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Abstract

Probabilistic modeling over the combinatorially large space of tree topologies remains
a central challenge in phylogenetic inference. Previous approaches often necessitate
pre-sampled tree topologies, limiting their modeling capability to a subset of the entire
tree space. A recent advancement is ARTree, a deep autoregressive model that
offers unrestricted distributions for tree topologies. However, its reliance on repetitive
tree traversals and inefficient local message passing for computing topological node
representations may hamper the scalability to large datasets. This paper proposes
ARTreeFormer, a novel approach that harnesses fixed-point iteration and attention
mechanisms to accelerate ARTree. By introducing a fixed-point iteration algorithm

for computing the topological node embeddings, ARTreeFormer allows for fast vec-
torized computation, especially on CUDA devices. This, together with an attention-
based global message passing scheme, significantly improves the computation
speed of ARTree while maintaining great approximation performance. We demon-
strate the effectiveness and efficiency of our method on a benchmark of challenging
real data phylogenetic inference problems.

Author summary

Our research introduces novel methods for probabilistic modeling over phylo-
genetic tree topologies that are useful for various phylogenetic inference tasks
such as tree probability estimation and variational Bayesian phylogenetic infer-
ence. Our model is based on ARTree, but achieves better scalability by leveraging
a fixed-point algorithm for solving linear systems and employing an expressive
attention-based architecture that captures long-range dependencies between
edges. On benchmark phylogenetic inference datasets, including one with one
hundred taxa, we demonstrate that the new model significantly reduces the com-
putational cost of ARTree, while achieving similar or better performance in density
estimation and variational approximation. This work represents an important step
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toward scaling up variational inference for Bayesian phylogenetics. The tech-
niques introduced here may also inspire future advances in scalable phylogenetic
modeling.

Introduction

Unraveling the evolutionary relationships among species stands as a core problem in
the field of computational biology. This complex task, called phylogenetic inference,
is abstracted as the statistical inference on the hypothesis of shared history, i.e., phy-
logenetic trees, based on collected molecular sequences (e.g., DNA, RNA) of the
species of interest and a model of evolution. Phylogenetic inference finds its diverse
applications ranging from genomic epidemiology [1-3] to the study of conservation
genetics [4]. Classical approaches for phylogenetic inference include maximum like-
lihood [5], maximum parsimony [6], and Bayesian approaches [7-9], etc. Neverthe-
less, phylogenetic inference remains a hard challenge partially due to the combina-
torially explosive size ((2N — 5)!! for unrooted bifurcating trees with N species) of the
phylogenetic tree topology space [10,11], which makes many common principles in
phylogenetics, e.g., maximum likelihood and maximum parsimony, to be NP-hard
problems [12,13].

Recently, the prosperous development of machine learning provides an effec-
tive and innovative approach to phylogenetic inference, and many efforts have been
made for expressive probabilistic modeling of the tree topologies [14—17]. A notable
example among them is ARTree [17], which provides a rich family of tree topology
distributions and achieves state-of-the-art performance on benchmark data sets.
Given a specific order on the leaf nodes (also called the taxa order), ARTree gener-
ates a tree topology by sequentially adding a new leaf node to an edge of the cur-
rent subtree topology at a time, according to an edge decision distribution modeled
by graph neural networks (GNNs), until all the leaf nodes have been added. Com-
pared with previous methods such as conditional clade distribution (CCD) [15] and
subsplit Bayesian networks (SBNs) [16], an important advantage of ARTree is that
it enjoys unconfined support over the entire tree topology space. However, to com-
pute the edge decision distribution in each leaf node addition step, ARTree requires
sequential computations of topological node embeddings via tree traversals, which is
hard to vectorize, making it prohibitive for phylogenetic inference for large numbers of
species, as observed in [17]. Besides, the message passing in ARTree only updates
node features from their neighborhood, ignoring the important global information and
would require multiple message passing rounds to obtain adequate information about
trees.

To address the computational inefficiencies of ARTree, we propose ARTreeFormer,
which enables faster ancestral sampling and probability evaluation by leveraging
scalable system-solving algorithms and transformer architectures [18]. More specifi-
cally, we replace the time-consuming tree traversal-based algorithm with a fixed-point
iteration method for computing the topological node embeddings. We also prove
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that, under a specific stopping criterion, the number of iterations required for convergence is independent of both the tree
topology and the number of leaves. To further reduce the computational cost, we introduce an attention-based global mes-
sage passing scheme that captures tree-wide information in a single forward pass. Unlike ARTree, all components of
ARTreeFormer can be fully vectorized across multiple tree topologies and nodes, allowing efficient batch-wise genera-
tion and evaluation. This design makes ARTreeFormer particularly well suited for large-batch training on CUDA-enabled
hardware, where the massive parallelism of modern GPUs can be fully exploited. Our experiments demonstrate that
ARTreeFormer achieves comparable or better performance than ARTree, while delivering approximately 10x faster gen-
eration and 6x faster training on a benchmark suite covering maximum parsimony reconstruction, tree topology density
estimation, and variational Bayesian phylogenetic inference tasks.

Materials and methods

In this section, we first introduce the necessary background, including the phylogenetic posterior, variational Bayesian
phylogenetic inference, and the ARTree model for tree topology generation. We then analyze the computational limi-
tations of ARTree, which motivate the development of ARTreeFormer. Finally, we present the two key components of
ARTreeFormer: a fixed-point iteration method for computing topological node embeddings and an attention-based global
message passing mechanism.

Phylogenetic posterior

The common structure for describing evolutionary history is a phylogenetic tree, which consists of a bifurcating tree topol-
ogy 7 and the associated non-negative branch lengths q. The tree topology t, which contains leaf nodes for the observed
species and internal nodes for the unobserved ancestor species, represents the evolutionary relationship among these
species. A tree topology can be either rooted or unrooted. In this paper, we only discuss unrooted tree topologies, but the
proposed method can be easily adapted to rooted tree topologies. The branch lengths g quantify the evolutionary intensity
along the edges on 7. An edge is called a pendant edge if it connects one leaf node to an internal node.

Each leaf node on 7 corresponds to a species with an observed biological sequence (e.g., DNA, RNA, protein). Let
Y={Y,.., Yy} € Q"M be the observed sequences (with characters in Q) of M sites over N species. A continuous-time
Markov chain is commonly assumed to model the transition probabilities of the characters along the edges of a phy-
logenetic tree [19]. Under the assumption that different sites evolve independently and identically conditioned on the
phylogenetic tree, the likelihood of observing sequences Y given a phylogenetic tree (z, q) takes the form

M

pcVIr. @) =12 0@ [T PaaQu): (1)

i=1 (u,v)ee

where &' ranges over all extensions of Y; to the internal nodes with al, being the character assignment of node u (r repre-
sents the root node), E is the set of edges of 7, q,, is the branch length of the edge (u, v) € E, Py(q) is the transition prob-
ability from character j to k through an edge of length g, and 7 is the stationary distribution of the Markov chain. Assuming
a prior distribution p(z, @) on phylogenetic trees, Bayesian phylogenetic inference then amounts to properly estimating the
posterior distribution

p(Ylz, @)p(z,q)

oY) x p(Y|z, @p(z, q), (2)

p(z,q|Y) =

where p(Y) = f ZT p(Y]z, @)p(r, g@)dq is the unknown normalizing constant.
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Variational Bayesian phylogenetic inference

By positing a phylogenetic variational family Qg (7, ) = Qg(7)Qy(q|7) as the product of a tree topology model Q4(z) and
a conditional branch length model Q,(q|7), which is not a mean-field approximation as Qy(q|r) depends on z, variational
Bayesian phylogenetic inference (VBPI) converts the inference problem (2) into an optimization problem. More specifi-
cally, VBPI seeks the best variational approximation by maximizing the following multi-sample lower bound

1 < P, @)p(e’, @)
LK —F 1:K g1y | - j ’
(¢’ ¢) Q¢,,¢(T Kgth) g (K; Q¢(TI)Q¢(qI|TI) )

where Qg (7K, q"F) = H,K:1 Qy.4(7', @). In addition to the joint probablity p(Y, 7, ) in the numerator of Eq (3), one
may also consider the parsimony score defined as the minimum number of character-state changes among all possible
sequence assignments for internal nodes, i.e.,

M
SwY)=),mn > a,#a), (4)

i=1 @ (u,v)ee

where the notations are the same as in Eq (1) [20]. The parsimony score 8(z; Y) can be efficiently evaluated by the Fitch
algorithm [6] in linear time.

The tree topology model Q4(7) can take subsplit Bayesian networks (SBNs) [16] which rely on subsplit support estima-
tion for parametrization, or ARTree [17] which is an autoregressive model using graph neural networks (GNNs) that pro-
vides distributions over the entire tree topology space. A diagonal lognormal distribution is commonly used for the branch
length model Qy(q|7) whose locations and scales are parameterized with heuristic features [21] or learnable topological
features [22]. More advanced models for branch lengths like normalizing flows [23] or semi-implicit distributions [24] are
also applicable. More details about VBPI can be found in Appendix B in S1 Text.

ARTree for tree topology generation

As an autoregressive model for tree topology generation, ARTree [17] decomposes a tree topology into a sequence of
leaf node addition decisions and models the involved conditional probabilities with GNNs. The corresponding tree topol-
ogy generating process can be described as follows. Let X = {x4, ..., Xy} be the set of leaf nodes with a pre-defined order.
The generating procedure starts with a simple tree topology 73 = (V3, E3) that has the first three nodes {x, x5, x5} as the
leaf nodes (which is unique), and keeps adding new leaf nodes according to the following rule. Given an intermediate tree
topology 7, = (V,, E,,) that has the first n < N elements in XX as the leaf nodes, i.e., an ordinal tree topology of rank n as
defined in [17], a probability vector g, € R over the edge set E,, is first computed via GNNs. Then, an edge e, € E, is
sampled according to g, and the next leaf node x,,, 4 is attached to it to form an ordinal tree topology 7, 1. This proce-
dure will continue until all the N leaf nodes are added. Although a pre-defined leaf node order is required, [17] shows that
the performance of ARTree exhibits negligible dependency on this leaf node order. Fig 1 is an illustration of ARTree. See
more details on ARTree in Appendix A in S1 Text.

Although ARTree enjoys unconfined support over the entire tree topology space and provides a more flexible family of
variational distributions, it suffers from expensive computation costs (see Appendix E in [17]) which makes it prohibitive
for phylogenetic inference when the number of species is large. In the next two subsections, we discuss the computational
cost of ARTree and then describe how it can be accelerated using fixed-point iteration and attention-based techniques.
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Fig 1. An illustration of ARTree starting from the star-shaped tree topology with 3 leaf nodes. This figure is from [17].
https://doi.org/10.1371/journal.pcbi.1013768.9g001

Computational cost of ARTree

In the n-th step of leaf node addition, ARTree includes the node embedding module and message passing module for
computing the edge decision distribution, as detailed below. Throughout this section, we use “node embeddings” (with
dimension N) for the node information before message passing and “node features” (with dimension d) for those in and
after message passing.

Node embedding module. The topological node embeddings {f,(u) € RN|u € V,,} of an ordinal tree topology
7, =(V,, E,) in [17] are obtained by (i) first assigning one-hot encodings to the leaf nodes, i.e., letting f,(x;) = e;, where ¢;
is a length-N one-hot vector with the only 1 on the i-th position; and (ii) minimizing the Dirichlet energy

ety = Y lIfW) — WP, (5)

(u,v)eE,

w.r.t. {f,(u); u is internal node}, which is typically done by the two-pass algorithm [22] (Algorithm 3 in Appendix A in S1
Text). This algorithm requires a traversal over a tree topology, which is hard to be efficiently vectorized across different
nodes and different trees due to its sequential nature and the dependency on the specific tree topology shapes. The com-
plexity of computing the topological node embeddings is O(Nn). Finally, a multi-layer perceptron (MLP) is applied to all the
node embeddings to obtain the node features with dimension d enrolled in the computation of the following modules.

Message passing module. Assume that the initial node features are {f2(u) € R%u € V,}, which are transformed from
{f,(u) € RN|u € V,,;} using MLPs with complexity O(nk(N+d)) where k is the intermediate dimension. In the /-th round, these
node features are updated by aggregating the information from their neighborhoods through

MU, V) = Frogssage (W), fp(V), (6a)
i1 (V) = Fpgating MU, Vs u € N(}) (6b)
where the /-th message function F{nessage operates by applying an MLP to the concatenated inputs, while the updating
function F{deatmg first applies the same MLP to the inputs and then pools the results in a permutation-invariant manner
(e.g., sum, mean, or max). After L rounds of message passing, a recurrent neural network implemented by a gated recur-

rent unit (GRU) [25] is then applied to gather the information from all previously generated tree topologies, i.e.,

ha(V) = GRU(h,_1(v), f(V)), (7)
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where h,(v) is the hidden state of v. Eqs (6) and (7) are applied to the features of all the nodes on t,, which require
O(Lnd?) operations and are computationally inefficient especially when the number of leaf nodes is large. Moreover,

Eq (6) only updates the features of a node from its neighborhood, ignoring the global information of the full tree topology,
and thus is called local message passing by us. We summarize the computational complexity of ARTree in Proposition 1
(see Appendix C in S1 Text for proof).

Proposition 1 (Time complexity of ARTree). Let L be the number of message passing rounds and B be the num-
ber of tree topologies in a batch. For generating B tree topologies with N leaf nodes, the time complexity of ARTree is
O(BN® +BLN?d? + BN?k(N+d)). In the ideal case of vectorization, if we assume perfect linear speedup [26] and sufficiently
many threads, the complexity of ARTree is O(N? + LN).

Remark 1. To understand the ideal case of constant time complexity, we need two assumptions, i.e., perfect linear
speedup and sufficiently many threads (e.g., on modern GPUSs). Let the computation time on one thread be T, and the
computation time on p threads be T,. The perfect linear speedup (Page 780 in [26]) states that T,/T, = p. So if p exceeds
the number of operations in a vectorized computation, the time complexity will become O(1). This ideal constant time
complexity is introduced to clearly distinguish the components that cannot be vectorized, and we acknowledge that the
constant time complexity generally cannot be attained in practice.

Fig 2 (left) demonstrates the run time of ARTree as the number of leaf nodes N varies. As N increases, the total run
time of ARTree grows rapidly and the node embedding module dominates the total time (~ 95% on CUDA and =~ 60% on
CPU), which makes ARTree prohibitive when the number of leaf nodes is large. The reason behind this is that compared
to other modules, the node embedding module can not be easily vectorized w.r.t. different tree topologies and different
nodes, resulting in great computational inefficiency. It is worth noting that the computation time of the node embedding
module on CUDA is even larger than that on CPU, which can be attributed to the inefficiency of CUDA for handling small
tensors.

ARTree ARTreeFormer ARTreeFormer
— L +- Node Embedding (CPU) "
10! & i A * =- Message Passing (CPU) | . :‘.’ LS i
e +— Node Embedding (CUDA) e P
. e =— Message Passing (CUDA) =, —* A o
0 oA - & o A
0 | - //!' | B - A i '/' &
g 10 : "," 7 & a—k i
8 v A A i A *
2 « Y - A i R :
O 1p-1] T | . — = ]«
< 10 == - / — S e : i
= //'/ *- Node Embedding (CPU) Az " +- w/ vectorization (CPU)
ol =- Message Passing (CPU) & gl =- w/o vectorization (CPU)
1075 +— Node Embedding (CUDA) f E +— w/ vectorization (CUDA)
—=— Message Passing (CUDA) —=— w/0 vectorization (CUDA)
20 40 60 80 100 20 40 60 80 100 200 40 60 80 100
# Leaf nodes # Leaf nodes # Leaf nodes

Fig 2. Time comparison between different models and devices. Left & Middle: Runtime of the node embedding module and message passing
module for generating 128 tree topologies in a single batch using ARTree and ARTreeFormer. Right: The runtime of ARTreeFormer for generating 128
tree topologies with or without vectorization across batched tree topologies. CPU means running on a cluster of 16 2.4 GHz CPUs, and CUDA means
running on a single NVIDIA A100 GPU. All these results are averaged over 10 independent trials.

https://doi.org/10.1371/journal.pcbi.1013768.9g002
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Accelerated computation of edge decision distributions

In this subsection, we propose ARTreeFormer, which introduces a fast fixed-point iteration algorithm for topological node
embeddings and an attention-based global message passing scheme to accelerate the training and sampling in ARTree.
In what follows, we present our approach for modeling the edge decision distribution at the n-th step.

Fixed-point iteration for topological node embedding. Instead of solving the minimization problem of ¢(f,, t,,) in
Eq (5) with the time-consuming two-pass algorithm, we reformulate it as a fixed-point iteration algorithm. For a tree topol-
ogy 7, = (V,, E,), denote the set of leaf nodes by XX,,, the set of internal nodes by V7, and the set of internal edges by EJ =
{(u, v)|u, v € V2}. Note that the global minimum of ¢(f,, ) satisfies

{ f,(u) = %zVEN(u) f,(v), ueVe;
f,(xi) = 6;, X; € Xp;

where N'(u) is the set of neighbors of u and &; is a one-hot vector of length n with the 1 at the i-th position. Let F,, =
{f,(u) € R"|ju € V,,} € RC=2x1 and F, = {f,(u) € R"|u € V°} € R1"=2*" then F, = (I,, F})'. Consider a matrix A, satisfying

A /n On—2
A”‘( C,/3 A,/3 ) ®)

where C,(i,)) = D)<, and A,(,)) = VuupeE, (u; denotes the i-th node, leaf nodes are indexed as the first n nodes). Note
that A, is exactly the adjacency matrix of (V2, E?) :=t5. We call A, the interior adjacency matrix and C, the leaf-interior
cross adjacency matrix of 7,,. The system (8) is then equivalent to A,F, = F,, i.e.,

A C
fn=?”3’,,+ ?” (10)

This inspires the following fixed-point iteration algorithm:

A C
r(1m+1)=?ng_~r(]m)+ 3n; ,(70)= r(70). (11)

In practice, we set all the entries to ?,(,0) as 1/n. Finally, after obtaining the solution F};, we pad N—n zeros on its right

so that the resulting length-N node embeddings can be fed into the message passing module. Theorem 2 and Corollary
1 prove that the fixed-point iteration (11) will converge to the unique solution of Eq (10) with a uniform speed for all tree

topologies 7, the number of leaves n, and the initial condition ?,SO).

Theorem 2. For a tree topology t,, with n leaf nodes, let 3 be the subgraph of t, which only contains the internal nodes
and the edges among them and A,, be the interior adjacency matrix of t,,. Let p(t3) be the spectral radius of tJ defined as
o(19) = Amax(Ap), where Aax(+) denotes the largest absolute eigenvalue of a matrix. Then for any t,, and n, it holds

p(r9) < 2V/2.

Proof: Without loss of generality, we select a node c in 7§ as the “root node” and denote the distance between a node
u and ¢ by d,, which induces a hierarchical structure on 9. Consider a matrix D = diag{2%/?, u € V°} and it holds that
DA,D~" and A, share the same eigenvalues. Note that each row of A and DA,D~" has up to 3 non-zero entries. Now for
each row of DA,D~" and the corresponding node u, we make the following analysis.
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* If u=c, then each non-zero entry in this row equals to 1/\/5.

* If uis a leaf node, then there is only one non-zero entry \/5 in this row.

» For the remaining cases, as u have one parent node and at most two child nodes, there is a 1\/5 and at most two 1/\/5
entries in this row.

For all these cases, the row sum is less than or equal to 2\/5 which consistently holds for arbitrary topological
structures of 79 and the number of nodes n. By the Perron—Frobenius theorem for positive matrices, Am.(DA,D™") is
upper bounded by the largest row sum of DA,D~". Therefore, we conclude that p(19) < 24/2. This proof is inspired by
[27, Section 4.2]. O

Corollary 1. The fixed-point iteration algorithm (11) will converge linearly with rate %

Proof: Let #}, be the solution to ¥, = A,F;/3 + C,/3. The existence and uniqueness of F}; are guaranteed by the fact
that I — A, /3 is a full-rank matrix. Subtracting F;; from both sides leads to

FEY _ Fr = (AFT - F2)

and thus
175 = Falla < (AIL/DIFS™ = F5lo
M 22\" ) .
By Theorem 2, we conclude that |75 — F3llo <( == ) 1Fn” = Filla- 0

Unlike the two-pass algorithm for Dirichlet energy minimization, the fixed-point iteration can be easily vectorized over
different tree topologies and nodes, making it suitable for fast computation on CUDA. By using ||9-',(,’") —Fi|lo/n < € as the
stopping criterion, the required number of iterations M, is a constant independent of the tree topologies. Moreover, by
noting that the fixed-point iteration (11) is equivalent to #, @™ _ A2" F@") which repetitively updates A2™" = (Z\%m)z, the
number of iterations can be further reduced to log, M, and we call this strategy the power trick. With the power trick, the

computational complexity of fixed-point iteration over B tree topologies can be reduced to O(Bn? log, M,).

Remark 2. For the complexity estimation O(Bn? log, M,), the computation over the dimension B and n can be efficiently
vectorized, while the computation over log M, is still sequential.

Remark 3. After adding a new leaf node to t,, a local modification can be applied to A, and C, to form the A, and
C,+1. Therefore, the time complexity of computing the adjacency matrices of a tree topology is O(1). Algorithm 1 shows
the full procedure of the fixed-point iteration when autoregressively building the tree topology.

Attention-based global message passing. After obtaining the topological node embeddings F;; with the fixed-point
iteration algorithm, it is fed into a message passing module to form the distribution over edge decisions. Similarly to
ARTree, at the start of the module, the dimensionality translation from N to d is performed using MLPs with complexity
O(nk(N + d)), where k represents the intermediate dimension. To design an edge distribution that captures the global infor-
mation of the tree topology, we substitute the GNNs with the powerful attention mechanism [18]. Specifically, we first use
the attention mechanism to compute a graph representation vector r, € R, i.e.,

Th= Fgraph(qn’ L(?;)’ L(?;))’ (123)
In = Ryraph(Th), (12b)
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Algorithm 1. A fixed-point algorithm for topological node embeddings.

Input: A decision sequence D=(es,...,6y_1) corresponding to 7. A threshold value €.
Output: The topological node embeddings of each subtree 7,
Initialize the adjacency matrices As and Cj;
for n=3,..,N—1 do
Compute A, from A, and C, using Eq (9);
Initialize 5",(,1)=(In,1n/n) and m=1;
Compute 5tr(72)=,2\5t,(71) and A2=A-A;
m m—1
while [|7&7 - 7@ |, >¢ do
m+1 = om m

Compute 5“,(,2 )=A% ?,(72 );

Compute /Z\%m+1 =A".A2"; m=m+1;
end
Pad N-n zeros on the right of each row of 5‘",(12m);
Add the new leaf node X,,q4 to the edge e,;
Locally modify the adjacency matrices A, and C, to obtain A,y and Cpq.

end

where Fy.., is the graph pooling function implemented as a multi-head attention block [18], Rycapn is the graph read-
out function implemented as a 2-layer MLP, g, € R? is a learnable query vector, and L : RN — R? is an embedding map
implemented as a 2-layer MLP. Here, the multi-head attention block M = MHA(Q, K, V) is defined as

WKWKy
H; = softmax (M) - (vw), (13a)
Vd/h
M = CONCAT (H,, ..., H,) W°, (13b)

where WI.Q, WIK WIV S [Rdx% and WP € R¥ gre learnable matrices, h is the number of heads, and CONCAT is the con-
catenation operator along the node feature axis. Intuitively, we have used a global vector g, to query all the node features
and obtained a representation vector r,, for the whole tree topology 7,. We emphasize that Eq (12) enjoys time complexity
O(nd + d?) instead of the O(n?d + nd?) of common multi-head attention blocks, as g, is a one-dimensional vector.

We now compute the edge decision distribution to decide where to add the next leaf node, similarly to ARTree. To
incorporate global information into the edge decision, we utilize the global representation vector r,, to compute the edge
features. Concretely, the feature of an edge e = (u, v) is formed by

Pn(€) = Feage ({fp (L), fo(V)}) , (14a)
rn(€) = Reage (CONCAT(pp(e), 1) + by) (14b)

where Fqq4 is an invariant edge pooling function implemented as an elementwise maximum operator, Rqqg4e is the edge
readout function implemented as a 2-layer MLP with scalar output, and b,, is the sinusoidal positional embedding [18] of
the time step n. The time complexity of these MLPs in Eq (14) is O(nd?).

Edge decision distribution. Similarly to ARTree, we build the edge decision distributions in ARTreeFormer in an
autoregressive way. That is, we directly read out the representation vector r,, to calculate the edge decision distribution
Qu(-le<n) using

Qq(-|e<,) = Discrete(a,), a, = softmax ([r,(€)]leck,) » (15)

and grow t, to 7,4 by attaching the next leaf node x,,,4 to the sampled edge (Algorithm 2).
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The above node embedding module and message passing module circularly continue until an ordinal tree topology of
N, Ty, is constructed, whose ARTreeFormer-based probability is defined as

N—-1

Qp(Tn) = H Qg (enle<n), (16)
n=3

where ¢ are the learnable parameters and Qg(e,|e.,) is defined in Eq (15). We summarize the time complexity of
ARTreeFormer in Proposition 3 (see Appendix C in S1 Text for proof).

Proposition 3 (Time complexity of ARTreeFormer). Let B be the number of tree topologies in a batch. For generating B
tree topologies with N leaf nodes, the time complexity of ARTreeFormer is O(BN®logM, + BN?d? + BN?k(N + d)). In the
ideal case of vectorization, if we assume perfect linear speedup [26] and sufficiently many threads, the time complexity of
ARTreeFormer is O(N(log M, + 1)), where log M, is a constant independent of N.

Compared to ARTree, the greatly improved computational efficiency of ARTreeFormer mainly comes from two aspects.
First, the fixed-point iteration algorithm in ARTreeFormer for topological node embeddings can be easily vectorized
across different tree topologies and different nodes, since they do not rely on traversals over tree topologies. Second, the
global message passing in ARTreeFormer forms the global representation only in one pass through the attention mecha-
nism instead of gathering the neighborhood information repetitively with GNNs. We depict the the pipeline of the leaf node
addition of ARTreeFormer in Fig 3.

In Fig 2 (left, middle), for the node embedding module on CPU/CUDA, the time consumption of ARTreeFormer is less
than 10% of ARTree, and this number is 50% for the message passing module on CPU/CUDA. Moreover, both two mod-
ules of ARTreeFormer enjoy a significant time consumption drop on CUDA compared to CPU, since CUDA is more pow-
erful at handling large tensor multiplications. To further verify the vectorization capability of ARTreeFormer, we compare
the runtime for generating tree topologies with or without vectorization in Fig 2 (right). Here, the “w/o vectorization” set-
ting performs fixed-point iteration and attention-based message passing sequentially for each tree topology, one at a time.
In contrast, the “w/ vectorization” setting applies fixed-point iteration and attention-based message passing simultane-
ously for a batch of tree topologies, leveraging batched tensor operations for more efficient computation. We see that
vectorization greatly improves computational efficiency. The vectorization capability of ARTreeFormer further allows for
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Fig 3. An illustration of ARTreeFormer for growing an ordinal tree topology 7, of rank 4 to an ordinal tree topology 75 of rank 5.

https://doi.org/10.1371/journal.pcbi.1013768.9g003
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training with a larger batch size (note the batch size is 10 in ARTree), which is a common setting in modern deep learning
methods.

Results

In this section, we demonstrate the effectiveness and efficiency of ARTreeFormer on three benchmark tasks: maximum
parsimony, tree topology density estimation (TDE), and variational Bayesian phylogenetic inference (VBPI). Although the
pre-selected leaf node order in ARTreeFormer may not be related to the relationships among species, this evolutionary
information is already contained in the training data set (for TDE) or the target posterior distribution (for maximum par-
simony and VBPI), and thus can be learned by ARTreeFormer. Noting that the main contribution of ARTreeFormer is
improving the tree topology model, we select the first two tasks because they only learn the tree topology distribution and
can better demonstrate the superiority of ARTreeFormer. The third task, VBPI, is selected as a standard benchmark task
for Bayesian phylogenetic inference and evaluates how well ARTreeFormer collaborates with a branch length model. It
should be emphasized that we mainly pay attention to the computational efficiency improvement of ARTreeFormer and
only expect it to attain similar accuracy to ARTree. Throughout this section, the run times of ARTree are reproduced using
its official codebase: https://github.com/tyuxie/ARTree.

Experimental setup. For TDE and VBPI, we perform experiments on eight data sets which we will call DS1-8. These
data sets, consisting of sequences from 27 to 64 eukaryote species with 378 to 2520 site observations, are commonly

assume a uniform prior on the tree topologies, an i.i.d. exponential prior Exp(10) on branch lengths, and the simple Jukes
& Cantor (JC) substitution model [37]. We use the same ARTreeFormer structure across all the data sets for all three
experiments. Specifically, we set the dimension of node features to d = 100, following [17]. The number of heads in all the
multi-head attention blocks is set to h = 4. All the activation functions for MLPs are exponential linear units (ELUs) [38].
We add a layer normalization block after each linear layer in MLPs and before each multi-head attention block, which
stabilizes training and reduces its sensitivity to optimization tricks [39]. We also add a residual block after the multi-head
attention block in the message passing step, which is standard in transformers. For all experiments and data sets, the
stopping criterion of the fixed-point iteration algorithm in ARTreeFormer is ¢ = 10~°. The taxa order is set to the lexico-
graphical order of the corresponding species names. All models are implemented in PyTorch [40] and optimized with the
Adam [41] optimizer. All the experiments are run and all the runtimes are measured on a single CUDA-enabled NVIDIA
A100 GPU. The learning rate for ARTreeFormer is set to 0.0001 in all the experiments, which is the same as in ARTree
[17].

Maximum parsimony problem

We first test the performance of ARTreeFormer on a variational inference task purely on the tree topologies, whose
target distribution is defined as P(t) = exp(—8(z, Y))/Z, where 8(z, Y) is the parsimony score defined in Eq (4) and
Z= ZT exp(=38(z, Y)) is the normalizing constant. To fit a variational distribution Q¢(7), we maximize the following
(annealed) multi-sample lower bound (K = 10) in the t-th iteration

M) (17)

K
L(¢: 8 = Eq,(c1:x) log (lK 2 Qy(1))
i=1 !

where Qu("K) = Hf.; Qq(7') and B is the annealing schedule. We set 8; = min{1,0.001 + #/200000} and collect the

results after 400000 parameter updates. We use the VIMCO estimator [42] to estimate the stochastic gradients of £(¢).
Fig 4 shows the performances of different methods for the maximum parsimony problem on DS1. We run the state-of-

the-art parsimony analysis software PAUP" [43] to form a collection of tree topologies with low parsimony scores ranging
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time on DS1.

https://doi.org/10.1371/journal.pcbi.1013768.9g004

from 4040 to the optimal score 4026. We use the command line hsearch addseg=random nreps=100 keep=4040
for obtaining all the tree topologies with a parsimony score smaller than or equal to 4040. The version of PAUP* is
4.0al168. PAUP* is used to form a collection of tree topologies with low parsimony scores for the evaluation of differ-

ent variational approaches. At the current stage, our main goal is to compare the efficiency between different variational
approaches for phylogenetic inference, and we do not compare ARTreeFormer to PAUP* as the latter does not perform
Bayesian inference. The left plot of Fig 4 shows that ARTreeFormer and ARTree can provide comparably accurate pos-
terior estimates and identify the most parsimonious tree topology found by PAUP". In the right plot of Fig 4, the horizontal
gap between two curves reflects the ratio of times needed to reach the same lower bound or negative parsimony score.

We see that ARTreeFormer is around four times faster than ARTree.

Tree topology density estimation

We further investigate the ability of ARTreeFormer to model tree topologies on the TDE task. To construct the training

data set, we run MrBayes [36] on each data set with 10 replicates of 4 chains and 8 runs until the runs have ASDSF (the
standard convergence criteria used in MrBayes) less than 0.01 or a maximum of 100 million iterations, collect the sam-
ples every 100 iterations, and discard the first 25%, following [16]. The ground truth distributions are obtained from 10
extremely long single-chain MrBayes runs, each for one billion iterations, where the samples are collected every 1000 iter-
ations, with the first 25% discarded as burn-in. We train ARTreeFormer via maximum likelihood estimation using stochas-
tic gradient ascent. We compare ARTreeFormer to ARTree and SBN baselines: (i) for SBN-EM and SBN-EM-a, the SBN
model is optimized using the expectation-maximization (EM) algorithm, as done in [16]; (ii) for SBN-SGA and ARTree, the
corresponding models are fitted via stochastic gradient ascent, similarly to ARTreeFormer. For SBN-SGA, ARTree, and
ARTreeFormer, the results are collected after 200000 parameter updates with a batch size of 10.

The left plot in Fig 5 shows a significant reduction in the training time and evaluation time of ARTreeFormer com-

pared to ARTree on DS1-8. To further demonstrate the benefit of vectorization over different tree topologies, we train
ARTreeFormer on DS1 with different batch sizes, and report the Kullback-Leibler (KL) divergences in Fig 5 (right). We see
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Fig 5. Performance of ARTree and ARTreeFormer on the TDE task. Left: The training time (per iteration) and evaluation time (per evaluating the
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divergence to the ground truth on DS1 obtained by ARTreeFormer, as the batch size (bs) varies. The training speed measured by seconds per iteration
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https://doi.org/10.1371/journal.pcbi.1013768.9g005

that a large batch size will only lead to a minor training speed drop, but will significantly benefit the training accuracy. We
can also observe a saturated approximation accuracy with a sufficiently large batch size.

The KL divergences between the ground truth and the probability estimation are reported in Table 1. Although
ARTreeFormer has only one attention layer for node features, it performs on par or better than ARTree, and consistently
outperforms the SBN-related baselines, across all data sets. See the probability estimation on individual tree topologies
and an ablation study about the hyperparameters in Appendix D.1 in S1 Text.

Variational Bayesian phylogenetic inference

Our last experiment is on VBPI, where we examine the performance of ARTreeFormer on tree topology posterior approxi-
mation. Following [17], we use the following annealed unnormalized posterior as our target at the t-th iteration

p(, qlY, B) o« p(YIr, @)Ptp(T, q), (18)

Table 1. KL divergences to the ground truth of different methods across eight benchmark data sets.

Data set # Taxa | # Sites Sampled trees GT tree KL divergence to ground truth
SBN-EM SBN-EM-« SBN-SGA ARTree ARTreeFormer
DS1 27 1949 1228 2784 0.0136 0.0130 0.0504 0.0045 0.0065
DS2 29 2520 7 42 0.0199 0.0128 0.0118 0.0097 0.0102
DS3 36 1812 43 351 0.1243 0.0882 0.0922 0.0548 0.0474
DS4 41 1137 828 11505 0.0763 0.0637 0.0739 0.0299 0.0267
DS5 50 378 33752 1516877 0.8599 0.8218 0.8044 0.6266 0.6199
DS6 50 1133 35407 809765 0.3016 0.2786 0.2674 0.2360 0.2313
DS7 59 1824 1125 11525 0.0483 0.0399 0.0301 0.0191 0.0152
DS8 64 1008 3067 82162 0.1415 0.1236 0.1177 0.0741 0.0563
The “Sampled trees” column shows the numbers of unique tree topologies in the training sets. The “GT trees” column shows the numbers of unique

tree topologies in the ground truth. The results are averaged over 10 replicates. The results of SBN-EM, SBN-EM-« are from [16], and the results of
SBN-SGA and ARTree are from [17].

https://doi.org/10.1371/journal.pcbi.1013768.t001
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where 8; = min{1,0.001 + t/H} is the annealing weight and H is the annealing period. We use the VIMCO estimator [42]
and the reparametrization trick [44] to obtain the gradient estimates for the tree topology parameters and the branch
lengths parameters, respectively. The results are collected after 400000 parameter updates.

VBPI on DS1-8. In this part we test the performance of VBPI on the eight standard benchmarks DS1-8, as consid-
data sets, following the setting in [17]. We set K= 10 for the multi-sample lower bound (3). The results are collected
after 400000 parameter updates. To be fair, for all three VBPI-based methods (VBPI-SBN, VBPI-ARTree, and VBPI-
ARTreeFormer), we use the same branch length model that is parametrized by GNNs with edge convolutional operator
and learnable topological features as done in [22]. We also consider two alternative approaches (¢-CSMC [46], GeoPhy
[47]) that provide unconfined tree topology distributions and one MCMC based method (MrBayes) as baselines.

The left plot in Fig 6 shows the lower bound as a function of the number of iterations on DS1. We see that although
ARTreeFormer converges more slowly than SBN and ARTree at the beginning, it quickly catches up and reaches a sim-
ilar lower bound in the end. The middle plot in Fig 6 shows that both ARTree and ARTreeFormer can provide accurate
variational approximations to the ground truth posterior of tree topologies, and both of them outperform SBNs by a large
margin. In the right plot of Fig 6, we see that the computation time of ARTreeFormer is substantially reduced compared
to ARTree. This reduction is especially evident for sampling time since it does not include the branch length generation,
likelihood computation, and backpropagation.

Table 2 shows the marginal likelihood estimates obtained by different methods on DS1-8, including the results of the
stepping-stone (SS) method [48], which is one of the state-of-the-art sampling based methods for marginal likelihood esti-
mation. We find that VBPI-ARTreeFormer provides comparable estimates to VBPI-SBN and VBPI-ARTree. Compared to
other VBPI variants, the methodological and computational superiority of ARTreeFormer is mainly reflected by its uncon-
fined support (compared to SBN) and faster computation speed (compared to ARTree). All VBPI variants perform on par
with SS, while the other baselines (¢-CSMC, GeoPhy) tend to provide underestimated results. We also note that the stan-
dard deviations of ARTreeFormer can be smaller than those of ARTree and SBN on most data sets, which can be partially
attributed to the potentially more accurate approximation. Regarding the efficiency-accuracy trade-off, the simplified archi-
tecture in ARTreeformer is enough to maintain or even surpass the performance of ARTree. We also provide more infor-
mation on the memory and parameter size of different methods for VBPI in Appendix D.2 in S1 Text. Finally, it is worth
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Fig 6. Performances of different methods for VBPI. Left: the 10-sample lower bound as a function of the number of iterations on DS1. Middle: the
variational approximation v.s. the ground truth of the marginal distribution of tree topologies on DS1. Right: Training time per iteration and sampling time
(per sampling 10 tree topologies) across different data sets (averaged over 100 trials).

https://doi.org/10.1371/journal.pcbi.1013768.9006
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Table 2. Marginal likelihood estimates (in units of nats) of different methods across eight benchmark data sets for Bayesian phylogenetic

inference.

Data set DS1 DS2 DS3 DS4 DS5 DS6 DS7 DS8

#Taxa 27 29 36 41 50 50 59 64

# Sites 1949 2520 1812 1137 378 1133 1824 1008

GT trees 2784 42 351 11505 1516877 809765 11525 82162
$-CSMC [46] —7290.36(7.23) | —30568.49(31.34) | —33798.06(6.62) | —13582.24(35.08) | —8367.51(8.87) | —7013.83(16.99) | N/A —9209.18(18.03)
GeoPhy [47] —7111.55(0.07) | —26368.44(0.13) | —33735.85(0.12) | —13337.42(1.32) | —8233.89(6.63) | —6733.91(0.57) | —37350.77(11.74) | —8660.48(0.78)
VBPI-SBN [22] —7108.41(0.14) | —26367.73(0.07) | —33735.12(0.09) | —13329.94(0.19) | —8214.64(0.38) | —6724.37(0.40) | —37332.04(0.26) | —8650.65(0.45)
VBPI-ARTree [17] —7108.41(0.19) | —26367.71(0.07) | —33735.09(0.09) | —13329.94(0.17) | —8214.59(0.34) | —6724.37(0.46) | —37331.95(0.27) | —8650.61(0.48)
VBPI-ARTreeFormer (ours) | —7108.43(0.13) | —26367.71(0.07) | —33735.08(0.08) | —13329.93(0.17) | —8214.63(0.30) | —6724.47(0.35) | —37331.94(0.31) | —8650.63(0.47)
MrBayes SS [48] —7108.42(0.18) | —26367.57(0.48) | —33735.44(0.50) | —13330.06(0.54) | —8214.51(0.28) | —6724.07(0.86) | —37332.76(2.42) | —8649.88(1.75)

The “GT trees” column shows the numbers of unique tree topologies in the ground truth, reflecting the diversity of the phylogenetic posterior. The

marginal likelihood estimates for ARTreeFormer are obtained by importance sampling with 1000 particles from the variational approximation and are
averaged over 100 independent runs with standard deviation in the brackets. A smaller variance is better. The results of MrBayes SS, which serve as
the ground truth, are from [21]. The results of other methods are reported in their original papers.

https://doi.org/10.1371/journal.pcbi.1013768.t002

noting that VBPI-mixture [49,50] can provide a better marginal likelihood approximation by employing mixtures of tree
models as the variational family.
VBPI on influenza data. To further test the scalability and vectorization ability of ARTreeFormer, we consider the
influenza data set with an increasing number - N = 25,50, 75, 100 - of nested hemagglutinin (HA) sequences [51].
These sequences were obtained from the NIAID Influenza Research Database (IRD) [52] through the website at
https://www.fludb.org/, downloading all complete HA sequences that passed quality control, which were then

subset to H7 sequences, and further downsampled using the Average Distance to the Closest Leaf (ADCL) criterion
[53]. For all the VBPI based methods - SBN, ARTree, and ARTreeFormer, we set H = 100000, and the results are col-
lected after 400000 parameter updates. For ARTree and ARTreeFormer, we use the same branch length model that is
parametrized by GNNs with edge convolutional operator and learnable topological features as done in [22]; for SBN, we
use the bipartition-feature-based branch length model considered in [21].
Table 3 reports the marginal likelihood estimates of different methods on the influenza data set. We see that all three

VBPI methods yield very similar marginal likelihood estimates to SS when N = 25,50. For a larger number of sequences
N =75,100, SS tends to provide higher marginal likelihood estimates than VBPI methods, albeit with larger variances
which indicates the decreasing reliability of those estimates. On the other hand, the variances of the estimates provided
by VBPI methods are much smaller which implies more reliable estimates [51]. Compared to ARTree, ARTreeFormer can
provide much better MLL estimates (also closer to SBN) while maintaining a relatively small variance, striking a better
balance between approximation accuracy and reliability.

Discussion

Comparison with prior works. The most common approach for Bayesian phylogenetic inference is Markov chain
Monte Carlo (MCMC), which relies on random walks to explore the tree space, e.g., MrBayes [36], BEAST [54]. MCMC
methods have long been considered the standard practice of systematic biology research and are used to construct the

Table 3. The marginal likelihood estimates (in units of nats) of different methods on the influenza data with up to 100 taxa.

Subset size (N) MrBayes SS VBPI-SBN VBPI-ARTree VBPI-ARTreeFormer
25 —13378.23(0.24) —13378.38(0.06) —13378.39(0.06) —13378.38(0.06)
50 —18615.82(1.57) —18615.40(0.16) —18615.31(0.18) —18615.30(0.20)
75 —23647.14(13.25) —23681.85(0.27) —23849.85(0.30) —23763.58(0.29)
100 —28176.80(47.16) —28556.96(0.36) —29416.42(0.44) —28650.72(0.32)

The results of MrBayes SS and VBPI-SBN are reported by [51], and those of VBPI-ART

https://doi.org/10.1371/journal.pcbi.1013768.t003

Tree and VBPI-ARTreeFormer are produced by us.
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ground truth phylogenetic trees in our experiments. However, as the tree space contains both the continuous and discrete
components (i.e., the branch lengths and tree topologies), the posterior distributions of phylogenetic trees are often com-
plex multimodal distributions. Furthermore, the involved tree proposals are often limited to local modifications that can
lead to low exploration efficiency, which makes MCMC methods require extremely long runs to deliver accurate posterior
estimates [10,51].

ARTreeFormer is established in the line of variational inference (VI) [55,56], another powerful tool for Bayesian infer-
ence. VI selects the closest member to the posterior distribution from a family of candidate variational distributions by
minimizing some statistical distance, usually the KL divergence. Compared to MCMC, VI tends to be faster and easier to
scale up to large data by transforming a sampling problem into an optimization problem. The success of VI often relies on
the design of expressive variational families and efficient optimization procedures. Besides the variational Bayesian phy-
logenetic inference (VBPI) introduced before, there exist other VI methods for Bayesian phylogenetic inference. VaiPhy
[46] approximates the posterior of multifurcating trees with a novel sequential tree topology sampler based on maximum
spanning trees. GeoPhy [47] models the tree topology distribution through a mapping from continuous distributions over
the leaf nodes to tree topologies via the Neighbor-Joining (NJ) algorithm [57]. PhyloGen [58] uses pre-trained DNA-based
node features for computing the pairwise distance matrix, which will then be mapped to a binary tree topology with the NJ
algorithm.

As a classical tool in Bayesian statistics, sequential Monte Carlo (SMC) [59] and its variant combinatorial SMC (CSMC)
[60] propose to sample tree topologies through subtree merging and resampling steps for Bayesian phylogenetic infer-
ence. VCSMC [61] employs a learnable proposal distribution based on CSMC and optimizes it within a variational frame-
work. $-CSMC [46] makes use of the parameters of VaiPhy to design the proposal distribution for sampling bifurcating
trees. This approach is further developed by H-VCSMC [62] which transfers the merging and resampling steps of VCSMC
to the hyperbolic space. The subtree merging operation in SMC based methods is also the core idea of PhyloGFN [20],
which instead treats the merging choices as actions within the GFlowNet [63] framework and optimizes the trajectory
balance objective [64].

Approximate Bayesian computation (ABC) [65] can also be applied to Bayesian phylogenetic inference [66,67]. It is
particularly useful in situations where likelihoods are difficult to compute or involve complex dependencies, such as in tree
space with ancestor recombinations or when dealing with models that have many parameters (e.g., substitution models,
tree topologies). ARTreeFormer, along with other variational inference methods for phylogenetic models, could potentially
be adapted to these challenging scenarios, and exploring this direction is an exciting avenue for future work. In fact, the
approach taken by ARTreeFormer is somewhat orthogonal to ABC, with each method offering complementary strengths.
While ABC excels in situations where likelihood computations are infeasible, ARTreeFormer provides a powerful varia-
tional approximation that can scale more efficiently to larger datasets.

Potential impact of ARTreeFormer. Building upon the tree topology construction algorithm of ARTree, ARTreeFormer
introduces a more computationally efficient and expressive distribution family for variational Bayesian phylogenetic infer-
ence (VBPI). The efficiency gains primarily stem from the use of a fixed-point algorithm in the node embedding module.
While fixed-point algorithms can often raise concerns regarding the cost of matrix multiplications and potentially long con-
vergence times—especially when poorly tuned—ARTreeFormer addresses these challenges effectively in several ways.
First, matrix multiplications are implemented as tensor operations, which are efficiently accelerated on CUDA-enabled
devices (see our open-source implementation). Second, the number of iterations required for convergence is significantly
reduced through the use of the power trick, achieving logarithmic scaling. Thirdly, we provide a theoretical guarantee
(Corollary 1) that the convergence rate of the fixed-point algorithm is constant, independent of the number of taxa or the
shape of the tree topology.

Topological node embeddings (i.e., learnable topological features) [22] provide a general-purpose representation
framework for phylogenetic trees and have been employed in various downstream tasks. For example, VBPI-SIBranch
[24] uses these embeddings to parametrize semi-implicit branch length distributions, while PhyloVAE [68] leverages them

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1013768 December 4, 2025 16/ 22



https://doi.org/10.1371/journal.pcbi.1013768

N\ Computational
PLOR’ Biology

to obtain low-dimensional representations of tree topologies for tree clustering and diagnostic analysis in phylogenetics.
The fixed-point algorithm introduced in this work offers an improved and efficient approach to computing these embed-
dings, and can be seamlessly integrated into such downstream applications, demonstrating broad potential for impact
across phylogenetic modeling tasks.

Another key contribution of ARTreeFormer is the integration of the attention mechanism [18] into phylogenetic infer-
ence. Since its introduction, attention has become a foundational component in modern deep learning, powering numer-
ous milestone models such as GPT-40 [69] and DeepSeek-V2 [70]. Despite its widespread success, its potential for mod-
eling phylogenetic tree structures remains underexplored. In this work, we demonstrate that incorporating attention into
the message passing module of ARTreeFormer enables comparable or superior performance relative to traditional graph
neural networks (GNNSs), highlighting its effectiveness in capturing long-range dependencies in tree-structured data.

Phylogenetic inference provides critical insights for making informed public health decisions, particularly during pan-
demics. Developing efficient Bayesian phylogenetic inference algorithms that can deliver accurate posterior estimates
in a timely manner is therefore of immense value, with the potential to save countless lives. VI approaches hold signifi-
cant promise due to their optimization-based framework. For example, VI methods have been used for rapid analysis of
pandemic-scale data (e.g., SARS-CoV-2 genomes) to provide accurate estimates of epidemiologically relevant quanti-
ties that can be corroborated via alternative public health data sources [71]. We expect more efficient VI approaches for
Bayesian phylogenetics and associated software to be developed in the near future, further advancing this critical field.

Taxa order in autoregressive modeling. Both ARTree and ARTreeForemr use a fixed alphabetical order on taxa
names. Although Fig 3 (right) in [17] demonstrates that the autoregressive modeling can be robust to the pre-defined taxa
order, we acknowledge that this alphabetical order does not have biological interpretation and fixing this order can lead to
bias and overfitting. To understand this, letting 7 be a tree topology with large posterior probability and o be an arbitrary
taxa order, we have the autoregressive decomposition p(ty|o) = Hg:_; p(e,lecn, o) similarly to equation (16). If o is inap-
propriate for 7, then some of the conditional distributions p(e,|e.,, o) can be very difficult to approximate (e.g., they could
be multimodal). This increases the likelihood of getting trapped in local modes, which poses a challenge for learning the
variational distribution.

The generative framework of ARTreeFormer can be further developed to incorporate the taxa order modeling. To do
this, we can augment a tree topology 7 with a taxa order o, resulting in an augmented modeling space (z, o), where there
are N! possible orders. We will then define a joint variational distribution Q4(z, o) and perform variational inference over
this augmented space of (7, o) by optimizing the variational lower bound, similar to the original ARTreeFormer approach.
In practice, this can be done by sampling a leaf node from the remaining taxa according to a parameterized distribution,
followed by sampling an edge on the current subtree topology to attach the selected leaf node. This process implicitly
defines a distribution over taxa orders that can depend on the tree topology, addressing the potential issue of a fixed,
biologically meaningless order.

Scalability. In this paper, ARTreeFormer is tested on datasets with up to 100 taxa, which we acknowledge as a limi-
tation of the current methodology. For larger trees (e.g., thousands of taxa) or highly heterogeneous datasets (e.g., those
with recombination or gene tree discordance), training becomes more challenging due to the increased complexity of the
phylogenetic posterior. This challenge is intrinsic to Bayesian phylogenetic inference, as it requires exploring a vast tree
topology space. Most Bayesian phylogenetic studies in the literature focus on datasets ranging from dozens to a few hun-
dred taxa. For MCMC-based methods, even on high-performance computers, extremely long runs (weeks or months) are
often necessary to produce reliable results on large-scale datasets.

For practical purposes, if the goal is a rough estimate of the posterior in a timely manner, variational approaches like
ARTreeFormer provide a useful trade-off between approximation accuracy and computational speed. One way to han-
dle large datasets or heterogeneous data would be to simplify the model architecture. By sacrificing some approximation
accuracy, ARTreeFormer can still offer meaningful uncertainty quantification within a more reasonable computational bud-
get. Additionally, even with linear time complexity, the computational cost of ARTreeFormer for very large trees would still
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be substantial. An improvement could involve allowing multiple leaf nodes to be added simultaneously, similar to the mul-
tiple token generation approach in discrete diffusion models [72,73]. This would enhance generation speed, potentially
addressing scalability concerns.

Future directions. There are several future practical directions for advancing ARTreeFormer, which we discuss as
follows. Firstly, the embedding method for phylogenetic trees in ARTreeFormer can be further explored. For example,
PhyloGen [58] use pre-trained DNA-based node features, and GeoPhy [47] and H-VCSMC [62] consider embedding
trees in hyperbolic space. As the input to the model, the representation power and generalization ability of the embedding
method might have a marked impact on the performance of ARTreeFormer. Secondly, the attention mechanism for the
message passing on phylogenetic trees can be more delicately designed. For example, the attention masks can be mod-
ified according to the neighborhood structures. [74] provides a comprehensive survey on the design details of graph trans-
formers. Thirdly, the fast computation and scalability of ARTreeFormer offer the possibility of large phylogenetic inference
models capable of zero-shot inference on biological sequences. This may require more expressive model designs, espe-
cially powerful node embedding schemes, and more high-quality data. Fourthly, one can combine Markov chain Monte
Carlo (MCMC) with variational inference (VI) to enhance the approximation accuracy. For example, multiple MCMC tran-
sitions could be applied to the variational distribution provided by ARTreeFormer, which can be trained with novel objec-
tives [75]. Last but not the least, variational approximations from ARTreeFormer can be used as an importance distribu-
tion for importance sampling. This would allow for more accurate posterior approximations by refining the model’s esti-
mates and focusing sampling on regions of higher posterior probability. We hope these discussions could help inspire
more advances in variational approaches for phylogenetic inference.

Conclusion

In this work, we presented ARTreeFormer, a variant of ARTree that leverages the scalable fixed-point iteration algorithm
and the attention mechanism to accelerate the autoregressive modeling of tree topologies in phylogenetic inference. In
contrast to ARTree, which involves the Dirichlet energy minimization via expensive and non-vectorizable tree traversals to
compute the node embeddings, ARTreeFormer introduces a specially designed fixed-point algorithm that facilitates highly
vectorizable computation. We also introduce an attention-based global message passing module, which is capable of cap-
turing the crucial global information in only one forward pass, to replace the GNN-based local message passing module.
Experiments on various phylogenetic inference problems showed that ARTreeFormer is significantly faster than ARTree in
training and evaluation while performing comparably or better in terms of approximation accuracy.

Supporting information

S1 Text. Supporting text with appendices. Appendix A: Details of ARTree. Appendix B: Details of variational Bayesian
phylogenetic inference. Appendix C: Proofs for the time complexity results. Appendix D: Additional experimental results.
(PDF)
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