently. As a result, scanBMA estimates pos-
terior probabilities for the two possible directions of an edge independently, so the two probabilities may sum to more than
one. It also does not provide an explicit posterior probability for edge absence.

Simulation study

We performed the simulation study to assess correctness of the software implementation, to study the choice of priors, and
compare baycn to other methods in controlled settings. We simulated data under seven different topologies (Fig 1). Each node
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Table 1. Summary of our method and other Bayesian methods for network inference.

baycn Gibbs [24] MC:3[18] order MCMC [19,32] | partition MCMC BCDAG [31,34]  scanBMA
[26,32] [15]

Input | Data matrix, adja- | Data matrix, edge | Data matrix, edge | Data matrix, edge list | Data matrix, edge list | Data matrix, Data matrix,
cency matrix, prior | list (optional), prior | list (optional), prior | (optional), parame- (optional), parame- prior for edge prior on each
on edge states on graph space on graph space ters for graph score ters for graph score presence edge

Output | Posterior probabil- | Posterior proba- Posterior proba- Posterior probabilis- | Posterior probabilis- | Posterior prob- | Posterior
ities of three edge | bilistic adjacency bilistic adjacency tic adjacency matrix | tic adjacency matrix | abilistic adja- probabilities of
states matrix matrix cency matrix parent nodes

Sam- | Candidate edges | Parent nodes Candidate edges Node orderings Node partitions Candidate Not applicable
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https://doi.org/10.1371/journal.pcbi.1014039.t001

was simulated under a linear model in Eq 2 with the variance set to 1 and the intercept 3, set to 0. All the other coefficients
take the same value, which is referred to as the signal strength. We considered three levels of the signal strength: 0.2 (weak),
0.5 (moderate), and 1 (strong), and three levels of the sample size: 100, 200 and 600. For each topology, we simulated 25
datasets under each of the nine combinations of signal strength and sample size. When summarizing the results, if the results
are grouped by, for example, topology, we use the output from all the datasets with different sample sizes and signal strengths.
We evaluate the performance using the following metrics:

1. The edgewise Mean Squared Error (eMSE): This is the MSE between the true probabilities and posterior probabilities
of the three states for edge i

eMSE,- =

1

W

2
3 [Pr(S; = s)™ —Pr(Si = s | T))?,
s=0

(6)

where Pr(S; = s)'® is the true edge-state probability under Markov equivalence. This metric informs us which edges are
more accurately inferred and which ones are not. Note that the true probabilities can be calculated only when the structure
of the true graph is known: we identify all possible graphs in the Markov equivalence class of the true graph, and then
calculate the frequency of an edge being in each of the three states (see S1-S7 Figs).

2. MSE,: This is the MSE for the whole graph based on three possible edge states. It is the eMSE averaged over all m

edges in the graph:

2
1 S 1 ¢ true 2
MSE; —EZeMSEi—%ZZ[Pr(Si—s) -Pr(Si=s|T)]".
=1 =1 s=0 (7)
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3. MSE,: This is the MSE between the true and posterior probabilistic adjacency matrices on all m edges. In other words,
this metric uses the probability only of the two edge directions.

1 2
MSE; = o (/%;r { [Pr(Aj = 1)™ —Pr(Ajx=1]|T)]
(kj)€E
+ [Pr(Ag = 1)"® —Pr(A;=1| T)]2}.
(8)

4. Precision and power for the whole graph. Precision, or 1—False Discovery Rate (FDR), measures how many of the
inferred edges are true, and power (or recall) measures how many of the true edges are correctly inferred. For calcu-
lation, we apply a cutoff of 0.5 to the posterior probability of edge presence. These metrics ignore the nuances in the
probabilities, but are easy to interpret and provide a quick indication of the inference accuracy.

Results
Results from simulation studies

Posterior probabilities of edge states are calibrated. We ran baycn once per simulated dataset, used a burn-in
of 20%, and used a sparse prior, (po, p1, p2) = (0.05,0.05, 0.9), on edge states. For M1, M2, GN4, GN5, and multi-parent
topologies (Fig 1A—1E), we ran baycn for 30,000 iterations. For GN8 and GN11 (Fig 1F—1G), we ran baycn for 50,000
iterations. We retained 200 samples after burn-in in all the runs. Trace plots of the sample graphs and their log pseudo-
likelihoods did not show signs of poor mixing (see S8 Fig for selected trace plots for GN4, GN8, GN11 across sample
sizes and signal strengths).

As expected when using the true graph as the input, MSE, (based on three edge states) decreases as g and N
increase for each topology, and is particularly affected by B (S1 Table). When MSE, < 0.1, the inference is typically
accurate; it means that the direction of each edge is correctly inferred, and the posterior probability of each edge state is
similar to the true one. Using this cutoff, we observed that baycn performs well in general when the signal strength is not
weak. For both M2 and multi-parent topologies that only contain v-structures, however, MSE, is much larger at 5 = 0.2.
This is consistent with previous observation that it is generally difficult for existing graph inference algorithms to correctly
identify v-structures with a weak signal [35,38].

Sparse prior lowers false positives while retaining power. For this assessment we included a false edge in M1,
M2 and GN4, and two false edges in GN11 (S9 Fig). We used the same data generated in the previous section for these
topologies (without false edges) and ran baycn with the input being the true edges plus the false edges. The user can
specify their prior belief on sparsity through the prior edge-state probabilities. Here, we explored the impact of three edge-
state priors on the inference, with an increasing probability of edge absence: prior 1: (po, p1, p2) = (1/3, 1/3, 1/3); prior 2:
(po, p1, p2) = (0.25,0.25,0.5), and prior 3 (sparse prior): (po, p1, p2) = (0.05,0.05,0.9).

We calculated the eMSE for each edge and again used <0.1 as the cutoff. In all four graphs, increasing p, (thus
making the graph more sparse) consistently reduced eMSE for the false edges, while preserving accurate estimates
of edge probabilities for the true edges (S2—-S5 Tables). In particular, prior 3 reduces the eMSE on false edges by an
order of magnitude, compared to the other two priors, demonstrating its ability to balance the need to detect false pos-
itive edges and to correctly infer true edges. We therefore used the sparse prior in subsequent method comparisons
and in applications.

Competitive performance when compared with other Bayesian methods. To compare baycn with other methods,
we focus on GN4, GN11 and GN8, which have different levels of complexity (Fig 1). Using a fully-connected network as
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the input to all the methods, we ran each sampling-based method for 30,000 iterations on GN4, and for 50,000 iterations
on GN8 and GN11. We used a burn-in of 20% and retained 200 samples in all the runs.

We first benchmarked runtimes of these methods on an Intel Xeon D-1540 (2.00 GHz processor, 128 GB of RAM)
using GN4, GN8, and GN11 with 5 =1and N = 600 (Table 2). Across all three topologies, scanBMA was the fastest, and
Gibbs the slowest. baycn had a comparable runtime to partition MCMC. Since Gibbs was substantially slower than other
methods, we excluded it from further comparisons.

We calculated precision, power and MSE, (between the true and posterior probabilistic adjacency matrices) to assess
the inference accuracy. Note that MSE, does not apply to scanBMA, as the posterior probabilities from scanBMA have a
different interpretation from the other methods (see section “Relationship to existing Bayesian methods”).

Across these Gaussian datasets, most methods perform similarly in most scenarios, with MC® and baycn generally
leading (Fig 3; S6 Table). Performance of each method improves with larger sample size or stronger signal strength.
When the data is less informative (smaller sample size or lower signal strength), BCDAG degrades markedly (e.g., on
GN4, mean precision=0.04; mean power=0.01; S6 Table). Order and partition MCMC also show reduced mean precision
in these settings (on GN4 and GN11: 0.29 for order MCMC and 0.36 for partition; on GN8: 0.31 for order MCMC and 0.37
for partition MCMC; S6 Table).

Taken together with the runtime results, baycn combines a coherent modeling framework and inference accuracy with
competitive runtime, offering a favorable trade-off between speed and accuracy.

Applications to genomic data

Simulations on Gaussian data verified the correctness of baycn and showed competitive performance across multiple
graph topologies. Real genomic datasets, however, are noisier and typically combine mixed data types (e.g., continuous
phenotypes and discrete genotypes). In this section, we applied baycn and other methods to these real datasets. An over-
view of the analysis workflow using baycn, including data preprocessing and confounding variable identification, is shown
in (810 Fig). Gibbs was omitted due to its high runtime, and MC? was also omitted because the available R implementa-
tion failed on mixed-type inputs. As summarized in Table 1, apart from baycn, none of the other implementations natively
handle mixed data; when used in the two applications here they treat all variables as continuous.

Case study A: Causal network inference of transcription regulation with genetic variants. Genetic variants play
an important role in regulating gene expression [48]. The GEUVADIS (Genetic European Variation in Disease) project
identified a large number of variants that are associated with the expression of one or more genes in Lymphoblastoid
Cell Lines (LCLs) in Europeans and Africans [49]. Among these variants, which are termed expression quantitative trait
loci (eQTLs), 62 are associated with more than one gene. However, since the association analysis examined one eQTL-
gene pair at a time, it is unclear which associated genes are more likely to be direct targets (i.e., having an edge with the
variant), and which ones indirect targets (i.e., not having an edge with the variant).

Table 2. The mean runtime in seconds across 25 datasets. For each topology, 25 datasets were generated with 3=1and N=600. Each algo-
rithm was run once per dataset, and the runtime in seconds was recorded. All methods were run on an Intel Xeon D-1540 (2.00 GHz processor,
128 GB of RAM).

Runtime (seconds)
Topology baycn Gibbs Mc? order partition BCDAG scanBMA
GN4 6.50 235.00 11.94 1.78 3.93 38.24 0.02
GN8 11.47 363.91 22.49 2.88 7.97 150.65 0.05
GN11 12.65 380.97 23.52 3.10 9.39 237.63 0.09
https://doi.org/10.1371/journal.pcbi.1014039.t002
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Fig 3. Precision, power, and MSE, (on the posterior probabilistic adjacency matrix) for baycn and other Bayesian methods on simulated data
with varying sample sizes and signal strengths from GN4, GN11 and GN8. A fully connected graph was used as the input to each method. For each
method, we considered nine scenarios (all combinations of three sample sizes and three signal strengths) and simulated 25 independent datasets in
each scenario. After applying the methods, we calculated the mean and standard deviation of each metric in each scenario. Therefore, in each plot here,
every method has nine dots, all represented by one color. Each dot is the mean of a metric, and the whiskers on either side of the dot are one standard
deviation of that metric. MSE, was not calculated for scanBMA, since the posterior probabilities from scanBMA have a different interpretation from the
MCMC methods (see section “Relationship to existing Bayesian methods”).

https://doi.org/10.1371/journal.pcbi.1014039.g003
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To address this question, we infer graphs for these eQTL-gene sets, treating each eQTL as an instrumental variable
under the PMR [50]. Under this principle, an edge connecting an eQTL and a gene points only to the gene, but not the
other way around, since the DNA (eQTL here) regulates the RNA (expression). We focus on the larger European sample
of 373 individuals. The gene expression data in GEUVADIS had been normalized using the PEER method [51] to remove
potential impact of demographic variables, batch effect, and other covariates. To account for confounding from genes
outside the small graph, we performed principal component analysis on the gene expression from all genes in the GEU-
VADIS data. We used Holm’s method to control the familywise type | error rate across all the p-values at 5% [52], and
identified principal components (PCs) that are highly significantly associated with the eQTLs or genes in all the trios of
that tissue. These PCs were then included in the network as confounding variables. The eQTL-gene sets Q8, Q21, Q23,
Q37, and Q50 all have at least one PC associated with them while the eQTL-gene sets Q20 and Q62 do not have any
PCs associated with them.

On each eQTL-gene-PC set, we used a fully connected graph as the input to baycn with a sparse prior
(po, p1, p2) = (0.05,0.05,0.9). The input graph did not contain edges among PCs, as they are independent by defi-
nition. In this application, baycn models genotype nodes (which are instrumental variables) as binomial variables,
and gene expression nodes and PCs as Gaussian variables. Since there is no ground truth, we performed three
long runs each of 500,000 iterations from a different random starting point with 20% burn-in and 1,000 retained
samples. Trace plots of the sampled graphs and their log pseudo-likelihoods did not show signs of poor mixing
(S11 Fig), and the three runs produced qualitatively identical results. In fact, results from multiple runs of 50,000
iterations were already able to produce the same results. We averaged the posterior probabilities from three long
runs for final inference.

We further ran order MCMC, partition MCMC, BCDAG, and scanBMA on the eQTL-gene set Q8 from GEUVADIS to
compare with baycn (Fig 4). We used the same fully connected graph as input for order and partition MCMC, and applied
the same constraint that a gene cannot be the parent of an eQTL. Although BCDAG and scanBMA did not take an input
graph or allow edge exclusion, they allow for a prior probability on edge presence, which we set to be 0.1, same as our
sparse prior for baycn. As with baycn, we ran each sampling-based method for 500,000 iterations with 20% burn-in and
1,000 retained samples. We set the posterior probability cutoffs for edge presence to be 0.5, and considered an edge
directed if the difference between the posterior probabilities for the two directions is greater than 0.2.

Inferred graphs with the posterior probabilities are shown in Fig 4 (see tables of posterior probabilities for all edges
from different methods in S7-S11 Tables). The inference from baycn, order MCMC and partition MCMC is similar for most
of the edges among the eQTL and the genes, except that baycn is the only method that identifies an edge between the
eQTL and RP11-203M5.8, which is consistent with the relatively strong correlation between the two (Fig 4A—4C). BCDAG
also missed an edge between two genes. Moreover, the other three methods missed nearly all the edges with the PCs,
suggesting their insensitivity to weaker correlations (Fig 4E). On the other hand, scanBMA is as sensitive to correlations
as baycn is, but cannot infer edge absence or direction (Fig 4D).

The inference of the direction of the edge between PNP and RP11-203M5.8 is different under baycn and the other
three sampling-based methods (Fig 4A—4D). This difference is likely driven by whether the PCs are accounted for. Spe-
cifically, when regressing RP11-203M5.8 on all the other variables, PC2 has a significantly nonzero coefficient (p-value:
0.001), which means that RP11-203M5.8 and PC2 are conditionally dependent given PNP and other variables. On the
other hand, RP11-203M5.8 and PC2 are marginally independent (correlation: -0.01) of each other, but both have moder-
ate to strong correlation to PNP (Fig 4E), suggesting that the conditional dependence between RP11-203M5.8 and PC2 is
induced by PNP, thus forming a v-structure: RP11-203M5.8 -~ PNP « PC2. This is why baycn infers an edge from RP11-
203M5.8 to PNP. To further verify the impact of PCs on inference, we applied baycn to Q8 but excluded the PCs. This
analysis led to the same inference as order/partition MCMC, which effectively ignored the PCs (S12 Table). These results
demonstrate the importance of accounting for confounding variables and that of having sufficient sensitivity to the signals
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Fig 4. Inference of the GEUVADIS eQTL-gene set Q8. This eQTL is associated with three genes. (A)—(E) Graphs inferred by different methods with
posterior probabilities shown only for edges of biological interest. The three probabilities are for the displayed direction, the opposite direction, and
edge absence, respectively. 0* indicates that the corresponding direction was blacklisted during inference. BCDAG in (D) does not allow edge blacklist.
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scanBMA in (E) is unable to infer the probability of edge absence (hence the NAs) or distinguish the two directions. (F) Heatmap of Pearson correlations
in the data. The posterior probability of all the edges from different methods are in S7-S11 Tables.

https://doi.org/10.1371/journal.pcbi.1014039.g004

in data. Analysis of the other eQTL-gene-PC sets by baycn also showed consistency between posterior probabilities and
correlations (S12—-S17 Figs; S13—-S18 Tables).

Case study B: Inferring combinatorial binding of transcription factors in tissue differentiation. Transcription
factors (TFs) regulate the expression of target genes by combinatorial binding to regulatory sequences in the genome
[53]. Here, we re-analyzed a set of highly correlated TF binding profiles measured in 310 cis-regulatory modules (CRMs,
which are DNA sequences) during early development in Drosophila [54] (Fig 5A). These TFs play central roles in
Drosophila mesoderm differentiation, and have numerous regulatory interactions that are well supported by experimental
evidence [54,55]. The dataset, previously analyzed using a non-Bayesian graphical model approach for each of five
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Fig 5. Combinatorial binding of transcription factors (TFs) in five tissue types from the benchmark dataset on Drosophila embryo. [54].

The TFs are: Twist (Twi), Tinman (Tin), Myocyte enhancing factor 2 (Mef2), Bagpipe (Bap), and Biniou (Bin). The tissue types are: mesoderm (Meso),
mesoderm and somatic muscle (Meso&SM), visceral muscle (VM), visceral muscle and somatic muscle (VM&SM), and somatic muscle (SM). (A) The
heatmap of Pearson correlations following hierarchical clustering. (B) The graph inferred by baycn. To avoid confusion when interpreting directed edges
in time-series data, we use a dot in place of an arrow. Except for bidirected edges, only the inferred direction with the corresponding posterior probability
is shown. Posterior probabilities were averaged over three independent runs of 5 million iterations. Shades of the TFs reflect the timing of the TF binding:
later time points correspond to darker shades. (C) Computational feasibility of each method with different input graphs. Total runtime (in minutes; on
CPUs of a shared computing cluster) is reported for the four sampling-based methods over 5 million iterations. Runtime for baycn is the average from
three independent runs. (D) Known relationships between tissues and TFs with the corresponding presence/absence inference from each method. A
relationship is considered to be present if a method infers at least one edge between any of the time points for a given TF and its associated tissue.

https://doi.org/10.1371/journal.pcbi.1014039.g005
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tissues [55], consists of mixed data: binary indicators of whether a CRM is expressed in one of five tissue types, and
continuous ChlP-chip binding measurements of five key TFs in these CRMs at two-hour intervals during mesoderm
development in these tissue types in the embryos of Drosophila melanogaster. The five tissue types are mesoderm
(Meso), somatic muscle (SM), visceral muscle (VM), mesoderm and somatic muscle (Meso&SM), visceral muscle and
somatic muscle (VM&SM). The five TFs include Twist (Twi), Tinman (Tin), Myocyte enhancing factor 2 (Mef2), Bagpipe
(Bap), and Biniou (Bin). Because of repeated measurements over time and combinatorial binding, there exist strong
correlations among these binding profiles, and most graph inference methods could not tell them apart and tended to infer
a dense network [55].

We treated the binary tissue types as instrumental variables to restrict edges involving tissue types to a single direction.
Since tissue types function as labels and not mechanistic variables, edge direction here represents direct, unmediated
association rather than underlying biological processes. We used a machine learning network inference method MRPC
[35,38] to generate an initial input graph from these mixed data, and included additional edges to reduce the risk of
excluding true relationships (S18 Fig). Here, baycn models binary tissue types (which are instrumental variables) as bino-
mial variables, and continuous TF binding profiles as Gaussian variables. We performed three long runs each of 5 million
iterations from a different random starting point. The burn-in remained 20% and we retained 1,000 samples after burn-in.
Trace plots of the sampled graphs and their log pseudo-likelihoods did not show signs of poor mixing, either (S19 Fig). We
averaged the posterior probabilities from three long runs for final inference. Also similar to before, an edge is considered
directed if the difference between the posterior probabilities for the two directions is greater than 0.2.

Our analysis showed that baycn can identify TFs known to drive tissue differentiation (Fig 5B; S19 Table). The inferred
edges are consistent with the known relationships (Fig 5C). However, it is worth emphasizing that edges in a DAG repre-
sent conditional dependence rather than temporal or regulatory direction. For example, the inferred edge [Twi at 4-6h —
Twi at 2-4h] does not imply that later binding regulates earlier binding. Instead, the configuration [Twi at 4-6h — Twi at 2-4h
< Meso&SM] indicates that the effect of Twi binding at 4-6h is not marginally related to Meso&SM, but is conditionally
dependent of this tissue type given Twi binding at 2-4h. Similarly, in the subgraph for SM, we have [SM - Mef2 at 10-12h
- Mef2 at 2-4h] and [SM - Mef2 at 6-8h -~ Mef2 at 2-4h]. This subgraph indicates that the association between Mef2 bind-
ing at earlier hours and SM can be explained away by the binding of Mef2 after 6 hours, meaning that the formation of SM
is more directly associated with later Mef2 binding than with earlier binding.

The inferred network recapitulates several well-established regulatory relationships in mesoderm and muscle develop-
ment. Specifically, we confirmed the edge connecting a Twi node with Meso, consistent with the established role of Twi
as a primary TF required for mesoderm formation [56]. Twi is also known to directly regulate the expression of both Tin
and Mef2 [57], and the corresponding inferred edges align with these experimentally validated regulatory relationships.
Additionally, Tin and Mef2 play essential roles in dorsal mesoderm specification [58,59] and muscle tissue differentiation
[60—62]; concordantly, our inferred network contains edges linking Meso&SM with both TFs. Furthermore, Bap and Bin,
which are expressed only in visceral muscle [63,64], form a distinct subgraph in our inferred graph and are connected only
to VM or VM&SM. Notably, even when a fully connected graph was provided as input (with tissue types treated as instru-
mental variables; three independent runs each with 5 million iterations, 20% burn-in and 1,000 retained samples), baycn
did not infer any edges between these TFs and non-VM tissue types (S20 Fig; the posterior probabilities of edge absence
are high, ranging from 0.756 to 0.900), despite the two TFs not being grouped together in the correlation heatmap (Fig
5A). These results suggest that the inferred network structure reflects biologically meaningful specificity rather than arti-
facts of the input graph.

We further evaluated other Bayesian methods under both the informed input graph and the fully connected (unin-
formed) input graph where applicable (Fig 5C, 5D; S20 Table). As with baycn, sampling-based methods were run for 5
million iterations with 20% burn-in and 1,000 retained samples. baycn was computationally feasible under both settings
and produced stable posterior probabilities. orderMCMC and partitionMCMC recovered all the key edges an informed
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input graph but were not practical under a fully connected input graph. BCDAG does not accept an informed graph as
input, was feasible only under the uninformative graph but failed to recover nearly the key edges (Fig 5D). scanBMA does
not accept input graphs and missed nearly half of the key edges. These results highlight a practical distinction between
methods that require informative graph constraints for feasibility and baycn, which remains applicable under conservative,
uninformative input graphs while quantifying uncertainty in edge recovery.

Discussion and conclusion

We introduced baycn, a Bayesian approach to learning DAGs that represents a DAG by a vector of edge states. Specif-
ically, our method departs from existing Bayesian methods in several key ways. First, we reformulate the graph prior at
the level of edge states rather than node orderings, partitions, or entire DAGs (see Table 1). This representation enables
direct probabilistic inference on edge direction and absence, simplifies prior specification, and allows posterior probabili-
ties to be interpreted locally at the edge level, while naturally incorporating sparsity assumptions and biological knowledge
through user-specified priors and input graphs. Second, our Metropolis-Hastings-like sampler enables efficient exploration
of large, constrained graph spaces, yielding posterior edge probabilities that respect Markov equivalence when the data
are informative. Our sampler also takes a pseudo-likelihood approach that removes potentially high-dimensional nuisance
parameters. This enables efficient inference in settings where existing likelihood-based Bayesian approaches are compu-
tationally infeasible. Third, baycn accommodates mixed discrete and continuous data types that are common in genomics
and supports causal network inference with instrumental variables to impose constraints on edge direction.

A caveat when interpreting the inferred network is that the direction of an edge indicates statistical dependence. With
additional assumptions, the direction may also indicate the actual, causal mechanism. In the application of the eQTLs and
their target genes, for example, we imposed the constraint that an edge between an eQTL and a gene always points to
the latter. This is consistent with the biological principle that in general, DNA regulates RNA, but not the other way around.
With this constraint, other directed edges may suggest regulatory relationships. For example, the subgraph [rs11305802 —
PNP - TMEMS55B] in Fig 4 suggests that the eQTL rs11305803 likely regulates gene TMEM55B through gene PNP.

Like all DAG-based causal models, our approach relies on the causal Markov assumption [5] for causal inference,
which states that each variable is conditionally independent of its non-descendants given its direct parents in the
graph. Violations of this assumption may arise when unmeasured confounders induce dependence between non-
adjacent nodes, for example when a latent variable U induces association between T and T3 through Ty «+ U — T3,
beyond what is implied by the directed path Ty — T, — T3. In practice, we mitigate this issue by explicitly incorporating
observed proxies for confounding into the network when available. In Case study A, for example, we identify major
sources of confounding using PCs derived from genome-wide expression data and include these PCs as additional
nodes in the inferred graph, thereby allowing such confounding to be represented directly in the graph rather than
being absorbed into spurious edges.

The graphs analyzed here are still relatively small; extending baycn to networks with hundreds of nodes remains future
work. Nonetheless, the features summarized above give baycn expanded capabilities relative to existing Bayesian meth-
ods, allowing it to perform reliable inference in situations that pose challenges for existing approaches.

Supporting information

S1 Text. Details of Theorem 1.
(PDF)

S$1 Fig. The true graph and true probabilities for each edge in topology GN4. Orange edges have Markov equivalent
edges and cannot be deterministically inferred.
(PDF)
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S2 Fig. The Markov equivalence class of topology GN4. The edges in orange show all possible combinations of edge
directions of the Markov equivalence class. Edge 1 is oriented Ty — T, in one of the three graphs, giving a proportion of
0.33 for edge state 0. Edge 2 is oriented T, — T4 in two of the three graphs, giving a proportion of 0.66 for state 0.

(PDF)

S3 Fig. The true graph and true probabilities for each edge in topology GN5. The edges in orange can change
direction while remaining in the Markov equivalence class of the true graph — as long as another v structure is not
created.

(PDF)

S4 Fig. The Markov equivalence class of topology GN5. The edges in orange show all possible combinations of edge
directions of the Markov equivalence class. In two of the four graphs edge 1 is oriented Ty — T, giving a proportion of
0.5 for edge state 0. In three of the four graphs edge 2 is oriented T4y — T3, giving a proportion of 0.75 for edge state 0.
Similarly, edge 3 is oriented T, — T, in three of the four graphs, giving a proportion of 0.75 for edge state 0. These orange
edges cannot be deterministically inferred.

(PDF)

S5 Fig. The true graph and probabilities for each edge in the multi-parent topology.
(PDF)

S6 Fig. The true graph and probabilities for each edge in topology GN11. The edges in orange can change direction
while remaining in the Markov equivalence class of the true graph — as long as another v structure is not created. These
orange edges cannot be deterministically inferred.

(PDF)

S7 Fig. The true graph and probabilities for each edge in topology GN8. The edges in orange can change direction
while remaining in the Markov equivalence class of the true graph — as long as another v structure is not created. These
orange edges cannot be deterministically inferred.

(PDF)

S8 Fig. Trace plots of sampled graphs and their log pseudo-likelihoods from running baycn on simulate datasets.
The figure uses a 3 x 3 layout, with rows representing graph topologies and columns representing sample sizes. Each cell
contains a pair of trace plots: top is the trace plot of the log pseudo-likelihoods, and bottom is the trace plot of the sam-
ple graphs. Each unique configuration of a graph is represented by a distinct integer, converted from the vector of edge
states. Short runs are shown for mixing diagnostics while keeping memory usage manageable and visualization feasible.
For each topology-sample size combination, a single signal strength is randomly selected (e.g., GN4 at sample sizes 100,
200, and 600 with signal strengths 1.00, 0.2, and 0.5, respectively).

(PDF)

S9 Fig. The black edges (true edges) were used to simulate the data and the red edges (false edges) were added
to the true adjacency matrix as input to baycn.
(PDF)

$10 Fig. The flowchart of using baycn for data analysis.
(PDF)

S$11 Fig. Trace plots of sampled graphs and their log pseudo-likelihoods from three runs on the GEUVADIS eQTL-
gene set Q8. Each run had 50,000 iterations with 20% burn-in and 40,000 retained samples. In each pair of plots: top is
the trace plot of the log pseudo-likelihoods, and bottom is the trace plot of the sample graphs. Each unique configuration
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of a graph is represented by a distinct integer, converted from the vector of edge states. Short runs are shown for mixing
diagnostics while keeping memory usage manageable and visualization feasible.
(PDF)

S$12 Fig. Inference of the GEUVADIS eQTL-gene set Q20, which does not have associated PCs. (A) Inferred graph
with posterior probabilities. Numbers in parenthesis next to the edges indicate the posterior probability for the direction
shown. (B) Correlation heatmap.

(PDF)

S$13 Fig. Inference of the GEUVADIS eQTL-gene set Q21 with associated PCs. (A) Inferred graph with posterior prob-
abilities. Numbers in parenthesis next to the edges indicate the posterior probability for the direction shown. (B) Correla-
tion heatmap.

(PDF)

S$14 Fig. Inference of the GEUVADIS eQTL-gene set Q23 with associated PCs. (A) Inferred graph with posterior prob-
abilities. Numbers in parenthesis next to the edges indicate the posterior probability for the direction shown. (B) Correla-
tion heatmap.

(PDF)

S$15 Fig. Inference of the GEUVADIS eQTL-gene set Q237 with associated PCs. (A) Inferred graph with posterior
probabilities. Numbers in parenthesis next to the edges indicate the posterior probability for the direction shown. (B) Cor-
relation heatmap.

(PDF)

$16 Fig. Inference of the GEUVADIS eQTL-gene set Q50 with associated PCs. (A) Inferred graph with posterior prob-
abilities. Numbers in parenthesis next to the edges indicate the posterior probability for the direction shown. (B) Correla-
tion heatmap.

(PDF)

S17 Fig. Inference of the GEUVADIS eQTL-gene set Q62, which does not have associated PCs. (A) Inferred graph
with posterior probabilities. Numbers in parenthesis next to the edges indicate the posterior probability for the direction
shown. (B) Correlation heatmap.

(PDF)

S$18 Fig. The informed input graph for the Drosophila data. We first used the graph output by MRPC then added addi-
tional edges between Meso&SM and the transcription factors Mef2 and Tin and between VM and the transcription factors
Bin and Bap.

(PDF)

S$19 Fig. Trace plots of sampled graphs and their log pseudo-likelihoods from three runs on the drosophila data.
Each run had 50,000 iterations with 20% burn-in and 40,000 retained samples. In each pair of plots: top is the trace plot
of the log pseudo-likelihoods, and bottom is the trace plot of the sample graphs. Each unique configuration of a graph is
represented by a distinct integer, converted from the vector of edge states. Short runs are shown for mixing diagnostics
while keeping memory usage manageable and visualization feasible.

(PDF)

S20 Fig. Inferred graph from baycn for the Drosophila data under a fully connected input graph with the tissue
types treated as instrumental variables. To avoid confusion when interpreting directed edges in time-series data, we
use a dot in place of an arrow. Except for bidirected edges, only the inferred direction with the corresponding posterior
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probability is shown. Posterior probabilities were averaged over three independent runs of 5 million iterations. Shades of
the TFs reflect the timing of the TF binding.
(PDF)

$1 Table. Performance of baycn measured in MSE, on all the graphs used in simulation studies. Features of the
graphs in Fig 1, such as the number of edges and v-structures, are listed. The mean and standard deviation of MSE, (on
three states of each edge), sample size N, and signal strength 8 are also listed. For each simulation scenario we gener-
ated 25 independent datasets and ran baycn once on each dataset.

(PDF)

S2 Table. The mean and standard deviation of the edge-wise MSE for each edge in topology M1. We used the data-
sets previously simulated for M1 and included one false edge with the true edges in the input to baycn. We ran baycn with
three different priors on edge states for each dataset. The rows in red represent false edges.

(PDF)

S3 Table. The mean and standard deviation of the edge-wise MSE for each edge in topology M2. We used the data-
sets previously simulated for M2 and included one false edge with the true edges in the input to baycn. We ran baycn with
three different priors on edge states for each dataset. The rows in red represent false edges.

(PDF)

S4 Table. The mean and standard deviation of the edge-wise MSE for each edge in topology GN4. We
used the datasets previously simulated for GN4 and included one false edge with the true edges in the input to
baycn. We ran baycn with three different priors on edge states for each dataset. The rows in red represent false
edges.

(PDF)

S5 Table. The mean and standard deviation of the edge-wise MSE for each edge in topology GN11. We
used the datasets previously simulated for GN11 and included two false edges with the true edges in the input to
baycn. We ran baycn with three different priors on edge states for each dataset. The rows in red represent false
edges.

(PDF)

$6 Table. The mean and standard deviation of precision, power and MSE, for GN4, GN11 and GN8 when a fully
connected graph was used as input. We simulated 25 datasets for each combination of topology, N, and 8, and ran
each method once per dataset.

(XLSX)

S7 Table. Posterior probabilities from baycn on the GEUVADIS eQTL-gene set Q8 with five associated PCs
included in the network as confounding variables. A fully connected graph (excluding the edges between PC nodes)
was used as the input to baycn. The rows highlighted in yellow indicate the edges between the nodes of interest.

(PDF)

S8 Table. Posterior probabilities from order MCMC on the GEUVADIS eQTL-gene set Q8 with associated PCs. A
fully connected graph (excluding the edges between PC nodes) was used as the input.
(PDF)

S9 Table. Posterior probabilities from partition MCMC on the GEUVADIS eQTL-gene set Q8 with associated PCs.
A fully connected graph (excluding the edges between PC nodes) was used as the input.
(PDF)
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S$10 Table. Posterior probabilities from BCDAG on the GEUVADIS eQTL-gene set Q8 with associated PCs. A fully
connected graph was used as the input, since BCDAG does not allow edge selection.
(PDF)

S$11 Table. Posterior probabilities from scanBMA on the GEUVADIS eQTL-gene set Q8 with associated PCs. A fully
connected graph (excluding the edges between PC nodes) was used as the input.
(PDF)

S12 Table. Posterior probabilities from baycn on the GEUVADIS eQTL-gene set Q8 without the associated PCs. A
fully connected graph was used as the input.
(PDF)

S13 Table. Posterior probabilities from baycn on the GEUVADIS eQTL-gene set Q20. A fully connected graph was
used as the input.
(PDF)

S14 Table. Posterior probabilities from baycn for the GEUVADIS eQTL-gene set Q21 with two PCs are included in
the network as confounding variables. A fully connected graph was used as the input. The rows highlighted in yellow

indicate the edges between the nodes of interest.
(PDF)

S$15 Table. Posterior probabilities from baycn on the GEUVADIS eQTL-gene set Q23 with two PCs included in the
network as confounding variables. A fully connected graph was used as input. The rows highlighted in yellow indicate
the edges between the nodes of interest.

(PDF)

S16 Table. Posterior probabilities from baycn on the GEUVADIS eQTL-gene set Q37 with one PC included in the
network as a confounding variable. A fully connected graph was used as input. The rows highlighted in yellow indicate

the edges between the nodes of interest.
(PDF)

S$17 Table. Posterior probabilities from baycn on the GEUVADIS eQTL-gene set Q50 with two PCs included in the
network as confounding variables. A fully connected graph was used as input. The rows highlighted in yellow indicate

the edges between the nodes of interest.
(PDF)

S$18 Table. Posterior probabilities from baycn on the GEUVADIS eQTL-gene set Q62. A fully connected graph was
used as input.
(PDF)

S$19 Table. Posterior probabilities of edge states from baycn on the Drosophila data. Sheet 1 shows the results
under the informed input graph, and Sheet 2 under the fully connect input graph.
(XLSX)

S20 Table. Posterior probabilities from order MCMC, partition MCMC, BCDAG and scanBMA on the Drosophila
data. Each sheet shows the results from a method.
(XLSX)
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