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Abstract

From cortical synfire chains to hippocampal replay, the idea that neural populations
can be activated sequentially with precise spike timing is thought to be essential for
several brain functions. It has been shown that neuronal sequences with weak feed-
forward connectivity can be replayed due to amplification via intra-assembly recurrent
connections. However, the mechanisms behind this phenomenon are still unclear.
Here, we simulate spiking networks with different excitatory and inhibitory connec-
tivity and find that an exclusively excitatory network is sufficient for this amplification
to occur. To explain the spiking network behavior, we introduce a population model
of membrane-potential distributions, and we analytically describe how different con-
nectivity structures determine replay speed, with weaker feedforward connectivity
generating slower and wider pulses that can be sustained by recurrent connections.
Pulse propagation is facilitated if the neuronal membrane time constant is large com-
pared to the pulse width. Together, our simulations and analytical results predict the
conditions for replay of neuronal assemblies.

Author summary

In this work, we study how neural activity can propagate through a network of
neurons. We therefore consider the activities of defined groups of neurons, which
are also called assemblies. We are particularly interested in understanding how a
previously learned sequence of activity patterns of assemblies can be replayed.
To this aim, we combine large-scale numerical simulations with simpler analyt-
ical descriptions of neural dynamics. Our simulations show that, if feedforward
connections across assemblies are weak, pulses of activity can be amplified by
intra-assembly recurrent connections, allowing for sequence retrieval across a
wide range of network structures and parameters. We introduce a new theoretical
framework to study sequential activity, deriving conditions for sequence replay to
succeed, and unveiling how replay speed depends on different network param-
eters. Crucially, we find that subthreshold membrane potential distributions are
essential in determining the properties of the activity pulse and whether replay can
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succeed. Our findings contribute to understanding the mechanisms of hippocam-
pal replay in particular, which is important for memory consolidation, as well as the
propagation of activity across feedforward neuronal circuits in general.

Introduction

The notion that groups of neurons could form assembilies that fire together and that
these assemblies could then fire in a specific order is old [1]. In fact, the idea that
some neural populations are activated sequentially is ubiquitous in neuroscience,
with precise neuronal spike timing thought to be essential for several brain functions.

In the cortex, neuronal recordings in behaving animals have repeatedly yielded
evidence of such precise spike-timing sequences [2-5]. Thus, networks of lay-
ers of neurons connected in a feedforward manner—called synfire chains—have
been extensively studied to understand how such sequences of neuronal activity
could propagate in the cortex [6—14]. These modeling studies have found that, given
enough feedforward connectivity across groups of neurons, neuronal networks are
capable of propagating an activity pulse indefinitely with precise spike timing. Inter-
estingly, it has also been shown that adding feedback connections from one layer to
the preceding one stabilizes this propagation [15].

In the hippocampus, sequential activation of learned neuronal sequences is
believed to be essential for memory consolidation [16—22]. This phenomenon, known
as hippocampal replay, has been observed in the brain of many animals, including
humans [23—-29]. Several computational works have investigated the properties of
hippocampal neuronal networks to successfully replay a learned sequence [30—-34].

Computational studies have also focused on how the interplay between recurrent
connections (within an assembly) and feedforward connections (across assemblies)
could influence the stability and sequential activation of activity patterns. Such recur-
rent connections are expected to exist in the brain due to Hebbian plasticity mecha-
nisms (“fire together, wire together”) and would be required for pattern completion,
showed that in a balanced excitatory-inhibitory (El) network, recurrent connections
within an assembly of neurons can facilitate sequential activation of assemblies. If
feedforward connections are not strong enough to propagate a signal across assem-
blies of neurons, then adding recurrent connections at each layer/assembly can
amplify the signal and allow activity propagation to succeed. In such cases, neurons
in an assembly need only fire once, just as what typically happens in synfire chains,
where there are no recurrent connections. The authors of [34] hypothesized that, for
recurrent connections to aid in sequence retrieval, a ‘balanced amplification’ mech-
anism [36] would be necessary. Such a mechanism requires a significant amount of
feedback inhibition to the excitatory assemblies, which their model possessed. How-
ever, it remains unclear whether feedback inhibition and balanced amplification are
necessary for recurrent connections to facilitate sequence retrieval.
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The goal of this work is to understand the mechanisms by which recurrent connections enable or facilitate the feedforward
activation of sequences of neuronal assemblies. To this end, we first study spiking networks of leaky integrate-and-fire
(LIF) neurons capable of retrieving an embedded sequence. Then, we develop a time-discrete population model of the
membrane-potential distributions for each assembly. Our population model provides analytical estimations that describe
our simulations well and can predict how the replay speed depends on network parameters, as well as the necessary
connectivity a sequence must have to be replayed.

Results

To explain how recurrent connections can amplify propagating activity pulses and enable sequential activation of neuronal
assemblies, we subdivide the Results in four major parts: numerical simulations of spiking neurons in ‘Sequence retrieval
in spiking networks’ and ‘Minimal spiking model reveals key replay mechanisms’, numerical simulations of a mean-field
model in ‘A time-discrete population model for replay’, and an analytical framework in ‘Population model predicts analyti-
cal conditions for replay’.

Sequence retrieval in spiking networks

We start exploring the mechanisms underlying sequence retrieval by performing spiking simulations of LIF neuronal net-
works with an embedded sequence. To study the ability of a network to recall the embedded sequence, we first ensure
that it is in a low-firing asynchronous-irregular (Al) state. Then, to elicit replay, all the neurons of the first assembly in the
sequence are made to fire simultaneously.

Fig 1 summarizes the results obtained for spiking networks. We studied three types of spiking network models (Fig 1-
A). In each network, we embed a sequence of 10 assemblies. This number is chosen because it is short enough to allow
for quick simulation times, but long enough to approximate the asymptotic pulse behavior in very long sequences. We
embedded only one sequence in a network, and we assume that having several different sequences does not change the
results on replay if the number of sequences is well below the capacity of the network; memory capacity or competition
between different sequences [37] is not the focus of this manuscript.

There are several features, assumptions, and definitions that apply to all the spiking networks that we studied: If the
connectivity (feedforward across assemblies and/or recurrent within assemblies) is strong enough, an activity pulse suc-
cessfully propagates throughout the entire sequence (example raster plots in Fig 1-B,C; summary in Fig 1-D); otherwise,
if connectivity is too low, the pulse dies out and the sequence cannot be retrieved (Fig 1-D, gray regions). To quantify
retrieval, we consider an assembly to be ‘fully activated’ if a propagating activity pulse causes at least 90% of its neu-
rons to fire once. Accordingly, if an activity pulse generated at the first assembly in a sequence successfully propagates
through all of its assemblies such that each of them becomes ‘fully activated’ in sequence order, down to the very last
one, we say that the sequence has been successfully ‘recalled’/‘retrieved’/‘replayed’ (these terms are used interchange-
ably). If the activity pulse dies out before reaching the last assembly in the sequence, we say that the replay has failed.
Moreover, neurons should not fire more than once, on average. Such cases, with bursting or exploding activity that can
extend to the whole network, are considered failed events. When retrieval is successful, we measure the asymptotic pulse
width and propagation speed (Fig 1-D, colored regions). The width is obtained by filtering an assembly’s activity and fit-
ting it to a Gaussian to calculate its full width at half maximum (FWHM), which is averaged over the last three assemblies.
The speed is calculated as the inverse of the time between filtered activity peaks of consecutive assemblies, averaged
over the last four assemblies (for details, see ‘Quantifying replay in the spiking network’ in ‘Methods’).

To illustrate the putative mechanisms underlying replay, we start with a standard example model network and then
reduce the complexity in further models. The first network (Fig 1-A1) is similar to that of [34], with each assembly made
up of excitatory and inhibitory cells. In the second network, we remove inhibitory cells from the assemblies and use them
only to provide global inhibition to the excitatory population (Fig 1-A2). Finally, in the third network, inhibition is completely
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Fig 1. Sequential activation of neuronal assemblies in spiking networks. A1-A3, Network sketches of simulated spiking models. A1, Assemblies of
M = 500 excitatory (E) and M/4 inhibitory (/) cells form a sequence embedded in a network with a total of Ng = 20,000 and N, = 5,000 cells. Assembly
cells form recurrent connections (probability p,). The sequence of g = 10 assemblies is created by feedforward connections across the E cells of each
assembly (probability py). All neurons can form background connections (low probability p,g = 1%) and receive constant background current /4. The
network is balanced by STDP in the /| - E synapses until it reaches a low-firing Al state. A2, Similar to A1, but assemblies contain only E cells, with
inhibition being global. The same STDP mechanism is used. A3, Similar to A2, but without background connections (ppg = 0) nor / cells. E cells receive
Poisson inputs, tuned to replicate the Al state of the first two models. B1-B3, Simulations with ps = 14% and p, = 0%. Networks are in an Al state when
all the neurons in the first assembly are made to fire instantly. An activity pulse propagates throughout the sequence. ‘Spikes’, raster plot of sampled

E cells from each assembly (numbered 1-10 and separated by gray lines), in sequence order from bottom to top. ‘Rates’, assembly population rates
(Gaussian-filtered with width 1 ms). ‘Last assembly’, membrane potential distribution of the last assembly (snapshots on the top right: v4 and v,). C1-C3,
Same as B1-B3, but for pf = 7% and p, = 12%. D1-D3, Asymptotic pulse ‘FWHM’ and ‘Speed’ of successful retrievals (unsuccessful ones shown in
gray). Color bars have the same scale but only the measured ranges are colored in each panel. Crossed blue and green squares correspond to the
parameters used in panels B and C, respectively, with lines in color bars indicating the measured values for each square. The black-hatched region in
the upper-right corner of D3 represents failed retrievals due to activity explosions.

https://doi.org/10.1371/journal.pcbi.1013844.9001
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absent (Fig 1-A3). In the following, the three models and simulation results are described in more detail (see also ‘Build-
ing the spiking network’ in ‘Methods’ and Table 1 for a full list of network parameters).

Excitatory-inhibitory assemblies. Our first spiking model (Fig 1-A1) consists of Ng = 20, 000 excitatory and N, =
5,000 inhibitory cells, all of which form random background connections with low probability p,q = 1%. Then, a unidirec-
tional sequence of g = 10 non-overlapping El assemblies is embedded in the network. Each assembly consists of M = 500
excitatory and M/4 inhibitory cells that form additional recurrent connections to each other with some probability p,. To
make up the sequence, additional feedforward connections are created with some probability p; between the M excitatory
cells in subsequent assemblies.

All synapses are modeled as conductances that exhibit an instantaneous jump in synaptic conductance upon arrival
of a presynaptic spike; thereafter, conductances decay exponentially. Furthermore, the model uses a spike-timing-
dependent plasticity (STDP) mechanism in the magnitude of the conductance jump of / - E synapses [38], which bal-
ances the network until it reaches an Al state. Once the network is balanced, plasticity is turned off. Then, to investigate
replay, we make all the neurons in the first assembly fire at once. If the generated activity pulse propagates throughout
the sequence so that all sequence neurons fire approximately once in the correct order, the trial is considered successful.
To study the role of recurrent connections in facilitating recall, this is attempted for different combinations of p; and p,.

The example simulation in Fig 1-B1 indicates that recurrent connections are not always needed for replay. As shown
in the summary figures in Fig 1-D1, p; must be high enough to retrieve the sequence, for any given p,. Moreover, recur-
rent connections enable the retrieval of sequences with lower py, as in the example simulation in Fig 1-C1. The lower ps
becomes, the higher p, is required, as in [34].

The simulations in Fig 1-B1,C1 show how the membrane potential distribution of the last assembly in the sequence
behaves during the propagation of the activity pulse (panels at the Bottom and Right). We see that in the Al state, the
subthreshold membrane potential distribution of each assembly approximates a normal distribution, with the upper tail of
the Gaussian clipped at the threshold and causing the low firing rate driven by fluctuations (as predicted by existing the-
oretical models, [39,40]). When the propagating activity pulse reaches an assembly, this distribution is driven across the
threshold until all neurons have fired. After firing, the membrane potential of each neuron is reset, and the distribution
slowly settles again in the stationary Al state it had before the pulse disturbed it.

In the simulations in Fig 1-B1,C1, all neurons in the assemblies fire approximately once during the replay of the
sequence; thus, moving the membrane-potential distribution across the threshold, without explicitly considering the reset
and the refractoriness of individual neurons, is an appropriate simplification to understand the fast dynamics during replay,
which we will use later in an analytical approach. The key difference in the behavior of the membrane potential distribu-
tions, as p, or p; are varied, is how long it takes the distribution to cross the threshold. If p; is high enough such that p, is
not needed (as in Fig 1-B1), the distribution is fast to cross the threshold, causing all neurons to fire within a short time
interval. As p; decreases below a critical value, the membrane potential distribution will take longer to cross the threshold
(as in Fig 1-C1), because the feedforward synapses alone are no longer sufficient to make all neurons fire. Thus, recur-
rent excitatory synapses within an assembly need to cooperate with the feedforward synapses to ensure that all neurons
fire, which means more time is needed for those synaptic inputs to arrive. The smaller p; is, the higher p, must be for recall
to succeed, and the slower these events will be.

Accordingly, Fig 1-D1 demonstrates that, while all activity pulses start out as a perfectly synchronous activation in the
first assembly generated by external stimulation, the asymptotic width and speed of the pulse depend on the chosen con-
nectivity. In Fig 1-D1, we see that a larger width is correlated with a slower speed (see also S1 Appendix in Supporting
Information). The FWHM varies between about 5 and 7 ms. It decreases with increasing p; and/or p,, i.e., the higher the
connectivity, the narrower the propagating pulse is (see ‘FWHM’ in Fig 1-D1). The panel ‘Speed’ in Fig 1-D1 shows a
minimum pulse speed of ~6 ms per assembly (~0.18 assemblies/ms) and a maximum pulse speed of 2 ms per assembly
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(0.50 assemblies/ms). Our maximum speed is roughly consistent with the excitatory synaptic model used, where synap-
tic conductances had a latency of 1 ms and an exponential decay time constant of 2 ms. The pulse speed increases con-
siderably with increasing feedforward connectivity p;, on which it seems to depend the most. However, there is a more
complex dependence on p,. In the region where p, is not needed for propagation (p; > 12%), increasing p, slows down the
propagation speed. However, in the region where p, is needed (p; < 12%), increasing p, with respect to its minimal value
slightly increases the pulse speed, although this effect appears to fade for increasing p,. To investigate whether feed-
back inhibition and balanced amplification are essential mechanisms at play here, we look at two simpler spiking network
models in Fig 1.

Excitatory-assemblies balanced by global inhibition. The second spiking network model that we simulate (Fig 1-
A2) is as similar as possible to the first one, with the exception that the assemblies now contain only excitatory cells.
Unlike the first model, the second one does not have specific assemblies of interneurons targeting each excitatory assem-
bly through a higher probability of morphological connections. Instead, we have a homogeneous population of interneu-
rons that has the same probability of receiving/sending synapses from/to any excitatory cell. A similar replay model has
been studied in [33].

The simulations in Fig 1-B2:D2 show that the results obtained are nevertheless similar to those of the first model.
Higher recurrent connectivity again allows for the retrieval of sequences with lower feedforward connectivity, and lower
connectivity corresponds to slower and wider activity pulses: The observed pulse speed varies in a range similar to that
of the first model, although it can reach lower values (~0.1 assemblies/ms). The minimal pulse width is also similar to the
first model, but the maximum width can reach up to ~10 ms. These slower and wider pulses likely occur because each
assembly receives less feedback inhibition during replay compared to the first model.

Assembly membrane-potential distributions are similar to the first model in both the Al state and during retrieval. This
is due to the use of the same STDP mechanism in all / — E connections present in the first model [38]. This mechanism
allows inhibitory neurons to change their synaptic weights and target each neuron differently, which could lead to a selec-
tion of neurons based on the random / — E connectivity, thus somewhat mirroring the El-assembly structure that was
hard-wired in the first model. However, E — [ and / — | connections, which do not possess any plasticity mechanism, are
nonspecific and constant in the second model, which could cause the differences observed in pulse width and disrupt the
El coupling needed for balanced amplification to occur. In contrast, in the first model, a change in p, led to a change in all
El connections within an assembly.

In Model 1 and Model 2, we used an El ratio of 4:1. Different ratios have been reported across brain regions (see, for
example, [41]). Our choice of 4:1 was done for simplicity and is not critical to our results. In S2 Appendix (see Supporting
Information), we show that the results shown in Fig 1-B2:D2 can be reproduced with different El ratios, given an appropri-
ate scaling of the synaptic inputs.

Excitatory-assemblies only: A minimal spiking model. The third spiking model (Fig 1-A3) is the simplest that
can exhibit replay of assembly sequences. It consists merely of the sequence of excitatory assemblies and has neither
inhibitory neurons nor background connections (p,y = 0). This setup effectively disconnects the sequence from the back-
ground neurons, and we can consider a smaller network size Ng = g - M =5,000. Thus, neurons can connect only to those
in the same assembly with probability p,, or to those in the next assembly with probability p;. The existence of recurrent
connections distinguishes this minimal model from the ‘synfire chain’ architecture [7], where only feedforward connections
across assemblies are considered. To keep the network in Fig 1-A3 in a low-firing Al state similar to the first two models,
the constant background current /,, was decreased, and noisy excitatory synaptic inputs generated by Poisson processes
were added [8]. /,; and the Poisson inputs were tuned such that the membrane potential distribution in the Al state was as
similar as possible to the first two models.

The example simulations in Fig 1-B3:D3 show that successful replay events are similar to those of the first two models,
with their pulse width and the speed also being in similar ranges. Furthermore, Fig 1-D3 demonstrates that weak feed-
forward connections can again be compensated for by high recurrent connectivity to allow for replay. However, a main
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difference to the earlier models is that retrieval fails in regions where the total connectivity (p, + p;) is too high. These
failed replay events (black and grey hatch in the upper right corners of the two panels of Fig 1-D3) correspond to burst-
ing/exploding activity, which occurs because there is no feedback inhibition to prevent this from happening.

Together, the simulations in Fig 1-B3:D3 indicate that recurrent excitatory connections facilitate the sequential activa-
tion of assemblies even after completely removing inhibitory feedback from these networks. Although inhibition modulates
the properties of propagating pulses and affects replay, our results suggest that inhibition-mediated balanced amplification
is not needed for pulse propagation to be facilitated by intra-assembly recurrent connections, contrary to a previous con-
jecture [34]. Below, we simulate the minimal spiking model while varying further network parameters to elucidate critical
features of replay.

Minimal spiking model reveals key replay mechanisms

In what follows, we illustrate with numerical simulations the dependence of replay on recurrent and feedforward connec-
tivity, synaptic latency, and membrane potential distributions in a minimal spiking network model with only excitatory neu-
rons (sketch in Fig 1-A3). We again note that there are synaptic connections only within assemblies and across subse-
quent assemblies, but no background connections. These results allow us to speculate on which network mechanisms are
responsible for replay success and failure, thus motivating the population model we introduce later in the manuscript.

Dependence of replay on the synaptic delay. The simulations of Fig 1 showed that the asymptotic speed and width
of the activity pulse depend significantly on p, and p;, with the lowest connectivities corresponding to the slowest and
widest pulses. We expect that the speed of replay should also depend on the dynamics of excitatory synapses. To study
this dependence, in Fig 2—A we simulate our minimal spiking model while varying the synaptic delay z, in the range 0.1—
4.0 ms, which was constant (z; = 1 ms) in Fig 1. Note that in all the simulations discussed so far, we used exponentially
decaying conductances to model our synapses. However, very similar results would be achieved with a different synaptic
model, like an instantaneous delta current that increases the postsynaptic potential after some delay (see S3 Appendix in
Supporting Information).

In each panel of Fig 2—A, we show the regions where replay succeeds (black and colored regions) and fails (gray), as
a function of the connection probabilities p, and p;. As expected, changes in synaptic delay significantly affect the speed
of successful replay pulses, with the maximum measured speed decreasing from ~1.42 assemblies/ms when 7,=0.1 ms
(not visible in the scale bars) to ~0.21 assemblies/ms when 7, = 4 ms. Interestingly, the slowest speed for which replay
can succeed is approximately the same in all panels of Fig 2—A (~0.06-0.11 assemblies/ms), regardless of the synap-
tic delay 7,. Nevertheless, the connectivities p, and p; at which the minimal replay speed can be observed still strongly
depend on the synaptic delay t,. We can speculate on why this happens:

The combination of recurrent and feedforward connectivity, together with the speed of excitatory synapses, determines
how much and how fast the subthreshold distribution of membrane potentials of a neuronal assembly moves across the
firing threshold as an activity pulse propagates (insets in Fig 1-B,C). Replay can only succeed if the neurons’ membrane
potentials can go from their values in the Al steady state across the firing threshold. We hypothesize that, if this process is
too slow, the generated activity is dissipated by the membrane leak currents, making it impossible for all neurons to cross
and thus causing replay to fail. We note that the leak current is the only hyperpolarizing mechanism in our minimal model
without inhibition, and its speed is governed by the membrane time constant z,,,, which in all simulations was 20 ms. This
idea would explain why the maximum speed changes as we change synaptic latency 7;, but the minimum speed remains
approximately constant. Whether a pulse can be successfully replayed depends on whether the activation of each assem-
bly is fast enough with respect to the leak currents. For any given combination of p, and py, the faster the synapses, the
faster the activity pulse generated. Thus, with a slower 7;, we need stronger connectivity to reach the minimum required
speed.
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Fig 2. Synaptic delay and distribution of membrane potentials condition sequence replay. In all panels, we show the speed of replay as a function
of connectivity. Results were obtained from spiking network simulations as in Fig 1-D3 (colored regions) and from analytical results (colored curves and
dashed white lines). A, Speed of replay for different synaptic delays 7, (indicated on the bottom of each panel). The simulations with 7, = 1 ms are also
shown in Fig 1-D3. The black and colored regions represent successful replay; failed replays in gray. Orange regions correspond to propagation speed
> 0.3 assemblies/ms; red regions to [0.2, 0.3) assemblies/ms; black regions to < 0.2 assemblies/ms. In the scale bars, the left edge of the black region
marks the minimum speed for each panel, which varied between ~0.06 assemblies/ms (for 7; = 4 ms) and ~0.11 assemblies/ms (for 7, = 0.1 ms). The
maximum speed varied between ~1.42 assemblies/ms (for 7, = 0.1 ms) and ~0.21 assemblies/ms (for 7; = 4 ms)—marked by the left edge of the grey
region on the right of the scale bar (visible only on the third and fourth panels). The black-hatched regions in the upper-right corners (where p, + psis
high) represent failed retrievals due to activity explosions. Simulation results are overlain by colored curves corresponding to the analytical predictions
given by Condition 3 for three different values of speed: minimal speed measured in simulations (black curve); 0.2 assemblies/ms (red curve); and

0.3 assemblies/ms (orange curves). B, Speed of replay in a model without leak currents (7, » ), 7, = 1 ms, and fixed number of synaptic inputs per
neuron. The firing threshold is located at =50 mV and the membrane potentials for each assembly before retrieval are drawn from a normal distribution
with mean u and SD o, resulting in distributions (see insets) with different values of U and xq (indicated to the left of and above each panel)—sketch

on the bottom-right shows how u and o relate to U and x. We chose U = 40 and obtained a good match with our analytical Condition 1 (tilted dashed
lines) and Condition 2 (vertical dashed lines)—for details, see Section ‘Comparing spiking simulations to analytical conditions’ in ‘Methods’.

https://doi.org/10.1371/journal.pcbi.1013844.9g002
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Together, the properties of the Al steady state membrane potential distribution of the assemblies are predicted to be
essential for replay, in particular the width and the distance from the threshold, which are evaluated in more detail in
Fig 2-B.

Dependence of replay on the membrane potential distribution. The membrane potential distributions of assemblies
in the Al state of the simulations of the spiking network (Fig 1 and Fig 2—A) fit well to a Gaussian with mean u ~ —51 mV
and SD o ~ 0.5 mV (histograms in Fig 1-B). To study how the properties of the distribution of membrane potentials affect
sequence replay, we systematically vary the width and the distance from the threshold in Fig 2—B. Furthermore, to sim-
plify the interpretation of the results, we remove both Poisson inputs and neuronal leak currents from our minimal spik-
ing model and, instead, manually draw each neuron’s membrane potential from a clipped Gaussian distribution (inset at
bottom right of Fig 2—B).

Fig 2—B confirms that both the mean and the spread of the membrane potential distribution significantly affect the con-
nectivity necessary for replay to succeed. For example, when p, = 0%, there is a minimum value of p; below which replay
is impossible, and this value increases with increasing distance between the lower edge of the distribution and the thresh-
old. In other words, if there are no recurrent connections, the feedforward connections between assemblies must be
strong enough to move the whole distribution across the threshold. Furthermore, increasing p, decreases the minimum
p; required for the replay to succeed, which we also saw in the simulations in Fig 1-D and Fig 2—A. In other words, recur-
rent connections within assemblies can facilitate replay, but this amplification slows down replay. Finally, for most distri-
butions, there is a minimum value for p; below which replay is impossible, regardless of how high p, is. This minimal p;
depends on the distance between the right edge of the distribution and the threshold: If the feedforward connections are
too weak to bring the upper edge of the distribution across the threshold, an assembly is not activated at all, and recurrent
connections cannot help with replay. All of these qualitative insights will be quantified through analytical results in what
follows.

A time-discrete population model for replay

In this section, we model the dynamics of membrane potential distributions of neuronal assemblies during a replay event.
To do this, we make several simplifying assumptions that are detailed below.

Model assumptions. Leak currents have been shown to be essential in determining subthreshold membrane poten-
tial distributions in spiking networks with Al firing [40], which is the baseline state in which we test replay in our simulations
of Fig 1 and Fig 2. However, the histograms in Fig 1-B,C show that during successful retrieval events, the subthreshold
membrane potential distribution retains its shape (the same shape as in the Al state) and is just moved toward larger volt-
ages as synaptic inputs arrive. This observation motivates a separation of time scales: the slow time scale of the leak cur-
rents, given by the membrane time constant (20 ms in our model), and the fast time scale of sequence retrieval, governed
by the time that excitatory synapses take to increase a neuron’s membrane potential (1-5 ms). Thus, our first assump-
tion is that we neglect the effect of leak currents during replay events. This assumption has two consequences for our
population model. The first is that the membrane potential distribution has a fixed shape and only its mean can change
(we also neglect the reset of the membrane voltage after it has reached the firing threshold, as explained below). The
second consequence of neglecting leak currents (and reset) is that the mean of the membrane potential distribution can
never decrease—it can only stay constant or increase. A limitation resulting from this assumption is that the model cannot
describe the dynamics of very slow replays.

In principle, subthreshold membrane potentials in our spiking networks can have any value below the firing threshold.
However, since each assembly has a finite number of neurons, their membrane potentials are found within a finite range
of values. Moreover, our simulations show that in the low-firing Al state the distribution of membrane potentials is well
condensed and close to the firing threshold (see histograms in Fig 1-B,C). Thus, for the population model, we assume
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that each assembly’s membrane potential distribution in the Al steady-state has a finite width U that is identical for all
sequence assemblies.

In our spiking simulations, a condition for successful replay is that each neuron only fires once during an event, on
average, with bursting and exploding activity being considered failures to retrieve the sequence. In a successful replay
event, after a neuron has fired, its membrane potential is set to the reset potential, and the neuron does not make any
additional contribution (as seen in the histograms in Fig 1-B,C). Thus, we neglect the activity of neurons in an assem-
bly once their membrane potentials have crossed the firing threshold. This assumption means that to evaluate success-
ful retrieval in our population model, we only have to keep track of whether the distribution (which starts in the Al state)
receives enough synaptic inputs to complete the crossing of the threshold once. From this assumption, it follows that the
population model can never predict when activity explosions or bursting may occur.

During the replay seen in our spiking simulations, synaptic input is governed by recurrent connections within assem-
blies and feedforward connections across assembilies. Still, there may also be background connections (as in the first two
spiking networks). In this case, the activity of an assembly can excite many other neurons in the network. However, this
effect is negligible in our spiking models because the number of neurons in an assembly is not too large and the back-
ground connectivity is low (background connections are even absent in the third spiking model). Thus, we neglect back-
ground connections in the population model.

We have shown that, given the fast time scale at which excitatory synapses act on the sequence, the synaptic dynam-
ics have a major impact on the speed of the emerging activity pulse and whether it can be replayed (see Fig 2—A). We fur-
ther discussed that similar results are obtained whether synaptic currents are time-dependent conductances that decay
exponentially (as in Fig 1 and Fig 2) or are instantaneous delta pulses (as in S3 Appendix — Supporting Information).
This motivates our final assumption: If the synaptic dynamics is fast enough (with respect to the membrane time con-
stant), the movement of the membrane potential distribution across the threshold during retrieval can be approximated by
a time-discrete model in which the time step At corresponds to the delay between a presynaptic spike and a postsynaptic
potential.

Model definition. Given these assumptions, we model the distribution of membrane potentials v of a given assem-
bly ie {1,2,...,q} in a sequence of length q at some time step t € {0, 1, 2, ...} with a static-shaped probability density func-
tion that has a finite width U (example in Fig 2—-B, bottom right). We define the threshold to be located at the potential
v =0 and consider that an assembly is active if at least a part of its distribution is above the firing threshold. Denoting xf’)
as the position of the right edge of the distribution of assembly i at time {, we say that this assembly is active at a given
time if xfi) > 0. Since xfi) cannot decrease with increasing {, the firing activity afi) for some assembly i at some time ¢ is the
area under the distribution that crossed the firing threshold between the previous time t—1 and the current time t. Because
the distribution is normalized, the total activity Z;zo a,((') is bounded between 0 and 1 and corresponds to the fraction of
neurons in assembly i that crossed the threshold up to some time t.

In our spiking network models, the initial condition is that all sequence neurons are in a low-firing Al state. This Al
state is stable and does not cause sequential activation unless an external input is given to an assembly. In the popula-
tion model, we capture this state by considering that all assemblies start at { = 0 with subthreshold membrane potential
distributions at the same location and with zero activity, i.e.,

X =x<0, a)=0, Vi (™)
For t> 1, in a given time step from -1 to ¢, the right edge xﬁ’) of the membrane potential distribution of assembly i
increases with respect to its previous position xff1 by some amount proportional to the input to that assembly. This input
can come from recurrent synapses of the assembly itself with a weight denoted by R, from feedforward synapses of the
previous assembly with weight F, or from some external input Jf'), which we assume is applied to the entire assembly i.
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These dynamics can be summarized as

M _ (0] (-1 D)
X' =x_,+R-a_, +F-a_, +J§ . (2)

t t—1
The first assembly in the sequence is i =1, so, to keep Eq (2) consistent for the whole sequence, we formally define
afo) =0 for all t (even though assembly i = 0 does not exist), and thus assembly 1 never receives a feedforward input.
The connectivity weights R and F correspond to the average connection strength between neuronal assemblies, which
are given by the average number of inputs (the product of the number of neurons in an assembly, M, with the connection
probabilities p, or p;) and the E — E synaptic weight wEE (how much one synaptic input increases the membrane potential
of the postsynaptic neuron; see ‘Comparing spiking simulations to analytical conditions’ in ‘Methods’ for details), i.e.,

R=M-p,-wFE, F=M-p;- wFE. (3)

In our spiking simulations, we retrieved sequences by stimulating the first assembly. To best match this protocol in the
population model, we consider external inputs that act only on the first assembly att=1, i.e.,

J(,-)_ J>0 , fori=1,t=1

t 0 , otherwise.

In general, it is sufficient to have J < U — x;, because a larger J always fully activates the first assembly.

We consider that an assembly is successfully recalled if its distribution fully crosses the threshold, and we define #; as
the minimal time at which this happens for assembly j, such that xﬁ") > Ufor any t > t.. For a sequence with g assemblies,
we consider that the whole sequence has been successfully recalled if the membrane potential distribution of the g-th

assembly fully crosses the threshold, i.e., if there exists some finite time i‘q for which

xg’) > U. (5)

We note that this definition of the successful recall of a whole sequence does not imply that all assemblies in the
sequence are successfully recalled, which depends on initial conditions. However, we will show that this definition is use-
ful, especially in the limit of large q.

In this work, we will describe the membrane-potential distribution in our time-discrete population model by two generic
shapes, sketched in Fig 3. The first shape is a clipped Gaussian, which is chosen to best resemble the Al-state distribu-
tions observed in our spiking simulations (see Fig 1 and Fig 2-B). It consists of a Gaussian with standard deviation o =
U/4, which is then clipped at +2¢ around the mean and normalized so that its integral is 1. The second shape is a rectan-
gle with finite width U and area 1, which is the simplest possible form a distribution could take. This approximation is cho-
sen for its usefulness in analytical derivations, and we will refer to this particular case of the population model as the “rect-
angle model”. In principle, the same approach could be applied to other shapes and, as we will see, some of the analytical
results we derive from the population model are independent of the shape.

Partial activation may lead to full activation via recurrent and feedforward connections. The population model
allows us to make predictions on the conditions for which a partial activation of the first assembly (as sketched in Fig 3)
leads to the full activation of some subsequent assembly i. To derive this, we use the rectangle model, whose dynamics
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Fig 3. Definition and dynamics of the time-discrete population model. Sketch of the model’s progression for the first two assemblies in a sequence
attimest=0,t=1, and t = 2 for a clipped Gaussian (Top, blue) and rectangle (Bottom, green) distributions. Both assemblies start with initial condition
(1) with xo = 0. At t = 1, the first assembly receives some positive external input J>0, generating some activity a$1). That activity (hatched areas) then
propagates in the next time step t = 2 to that same assembly via recurrent connections (R) and to the next assembly via feedforward connections (F).

https://doi.org/10.1371/journal.pcbi.1013844.9g003

can be approximated (indicated by the “hat” accent over the symbol x) by the linear relation:

O _ g0 A(l 1) 5((1—1)

O _ g 1
0 = t_1+R-T+F T’ (6)

which can be shown (for details, see the derivation of Eq (56) in ‘Methods’) to have the solution

0 for t<i
oD _ -1t k—i
X = F k—1\(R ) (7)
J-(3) kz.(i—1)<L_/> for ti.
=/

Let us define m as the index of the first assembly to become fully activated at some time t,,. Then, m and t,, will corre-
spond to the lowest i and ¢ for which f(f’) > U, i.e., for which the following condition is met:

i—=1

(G S

I
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Ifi<mandt<t,, then f(f’) = xg’) for the rectangle model, and Eq (8) is a necessary and sufficient condition for replay.

Numerical simulations (see the next section) will show that this linear estimate provides a good approximation of the
model dynamics for any distribution shape (and also when i > m and t > t,,), and thus can help explain the properties of
successful replays in our spiking network simulations.

Before we turn to the comparison with numerical simulations, let us examine and discuss in more detail the linear esti-
mate given by Eq (7), which already provides valuable insight into the dynamics of the population model. We therefore
first consider the special cases t <jand t=1i: For t <, we find 5(5') = 0 because pulse propagation can never be faster than
one assembly per time step. So, the right edge of the distribution of some assembly i can only begin moving to the right
for t > i. At t = i, assembly i receives its first input, and S(f’) =J - (F/U)~", which depends on the relative strength of only
the feedforward connections F with respect to the distribution width U. In each assembly i>1, the initial input J is scaled
by a factor of F/U, so that at assembly i this scaling is (F/U)~". Because recurrent inputs require additional time steps to
arrive, they only contribute to an assembly’s position for t > i. Thus, the dynamics of a sequence without recurrent connec-
tions (like a synfire chain) are fully described by what happens at t = i: If F < U, the initial input J will be scaled down with
increasing i as the pulse propagates throughout the sequence, making replay impossible, regardless of the value of J. On
the other hand, if F > U, the initial input is amplified as the pulse propagates, and, if the sequence is long enough, some
assembly m will eventually become fully activated once J - (F/U)™" > U is true.

If there are recurrent connections, for f > i the initial feedforward input is scaled by an additional factor in Eq (7) that
sums all the recurrent pathways (from j to t) by which the initial input J was scaled throughout the sequence, and the
scaling factor depends on the relative strength of the recurrent connections R with respect to the width U.

Numerical simulations. In Fig 4, we show simulations of the time-discrete population model for the clipped Gaussian
distribution (Fig 4—A,B) and the rectangle distribution (Fig 4-C:E). For simplicity, we chose U = 1. To match the behav-
ior of the Al state in the spiking model, where any input to an assembly leads to an increase in activity, we consider xy =
0. In the spiking network, we caused all neurons in the first assembily to fire at once, so in the population model simula-
tions, we chose J = U as the only input to the first assembly, which then becomes fully activated instantly. Fig 4—A:D indi-
cates that clipped Gaussian and rectangle distributions produce similar results, both with the same qualitative behavior as
the spiking network. The asymptotic pulse width and average speed (see ‘Quantifying replay in the population model’ in
‘Methods’), as well as the ability to successfully replay the sequence, show a similar dependence on the strength of recur-
rent and feedforward connectivities; there are some minor differences between the two distributions for low feedforward
connectivities. Finally, Fig 4—A,C shows that a large pulse width correlates with a slow pulse speed (quantification in S1
Appendix — see Supporting Information), which also resembles spiking simulations.

Population model predicts analytical conditions for replay

To better understand the results of the numerical simulations, we will now describe analytical insights that can be obtained
from the population model.

Recurrent connections are not needed if feedforward connections are strong enough. The numerical simulations
in Fig 4—A:D (where xg = 0 and U = 1) show that recall always succeeds if F > 1, with those pulses propagating with min-
imal width at the maximum speed of one assembly per time step, and recurrent connections not being needed. It can be
shown analytically that this must be true for any distribution of membrane potentials, regardless of its shape:

If a given assembly m > 1 becomes fully activated at some time t,, then we have Z;"’:O af{’") = 1. It follows that (see the
derivation of Eq (30) in ‘Methods’ for details), if F > U—Xx,, we have x%;":s) > U. In other words, assembly m+1 will become
fully activated within one time step, regardless of the value of R. Consequently, the same applies to the next assembly
m+2, which will become fully activated at time %,,42. Thus, we can infer that, if F > U—Xx, the full activation of an assembly

will lead to the full activation of all assemblies downstream from it.
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Fig 4. Population model simulations confirm analytical predictions and match spiking network behavior. A, Clipped-Gaussian model with
U=40 =1and xy =0, and external input J = U in Eq (4). Retrieval succeeds if the last assembly in a sequence of g = 10 assemblies fully crosses the
threshold at some time Tq. Color maps: Asymptotic pulse width (FWHM in time steps) and approximate pulse speed (q/?q, i.e. retrieved assemblies per
time step)—failed replays in gray—for different values of connectivities R and F. Black regions show widths larger than 5 time steps and speeds slower
than 10/25. The dashed white lines denote the upper borders for widths 16, 8, 4, and 2 (from left to right) and lower borders for speeds 10/100, 10/50,
and 10/25. The three white squares correspond to the simulations on panel B. B, Example simulations; assemblies are stacked in sequence order from
bottom to top. Colored bars represent activity af’). Gray bars represent the sum of activities for that assembly. A black contour with a slash marks the
time step at which an assembly becomes fully activated. C-D, Same as A-B, but for the rectangle model. E, Speed in rectangle model for different
assembly sizes q. For g = 10, same panel as in B but the speed is capped at the minimum of 10/15 assemblies per time step. Overlain are colored lines,
each corresponding to the R—F values that border the condition (9) for a given pulse speed S. The black line corresponds to this analytical prediction
when S— 0. The R + F =1 line is drawn in gray. The same is then shown for g = 50 and q = 200, with the speeds rounded up to match the same color
levels as in g = 10. F, F-values of the analytical curves drawn in panel E when R = 0.4 (dots). Each dot is the minimal F needed for replay to succeed,
for the corresponding minimum speed, according to Eq (9). As q increases, the needed F converges to a fixed value, well approximated by Condition 3
(dashed lines).

https://doi.org/10.1371/journal.pcbi.1013844.9g004
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A necessary condition for sequence retrieval. The simulations in Fig 4—-A:D further show that the propagation of the
pulse slows down as F decreases, but recall can only succeed if R + F> 1. The closer R + Fis to 1, the slower the replay
is. These results can also be shown analytically:

Without assuming any particular distribution shape, we can show (see the derivation of Eq (31) in ‘Methods’ for details)
that

R+F>U-xq (Condition 1)

is a necessary condition for any assembly that does not receive external inputs (i.e., i>1 in our model) to be retrieved. For
Xg =0 and U= 1, as in our numerical simulations, the condition becomes R+ F> 1.

Condition 1 is necessary for replay for any distribution shape, but it is exactly sufficient only for the rectangle model
(Fig 4—C; for an analytical derivation, see ‘Rectangle model with x, = 0" in ‘Methods’). The numerical simulations in Fig 4—
A show that, although Condition 1 is not exactly sufficient for the clipped Gaussian (see failed regions of replay in the
upper-left corners of ‘FWHM’ and ‘Speed’ panels), it nevertheless provides a good estimate of when replay will succeed.
Note that sufficient conditions for replay are well approximated by Condition 1 only because our population model allows
for extremely slow and wide replay pulses (black regions in Fig 4—A,C). Such pulses can propagate only if there are no
leak currents.

Condition 1 can be applied successfully not only to the population model, but also to help us understand replay in sim-
ulations of spiking neurons. To illustrate the correspondence between theory and simulations, in the spiking networks
simulated in Fig 2—B, we removed the membrane leakiness; in this case, the border between replay success and failure
is well approximated by our analytical Condition 1 (oblique dashed white lines) for various positions x, and widths U of
clipped-Gaussian membrane potential distributions. As the population model predicts that Condition 1 is not only a good
match when neglecting leak currents, but that it is always a necessary condition for replay to succeed, we should expect
it to emerge in all our spiking simulations, regardless of the synaptic dynamics and membrane time constant used. Con-
sequently, the need to fulfill Condition 1 can be observed in the simulations of Fig 1-D and Fig 2—A: there is always a
straight oblique line p, + p; = 12% below which replay is impossible (in Section ‘Comparing spiking simulations to analytical
conditions’ in ‘Methods’ we discuss how the specific value of the connectivity depends on network parameters).

A minimum feedforward connectivity is needed for successful replay. In the population model simulations of
Fig 4, we chose membrane potential distributions with x, = 0 such that any feedforward input to an assembly would lead
to the generation of some non-zero activity, as happens in the Al state of our spiking simulations of Fig 1. However, we
could assume, without loss of generality, that an assembly i starts with a distribution that has a gap below the threshold,
such that xg) < 0. In a spiking network, that would correspond to having a distribution of membrane potentials fully sub-
threshold, without spiking activity. We have simulated such a case in Fig 2—B. Although this does not capture the behav-
ior of the Al state, it is useful to describe the activation of a subthreshold population through some feedforward input.
This can also be motivated biologically: depending on how the excitatory-inhibitory connections are set in a network, an
increase in activity in one assembly might cause hyperpolarization of other assemblies via lateral inhibition. Moreover,
it has been shown that many hippocampal pyramidal cells become hyperpolarized during sharp wave-ripples [42—44], a
phenomenon known to co-occur with hippocampal replay.

In the population model, for any activity to be generated at some assembly i>1, the sum of feedforward inputs from the
previous assembly i—1 must be large enough to bring any portion of assembly i over the threshold, i.e., the population
model requires (see derivation of Eq (33) in ‘Methods’):

F>—Xg (Condition 2)
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for any assembly that does not receive external inputs to be retrieved. If x, = 0 (as in our simulations of Fig 4), the condi-
tion becomes F>0.

To compare this prediction to our spiking simulations of Fig 2—B, we follow the same methodology used for Condition
1 above (for details see ‘Comparing spiking simulations to analytical conditions’ in ‘Methods’). We obtain a good match
between Condition 2, given by the vertical dashed white lines in the panels of Fig 2—B, and the border between failed
replay (gray region) and successful replays (colored region) in those spiking simulations. This again supports our popula-
tion model as a good predictor of the behavior of spiking networks.

Relation between pulse speed and connectivity. In the context of the population model, we can approximate the
pulse speed of successful replay pulses as S = q/fq, where q is the sequence length and ?q the time step at which the
last assembly becomes fully activated (for details see ‘Quantifying replay in the population model” in ‘Methods’). Thus,

S € (0, 1], with the extreme cases S =1 when ?q =qgand S—>0as fq — oo for a finite q. Notice that S is measured in units
‘assemblies per time step’ and relates to the speed s of the spiking model by s = S/At.

To find how connectivity determines the pulse speed, we will use Eq (7), which is the linear estimate obtained from the
rectangle model. This estimate tells us that the replay can succeed with some speed S if Eq (8) is true wheni=qgand t=
q/S, i.e.,

LGB

k=q

Importantly, the left-hand side of Eq (9) is increasing monotonically as S decreases, so that if the condition is met for a
certain speed S, it will also be met for all speeds S < S'. Thus, a pulse speed estimate S can be obtained by fixing R and
F and finding the largest S for which Eq (9) is true. If this condition is not met even for S — 0, then replay is impossible.

In the limit when S is fixed and g — o0, it can be shown (see ‘Rectangle model with x, = 0" in ‘Methods’) that Eq (9)
becomes

1/8-1

1-5
F/U> S (W) for RIU21-3S ) (Condition 3)
1-R/U for RIU<1-S8

Remarkably, this condition is independent of the initial input J>0—the initial condition is irrelevant for ¢ — . Further-
more, Condition 3 also has a monotonous dependence on S, although this is not trivial. As with Eq (9), Condition 3 allows
us to estimate the propagation speed S in dependence on the connectivities R and F by finding the largest S for which the
condition is true. Again, if this condition is not met even for S — 0, then replay is impossible.

To illustrate our analytical results, in Fig 4—E we draw semi-numerically obtained curves that mark the border of Eq (9)
for different values of the speed S: for various values of F we pick the lowest R that meets Eq (9); the resulting curve
marks the connectivity needed for replay to reach that speed S. We first draw curves for g = 10 (Left panel) and vary
the speed from its fastest value S = 10/10 (white vertical line) to its slowest S ~ 10/c0 (black curve) and 5 finite values
in between (colored curves). We also compare these estimates to the speeds measured in numerical simulations (white
and colored regions, for J= U =1, as in panels A:D). This comparison shows that the analytical curves slightly under-
estimate the needed connectivity for retrieval. An underestimation of the needed connectivity was expected, since our

analytics were obtained from the linear estimate 5(5") of the location of the assembly, which always exceeds the true loca-

tion xfi): Since )?5’) > xf’), the connectivity needed to fully activate assembly j, i.e. S(fi) > U, will be equal to or less than the
connectivity needed for XED > U.

In the next two panels in Fig 4—E, we see what happens to this profile in longer sequences with g = 50 (Middle) and
q = 200 (Right). Although the curves given by the border of Eq (9) depend on q, we see that, as q increases and S is kept
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fixed, both the numerical results and the analytical lines converge to a fixed location in the R—F plane, which is approx-
imately given by Condition 3 (see ‘Comparing the linear estimate to rectangle-model simulations’ in ‘Methods’ for why

the numerical simulations also converge to Condition 3 as ¢ — o). To confirm this, in Fig 4—F, we fix R = 0.4 and plot

the needed feedforward connectivity F that meets Eq (9), while increasing the sequence length q. We see that, for the
speeds considered in panel E, the connectivity needed to reach that speed (dots) converges to a fixed value, which is well
approximated by Condition 3 (dashed line). Notice that in the limit when S — 0 (black line), Condition 3 becomes R+F > U,
which is the bound given by Condition 1 when x5 = 0.

Let us once again turn to the application of analytical results on the population model to the results of simulations of
networks of spiking neurons. Condition 3 shows how the recurrent and feedforward connectivity determine the replay
speed S, measured in assemblies retrieved per synaptic time step Af. If we want to understand how connectivity deter-
mines the replay speed s as measured in the spiking network (in units of assemblies per ms), we need to consider the
relation S = s At. Our spiking simulations in Fig 1-D and Fig 2—A showed that, for each network, there is a minimal propa-
gation speed for which replay can succeed. We hypothesized that this happens because too-slow activity pulses are pre-
vented from propagating by the leakiness of the membrane. If that is the case, then the minimum allowed replay speed
in a spiking network is a constant s, that should not be strongly dependent on the synaptic dynamics. Given a constant
So = Sp/At, an increase in At (i.e., having slower synapses) leads to a proportional increase in the minimum allowed speed
Sy in the population model. This, in turn, would lead to a stronger connectivity being required for replay to succeed. Con-
sequently, a prediction of our population model is that increasing the duration of the synaptic time step At should increase
the connectivity required for replay to succeed. This prediction is confirmed by the simulations of Fig 2—A, where we saw
how slower synapses required stronger connectivities.

We can also use the simulations of Fig 2—A to quantitatively test the prediction of Condition 3 on the replay speed in
spiking networks (for details, see ‘Comparing spiking simulations to analytical conditions’ in ‘Methods’). In each panel of
Fig 2—A, we consider a different At, obtained by changing the synaptic latency 7,. For each of them, we plot curves corre-
sponding to the success border of Condition 3 for three different values of replay speed s: the minimum speed measured
for each case (black); 0.2 assemblies/ms (red); and 0.3 assemblies/ms (orange). We see that the analytical curves pro-
vide good matches for speeds 0.2—-0.3 assemblies/ms, and a worse match for the minimal speed. This discrepancy is not
surprising, since the population model from which Condition 3 emerges was derived under the assumption that leak cur-
rents can be neglected during replay. Thus, if, as hypothesized, these leaks are causing replay to fail in the spiking net-
work, that border will not be well captured by our theory. On the other hand, if replay is fast enough such that the mem-
brane leakiness can be neglected, our prediction seems to capture very well the relation between connectivity and pulse
speed. Given all the assumptions and approximations needed to arrive at Condition 3, the fact that we can nevertheless
obtain such a good approximation of replay speed in spiking networks shows how valuable our new population model
approach can be.

To summarize, the three analytical conditions derived above provide accurate predictions of replay success and speed
in our spiking network simulations, underscoring the validity of our population model in describing the replay of assembly
sequences.

Discussion

We considered the dynamics of sequential activation of neuronal assemblies by focusing on the cooperation between
recurrent synapses within an assembly and feedforward synapses across assemblies. We simulated various spiking net-
work models capable of recalling embedded sequences, showing that different connectivity schemes allow for sequential
activation. Across models, we found that pulses propagated by weak excitatory feedforward connections between assem-
blies can be amplified by intra-assembly excitatory recurrent connections to retrieve neuronal sequences. We showed that
excitatory synaptic dynamics and subthreshold membrane potential distributions are essential to determine whether this
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Hebbian amplification can occur. Then, we introduce a time-discrete population model that provides analytical conditions
that must be met for a sequence to be replayed. Our new theory describes our spiking network simulations and allows for
an estimation of replay speed from network parameters.

To better frame the validity of our findings, we first summarize key model assumptions (and resulting limitations) used
throughout this manuscript. Afterward, we discuss how our results fit within the existing literature on sequence replay.

Main assumptions and limitations of our replay models

In spiking networks, we analyzed the role of recurrent and feedforward connections by varying their respective connec-
tion probabilities p, and py, within and between assemblies of M cells (Fig 1 and Fig 2). Our population model (Fig 3 and
Fig 4) assumes that a mean-field approximation of the dynamics of the spiking model is possible. Then we can define
the strength of recurrent and feedforward connections as the product of the number of assembly neurons M, the connec-
tivity p, and the postsynaptic potential wtE; see Eq (3). For this approximation to hold, we require a sufficient number of
synapses within and across assemblies (M - p > 1) and that individual postsynaptic potentials w&E are not too large.

We further assume that in a successful replay event, sequence neurons need only fire once, on average. This allows
us to neglect reset dynamics in our population model, which will therefore not be able to predict when activity explosions
or bursts occur (see the top-right corner in Fig 1-D3). This means that our population model is only valid in a regime
where runaway excitation is impossible, i.e., we are always in a subcritical regime where avalanches such as those stud-
ied in [45] cannot occur. How this might be ensured in neuronal networks is explained in more detail in the discussion of
the role of inhibition below.

In all of our simulations of spiking networks, neurons start in a stable low-firing Al state when replay is elicited. We
found that the distribution of membrane potentials in this baseline state is of key importance when determining the condi-
tions for replay success; accordingly, the width U of the distribution and its distance x, from the firing threshold enter the
analytical Conditions 1, 2, and 3. The histograms in Fig 1-B,C show that, in our simulations of spiking networks, the distri-
bution of membrane potentials is close to the firing threshold and is contained within a finite width. Theoretical conditions
for such a state to arise have been formulated in [40], requiring that each neuron receives a large number of small synap-
tic inputs. In our first two spiking networks of Fig 1, this is ensured by having a large number of background inputs, i.e.,

N - ppg > 1. The Al state then emerges from the STDP rule of the inhibitory-to-excitatory connections introduced in [38].
Although these background connections are crucial for the baseline Al state, we assume that they are not essential for
the dynamics during replay, because the background neurons remain with a very low firing rate. Thus, background con-
nections are absent in our minimal spiking model and in the population model, in which appropriate membrane potential
distributions were created by other means.

Our population model further assumes that an increase in the mean of an assembly’s membrane potential distribu-
tion will generate activity in the network, proportional to the area of the distribution that crosses the firing threshold (see
sketches in Fig 3). This assumption requires that there is a sufficient number M of neurons per assembly, such that the
distribution is well populated across the entire width U. Thus, our results are valid only if M > 1.

Another key assumption of our population model is that synapses are fast with respect to the membrane time constant.
This allows us to neglect the effect of leak currents during replay events. This assumption is crucial to keeping the popula-
tion model simple enough to allow for the analytical derivation of Condition 3, which we show to be an excellent predictor
of replay speed in spiking networks for fast pulses (see the match between red and orange regions and lines in Fig 2—
A). However, a drawback of this assumption is that our population model cannot predict when replay will fail because the
activity pulse is too slow and is dissipated by the membrane leakiness (see the mismatch between the black region and

lines in Fig 2—A).
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Our minimal spiking model showed that feedback inhibition is not needed for the recurrent amplification of pulses. How-
ever, our spiking simulations show that inhibition modulates this amplification and affects the properties of the propagat-
ing activity pulse (compare different panels in Fig 1-C-D and see also S2 Appendix in Supporting Information). Thus, we
expect that inhibition could play a significant role in retrieving sequences in biological networks. Although it is important
to study these inhibitory effects, they are not captured by the population model introduced here, which, for simplicity, we
have kept as simple as possible. Future work could focus on whether our new theoretical approach may also describe the
effect of inhibitory currents during replay.

The role of Hebbian assemblies in sequence replay

[46] introduced a recurrent network capable of storing multiple patterns of activity by strengthening auto-associative
synapses with a Hebbian plasticity mechanism. However, the same study showed that this network was not robustly able
to store and retrieve sequences of more than a few patterns. [47,48] later extended this to show that they could store
discrete patterns of activity using Hopfield dynamics and embed them in a hetero-associative network with slower feed-
forward connections across patterns, thus being capable of reliably storing and retrieving sequences. These early the-
oretical studies consisted of networks of binary neurons, with each neuron having a 50% probability of being active for
any given pattern. In such cases, patterns typically share many neurons, and the distinction between feedforward con-
nections (across assemblies) and recurrent connections (within an assembly) is blurred. Many recent hippocampal mod-
els of sequential activity rely on continuous sequences of neurons, where distinct assemblies cannot be isolated at all
[30,32,34,49]. However, other authors have hypothesized that auto- and hetero-association might be implemented by
complementary but distinct subnetworks in the hippocampus [50].

A very different approach is the classical synfire chain model of sequential activity [7]. It consists of purely feedfor-
ward networks in which connections across distinct layers (or assemblies) of neurons are considered, but recurrent intra-
assembly connections are typically disregarded. However, the abundant evidence on the existence of engram cell assem-
blies that encode external representations within recurrent networks (see [51] for a recent review) suggests that it is worth
considering recurrent and feedforward connections within and across a sequence of assemblies. From a theoretical point
of view, the most straightforward way of investigating this is to consider discrete non-overlapping assemblies [34,37],
allowing for a clear distinction between recurrent and feedforward connections, which we have done here. Interestingly,

a recent theoretical study [52], investigating how activity propagates throughout the brain, found that within-region and
cross-region connectivity can play competing roles in the generation and transmission of neural signals.

Our simulations of spiking networks with balanced El assemblies confirm that recurrent connections play a crucial role
in maintaining the propagation of activity pulses, especially when the feedforward connectivity is too low, as proposed
in [34]. The stronger the recurrent connectivity, the better the system is at amplifying the activity of assemblies, ensur-
ing that activity pulses do not die out as they propagate across a sequence with too weak feedforward connections. The
authors of [34] hypothesized that in balanced EI networks, increasing recurrent connectivity would lead to faster and
stronger pulses through a ‘balanced amplification’ mechanism [36], thus requiring strong assembly-specific feedback inhi-
bition. However, our simulations show that propagation speed is only weakly dependent on assembly-specific recurrent
connections (Fig 1-D1). To assess the role of inhibition, we simulated two special kinds of spiking networks: one model
where global, i.e. assembly-unspecific, inhibition balances excitation; and another model made up exclusively of excitatory
assemblies without any inhibition, which we called ‘minimal model’. These two networks produced similar amplification
by excitatory recurrent synapses (Fig 1-D2-D3). This result suggests that balanced amplification is not the key mecha-
nism at play when recurrent connections amplify weak activity pulses. Hebbian amplification alone, which is governed by
intra-assembly recurrent excitatory connections, is sufficient and reliable in allowing for the retrieval of sequences when
feedforward connectivity is too low.
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In this work, we studied the replay of only unidirectional sequences of Hebbian assemblies. However, hippocampal
replay, for example, is known to occur bidirectionally [23,28]. The results in [34] indicated that a configuration such as in
our first model with El assemblies (Fig 1-A1) is capable of replaying events bidirectionally if one embeds connections
between assemblies in both directions. Because in our simulations the activation of one assembly ends due to the refrac-
toriness following the activation of most of its neurons (Fig 1-B-C), we can infer that even in our minimal model without
inhibition, such a bidirectional replay of sequences would be possible.

As we focus on the importance of Hebbian assemblies for sequence replay, an important question arises: how many
neurons are there in a neuronal assembly? This number is the key parameter M in our model. Crucially, our new theoret-
ical approach allows us to make quantitative predictions for this value in the hippocampus, which is currently unknown. In
Eq (3), we define recurrent and feedforward ‘connectivity weights’ as R = M-p,-wtE and F = M- p;-wEE, respectively, where
p, and p; are the connection probabilities, wEE is the synaptic strength, and M is the number of neurons in an assembly.
We then propose that replay can only succeed if R+F > U (Condition 1, assuming for simplicity that xo ~ 0), where U is the
width of the membrane potential distribution. We can thus use p, wEE, and U, which have been reported experimentally, to
predict the value of M. Studies in CA3 indicate that w&E ~ 0.5 mV [33], p ~ 9% [33], and U~ 10 mV [53]. Thus, we expect
that replay can only succeed if the number of neurons in a CA3 assembly is M > 100.

Replay and plasticity of synaptic connections

In our spiking network models, we embedded sequences by artificially creating synapses within and across assemblies.
In most cases, synapses were created randomly, and for embedding a sequence, we created synapses with some prob-
ability that was greater than the overall background connectivity. In a biological system, this configuration is believed to
emerge through changes in synaptic strength. Different types of plasticity rules have been proposed and found in the
brain, from the classical Hebbian asymmetric temporal window of STDP in [54,55], to symmetric [56] or anti-Hebbian rules
[57]. More recently, [58] used temporally asymmetric Hebbian learning rules to study the encoding and retrieval of random
activity sequences in recurrently connected networks. This model was extended in [59,60] to show that the heterogeneity
of plasticity rules allows for the control of the retrieval speed, with symmetric rules functioning as brakes and asymmetric
rules as accelerators [60]. Other models of hippocampal replay have used symmetric [32] or asymmetric [49] STDP learn-
ing rules to encode neuronal sequences of place cells representing continuous space. In our work, we remained agnos-
tic about the type of plasticity needed to embed our sequences and focused on the network properties needed to retrieve
them.

Recurrent and feedforward connections determine properties of the activity pulse

Both our spiking simulations and the population model show that, when the feedforward connectivity is strong enough,
fast and narrow activity pulses can propagate without recurrent amplification, with most neurons within each assembly fir-
ing synchronously. This case is also observed in studies of cortical synfire chains [7-9]. Such studies also found that for
a given feedforward connectivity, the failure or success of pulse propagation depends on how the sequence is initiated,
i.e., the activity and width of the first pulse [8,9]. Moreover, the classical synfire chain literature predicts an all-or-none type
of propagation across neuronal assemblies, with propagation either dying out or converging to a high and narrow activ-
ity pulse. In [34], it was shown that having El assemblies allowing for recurrent amplification increases the range of activ-
ity and width of the first pulse so that feedforward propagation can be achieved. However, the asymptotic properties of
these pulses were not investigated. Our work focused on finding these asymptotic features of the activity pulse and their
dependence on the network properties. Thus, we did not investigate the dependence of pulse propagation on the prop-
erties of the initial pulse; instead, we always initiated sequences with perfectly synchronized pulses in the first assem-
bly. We found that the relation between feedforward and recurrent connectivity shapes the asymptotic width and speed of
sequential activity pulses (see Fig 1-D and Fig 4—A:D). For networks without recurrent connections, our model predicts
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that successful pulses must eventually converge to fast and narrow-width propagation, as happens in classical synfire
chains. As feedforward connectivity decreases below a critical value, we predict that successful pulses require amplifica-
tion through recurrent synapses, needing more synaptic pathways to fully activate an assembly, and thus propagating at
a slower speed and with a larger width, with neurons within an assembly firing less synchronously. Importantly, our pop-
ulation model allowed us to obtain an analytical estimate of how the asymptotic replay speed is determined by recurrent
and feedforward connections. Our spiking simulations show that this estimation is good if replay is fast enough so that the
membrane leakiness of a neuron can be neglected.

Interestingly, [61] found that, in a purely feedforward model, it is possible to decrease the synchrony of activity pulses in
synfire chains by having a second sequence regulate the activity of the first one. Our findings suggest that recurrent con-
nections among Hebbian assemblies can provide a different mechanism by which the transfer of wide (less synchronous)
activity pulses can occur across neuronal circuits.

Membrane potential distribution and leak currents condition retrieval success

The analytical Condition 1 derived from our population model shows that replay is possible only if the sum of the recur-
rent and feedforward synaptic weights exceeds the effective width of the distribution of the neuronal membrane poten-
tials. This suggests that the properties of the membrane potential distribution of an assembly (especially the width U but
also its distance from the firing threshold x,; see also Condition 2) are essential in determining whether a sequence can
be retrieved or not. Moreover, our analytical estimate of the replay speed, given by Condition 3, also depends on the dis-
tribution width U. Thus, we propose that changing membrane potential distributions (via neuromodulation, for example)

is a plausible mechanism by which replay success and its speed can be altered in the brain without the need for chang-
ing synaptic weights. This could be particularly advantageous given the wide range of hypothesized functions and circum-
stances that have been associated with replay—for example, sleep or awake replay, replay for consolidation or planning,
etc. These observations are also in line with the modeling literature underlying the impact of noisy and balanced Al states
in determining successful propagation in synfire chains [11,13,62].

Our model shows that, if all assembly neurons have a membrane potential distribution close to the threshold when the
propagating activity pulse arrives, then Hebbian amplification by the recurrent excitatory synapses can be fast and reli-
able enough to allow for the activation of sequences where feedforward connectivity alone would not suffice. Balanced El
networks of the type studied by [34] possess such membrane potential distributions when they are in a low-firing Al state.
However, such a state could also be achieved without inhibition by having noisy and uncorrelated external inputs to the
sequence [8], as our minimal spiking model shows.

Another key insight from our study is that the membrane time constant can impose a limit on how slow an activity pulse
can be to successfully propagate through a sequence of assemblies. Our findings suggest that, for a given membrane
time constant, activity pulses relying on recurrent connections can propagate only if they are faster than some minimum
speed. If the propagation speed of the pulse (determined by the synaptic delays and the interplay between recurrent and
feedforward synapses) is too slow, then the neuronal leak currents governed by the membrane time constant dissipate
the generated activity within an assembly before it can propagate to the next assembly. These observations allow us to
infer how the membrane time constant influences sequence replay. Neurons with shorter membrane time constants may
be more susceptible to disruptions in sequential activation, requiring stronger or faster feedforward synapses to propagate
a highly synchronous pulse of activity. Therefore, having slower membrane time constants is an advantage in recalling
sequences whose feedforward connectivity is too weak, but could nevertheless be retrieved by strong recurrent connec-
tions as a less synchronous pulse of activity. These predictions could be particularly interesting for understanding replay
in the different regions of the hippocampus. Pyramidal neurons in the CA3 region have a significantly higher membrane
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time constant (~50 ms) than in the (CA)1 region (~10 ms) [63]. These long time constants could be useful in retriev-
ing assemblies and sequences in CA3, a region known to have strong auto-associative connections [33,64—69]. More-
over, CA3 has been found to exhibit more robust replay than CA1 [70]. This observation supports the hypothesis that
hippocampal sequences may first be learned and replayed in CA3 and then relayed to CA1 [71].

Role of inhibition in replay

In the hippocampus, inhibition increases during replay events [72], with several studies showing that different interneuron
types are involved in the mechanisms of replay-associated sharp wave-ripples [73—78]. [79] reported that inhibitory activ-
ity determines sequential spike times of pyramidal cells during sharp wave-ripples. However, it is unclear how important
inhibition is for hippocampal replay.

Our results indicate how inhibition could affect replay. Importantly, the balance between excitation and inhibition deter-
mines the membrane potential distribution of neurons in an Al state. Our models show that the membrane potential dis-
tribution is a key component in replay dynamics. Appropriate membrane potential distributions were achieved by STDP
of the inhibitory-to-excitatory connections [38] in our first two models and by manually tuned Poisson inputs for the third
model (Fig 1). Furthermore, feedback inhibition can increase the parameter range for which retrieval is possible. For
example, if the connectivity is high, the transient increase in activity observed during replay could cause bursting and
activity explosions in the network, which could be prevented by feedback inhibition. For the range of connectivity studied
in Fig 1, these explosions are only visible in the third model, where feedback inhibition is completely absent. However, if
we were to increase p, or p; beyond what is shown, we would also see the first and second models creating these bursts
(as was observed by [34] for high feedforward connectivity). Instead, if we fixed connection probabilities but increased the
excitatory synaptic weights beyond a certain range, bursting and activity explosions would also occur (as seen in [33]).
Moreover, if the synaptic weights were strong enough, a low-firing Al state would be impossible to reach without feed-
back inhibition in our minimal spiking model. As we aimed to understand when connectivity is strong enough for replay to
succeed, we did not concern ourselves with the regions where replay fails because connectivity is too high. Finally, we
note that such bursting or exploding activity could also be prevented in a network without inhibition by adding synaptic
depression or spike-frequency adaptation mechanisms [33], which we have not considered.

To conclude, our combination of spiking simulations with an analytically tractable model allowed us to gain new insights
into the mechanisms that regulate sequence retrieval. Our results contribute to the understanding of how neuronal net-
works can use recurrent connections within Hebbian assembilies to facilitate the activation of neuronal sequences.

Methods
Building the spiking network

We simulated the activity of various spiking networks and their ability to retrieve an embedded sequence of assemblies.
Assemblies are subgroups of cells whose recurrent connections are, in most cases, considerably stronger than the aver-
age network connectivity. We also strengthened the feedforward connections across the embedded assemblies so that
they form a sequence. This setup allowed us to study the conditions under which that sequence can be retrieved. In the
following, we provide a detailed description of the structure of the networks and the tests we have performed on them.

Network simulations and analyses of the spiking network data were performed in Python (www.python.org), with the
neural network being implemented with the package Brian [80], using a time step of 0.1 ms. The numerical values for all
the parameters mentioned below are listed in Table 1 for three different models.

Neuron and synapse models. To keep our network models as simple as possible, neurons were described as LIF
units. The subthreshold membrane potential Vi(f) of a cell j obeyed

dv,
cd_t’ = GOV — V) + [77(6) + Ing (10)
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Table 1. Parameter values for the spiking network models. These parameters were used in the simulations shown in Fig 1 and Fig 2. In Fig 2-B, we

set g'e = 0 nS.

Parameter Model 1 Model 2 Model 3 Definition

Ne 20,000 20,000 5,000 Number of excitatory (E) cells

N, 5,000 5,000 0 Number of inhibitory (/) cells

M 500 500 500 Number of E cells in one assembly
q 10 10 10 Sequence length (# of assemblies)
C (pF) 200 200 200 Membrane capacitance

gleak (nS) 10 10 10 Leak conductance

\rest (mV) -60 -60 -60 Resting potential

VT (mV) —50 —50 —50 Voltage threshold

Trefr (ms) 1 1 1 Refractory period

T (ms) 1 1 1 Synaptic latency

Ibg (pA) 200 200 58 Constant background current

pP9 (%) 1 1 0 Background connectivity

p'E (%) - 1 - (Global) E-to-I connectivity

o (%) - 1 - (Global) /-to-/ connectivity

pF (%) - 1 - (Global) /-to-E connectivity

VE (mV) 0 0 0 Excitatory reversal potential

gFF (nS) 0.1 0.1 0.1 E-to-E synaptic weight

gF (nS) 0.1 0.1 - E-to-I synaptic weight

15 (ms) 2 2 2 Excitatory synaptic decay time constant
% (mV) -80 -80 - Inhibitory reversal potential

g" (nS) 0.4 0.4 - I-to-I synaptic weight

g5 (nS) 0.4 0.4 - I-to-E initial synaptic weight

T", (ms) 4 4 - Inhibitory synaptic decay time constant
n 0.01 0.01 - STDP learning rate

TSTDP (ms) 20 20 - STDP time constant

Y0 (spk/s) 1 1 - STDP target firing rate

Np 0 0 5,000 Number of Poisson units

Vp (spk/s) - - 50 Firing rate of Poisson units

pEP (%) - - 1 P-to-E connectivity

wEP (uV) - - 60 P-to-E synaptic weight

https://doi.org/10.1371/journal.pcbi.1013844.t001

where C is the membrane capacitance, g'® is the leak conductance, Vst is the resting membrane potential, Ijsy"(t) is the

total synaptic current received by neuron j at time ¢, and /4 is a constant background current injected into all neurons.

Every time a neuron’s membrane potential reaches the threshold VI, a spike is emitted and V; is reset to the reset poten-
tial (for simplicity, it equals V'®%t), where it is clamped for a refractory period 7,

In the first two models (Fig 1, Left and Center panels), there were excitatory E and inhibitory / cells, and a conductance-
based model was used for synapses such that

where VE and V/ are the reversal potentials of excitation and inhibition, respectively. The time-dependent variables

Pt = gr(H(VE = V) + iV = V)

(1)

gf(t) and gj((t) describe the total synaptic conductances resulting from input to neuron j. The conductance dynamics was

described by

dgE E
J i JE ()
— =L N glFst-t) -1
dt Tg ; gjk ( K l)
| . ' (12)
dg; g i 0
— =—=+ o(t—t — 1)), Je{E L,
dt Tld ; gjk ( k /) { }
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where 5(t—t,((f)—r,) is the contribution of the f-th incoming spike from neuron k at time t(f), with § being the Dirac delta func-
tion and 7, the latency between a presynaptic spike and the onset of the postsynaptic response. The quantities ngkK denote
the unitary conductance increase resulting from a single spike in the presynaptic neuron k of the population K connected
to the postsynaptic neuron j of the population J, where J, K € {E, I} with E corresponding to the excitatory synapses and /
to the inhibitory ones. Between presynaptic spikes, conductances decay exponentially with time constants 15 or Tf,.

In the third spiking network model (Fig 1, Right panels; Fig 2—A) there were only excitatory cells but no inhibitory cells,
and neurons received additional synaptic input from an external population with N units, with each unit generating spikes
according to a Poisson process with a mean rate vp. Synapses driven by the Poisson processes were modeled as delta
currents such that the input to the cell j is

() = gE(VE — V) + CZ; wEP(t =) =) )
ps

with & being the Dirac delta function, t’(,f) being the f-th incoming spike from the Poisson unit p, and 7, being the latency
between a presynaptic spike and the postsynaptic response. The time-dependent variable ng(t) was described by the
first line in Eq (12), while wEP denotes the unitary membrane potential increase resulting from a single Poisson-generated
spike.

Structure and connectivity. The first spiking model (Fig 1, Left panels) had a total number of Nz = 20,000 excitatory
and N, =5, 000 inhibitory cells. All cells could form connections to each other with a low background probability of p,, =
1%. Then, 10 assemblies were formed by selecting groups of non-overlapping M = 500 excitatory and M/4 inhibitory cells
and creating connections between them with some recurrent probability p,. After the assemblies were formed, a unidirec-
tional sequence was created by selecting the excitatory neurons in each assembly and forming connections to the exci-
tatory neurons in the next assembly with some feedforward connection probability p;. All I - E synapses were plastic (for
details, see ‘Balancing the network’).

In the second model (Fig 1, Center panels), none of the N, inhibitory cells were part of the sequence. Each assembly
was now made up exclusively of M excitatory cells. Background connections, again with low probability p,,, were also
formed exclusively by excitatory cells. Instead, inhibitory cells had fixed connection probabilities to themselves and to/from
the excitatory cells, and connectivity was independent of the values of p; or p,. All inhibitory cells formed connections to
each other with probability p;, to the excitatory cells with probability pg;, and received connections from all Ng excitatory
cells with probability p,z. As in the first model, all / - E synapses were plastic (for details, see ‘Balancing the network’).

In the third model (Fig 1, Right panels; Fig 2—A), there were no inhibitory cells (N, = 0) nor background connections
(Prg = 0). To keep the network in a low-firing Al state, all neurons received synapses from an external population P, which
provided input current as described in Eq (13). Each of the Np units could form connections to each of the Ng neurons
with probability pep. There was no plasticity in the third model.

Balancing the network. In the first two models (Fig 1, Left and Center panels), the inhibitory-to-excitatory synaptic
weights were subject to a plasticity mechanism that allows excitatory cells to receive different amounts of inhibition in
order to balance the network, allowing it to reach an Al state [38]. Near-coincident pre- and postsynaptic firing potentiates
the synapse, whereas lone presynaptic spikes depress it. To implement this plasticity rule, we assigned a synaptic trace
variable x; to every neuron j, such that x; is incremented with each spike of that neuron and decays with a time constant

TSTDP:

x;— x;+1, if neuron j fires,

dx, (14)
TSTDP a = —Xj, otherwise.
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The synaptic weight gﬁ(’ from inhibitory neuron k to excitatory neuron j was initialized with the same value g§' for all / -
E synapses. The conductances were then updated at the times of pre-/postsynaptic events in the following manner:

gf’ N gj‘.f(’ +ng5'(X;—a), for a presynaptic spike in neuron k,
(15)
gf’ - ]’.f(’ +ng5'x, for a postsynaptic spike in neuron j,

where 7 is the learning-rate parameter, and the bias a = 2vgtgpp is determined by the desired firing rate v, of excita-
tory postsynaptic neurons. In numerical simulations, the synapses are plastic for 5 s, after which the network reaches the
anticipated Al state, and then plasticity is turned off. In S2 Appendix (see Supporting Information, we show that longer
training times slightly change the mean and the width of the membrane potential distributions. For simplicity, we kept

the short 5 s balancing time for all simulations in the main text (see [81] for a recent theoretical study on how different
inhibitory plasticity rules can affect the replay of learned sequences).

In the third model (Fig 1, Right panels; Fig 2—A), we tuned the external Poisson processes and the constant back-
ground current to mimic the membrane potential distribution achieved by the plasticity mechanism used in the first two
models; there, the resulting distribution fits well to a Gaussian with mean ~ —51 mV and SD ~0.5 mV. We therefore
chose parameters Np, vp, pE°, wEP, and I, ad hoc, such that the third model showed a similar membrane-potential
distribution and a similar low-firing Al state in the middle of the explored parameter range of connectivity, i.e., for p;=
pr=8%.

Quantifying replay in the spiking network

To test whether a sequence can be retrieved, we first initialized the network with all its synaptic connections, including the
embedded sequence that we wanted to retrieve. In the case of the first two models, we let the network run with STDP of
the I - E synapses, in order to balance the activity of the neuronal populations. Once the network reached an Al state
(which typically occurs after 5 s of simulation), the plasticity was turned off. In the third model, we waited 1 s from the start
of the simulation to ensure that the initial conditions did not affect replay. Then, once the neurons in the sequence were in
an Al state, all neurons in the first assembly were made to fire simultaneously by manually setting their membrane poten-
tial to the firing threshold. The population activity of each assembly was then filtered with a Gaussian kernel with SD 2 ms,
and peaks of the filtered activity were detected using a script by [82].

For a retrieval event to be successful, there were three sets of requirements: First, the peaks must be larger than
30 spikes/s for each assembly, the peaks between consecutive assemblies must occur in the same order as imprinted by
the feedforward connectivity, and the subsequent peaks must show some delay of at least 7,. Second, the filtered activ-
ity of each assembly is fitted to a Gaussian to find its standard deviation (SD); we then count the spikes within + 3 SDs of
the filtered peak and check that all assembly neurons fire approximately once without bursting (the number of assembly
spikes must be within 90—-110% of the number of neurons). Third, if there are background neurons (as in the first two mod-
els), their filtered population activity must stay below 30 spikes/s. Note: in the simulations of Fig 2—B, events were much
slower and spread out in time. There, the following parameters were adjusted ad hoc to correctly detect replay success:
population activities were filtered with a Gaussian kernel of 7 ms (instead of 2 ms), and the activity threshold was set to
15 spikes/s (instead of 30 spikes/s).

If a retrieval event was successful (the requirements above are met), we calculate the asymptotic properties of the
activity pulse. The asymptotic speed of propagation was calculated by the inverse of the time difference in the peaks of
consecutive assemblies, averaged over the last four assemblies. To obtain the asymptotic pulse width, we further calcu-
late the FWHM for each assembly by multiplying the fitted SD by Zm, and average this across the last three assem-
blies in the sequence.
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For each parameter configuration of a network, we performed five simulations (with 1-s intervals between simulations)
on five different pseudo-random instantiations of the network. The fraction of successful retrievals (out of 25) gave us a
percentage of success for each point in the parameter space. We considered a retrieval successful for a given parame-
ter configuration if it succeeded in at least 80% of the attempted simulations. For all successful retrievals, we average our
calculated values of asymptotic pulse speed and pulse width.

Comparing spiking simulations to analytical conditions

In Fig 2, we compared spiking network simulations to the three analytical conditions derived from the population model.
Here, we detail the assumptions and approximations needed to match these analytical predictions to our spiking network
parameters.

In the spiking network simulations of Fig 1 and Fig 2—A, the membrane potential distributions of assemblies in the Al
state fit well to a Gaussian with mean u~ —51 mV and SD ¢ ~ 0.5 mV (histograms in Fig 1-B). In Fig 2-B, we sample
these membrane potentials from normal distributions with different chosen values for u € {—50.9, -51.9, —52.9} mV and
o €{0.0,0.5,1.0} mV. To match our population model, we always assume U = 4g, which encompasses most neurons
within an assembly (95% of the Gaussian is within 2 SDs of the mean). From this assumption, it follows that the offset is
Xo = u+20—6, where 9 is the firing threshold, which is always located at -50 mV (for a sketch, see Fig 2—B, Bottom-Right).
Thus, we get xy = 0 for our simulations of Fig 1 and Fig 2—A, and x, # 0 for the simulations in Fig 2—B.

When defining the population model, we relate the connectivities R and F to the connectivities p, and py in the spik-
ing model by Eq (3). This equation implies that each synapse leads to a constant increase of exactly w& in the mem-
brane potential of a postsynaptic neuron. Because we used conductance-based synapses, this increase actually depends
on the membrane potential of the postsynaptic neuron. Moreover, the increase does not happen instantaneously since
the injected currents are low-pass filtered by the membrane. Nevertheless, we estimate wfE by using the mean u of the
membrane potential distribution:

wEE ~ gFETE(VE — wy)/C (16)

where gFF is the postsynaptic increase in conductance, VE is the reversal potential for excitatory synapses, and C is the
membrane capacitance. Given our model parameters (Table 1), we estimate wff ~ —u - 10~2 (note the minus sign indicat-
ing that even though u is always negative, wtE is always positive).

Moreover, the relation given by Eq (3) assumes that each neuron in the spiking network receives exactly M - p, inputs
from the assembly it is in, and exactly M - p; inputs from the previous assembly. However, this does not correspond to the
connectivity matrix of the spiking networks simulated in Fig 1 and Fig 2—A; there, the connection between a neuron and
another neuron in the same or the next assembly was determined as a Bernoulli trial with probability p, and py, respec-
tively. Thus, in those networks, each neuron receives M - p, recurrent inputs and M - p; feedforward inputs on average,
with SDs approximately given by /M - p, and \/M - p;. For simplicity, to test Condition 1 and Condition 2, in the simula-
tions in Fig 2—-B we fixed the in-degree of the connectivity matrix, ensuring that each neuron indeed receives exactly M - p,
recurrent and M - p; feedforward inputs.

Given the assumptions just described, we can rewrite Condition 1 and Condition 2 for sequence retrieval in the spiking
network simulations of Fig 2-B as

pr+p;>u—2, (17)
ps> —6 (18)
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where we introduced the normalized width u of the membrane-potential distribution and its normalized distance § from the
threshold as

u:=L and & := Xo

M - wEE M.WEE. (19)

To test Condition 3, we first note that the replay speed s (in units of assemblies per millisecond) in the spiking networks
is related to the speed S € (0, 1] in the population model by s = S/At, where At is the population-model time step, which
captures the duration of a synapse. In our spiking simulations, we used a conductance-based synaptic model for all exci-
tatory synapses in which, after a delay of 7;, conductance first increases by a constant amount in the postsynaptic neuron
and then decays exponentially with time constant r(’j_. Thus, there is no exact time point at which a synapse can be said to
occur, and thus no exact value of At can be chosen. For simplicity, we approximate At as the time elapsed between the
firing of a presynaptic neuron and the centroid of the increase in membrane potential in the postsynaptic neuron:

1

At + —m—— 20
"t + 1/4E (20)
where 7, is the membrane time constant. Given our model parameters (Table 1), we obtain At~ 7, + 1.8 ms.
Using Eq (19), we can then write Condition 3 in terms of the parameters defined for the spiking model:
1/(s AD—1
1-sAt
. . >u-(1-=
P> u-SAt ( o ) for p,>u-(1—-sAf) 21)
u—p, for p,<u-(1—SsAf

Let us finally turn to an evaluation of the numerical value obtained for u. We again note that we could estimate u from
Eq (19) because we fixed the in-degree of the connectivity matrix and set the leak currents to zero, thus eliminating filter-
ing of postsynaptic potentials by the membrane. Taking into account our fitted values for i and ¢ and the approximation
for wEE in Eq (16), we derived u = 8%. In the simulations of Fig 2—A, where we tested Condition 3, the estimate for u is,
however, larger; we found that u = 12% provides the best fit, which is most evident at p, = 0 because there Eq (21) pre-
dicts pr > u. We speculate that a more accurate prediction of u would have to account for the variability in the number of
inputs a neuron receives when the in-degree of the connectivity matrix is not fixed and for the fact that the inputs are fil-
tered by the membrane. Because our aim was to test how well Condition 3 can predict the speed of successful replays,
and for this the exact value of u is not critical, we simply fixed u = 12% for the comparison of theory and simulations in
Fig 2—A.

We will now provide a detailed description of the population model and the analytical solutions that we have derived
from it. To facilitate reading, the text is intended to be self-contained. Thus, there is some repetition of what is written in
‘Results’.

Defining the population model

We model the distribution of membrane potentials v of a given assembly i € {1, 2, ..., q} in a sequence of length g at some
time step t € {0, 1, 2, ...} with a static-shaped probability density function zg")(v). The static shape has finite width U and is
described by a normalized function h(v), where h,(v) > 0 for —U < v <0, and hy(v) = 0 otherwise. In general, the func-
tion hy(v) can have any shape as long as these conditions are met. If we denote xfi) as the position of the right edge of
()

the distribution z;

, we can write

22wy =hy (v - xf")) . (22)
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We define the firing threshold as located at the potential v =0 and consider that an assembly is active if the mem-
brane potential distribution crosses the firing threshold. Since xf') cannot decrease with increasing ¢, the firing activity af’)
for some assembly i at some time t is the area under the distribution that crossed the firing threshold (v>0) between the

previous time t—1 and the current time {,

+oo
al = / |2’ =22, ] dv, for t21. (23)
0

Because the function hy, is normalized, the total activity Z; af(") is bounded between 0 and 1 and corresponds to the
fraction of neurons in assembly i that crossed the threshold up to some time t. We consider that all assemblies start at

t = 0 with subthreshold membrane potential distributions at the same location and with zero activity, i.e.,
X =x<0, a)=0, Vi (24)

For t> 1, in a given time step from -1 to ¢, the right edge xﬁ’) of the membrane potential distribution of assembly i

increases with respect to its previous position xff , by some amount proportional to the input to that assembly. Said input
can come from recurrent synapses from the assembly itseh‘c with a weight denoted by R, feedforward synapses from the
previous assembly with weight F, or some external input Jﬁ'), which we assume is applied to the whole assembly i. These
dynamics can be summarized as

@

M _
Xp" =X

(U]

o 0 (25)

+R-a p ;

,tF-a
The first assembly in the sequence is i =1, so to keep Eq (2) consistent throughout the sequence, we formally define
afo) = 0 for all {, and thus assembly 1 does not receive feedforward input. Eq (25) can also be written in the explicit (non-
recurrent) form
=1 =1 t
x§’7=x0+R-Z}Ja}’>+F-kZOa§"”+IZ;J(”, for t > 1 (26)
}: = =

where we have used our initial conditions (24).
In our spiking simulations, we retrieve sequences by stimulating the first assembly. To best match this protocol in the
population model, we consider external inputs that act only on the first assembly att=1, i.e.,

J(,-)_ J>0 fori=1,t=1

(27)
t 0 otherwise.

In general, we assume 0 < J < U — x,.

Quantifying replay in the population model

We consider that an assembly is successfully recalled if its distribution fully crosses the threshold, and we define t; as the

minimal time at which this happens for assembly /i, formally xfi) > U for any t > t,. For a sequence with g assemblies, we
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consider that the whole sequence has been successfully recalled if the membrane potential distribution of the last assem-
bly fully crosses the threshold, i.e., if there exists some finite time ?q for which

X9 >u. (28)

g —

Analogously to the spiking models, in the population model we consider the pulse width in assembly i to be the FWHM
in time of its activity:

2y/2log2 - \/ > k=t - & (29)
k

where the mean pulse time is (t); = >, k - a,(('). We assume that the FWHM is 2\/Tg2 times the SD, as in normal distribu-
tions. To approximate an asymptotic pulse width, we average Eq (29) over the last three assemblies.

In the spiking network, we calculate the pulse speed of successful replays as the time difference between the activity
peaks of consecutive assemblies, and then we average over the last four assemblies to get its asymptotic value. In the
population model, we consider that the average pulse speed is approximately given by S = q/t,, i.e., how many assem-
blies were retrieved per time step. For short sequences, the initial condition (magnitude of input J) might affect the differ-
ence between S and the asymptotic pulse speed. However, as the sequence length g increases, the asymptotic pulse
speed gets closer and closer to S.

Population-model predictions for any distribution shape

Recurrent connections are not needed if feedforward connections are strong enough. If a given assembly m >
1 becomes fully activated at some time ,, then we have Z;”;O af{m) = 1. According to Eq (26), the right edge of the next
assembly m + 1 at any time t > t,, is given by

t—1
KMV =xo+R- D&MV +F for >, (30)
j=0

If F> U-xg, we have x§m+1) > U already at t =1, + 1, regardless of the value of R, and assembly m + 1 is fully activated
att,, + 1. Consequently, the next assembly m + 2 will become fully activated at time {,, + 2, and so on. Thus, if F> U — X,
the full activation of an assembly will lead to the full activation of all assemblies downstream from it, with a minimal width
of zero time steps and a maximal propagation speed of S =1 (one time step per assembly), regardless of the distribution
shape hy, or the value of R.

A necessary condition for sequence retrieval. We know that the sum of activities for any assembly is always smaller
than or equal to 1, i.e., Z:’:O al((’) <1 foranyi>1. We can then derive from Eq (26) that

R+F>U-x 31

is a necessary condition for any assembly i>1 that does not receive external input to be retrieved at some time t, i.e., X 2>
U. This condition is necessary for any distribution shape hy,.

A minimum feedforward connectivity is needed for successful replay. For any activity to be generated at some
assembly i>1, the sum of feedforward input from the previous assembly i—1 must be large enough to bring some portion
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of assembly i above the threshold, i.e.,

t—1
x+F-Ya™so. (32)
J
k=0
Since Y5 al™" <1, Eq (32) implies that
F>—x, (33)

is a necessary condition for any assembly that does not receive external inputs to be retrieved.

Rectangle model with x, =0

Here, we define the rectangle model and detail the analytical relations that can be derived from it, considering the initial
conditions (24) with xo = 0. We approximate the shape of the distribution h, by the simplest possible form it could take,
i.e., a rectangle with finite width U and area 1, such that

1/U for —U<v<0
hy(v) = _ (34)
0 otherwise.

The activity afi) in Eq (23) generated by the rectangle distribution (34) is

0 _ min (xf’), U) —min (xg, U)
t = u

(3%)
because xg >0and xf’) > 0, resulting from our assumption x, = 0. If the assembly has not yet fully crossed the threshold
at time {, the activity (35) is the simple linear relation

NORENO

Ot =1 gor x? xP<u. (36)

a; U =% =

In what follows, we first examine the rectangle model with xy = 0 in two simple cases: =1 and R = 0. Afterward, we
look at how we can approximate a general solution for its dynamics.

Activating the first assembly. To determine the conditions for activating an isolated assembly, we start by looking
at the behavior of the first assembly, i = 1, which does not receive feedforward input. We thus consider the dynamics of
assembly 1, as given by Eq (25), when it receives some constant input0 <J< Uatt=1,

=y, &aP=uu. (37)

If J= U, the first assembly becomes fully activated at t = 1, by definition. However, if J < U, we must determine what
happens in the subsequent time steps. Following Eq (26), the right edge of assembly 1 is given by

0 if t=0

M _ t
X = 38
CORYED, vy it 9
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since the only external input is J at t = 1, and there is no feedforward input. Moreover, we also know that at any time ¢ for
which an assembly has not yet been fully activated, its activity is given by the linear relation in Eq (36). Using Eq (36) and
Eq (38), we see that for any t>1 at which assembly 1 has not yet become fully activated, i.e., xf” <U:

NORING!

m _ % 1R _m
4 = U U g (39)

We can solve this equation with the initial condition aﬁ” = J/U stated in Eq (37) to find
t—1

alh = Lil : (g) for xV<uU. (40)

Inserting Eqs (24) and (40) into Eq (38), we find that, while x'" < U:

0 if t=0
O k—1 (41)

t
t R .
J- (-) it t>1
l;] U

Our goal is to find whether assembly 1 will eventually become fully activated if given enough time steps, i.e.: Is there

some finite time #; for which x.f:) > U? To determine this, we start by noting that:

1-RIU (42)

R\ L. [M1-(RIL)] for R#U
J-S(2) =
Z(U> EJ.t for R=U

k=1

If R > U, we see that xf” grows at a constant or increasing rate, and assembly 1 will fully cross the threshold if given

enough time steps. If R < U, x§1) is a monotonically increasing function of t that asymptotically tends to the limit J/(1—-R/U)
as t — oo0. Thus, given enough time steps, assembly 1 will become fully activated if J/(1 — R/U) > U < J+ R > U—note that
once x§1) > U the dynamics of Eq (41) no longer apply, but we can nevertheless know whether this will happen at some
point. If J+ R = U, the assembly will never fully activate within a finite number of time steps.

Sequence retrieval without recurrent connections. Let us next consider a sequence with multiple assemblies but
without recurrent connections (R = 0, F > 0). Given the input in Eq (27), we have x?) = J and assemblies only move once
to the right, which occurs when the feedforward input arrives at time t = i. Thus, assembly 1 will generate positive activity
onlyatt=1: ag” = J/U, which is the only input assembly 2 will receive.

Let us first consider the case F < U. The dynamics of assembly 2 will be

@_, F @_, F
X, —J-U and a, —J-m. (43)
Thus, assembly 3 will only move to the right at time t = 3, with
®_, P ®_, P
X3 _J-E and a, _J-m. (44)
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If we continue iteratively, we find that, in general:

0 E\
X; =J-(U> for F<U. (45)
Thus, we see that for F < U, as the generated pulse moves through the sequence, it becomes weaker and weaker, and
the assemblies become progressively less activated. Thus, retrieval is not possible for a sequence of any length q > 2,
even if we fully activate the first assembly by setting J = U.
Let us now consider the case where F > U. We can derive for the second assembly that

F
J — if J-F/UP<1,
XD =4 s a?=1" 12 (46)
u 1 otherwise.
Subsequently, agz) is the only input assembly 3 will receive, and we can derive that
F\2
= i . 2
Y (u) it J.F/U2 <1, )
F otherwise,
3 J-i if J-F/IP<1AJ-PPIUB <1
a®=1""1p ’ (48)
1 otherwise.

Since F > U, the condition J - F/U? <1 A J - F?/U% < 1is simply J - F?/UP < 1. If we continue iteratively, we find that, in
general, for i > 2:

. (= ; L Ei=27 fi—-1
xf’)= J( > if J-F~2/U"" <1, (49)

F otherwise.

Thus, the pulse will become stronger and stronger and assemblies become progressively more activated until one of
them eventually fully crosses the threshold when the condition J - F~1/U' > 1 is met. After that, all downstream assem-
blies will also become fully activated, and the rest of the sequence is retrieved at the speed of one assembly per time step
(since F > U). Thus, for F > U, recurrent connections are not needed for sequence retrieval.

A linear estimate of rectangle-model dynamics

We now look at how a linear estimate of the rectangle model with xq = 0 can help us derive a general solution of the
dynamics.

Partial activation may lead to full activation via recurrent and feedforward connections. If an assembly i has not
yet fully crossed the threshold at some time ¢, the activity in Eq (23) is given by the simple linear relation in Eq (36). Let
us assume that J < U, so that assembly 1 does not become fully activated instantly. If the connectivity is strong enough,
some assembly m will be the first assembly to become fully activated, and we call the time this happens t,,. Thus, any

assembly i < m at any time t < t,, will obey xfi) < U, which allows us to use the linear relation in Eq (36), such that Eq (25)
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becomes the following linear equation:

o 0 D _ A(l) =1 _ (=1
. . -1~ X2 X1 X
X =x_,+R: U +F- U . (50)

As we want to generalize this equation to any assembly at any time, we now write its dynamics as the estimate 5(5’). As
we just described, this estimate is an exact solution up to the point where the first assembly m to become fully activated

does so at time 1,,, i.e. x(’) (i) for i< mand t<t,,. If these conditions are not met, we consider X x ) to be an estimate of

(’) . Note that, in general, X A(’) >x(’>

Solution for the first assembly We have already found the general solution for the first assembly before it becomes
fully activated, given by Eq (41). From it we know that:

0 for t=0,
o) _ t k—1
X = (R) (51)
. — f t>1.
J-> 0 or t>

Solution for the second assembly. From Eq (51), we can see that

NORRSORE R\""
70 -%_=J- m , V t>1 (52)

With this, we can compute from Eq (50) the solutions for the second assembly for ¢ > 2:

= J-FIU
52 = J-(FIU)-(1+2R/U)
2 = J-(FIU)-(1+2R/U + 3(RIV)?)

& = J.(FIU)-(1+ 2R/IU + 3(R/UY + 4(R/U)®)

3@

which in general can be written as

0 for t<2,

— t k—2 53
t 5 Z —1)< ) for t>2. (53)

Solution for the third assembly. From Eq (53), we can see that
2 52 = uFIUE- DRIVY2, Y t22 (54)
Thus, the solutions for the third assembly for { > 3 are:

P J- (F/Uy?
£ J-(FIU? - (1 + 3R/U)

X
I
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£ J-(FIU? - (1+3R/U + B(R/U)?)
£ J-(FIU? - (1 + 3R/U + 6(R/UY? + 10(R/U)?)

>
I

>
I

which in general can be written as

0 for t<3,

NC 2 ot k-3

X = F k—1\(R (59)
J.(U) 'Z( , )(U) for t>3.

k=3

where (”) is the corresponding binomial coefficient.
General solution. If we continue this process iteratively, we will find that

0 for t<i,

CE BN

k=i

fori>1 and t> 1, and initial conditions X ‘(’) =0.

Proof of Eq (56) by induction. We have just inferred a general expression for X A() by iterating Eq (50) from our initial
conditions. Here, we will prove by induction that Eq (56) is indeed the solution to the difference equation Eq (50) for any
i>1andt>1, given initial conditions kg) =0.

Let us first consider the base case, i= 1. There, Eq (56) becomes

0 for t<1

— k=1 57
t JZ(g) for t>1, 57

which is equivalent to Eq (4 1) that was shown to be the solution of xﬁ” while 0 < x?) < U. Since )‘(51) = xf” for0 < x§1) <y,
Eq (57) is indeed the solution to Eq (50) for the base case i = 1.

([l
We will now do the induction step, assuming that the solution given by Eq (56) is true for some assembly i=/—1, i.e.,
0 for t</-1
=1 _ -2t k=(-1)
X = F k—1\(R (58)
J-(g) .k:Z_(I_z)(U) for t>1-1.
To derive x() we use the difference equation Eq (50) fori=1, i.e.,
/ 5((/) A(I) A(I ) _ A(/—1)
. . -1~ X2 Xiq — X o
xﬁ’) = XE_)1 +R- g *+F 7 . (99)
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We first consider t < /. In this case, we have t—1</-1, and therefore our induction hypothesis Eq (58) tells that 5(5'__11) =

"1 = 0. We can plug this into Eq (59) and find

OO
X’ —X
50 =50 + R 22 for t<l,
For convenience, let us define the change in )?E’) in one time step:
. 0 for t=0,
8" i=10 0
=%, for t>1
such that we can write
t
0= a8 for t>0.
k=0
We can now write Eq (60) as
(O _R o0
A%’ = U A%, for t<l

(60)

(61)

(62)

(63)

which, given our initial condition A)?g) =0, has solution A)?g’) =0 for any t </ and, consequently, )?E’) =0forany t </ Thus,

we have shown by induction that )”(fi)

at least one assembly per time step; faster propagation is impossible.

=0 is true forany i > 1 and any 0 < t < i. In other words, pulse propagation requires

O
To complete our proof by induction, we will now consider also the case where ¢ > /. The induction hypothesis given by
Eq (58) for time t—1 is
0 if t—1</-1,
SU=1) _ -2 t—1 k—(I—1)
Kiq " = (F) k—1 (R) _ (64)
J- (= . — f t—1>/1-1,
U k;,_ \i-2J\T ' =
and for time -2 is
0 if t—2</-1,
=1 _ -2 t=2 k—(I-1)
KXo = (F) k—1 (R) ) (65)
J- = . — f t—2>1-1.
U k:Z,_ \i-2J\T ' =
Thus, whether t =1 or t > |, the hypothesis in Eq (58) leads to
-2 t—I
D gD -y, <g) <f:§)<§) for t>1. (66)
Plugging this into the difference equation Eq (59), we obtain
N0 N0 -1 t—1
NOIRN() X1 T X (f) (t-2 (E) S
X' =%_,+R —u +J U 1—2)\G for t>1 (67)
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which we can write as

1-1 t—1
s R A0 Ly (EY (12 (B)

880 =508, + 9+ () </_2 : (68)
for t > I, where we used the definition in Eq (61). Then, we can find (proof in the following equation) that the explicit solu-
tion to Eq (68) is:

-1 t—1
0 _ ., (F (t=1 (B)
A =y (U) </—1) S) for 21, (69)

To show that Eq (69) is indeed the solution to Eq (68), we can plug in AAO

o =) ()

e

To find X A(') for t >/, we now only have to use Eq (62), which becomes

as given by Eq (69) into Eq (68) and obtain:

3O =3 as?, (71)

since we already showed that AA(') 0 for k < I. Thus, we obtain

-1 t

5(§’>=J.<’L_Ej) 2(1_1)(’?)_, for t>1 (72)

which completes our proof by induction.

O
Recovering the solution for R = 0. Note that if R = 0, the solution given by Eq (56) becomes
0 for t<i
30 = N (73)
J = for t>1i,
< U) or t>i

which matches what we found in Eq (49) for a sequence without recurrent connections.

In summary, in Eq (56) we have derived a general solution for X ‘(’) , with x(’) (’) for i< mand t < t, where assembly m
is the first assembly to become fully activated at time %,,. Thus, we know that m and t., will correspond to the lowest i and t
for which condition X A() > Uis met. In terms of Eq (56), we can rephrase this as follows:

55 (@) = 7

Finding the pulse speed with the linear estimate. If we assume Eq (56) is a good estimate of the model dynamics
even if i > m and t> t,,, we can estimate the speed S of successful replay pulses in general, by setting t=|q/S| and i=gq
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in Eq (74), obtaining

J (F)q_1 l%sj
u \u Pt

b))

Since the left-hand side of Eq (75) increases monotonically as S decreases, if the condition is met for a certain speed
S', it will also be met for all speeds S < S'. Thus, a pulse speed estimate S can be obtained by fixing R and F and finding
the largest S for which Eq (75) is true. If this condition is not met even for S — 0, then replay is impossible.

Comparing the linear estimate to rectangle-model simulations. In Fig 4-E, we see that the analytical condition in
Eq (75) becomes a better and better approximation of the model simulations as the sequence becomes longer. We saw
above that the linear estimate )?f’) is exact for i < m and t < t,, if m is the first assembly to fully activate, and this happens
at time t,,. This is never the case in our simulations of Fig 4, where we start the pulse by fully activating the first assembly
and determine the successful replay if there is a time for which the last assembly reaches qu) > U. For successful replays,
all assembilies in the sequence are fully activated, so all assemblies i < q can contribute to the error of the linear estimate
S(Eq). However, for failed replays, none of the other assemblies (i>1) are fully activated. In these cases, the only error in
)A(Eq) is caused by the first assembly. Thus, as the sequence length q increases, this error becomes smaller and smaller.
Since the analytical curves in Fig 4—E estimate the border between failed and successful replays, they become an exact
match to the simulations of the rectangle model in the limit when q — 0.

The limit of the linear estimate for infinitely long sequences. Let us start by rearranging Eq (75) as

() e

k=q

1/q
1/q
: (5"

u

Note that we have assumed q/S to be an integer. To be strict, we could have explicitly written [q/S]|, which denotes
the integer value just under q/S. However, because we are interested in the limit ¢ — o, we assume q/S ~ |q/S| for
simplicity.

We first look at the right-hand side of Eq (76) and note that

lim §/F/J=1, (77)

q—o0

since F and J are positive constants. So, the limit of Eq (74) does not depend on J. Although the left-hand side of Eq (76)
has a similar power 1/q, its limit is less trivial to determine because the term inside the square brackets depends on q. Let
us first define the function

IS (14
2(x) ::Z(q_1).xk—q, (78)
k=q
To find the limit of Eq (76) we need to find
1/q
= (5"

We have defined Z as a sum of terms over the integer indices

tkeZ | q<k<q/S} (80)
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For convenience, we will now define Z in terms of a new non-integer index m and write

m-q—1 (m=1)q
= . 1
200 sz( e ) , (®1)
where
k

M={a|keZ,QSk§q/S}. (82)

Let us consider each term in the sum
790 := (mq i 1) x(m=1a. (83)

We can write this as
— |

T(n?)(X) — (mq 1) . X(m—'l)q (84)

(@—="1!-[(m="1gq]!

where we used the definition of the binomial coefficient:

n n!
(p) “plin=p)” (85)

The factorials in the above expression can be written using Stirling’s formula, i.e.,

n'=n"e-"P(/n), with P(ﬁ) = \/%[1 + 11% + o( ! )] . (86)

n2

Note that P (1/n) is a polynomial that grows at most with y/n. By doing this, we obtain

D00 = (mgq — 1)ym~" ' P(/mq - 1) . m1)q
(@ - 1)1 [(m =g "7 P&q—1)- PG/(m="1)q)
m-19" ; x \" ' .
[ T—1/q '(m—1> ] i 87)

where in the second line we isolated the terms that grow exponentially with g, and represent the fraction of polynomials
by the symbol P—note that these include not only the three polynomials in the first line but also an additional factorq ~ —
1/(mqg—1).

For convenience, we now define:

A () = (n:_-11//6<7;)m ' (m)i1>m_1 : (88)
and write Eq (79) as
lim [z(ﬁ)]”q: lim (Z [A9Riv)|"- P)W . (89)
g—oo u 97 \ mem
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If some of the terms Afﬁ) are larger than 1, then as ¢ — o0, Z(x) will be dominated by the term with the largest A,(ﬁ).
Thus, we now examine the conditions under which the terms Af,‘,’) are larger than 1. We know that 1 <m < 1/S, so we first
calculate

lim AP(x)=1. (90)
m—1

To determine if Afﬁ) increases with increasing m, we calculate when the sign of its derivative with respect to m is posi-
tive. Since A,(,‘,’) is always non-negative, we can do this by looking at the simpler derivative of its logarithm:

@
amA’"(X)>0
4 @
= ﬁln(Am (x))>0
= In(m_1/q-x>+ 1 o (91)
m-—1 mq —1

Since we are interested in the limit ¢ — o0, we consider the second term on the left to be negligible and find that the
condition for which the natural logarithm is positive is

<m<w/\x<1>v(m>—1_)(/q/\x>1) (92)
1-x x—-1

Here, we also consider 1 — x/q > 0 because we are interested in large values of q. Thus, we find that, for x <1, Af,‘,’)
increases monotonously with increasing m until a local maximum is reached at (1 — x/q)/(1 — x). For x > 1, Aﬁ,‘,’) is always
increasing. Thus, we have found that there are always terms Af,f) that are larger than 1 and Eq (89) can be simplified:

im [2(F)] "~ (%) (%3

q—c0 meM m-—1

In this limit, the terms 1/q in Eq (87) have vanished, as have the other terms, since

lim PVa=1. (94)

q—o0

Finally, to find the limit of Eq (74), we need to find the value of m that maximizes

- (%)m_1 | (95)

From our analysis of the dependence of A,(,‘,’)(x) on its parameters (see Eq (92) and its description), we know that if x>1,
the maximum value will be located at m = 1/S, which is the highest m can be. For x<1 and using x = R/U, the maximum is
at m=1/(1 — R/U). However, this value might be outside the domain 1 <m < 1/S. If that is the case, i.e.,

1
1-R/U

>1/SeR/U>1-S (96)
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then the maximizing m again is 1/S. However, if

1
< <1-
1_R/U_1/S(1)R/U_1 S (97)
then the maximizing mis 1/(1 — R/U), and we have a local maximum. If we insert these two conditions, and respective
maximizing values m=1/S orm=1/(1 — R/U), into Eq (93) we get

1

R\1"9 for RIUL1-S
lim [Z<U)] RO (98)

1
q—c0 (1/3)(%) for RIU>1-S

Plugging this into Eq (76), we finally find that the limit of Eq (74) when g — oo is approximately

1-R/U for RIUL1-S
FIUZ{ i _g\1/s-1 (99)
s(m) for RIU>1-S

Note that in the limit of infinitely slow propagation, i.e., limg_ g, the condition becomes

1-R/U for R/IU<A1
F/U> (100)
0 for R/IU>1
which can simply be written as
F+R>U (101)

since both R and F are non-negative parameters. This expression is equivalent to what we called in the main text Condi-
tion 1 (for xo = 0), which is a necessary condition for replay for any distribution shape.

A necessary condition for sequence retrieval. Let us assume that some assembly m>1 became fully activated at
some time t,,, such that Z}ZO a;i_1) = 1. Following Eq (26) (for xo = 0), the position of the right edge of the subsequent
assembly m + 1 at any time step t > f,, is given by

t—1
XM =R ™Y 4 F, (102)
k=0

If we assume that assembly m + 1 has not yet been fully activated, we can use Eq (36), such that Eq (102) becomes

t—1 ,(m+1) _  (m+1)

X
(m+1) _ k k—1
X, —Rk§1+ +F

=(RIU)- (XD = xo) + F

=F+R/U)- X", while X"V <u (103)

which is a first-order inhomogeneous difference equation.

If R=U, Eq (103) becomes

(m+1)

_ (m+1)
X; =F+x_, ", (104)
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where xgm“) increases at a constant rate F and can thus certainly cross U within a finite number of time steps.
If R # U, we have to find the solution to the inhomogeneous difference equation. The general solution of the inhomoge-

neous difference equation Eq (103) is given by

Xfm+1) — X§m+1),h + X§m+1),p (105)
where xgm“)’h is the general solution to the corresponding homogeneous equation
(m+)h _ R (m+)n
X; =0 “Xi_q (106)
and xEm“)’p is a particular solution to the inhomogeneous Eq (103). The general solution of the homogeneous equation is

trivial and given by

M _ e (E)t (107)
t U

where K € R is some constant value. To find the particular solution, we try a constant (or fixed point) solution x(™*": that
solves Eq (103), such that

xXmMtDp = F 4 (R/U) - x(m+ 1P
F

(m+1),p —
<X 1T-R/U

Thus, we have found the general solution for Eq (103) when R # U, which is given by

t

(m+1) _ F R
= —R/U+K'(L7> (108)

To determine the value of the constant K, we would need to use the initial conditions. However, Eq (103) applies only
for t > t,, and we cannot use the value of x_gm”) as an initial condition since this is also unknown. Thus, we cannot find the

exact value of K. However, we can determine whether it is a negative or positive constant, depending on the value of R.
According to Eq (108),
t t—1

e = (G- (5) = (B) (5 (09

(m+1)

We know that this quantity has to be non-negative since, by definition, x;

follows that K> 0 must be true. We can write Eq (108) for R > U as

can never decrease. Thus, if R > U, it

t

m+y _ _ F C (E) C.>0 110
Then it is trivial to see that xfm”) grows at an increasing rate and can reach U in a finite number of time steps.

On the other hand, when R < U, Eq (109) tells us that for x§m+1) never to decrease, K must be a non-positive constant.
In that case, we can write Eq (108) as

t

) , C,>0 (111)

X U 2

(m+1) _ F —C-(R
t 1-RIU 2
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We thus see that, if R < U, x§m+1) is a monotonically increasing function that asymptotically tends to the limit F/(1—-R/U)

ast— oo.

To summarize, if some assembly m crosses the threshold at some time t,,, assembly m + 1 will become fully activated
if F/(1 — R/IU)> U< F + R> U, if given enough time steps (note that once x§m+1) > U the dynamics of Eq (103) no longer
apply, but we can nevertheless know that at some point this will happen). Thus, the full activation of an assembly will lead
to the sequential activation of the entire sequence if R+ F > U, given enough time steps. The closer R+ F is to U, the more
time steps are needed. If F + R < U, the assembly will never become fully activated within a finite number of time steps.

Supporting information
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