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Abstract

The geometrical and statistical properties of brain activity depend on the way neurons
connect to form recurrent circuits. However, the link between connectivity structure and
emergent activity remains incompletely understood. We investigate this relationship in
recurrent neural networks with additive stochastic inputs. We assume that the synaptic
connectivity can be expressed in a low-rank form, parameterized by a handful of con-
nectivity vectors, and examine how the geometry of emergent activity relates to these
vectors. Our findings reveal that this relationship critically depends on the dimensional-
ity of the external stochastic inputs. When inputs are low-dimensional, activity remains
low-dimensional, and recurrent dynamics influence it within a subspace spanned by a
subset of the connectivity vectors, with dimensionality equal to the rank of the connectiv-
ity matrix. In contrast, when inputs are high-dimensional, activity also becomes potentially
high-dimensional. The contribution of recurrent dynamics is apparent within a subspace
spanned by the totality of the connectivity vectors, with dimensionality equal to twice

the rank of the connectivity matrix. Applying our formalism to excitatory-inhibitory net-
works, we discuss how the input configuration also plays a crucial role in determining the
amount of amplification generated by non-normal dynamics. Our work provides a foun-
dation for studying activity in structured brain circuits under realistic noise conditions, and
offers a framework for interpreting stochastic models inferred from experimental data.

Author Summary

Low-rank recurrent networks have recently emerged as a mathematically tractable
framework for studying the relationship between connectivity and activity in biolog-
ical and artificial neural circuits. Those models naturally produce low-dimensional
activity patterns, consistent with brain recordings during cognitive tasks. However,
they have so far been studied in settings with highly simplified external inputs, lim-
iting their applicability to biologically relevant scenarios. In this work, we investigate
the dynamics of low-rank networks driven by noisy inputs with varying geometries.
We find that when inputs are high-dimensional, the statistics and geometry of the
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resulting activity differ markedly from previous descriptions. In particular, activity

can become high-dimensional. Among the many dimensions it spans, those shaped by
recurrent interactions are both more numerous and structurally distinct compared to
those in networks receiving simpler inputs. While some of these directions encode input
amplification by recurrent connectivity, others reflect input suppression. By extending
the low-rank framework to more realistic settings, our work opens new avenues for
applications in data analysis, and in modeling learning and variability in cortical circuits.

Introduction

Understanding the relationship between connectivity and activity in neural circuits is a cen-
tral focus of theoretical neuroscience. A particularly active area of research investigates how
large-scale circuits can give rise to low-dimensional activity patterns [1-3]. This type of activ-
ity is commonly observed in neural recordings during behavioral tasks, particularly in cortical
areas involved in high-level functions like motor planning and decision-making [4-6].

Recurrent neural networks (RNNs) with low-rank connectivity have emerged as a flex-
ible and mathematically-tractable framework for studying this phenomenon [7-10]. Low-
rank matrices are characterized by a simple structure: they are defined by a finite number of
non-zero singular values and can be constructed from a small set of connectivity vectors. This
simplicity facilitates the study of the relationship between connectivity and activity, offering
insights that are harder to extract from generic models [1,11-14].

Previous studies on low-rank RNNs have primarily focused on models with autonomous
dynamics or specific types of external inputs. These inputs were assumed to have a simple
and smooth temporal structure (e.g. constant [8] or sinusoidal [15]). Furthermore, they were
low-dimensional: the inputs received by different neurons were highly correlated over time,
as they originated from a small set of temporal signals broadcast across the entire network.
Under these conditions, low-rank RNNs have been shown to generate low-dimensional activ-
ity, whose statistical properties can be directly traced back to the structure of the network’s
external inputs and recurrent connectivity [8,13].

Far less is known about the behavior of low-rank RNNs in response to rapidly varying and
stochastic inputs, which are routinely used to model trial-to-trial variability in circuit models
[16-18]. These inputs can be either low-dimensional, when they are generated from a small
set of stochastic signals and exhibit high correlations across units, or high-dimensional, when
they arise from a large number of stochastic signals and remain uncorrelated across units.

Investigating the dynamics of low-rank RNNs in response to this type of input is important
for several reasons. First, stochastic inputs naturally arise in cortical circuits from irregular
spiking activity and the stochastic nature of biological processes like synaptic transmission
[19,20]. Understanding how these inputs influence the emergence of low-dimensional activity
in recurrent circuits is therefore an important biological question. Second, stochastic inputs
are routinely used during the optimization of RNNs on behavioural tasks [21,22], where they
help regularize the learning dynamics [23,24] and improve the robustness of internal repre-
sentations [25]. As optimization often results in approximately low-rank connectivity [26,27],
developing tools for describing stochastic activity in low-rank RNNs is essential for studying
learning. Finally, statistical models for inferring circuit dynamics from recorded neural activ-
ity often explicitly incorporate stochastic terms [28-30]. Understanding activity in stochastic
models is therefore essential for interpreting the results of fitting procedures.

In this work, we study the emergent activity in linear, low-rank recurrent neural networks
driven by fast stochastic inputs, exploring both low- and high-dimensional input regimes.
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We analyze the statistical and geometrical properties of activity by examining its covariance
matrix, which is expressed in terms of the vectors representing both the external inputs and
the low-rank connectivity. Crucially, we find that the functional dependence between the
covariance matrix and these vectors undergoes a qualitative shift depending on the dimen-
sionality of the external stochastic inputs. For low-dimensional inputs, activity covariance is
also low-dimensional, and depends on the inputs together with a subset of the connectivity
vectors, whose dimensionality matches the rank of the connectivity matrix. In this regime,
activity qualitatively resembles that previously described in deterministic models [8,13]. In
contrast, for high-dimensional inputs, activity covariance is potentially high-dimensional.
The covariance depends on the inputs, which are high-dimensional, and on the full set of
connectivity vectors, whose dimensionality equals twice the rank of the connectivity matrix.
Part of the connectivity vectors signal directions along which inputs are amplified, and part
directions along which inputs are suppressed. This regime qualitatively differs from previ-
ously reported ones, as the full geometrical structure of synaptic connectivity is reflected in
the activity covariance. Our findings provide insights into how structured connectivity shapes
neural activity in the presence of noise, laying the groundwork for a deeper understanding of
brain circuit dynamics.

Results
1. Setup

We consider a stochastic recurrent neural network of N units as in Fig 1A, governed by the
linear dynamics:

% =-x(t) + Wx(t) + Ux(t) (1)
where, for simplicity, the activity evolution timescale is set to 1. On the right-hand side of
Eq 1, the first term represents the leak, the second term models the recurrent interactions
mediated by the synaptic connectivity matrix W, and the third term corresponds to the exter-
nal stochastic input. The stochastic input is expressed in terms of a Gaussian process (1),
which has zero mean, is uncorrelated across units, and is temporally white. It is fed into the
network through a matrix of input weights U. The covariance of the total stochastic input is
therefore given by

(Ux(0) [Ux(9)]7) = ZinpS (£ - 5), )

where (- ) denotes an average over inputs realizations, and we use the notation Ziy, = UUT
to indicate the static part of the covariance. Our analysis focuses on the activity generated by
this model in the stationary regime, which is reached provided that the real part of all eigen-
values of W is less than 1, and therefore the autonomous dynamics are stable. In this regime,
the activity statistics can be equivalently computed over input realizations or time.

We first consider rank-one connectivity matrices before turning to higher-rank cases. A
rank-one connectivity matrix can be expressed as

W=kmn', (3)

where k is a positive scalar and m and n are unit-norm vectors (Fig 1B). By defining the over-
lap function between two vectors v and v’ as

Ou =¥V (4)
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Fig 1. Setup. A. Left: model architecture. Right: sample activity traces from three randomly chosen neurons. B.
Rank-one recurrent connectivity. C. Illustration of a sample activity trajectory in the high-dimensional space where
each axis corresponds to the activity of a different neuron. Activity (black arrow) is given by the sum of two com-
ponents (Eq 7, blue arrows); the direction of the component generated from recurrent interactions is fixed, and is
aligned with the connectivity vector m.

https://doi.org/10.1371/journal.pcbi.1013371.9g001

we therefore have P, = Pnn = 1. Vectors m and n, which we refer to as connectivity vectors,
characterize the structure of the synaptic connectivity. When m and n coincide, connectivity
is symmetric. Conversely, when m and n are orthogonal, connectivity is maximally asymmet-
ric. In general, the overlap between the two vectors is quantified by p,,, = m'n (Eq 4), which
ranges from -1 to 1 (symmetric matrices) passing through 0 (maximally asymmetric). The
only non-zero eigenvalue of W is given by 4 = ko, and is associated with the eigenvector m.

Notably, due to normalization, the entries of the connectivity vectors scale as O(1/v/N)
with the network size. We further assume that the scalar k is O(1) in N, so that the eigenvalue
A takes finite values. This scaling is consistent with the one assumed for low-rank connectiv-
ity in several previous studies [8,11,31] (see [1,10] for different choices). However, here we
consider arbitrary network sizes, and do not restrict ourselves to the large-N limit.

2. Stochastic activity in rank-one networks

We start deriving closed-form expressions for the activity generated by the dynamics in Eq 1.
Integrating over time, and focusing on the stationary state, we have [32]

x()= [ expl(W - 1) (¢~ )] Ux(u) du (5)
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We can simplify this expression by computing the propagator operator exp[ (W -I)t]. For a
rank-one connectivity matrix W, this has a simple expression (see Methods 1):

exp(4f) -1

7l kmn'|. (6)

exp[(W-Dt] =exp(-t) |1+

The first term in parentheses on the right-hand side corresponds to the propagator of an
unconnected network (W = 0), where the dynamics are driven solely by the local filtering,
operated by the leak, of the external inputs. The second term captures instead the contribution
to the propagator arising from the recurrent connectivity matrix W. By applying Eq 6 to Eq 5,
we can therefore express activity as the sum of a local and a recurrent component (Fig 1C):

x(t) = x°°(1) + x™(1), (7)

where we have defined
(1) :fotexp[—(t—u)] Us(u) du (8)
erC(t) _ kmnT \[Ot exp[—(t— u)]{e;p[l(t_ u)] - 1} UX(H) du. (9)

The local component, x°, reflects the behavior of an uncoupled RNN and represents
the temporal integration of stochastic inputs performed independently by all units. Impor-
tantly, at each time point, the direction of vector x'°° varies, depending on the direction of
the most recent stochastic inputs. This activity component can therefore potentially be high-
dimensional, depending on the structure of the input matrix U. The recurrent component,
X", represents instead the contribution to activity arising from the temporal integration of
recurrent inputs. Unlike x'°°, the direction of x is fixed and determined by the connectivity
vector m.

2.1. Computing the activity covariance

Our goal is to characterize the statistical and geometrical properties of this emergent
activity. As detailed below, these can be extracted from its covariance matrix, defined as
T = (x(t)x(t)T). We compute the covariance using Eqs 7, 8, 9. This calculation yields (see
Methods 2):

k2

1| k(o -
>=— {Z [Einpan + mnTZinp] + m

5 | B + o) mnTZ_)mP an}. (10)
The four additive terms on the right-hand side correspond to the covariances of the two
activity components defined in Eq 7: x°° (first term of the covariance) and x° (fourth term),
as well as their cross-covariances (second and third terms). Eq 10 shows that the activity
covariance is determined by matrix multiplications among the connectivity vectors and the
static input covariance, indicating that the statistics of emergent activity are determined by the
relative geometrical arrangement of the connectivity vectors and external inputs.

To clarify the geometrical structure of the covariance, we rewrite it as

_ls k T T ok’ T
Z_Z{EmerZ—/l [dm +md ]+ DD mm (11)
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where we have defined d = Z_lmp nando = nTZ_linp n. The first term on the right-hand side rep-
resents the input covariance, which can be either a low-rank or full-rank matrix, depend-
ing on whether the inputs are low- or high-dimensional. The remaining terms are rank-one
matrices, spanned by the connectivity vector m and the vector d. The direction of d is jointly
determined by the connectivity vector # and the input covariance.

In the rest of the paper, we analyze in detail the properties of the covariance matrix in the
limiting cases of one- and high-dimensional inputs. To model these two scenarios, we con-
struct U as an orthonormal matrix, but set some of its columns to zero. The number of non-
vanishing columns determines the input dimensionality. We start considering the case of one-
dimensional inputs, for which U = [u,0, ..., 0], where u is an N-dimensional input vector, and
0 is a vector of zeros. In this case, we have that iinp =uu", and thus, the vector d is aligned
with the input vector: d = p,,,u (we have used Eq 4 to define the overlap between the connec-
tivity vector n and the input vector u, denoted as p,,;,). We then consider the case where inputs
have maximal dimensionality. In this case, U has N orthonormal columns and Z_linp coincides
with the identity matrix; therefore, the vector d coincides with the connectivity vector n. In
the intermediate cases, which correspond to inputs of intermediate dimensionality, the vec-
tor d is given by the projection of the connectivity vector n on the subspace spanned by the
non-vanishing columns of U. This is because we can rewrite:

C
d:anucuc (12)
c=1

where {u°}, represent the C non-vanishing columns of U.

We conclude this section by remarking that, in the general case, the geometrical structure
of the covariance depends on both connectivity vectors, m and n. While the dependence of
activity covariance on the connectivity vector m — which corresponds to the right eigenvec-
tor of the connectivity matrix — has been emphasized in previous work on low-rank RNNs
[8,33,34], the dependence on the connectivity vector n is perhaps more surprising. We will
explore this dependence further in the subsequent sections.

3. One-dimensional stochastic inputs

We begin with the case of one-dimensional stochastic inputs, where a single signal is broad-
cast across the entire network, leading to temporally correlated inputs for individual neurons
(Fig 2A). This case closely relates to previous work that examined the impact of deterministic
low-dimensional inputs in low-rank RNNs [8,33].

Setting =i, = uu' in Eq 11, the activity covariance becomes:

1 i 2 12
X=— {uuT + 5 [umT + muT] + (2_'3”)”(13_/1) mmT}. (13)

As in the general case, the first and fourth terms on the right-hand side represent the
covariance of the activity components x'°° and x™¢, while the second and third terms repre-
sent the cross-covariances between them. All terms, except the first one, are proportional to
the overlap parameter p,,,. This implies that, when the input vector u has zero overlap with
the connectivity vector n, the network behaves as if it were unconnected. Therefore, recurrent
connectivity contributes to shaping activity in the case of low-dimensional inputs only when
the vectors u and n are characterized by a non-vanishing overlap.
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Fig 2. Rank-one RNN receiving one-dimensional stochastic inputs. A. Model architecture. B. Activity covariance is low-dimensional,
and is spanned by connectivity vector m together with the external input vector u. As a consequence, activity is contained within the plane
collinear with these two vectors. C—=D—E. Example of a simulated network with p,, = 0. In C: covariance spectrum. Components larger
than 10 are not displayed (they are all close to zero). In D: overlap between the dominant principal components estimated from simulated
activity and the theoretically-estimated PCs (left), or the vectors m and u (right). Overlaps are quantified via Eq 4, with input vectors u
chosen to be normalized. Note that here, but not in G, only one principal component can be identified. In E: simulated activity projected
on the two dominant PCs. F-G—H. Same as in C—D—E, example with 0,,,, > 0.

https://doi.org/10.1371/journal.pcbi.1013371.9002

3.1. Covariance eigenvalues and eigenvectors

Covariance matrices provide important information on the statistical and geometrical prop-
erties of activity. One effective way to analyze these properties is by computing the covari-
ance matrix eigenvectors and eigenvalues, which provide information on the directions and
magnitude of co-variation of activity over time. The eigenvectors of the covariance matrix,
denoted as {v;};, are also known as the Principal Components (PCs) of activity. The corre-
sponding eigenvalues, denoted as {;};, quantify the variance of activity along each principal
component. From the covariance eigenvalues, the linear dimensionality of activity is com-
monly estimated using the participation ratio, quantifying the concentration of the eigenvalue
distribution [35,36].

The covariance in Eq 13 is a rank-two matrix. Its eigenvalues can be computed through the
method of reduced matrices [37] (see Methods 3), yielding:

1
Mt = Z I+ Zapmupnu + ﬁpftu * \/(1 + Zapmupnu + ﬁpﬁu)z - 410514(1 - p%/m)(ﬁ - OCZ)J (14)
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where we have defined p,,, =m " u (Eq 4), as well as the short-hand notations ¢ = k/(2-1) and
B =k*/[(2-14)(1-21)]. To find the eigenvectors associated with these eigenvalues, we can lever-
age the low-dimensional structure of Eq 13 to formulate the ansatz:

V=Y. m+u, (15)

and compute the coefficients y.. through straightforward algebra (see Methods 3).

The fact that the covariance matrix has only two non-zero eigenvalues indicates that, in the
stationary regime, the activity x(¢) is confined to a two-dimensional plane, spanned by the
connectivity vector m and the input vector u (Fig 2B). Within the m-u plane, the eigenvec-
tors v.. define the principal components of activity fluctuations. When the variance of activ-
ity fluctuations is primarily concentrated along the first PC, the covariance eigenvalue u, is
much larger than u_, and the activity dimensionality is close to 1; conversely, when the vari-
ance is distributed similarly along the two PCs, the two covariance eigenvalues are similar,
and the dimensionality approaches 2.

We have seen that when the input vector # and the connectivity vector n are characterized
by zero overlap (0,, = 0), recurrent interactions do not contribute to the activity. In this case,
the eigenvalues (Eq 14) read:

1
lu+ = E) lu— =0. (16)

Since the eigenvalue u_ vanishes, activity is one-dimensional (Fig 2C and 2E). The only non-
trivial PC of activity, v,, is fully aligned with the input vector u, as the value of y, vanishes
(Fig 2D, see Methods 3). Therefore, as expected, activity reduces to a local filtering of the
stochastic inputs, completely operating along the input direction.

When the input vector # and the connectivity vector n are characterized by non-zero over-
lap, activity is characterized by a non-vanishing component along m (Fig 2F, 2G and 2H).
While the component of activity that is aligned with u reflects the integration of external
inputs that is performed locally and independently by single neurons, the component aligned
with vector m represents the contribution to activity from recurrent interactions. The exact
orientation of the vectors m and u with respect to the two principal components depends on
the overlap parameters 0, Pnu and py,y, specifying the alignment among the three vectors m,
nand u.

To summarize, rank-one RNNs driven by one-dimensional stochastic inputs generate
activity confined to the plane defined by the connectivity vector m and the input vector u.

In this setting, the contribution of recurrent connectivity to the activity covariance is there-
fore one-dimensional. These findings are qualitatively consistent with results obtained for
non-linear rank-one RNNs responding to one-dimensional deterministic inputs [8,33]. We
now turn to the opposite case of high-dimensional stochastic inputs and demonstrate that a
qualitatively different behavior emerges in that regime.

4. High-dimensional stochastic inputs

We now consider high-dimensional stochastic inputs, for which the input to each neuron in
the network is uncorrelated and has identical variance (Fig 3A, Methods 4). Using Zi,p, = I in
Eq 11, the covariance becomes

Zzl{l-r% [an+mnT+%mmT]}. (17)
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Fig 3. Rank-one RNN receiving high-dimensional stochastic inputs. A. Model architecture. B. The activity covariance is high-dimensional, with all
eigenvalues taking identical values except for two — one larger and one smaller. The principal components associated with these two eigenvalues lie
within the plane spanned by the connectivity vectors m and n. C. Covariance eigenvalues as a function of overlap between connectivity vectors. The
dashed vertical line indicates the value of 0, for which dynamics become unstable. Black arrows indicate the value of 0, that is used for simulations
in Fig 4. D. Dimensionality. Horizontal black lines indicate the maximum (N) and the minimum (1) possible values. E. Components of v;. (or PC1
vector, left) and v_ (or PCN vector, right) along connectivity vectors m and n, as from Eq 24. F. Overlap (Eq 4) between the principal components v
and v_ (after normalization) and the connectivity vectors m and n.

https://doi.org/10.1371/journal.pchi.1013371.9003

As expected for high-dimensional inputs, the covariance matrix is now full-rank. However,

it exhibits a particularly simple structure: an additive low-rank perturbation, generated from
the connectivity vectors m and n, on the identity matrix. This structure enables us to derive
the behavior of its eigenvalues and eigenvectors in closed form. Before delving into the deriva-
tions, we explore the covariance matrix from a different perspective.

4.1. Dependence on connectivity vector n

The covariance in Eq 17 differs from that observed in response to low-dimensional inputs in
several ways, one of which is its dependence not only on the connectivity vector m, but also
on n. This dependence is particularly interesting, as it contrasts with previous studies on low-
rank RNNs which have primarily emphasized the dominant role of connectivity vector m over
n in shaping the geometrical structure of activity [8,13,33]. In this section, we examine this
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dependence in detail to better understand its origin. In the next section, we characterize the
impact of the connectivity vector n on the covariance structure.

The covariance terms that depend on n correspond to cross-covariances among the two
terms constituting activity x'°° and x™ (Eq 7). To elucidate the origin of the dependence on n,
we explicitly derive those covariance terms starting from the expressions for activity contribu-
tions x'°° and x™¢ (Eqgs 8, 9). (While equivalent to the general derivation provided in Methods
2, this calculation offers a more direct perspective on the origin of the dependence on n.) Of
the two covariance terms in Eq_17 that depend on n, we focus on the first one; similar algebra
applies to second one.

We start by introducing a compact notation for the signal obtained by filtering the stochas-
tic process y;(#) with an exponential kernel of timescale A:

)A(,A:fotexp[A(t—v)])(i(u)du. (18)

Using this notation, the element ij of the covariance term we seek to re-compute is given
by:
<)Clocxrec:)_km‘in [( ~-1 A/'t—l) <A—1 ~-1 ] (19)
P = 2 me (O R - (R )
k=1
where we used Eq 8 and Eq 9 to express x1 and x;*°, and we set for simplicity U = I. Observ-

ing that filtered processes §; and f are uncorrelated when averaging with respect to different
!
input realizations: ({242 ) = 0 for i # k and every value of A, A, we have that

(27 %) = %mj”i [t 2 -] (20)
In the last equation, the dependence on n appears in the same form as in Eq 17.

We now paraphrase this derivation in words. For neuron i, the local activity term, x., is
given by a filtered version of the local stochastic input, y;. In contrast, for neuron j, the recur-
rent activity term, x;°, is expressed as a sum over all stochastic inputs yy, each filtered and
weighted by m;n,. When computing the cross-covariance between these two terms, only the
stochastic input k = i within x;* contributes a non-zero term. Consequently, the covariance
between units i and j is proportional to m;n;.

This derivation highlights how the dependence of covariance on the connectivity vec-
tor n arises from activity comprising two components: one representing the integrated local
stochastic input and the other reflecting integrated inputs to all neurons, aggregated through
recurrent connectivity (Eq 7). In Methods 5, we discuss how these two activity components
robustly emerge in continuous- and discrete-time RNNs. We also show that the local com-
ponent takes a much simplified form in discrete-time RNNs characterized by extremely fast
updates [38]. For these models, which are widely used in machine learning [39] and statistical

applications [28], the activity covariance is expected to take a different functional form.

4.2. Covariance eigenvalues and eigenvectors

To quantify the statistical properties of activity and its dependence on connectivity vectors,
we now compute the eigenvalues and eigenvectors of the covariance (Eq 17). Because of the
properties of the identity matrix, the eigenvalues of X are given by

1
= (1 A), 1)
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where {ul"}; are the eigenvalues of the low-rank covariance component

= % [an +mn' + % mm' |. (22)

> has N-2 vanishing eigenvalues, resulting in N-2 eigenvalues for X that are equal to the ref-
erence value s = 1/2. These eigenvalues correspond to eigenvectors, or PCs, along which
activity is dominated by external inputs and receives no contribution from recurrent interac-
tions. To compute the non-vanishing eigenvalues, we again follow [37]. A little algebra gives
(see Methods 4):

SRR PSS, S (2 +k)2+4(1 2 ) (23)
R TC IS R Pmn 127 Prnn

from which u. can be computed via Eq 21. These eigenvalues correspond to eigenvectors, or
PCs, along which activity is shaped by recurrent interactions. One can see from Eq 23 that "
and ,ulf take values that are, respectively, always positive and negative. Therefore, u, and u_
take values that are, respectively, larger and smaller than the reference value. This implies that
the principal components associated with u, and u_ identify directions along which activity is
maximally amplified and maximally shrunk (Fig 3B).

These directions can be computed as the eigenvectors of X" associated with . Similarly to
the previous section, we set the ansatz:

Vi=y.m+n. (24)

A little algebra shows that 7. = U7 (2 - 1)/k - pyun (see Methods 4).

Combining these results, we conclude that the activity is isotropic, with amplitude equal to
the reference value, across all dimensions orthogonal to the plane defined by the connectiv-
ity vectors m and n. Within this plane, activity exhibits greater variance along one dimension
(corresponding to the principal component associated with the largest covariance eigenvalue,
PC1) and lower variance along the other (corresponding to the principal component associ-
ated with the smallest covariance eigenvalue, PCN). This results in covariance spectra that are
largely flat (Fig 4A and 4D), but exhibit distinct values at the low and high ends. This profile
contrasts with the gradually decaying spectra typically observed in networks with high-rank
connectivity [18]. Therefore, networks with high- and low-rank connectivity driven by high-
dimensional inputs can be distinguished based on the profile of their covariance spectra — an
activity property that can be easily estimated from experimental data [40].

4.3. Dependence on connectivity vectors overlap

We analyze in detail the behaviour of the covariance eigenvalues and eigenvectors as a func-
tion of o,y the parameter that controls the level of symmetry of the recurrent connectiv-
ity matrix by specifying the overlap between the connectivity vectors m and n. The network
activity is stable for p,,, values ranging between -1 and 1/k, at which point the connectiv-
ity eigenvalue A reaches one. At one extreme, when m and n are strongly negatively corre-
lated, the network functions as a one-dimensional auto-encoder [25,41,42], with recurrent
connectivity generating strong negative feedback. At the other extreme, when m and n are
strongly positively correlated, the network behaves as a line-attractor [43], where recurrent
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connectivity mediates the integration of the external inputs by generating positive feedback
that counteracts the leak dynamics.

We start by examining the case of strong positive overlap. Using oy, — 1/kand A — 1, and
keeping only the dominant terms, we have

=Sl @
implying that 4" — +00 and " — 0 or, equivalently, u, — +o00 and u_ — 1/2 (Fig 3C). There-
fore, activity is characterized by a diverging component along v, reflecting the noise integra-
tion. Along all other directions, including v_, the amplitude of activity is fixed to the refer-
ence value. Therefore, the dimensionality of activity approaches one (Fig 3D). The principal
component v, is primarily aligned with the connectivity vector m, as indicated by the fact
that y, — oo (Fig 3E). However, v, still retains a nonzero overlap with n, since m and n are
not orthogonal. Simulated activity for networks with positive overlap, operating close to this
regime, is shown in Fig 4D, 4E and 4F.

We now examine the opposite scenario of strong negative overlap. As shown in Methods 4,
using P, — -1 and 4 — -k, the value of u, becomes equal to the reference value. The value
of u_, instead, becomes significantly smaller, and approaches zero as the strength of recurrent
connectivity k is increased (Fig 3C). Therefore, activity is characterized by a strongly reduced
component along v_. Along all other directions, including v,, the amplitude of activity is fixed
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to the reference value. As the suppression along v_ has a limited impact on activity (in con-
trast to the previous case with positive overlap, where the expansion along v, is unbounded),
the dimensionality of activity is high (Fig 3D). The principal component v_ is mostly aligned
with the connectivity vector n, as it can be shown that the value of y_ approaches zero for
strong recurrent connectivity (Fig 3E). Also in this case, v_ retains a nonzero overlap with
m, since m and n are strongly aligned. Simulated activity for networks with negative overlap,
operating close to this regime, is shown in Fig 4A, 4B and 4C.

Finally, for connectivity matrices characterized by intermediate or vanishing overlaps,
activity is characterized by intermediate properties: the values of 1, and u_ are respectively
larger and smaller than the reference values (Fig 3C). Therefore, activity is characterized by an
enhanced component along v, and a reduced one along v_; dimensionality takes intermediate
values (Fig 3D). The principal components v, and v_ have non-vanishing components along
both connectivity vectors m and n; v, retains a stronger overlap with m, while v_ a stronger
overlap with n (Fig 3E).

To summarize, under high-dimensional stochastic inputs, recurrent connectivity con-
tributes to activity covariance by structuring it along two dimensions. In the limiting cases
of strongly positive or negative overlap between the connectivity vectors m and n — corre-
sponding to attractor [43] and autoencoder [41] models - the effect of recurrence simplifies
to a single dominant dimension. The qualitative features of activity differ markedly between
these two regimes: for positive overlap, activity is strongly amplified along the direction most
correlated with m, resulting in low dimensionality; for negative overlap, activity is suppressed
along the direction most correlated with n, leading to high dimensionality. Substantial differ-
ences in activity dimensionality have also been reported in experimental studies, with low-
dimensional activity often observed in frontal and associative cortices [5,6], but not necessar-
ily in sensory areas [40]. Our findings indicate that, within the context of models with low-
rank connectivity, these differences can be reconciled by positing that associative regions are
mostly characterized by positive connectivity overlap (leading to attractor-like dynamics),
while sensory regions exhibit more negative overlap (leading to autoencoder-like activity).

5. Stochastic activity in higher-rank networks

Our analysis so far has focused on connectivity matrices of unit rank, which have been exten-
sively studied before in the context of simplified external inputs [8,13]. We have shown that
introducing inputs with more complex structure - such as high-dimensional ones - qualita-
tively alters the geometrical properties of the resulting activity, both in terms of its dimen-
sionality and in the functional relationship between the connectivity vectors and the activity
covarijance. A summary of these results is reported in Table 1.

In this section, we discuss how results generalize to matrices of higher rank. Those matri-
ces can be written as

W=k Z mn'" (26)

where once again k is a finite scalar and connectivity vectors m" and n” for r=1,...,R < N are
unit norm. In particular, we focus on a subset of low-rank matrices (see Methods 6) for which
the non-zero eigenvalues are given by A" = ko,r,r, each corresponding to an eigenvector m'.
(Here and in the following, the superscript r is an index referring to the rank expansion of W,
Eq 26, and does not denote an exponent.)
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Table 1. Summary of the main results obtained for recurrent neural networks with rank-one connectivity. In
the second column, we report the directions defining the part of the covariance matrix (Eq 11) that originates from
recurrent activity. (Note that also input directions contribute, via the term Emp.) In the fourth column, the structure
of connectivity vectors determines the precise value taken by dimensionality. For intermediate input dimensionality,
covariance spectra have not been formally analyzed. Simulations suggest that, among the C + 1 eigenvalues that do
not vanish, C - 2 are approximately fixed to the reference value, while three depend on connectivity.

Input dimensionality Covariance directions from |Covariance eigenvalues Activity dimensionality
recurrence
1 (one-dimensional) m, u Two depend on connectivity, from 1 to 2
remaining ones vanish
N (high-dimensional) m,n Two depend on connectivity, [from 1 to N
remaining ones fixed
C (intermediate) m, Y, Puuc’ Not discussed from1toC+1

https://doi.org/10.1371/journal.pchi.1013371.t001

For these matrices, the propagator can again be computed in closed form (Eq 89, see
Methods 6), and therefore activity can be computed analytically. In analogy with Eq 7, we can
write:

R
x(t) = 2°(1) + Y 8 (1) 27)
r=1

where the component x'°° is given by Eq 8, and each component x™" is given by Eq 9, with
m, n, and A replaced, respectively, by m", n", and A". Therefore, increasing the rank of the
synaptic connectivity primarily increases the number of independent activity components
that are generated by recurrent dynamics.

What is the impact of this increase on the geometrical properties of activity? Similarly to
the rank-one case, we can compute the covariance matrix, which is given by (see Methods 7):

1 k T R "I (4-AT -2 T
z= 3 Zinp + Z T I:drmﬂ— +m'd ] + Z Z G /'U’()(z _Ar)(2)_ /v,) m'm’

(28)
where we defined d”" = £;,,, n” and o = anZ_Jinp n' . To inspect the properties of this matrix,
we once again focus on the two limiting cases, corresponding to one- and high-dimensional
stochastic inputs.

For one-dimensional inputs, Eq 28 becomes:

5o Lyt o5 Pk [ T’ T] (Y PP KA T
2 - S 2-A-2")2-2)(2-2")
(29)
This matrix has a low-rank structure, spanned by R + 1 vectors, and therefore its rank is
at most R + 1. As a result, the activity is low-dimensional and confined to the hyperplane
spanned by the input vector u and the connectivity vectors m. As in rank-one networks, the
activity in this input regime qualitatively resembles the patterns described in earlier work on
deterministic low-rank RNNs [13].
For high-dimensional inputs, we have instead

1 R R R p”,kz(4_/1r_/1r’) T
=217 nn "m" . (30
2 *Z_:z_m["”‘ mn ]+ZZ(z-/v-/v’)(z-/v)(z-w’)mm (30)
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This covariance matrix has high rank, as it consists of the sum of a full-rank term (the first
term on the right-hand side) and a low-rank term with maximal rank 2R. This observation
generalizes the results obtained for rank-one networks: in the presence of high-dimensional
stochastic inputs, network activity becomes potentially high-dimensional, with recurrent con-
nectivity shaping activity along a number of dimensions equal to twice the rank of the con-
nectivity. This arises because activity is structured along both sets of connectivity vectors, m
and n.

In Fig 5, we analyze in detail rank-two networks by focusing on two specific connectiv-
ity parametrizations. In Fig 5B and 5C, we fix the overlap p,,1,,,2 and p,1,2 to zero, while
varying p,,1,1 and p,.2,2. This case corresponds to rank-one components in the connectivity
(Eq 26) that operate on orthogonal subspaces. The eigenvalues of the recurrent connectiv-
ity in this parametrization vary together with p,,1,1 and p,,2,2. In Fig 5D and 5E, instead, we
fix p,u1,n and p,2,2 to zero, while varying p,,1,,2 and p,;1,2. This parametrization results in a
connectivity matrix with vanishing eigenvalues, and arbitrary correlations among rank-one
components.

As expected, for matrices obeying both the first (Fig 5B) and the second (Fig 5D)
parametrizations, recurrent connectivity impacts the covariance by modifying the value of
four eigenvalues. Among these four eigenvalues, two of them are decreased with respect to the
reference value {f, while two are increased. Similarly to the rank-one case, activity is there-
fore compressed along two directions and stretched along two others (Fig 5F). The activity
PCs that correspond to these transformations are linear combinations of the four connectivity
vectors (Fig 5G).

In Fig 5C and 5E, we finally leverage the analytical expressions for the covariance eigen-
values to compute dimensionality. We find that activity generally exhibits relatively high
dimensionality across most of the parameter space. Low-dimensional activity emerges only
in regions where one or both rank-one components of the connectivity are characterized by a
large internal overlap p,r,r, leading to large and positive eigenvalues. In these cases, recurrent
connectivity generates positive feedback resulting in a temporal integration of the external
inputs, similarly to the rank-one case discussed in Fig 4D and 4F.

6. Amplification in excitatory-inhibitory networks

As a final application of major biological relevance, we consider a circuit consisting of one
excitatory (E) and one inhibitory (I) unit. The connectivity is given by

W:w(l _g) (1)
1 g

where w and g are two non-negative scalars. This matrix is rank-one and can be rewritten in
the form of Eq 3 by setting

m=

1
ﬁ(l,l)
1
n= 7g2 +1(1,—g)

as well as k = w\/2(g? + 1). The connectivity vector m therefore corresponds to the sum direc-
tion (1,1)//2, expressing co-modulation of the E-I units, while the connectivity vector # is

(32)
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Fig 5. Stochastic activity in rank-two recurrent neural networks. A. Rank-two connectivity. B. Eigenvalues of the covariance matrix that are
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simulations in F~G. In both B and C, we keep the values of p,,1,,2 and p,1,,2 fixed to zero (see Methods 7). D—E. Same as for B-C, but for a
different parametrization, where we keep p,,1,1 and p,,2 > fixed to zero. F—G. Example of a simulated network, parameters indicated in C. In
F: covariance spectrum. In G: overlap between four selected principal components (the strongest and the weakest) estimated from simulated
activity and the theoretically-estimated covariance eigenvectors (left) and the connectivity vectors (right). Overlaps are quantified via Eq 4. The
theoretical expressions for this case are reported in Methods 7.

https://doi.org/10.1371/journal.pchi.1013371.g005

approximately aligned with the difference direction (1,-1)/v/2, capturing opposite-sign mod-
ulations of E and I [44]. The non-zero eigenvalue of the connectivity is given by 4 = w(1 - g),
which is negative in the inhibition-dominated regime (g > 1).
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A key property of E-I connectivity in cortical circuits is its ability to amplify inputs
while preserving fast dynamics [44]. This is achieved through a mechanism known as non-
normal amplification, arising in circuits with non-symmetric connectivity matrices and non-
orthogonal eigenvectors. The stochastic setting we consider here provides a natural frame-
work for studying input amplification [16,45]. We therefore leverage our mathematical frame-
work to analyze stochastic dynamics in the rank-one E-I circuit (Eq 31), with a particular
focus on amplification and its dependence on the geometry of external inputs.

We begin by considering the case in which E and I units receive uncorrelated stochastic
inputs (high-dimensional inputs, Fig 6A). The covariance matrix (Eq 17) has two eigenvalues,
illustrated in Fig 6B. The second eigenvalue is significantly smaller than the first (note the dif-
ferent color scales), indicating that activity is approximately one-dimensional, with nearly all
variance concentrated along the first principal component. To characterize PC1 (Eq 24), we
compute its overlap with the sum and difference directions (Fig 6C). Consistent with previ-
ous work, we find that PC1 is much more strongly aligned with the sum mode than with the
difference mode [44].

The amplitude of the dominant covariance eigenvalue provides a measure of input ampli-
fication. Fig 6B shows that the degree of input amplification performed by the recurrent con-
nectivity depends on the parameters w and g, quantifying the total connectivity strength and
the relative strength of inhibition over excitation, respectively. In particular, amplification
is large in a parameter region adjacent to the unstable region, where the connectivity eigen-
value A exceeds the stability threshold, and the input noise is integrated via slow dynamics
[16]. However, relatively large amplification can also occur in an adjacent region where the
connectivity eigenvalue A is negative (Fig 6D), and non-normal amplification mechanisms
are at play. This region corresponds to values of g slightly greater than one (weak inhibition
dominance) and large w (strong excitation and inhibition).

To understand how variance amplification is linked to the geometry of external inputs, we
next consider the case of one-dimensional inputs (Fig 6E). We construct a family of input vec-
tors, u, each characterized by a different relative strength of input to E versus I. As before, we
compute the covariance eigenvalue and eigenvectors as functions of the parameters w and g.
As in the high-dimensional input configuration, we find that activity is often concentrated
along PC1, expressing co-modulatory variance in the E and I units (sum direction, Fig 6H).
Crucially, however, the amplitude of input amplification and its dependence on the con-
nectivity parameters vary with the input vector direction (Fig 6F and 6G). For input vectors
strongly aligned with the difference direction (or connectivity vector n), input amplification
can be large; in particular, it reaches a maximum for large values of w and values of g slightly
greater than one, as in the previous case. Instead, for inputs strongly aligned with the sum
direction (or connectivity vector m), input amplification is small and largely independent of
the connectivity parameters. This can be understood from Eq 13, as this configuration corre-
sponds to very small values of p,,, leading to minimal engagement of recurrent connectivity
in processing the inputs. Note that along the vertical slices of the plots in Fig 6F and 6G, the
eigenvalues of the synaptic connectivity remain fixed. Thus, the observed modulation in vari-
ance as a function of input direction must be attributed to the non-normal properties of the
connectivity.

The dependence of variance on input direction described here is broadly consistent with
previous findings in deterministic networks [12,44]. In particular, for fixed connectivity
parameters, the input direction that leads to maximal amplification is close to the difference
direction [44], but is not identical - consistent with the results from [12].
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Discussion

The rapid advancement of experimental techniques over the past decade has led to extensive
datasets characterizing single-neuron activity across large populations and brain regions [40,
46], as well as increasingly detailed maps of their synaptic connectivity [47,48]. A key chal-
lenge is to understand how these two levels of organization relate to each other during brain
function. Theoretical models play a fundamental role in this effort, by helping to synthesize
hypotheses about the relationship between connectivity and activity.

In this work, we investigated this relationship in linear RNNs with low-rank connectiv-
ity under the influence of stochastic external inputs. We analyzed activity across different
choices of external input dimensionality, ranging from low to high. Our findings show that
the dimensionality of emergent activity is strongly influenced by input dimensionality, with
low-dimensional activity arising systematically only when the inputs themselves are low-
dimensional. For high-dimensional inputs, the dimensionality of activity can be high, and
depends on the statistical properties of the connectivity. Specifically, low-dimensional activ-
ity only emerges in networks with connectivity matrices that have large positive eigenvalues
(Fig 4D), where recurrent interactions induce unbounded amplification along the directions
spanned by the connectivity vectors. In contrast, activity is maximally high-dimensional in
networks with negative eigenvalues (Fig 4A), where recurrent interactions predominantly
have a suppressive effect.

Recent parallel work by Wan and Rosenbaum [10] analyzed input responses in large
low-rank networks with strong recurrent connectivity. In that framework, the entries of the
low-rank connectivity scale with network size as 1/ VN, in contrast to our setting where the
scaling is 1/N. This difference has an important implication: the connectivity in [10] only
yields stable dynamics in the case of negative eigenvalues, whose magnitude typically diverges
with the network size. Within that regime, the authors report high-dimensional activity and
suppression of inputs along the directions defined by the connectivity vectors. Our results are
qualitatively consistent with these findings. In our framework, networks with negative over-
lap p.mn exhibit negative eigenvalues; as shown in Fig 3C and 3D, the corresponding dynam-
ics are primarily suppressive, giving rise to high-dimensional activity. Compared to [10], our
framework accommodates a broader range of scenarios. In particular, our analysis reveals that
even for positive eigenvalues, some form of suppression can still be observed: while activity
is amplified along certain directions, it is concurrently suppressed along others, resulting in
intermediate dimensionality.

Our analysis uncovered a second fundamental difference between the low- and high-
dimensional input regimes. In networks receiving low-dimensional inputs, the structure of the
activity covariance depends on connectivity solely through the set of vectors m. In contrast,
in networks receiving high-dimensional inputs, covariance explicitly depends on both sets of
connectivity vectors, m and n. These two sets of vectors define the 2R-dimensional hyperplane
in the activity space where activity distribution is stretched along some directions and shrunk
along others. The dependence of activity covariance on the connectivity vectors m has already
been reported in previous work on low-rank RNNs [8,33,34]. This dependence arises because,
due to the low-rank structure of recurrent connectivity, the contribution to activity that stems
from recurrent interactions (here, Eq 9) is always constrained to align with m. In contrast,
the dependence of activity covariance on the connectivity vector n has not been previously
emphasized (but see [12,34]). We show that this dependence emerges only when the inputs
are high-dimensional - a setup that is relevant for both biological and artificial networks, but
has not been mathematically analyzed in detail before.
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Previous work has demonstrated that the direction of connectivity vectors m can be
robustly inferred from activity traces — whether obtained from simulations or experimen-
tal data — using simple statistical techniques, such as principal component analysis [8,34]. In
contrast, reliably estimating the direction of vectors n from data has generally been consid-
ered a more challenging problem [34]. In this work, we show that for the activity covariance
matrix to explicitly encode information about s, the RNN dynamics must be driven by high-
dimensional external inputs. This finding suggests that, in the high-dimensional input regime,
inference algorithms may more easily and accurately reconstruct the directions of these vec-
tors. This idea is supported by a simple intuition: uniquely identifying the input direction
that generates recurrent activity along m (which is precisely the role of n) requires observing
the system’s response across multiple input directions. This hypothesis is further consistent
with recent work by Quian et al. [49], which demonstrated that connectivity vectors can be
reliably estimated in a teacher-student setup involving high-dimensional stochastic inputs
as long as activity traces from all network units are available. That study focused on a spe-
cific class of low-rank RNNs, where the eigenvalues of the connectivity matrix vanish, and
mostly examined the case of very strong connectivity weights, which lead to approximately
low-dimensional activity even in response to high-dimensional inputs. In contrast, here we
considered generic low-rank matrices, with a particular focus on rank-one structures, and we
provided a detailed analysis of how arbitrary input and connectivity vector geometries affect
the emergent activity.

The analysis in [49] also highlights an important challenge: available algorithms for infer-
ring low-rank dynamics from activity datasets often struggle when applied to subsampled
neural data. Subsampling leads to an overestimation of symmetry in the connectivity matrix
and, in general, poor performance in reconstructing non-normal dynamics [50]. Develop-
ing algorithms that can handle such challenges, and provide an effective and scalable esti-
mate of both connectivity vectors regardless of their overlap, represents an important avenue
for future research. Recently, novel algorithms for inferring RNN models from neural data
have been proposed, which leverage the probabilistic structure of activity that emerges from
stochastic inputs [30,51]. Investigating the performance of these algorithms under subsam-
pling and other aversive conditions represents an important step for future research. In the
context of those studies, our analysis provides a solid mathematical framework on which
these statistical techniques can be benchmarked.

Another domain where our results may open new avenues is the study of learning in bio-
logical and artificial recurrent neural networks. Low-rank connectivity matrices are partic-
ularly relevant in this context, as synaptic updates often take a low-rank form [23,31], and
in some cases, the final learned connectivity also retains a low-rank structure [26,27]. Most
learning algorithms adjust synaptic connectivity based on estimates of network activity and
its covariance structure [22,23,31,52]. In this work, we have showed that both activity and
covariance depend sensitively on the dimensionality and geometry of stochastic inputs. As a
result, in plastic recurrent networks, different noise structures in the inputs are expected to
produce not only distinct activity patterns but also fundamentally different connectivity pro-
files. Consistent with these predictions, recent work has demonstrated that, in recurrent net-
works trained via gradient descent, the presence of stochastic inputs can qualitatively alter the
solution found by the learning algorithm [25]. For instance, noise can bias learning toward
configurations that better align with experimental observations [53], or induce additional
low-rank connectivity components that suppress variability along task-relevant directions
[42]. However, this study did not systematically investigate how the amplitude and geome-
try of input noise shape the learned connectivity. Our framework offers several predictions
about this relationship, which remain to be tested and explored in future work. For example,
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since the rank of the learned connectivity is linked to the dimensionality of network activ-
ity, we expect it to scale with the dimensionality of external stochastic inputs. Moreover, we
have seen that any learned low-rank connectivity term effectively suppresses variability along
specific directions, which could be exploited by the learning algorithm for robust decoding
of information. We finally remark that, although trained networks often rely on non-linear
dynamics, our linear framework remains broadly applicable, as linearization around fixed
points is a common and powerful strategy for analyzing such systems [26,54].

As a straightforward application of biological relevance, we considered a two-dimensional
circuit consisting of one excitatory and one inhibitory unit, with rank-one connectivity.
Although this system and its input amplification properties have been the focus of several
studies [12,16,44], to our knowledge, a systematic analysis for different input structures in
the stochastic setting has not been conducted before. Our analysis highlights that, in these
systems, large non-normal amplification can be observed provided that both excitation and
inhibition are strong and connectivity is weakly inhibition-dominated. This range of param-
eters maximizes amplification for both low- [44] and high-dimensional [16] external inputs.
However, as expected from Eq 13, amplification occurs for low-dimensional inputs only when
input vectors are specifically oriented with respect to the connectivity vectors. In particular,
non-normal amplification is maximized when the input vector modulates the excitatory and
inhibitory units in opposition (difference direction) [44]. Non-normal amplification takes
intermediate values for inputs targeting only the excitatory or inhibitory units — a scenario
relevant to the study of optogenetic perturbations in cortical circuits [50,55]. In particular,
amplification is greater for inputs targeting only the excitatory unit than for those targeting
only the inhibitory unit (Fig 6F and 6G; compare the horizontal black lines at 90° and 180°).

Finally, our framework opens new avenues for studying how trial-to-trial variability in
brain circuits relates to the underlying anatomical structure. Stochastic inputs have long been
However, most studies have focused on models with simple connectivity structures, such as
fully random networks or those incorporating local connectivity motifs. Our work extends
this approach to low-rank connectivity structures, which are global and more naturally linked
to network computations [26,33]. In particular, low-rank RNNs have recently been used
to model mesoscopic cortical circuits spanning multiple brain areas [59,60]. Experimen-
tal studies indicate that these circuits exhibit structured trial-to-trial variability, with cross-
covariances differing in dimensionality when computed within versus across areas [61]. Our
work provides the mathematical tools needed to analyze variability in these models, offering a
foundation for refining them through direct comparison with experimental data.
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Methods

1. Propagator of rank-one matrices

We derive here the expression (Eq 6) for the propagator operator exp[ (W - I)t] for a connec-
tivity matrix W of rank one as defined in the main text. We follow [12] and start observing
that, since W and I commute,

exp[(W - )t] = exp(Wt) exp(-t). (33)
Moreover, using A = kp,,,, we have:

kt)* kt)?
exp(Wt) =I1+ktmn' + % mn'mn' + (k) mn mn ' mn" ...

) 3

=1+ ! [(kpmnt) mn' + % mn' + (kp%t) mn' ] (34)

=1+ 7@@(/“) — 1kmnT

A
Finally:
-1
exp[(W -1)t] = exp(-t) [I+ eXp(//lf)kmnT]. (35)
Note that this expression is only valid for A # 0. When A = 0, we have that

exp(Wt)=I1+kmn't (36)

(all the higher-order terms in the power expansion vanish, being multiplied by 1). Therefore:

exp[(W - D)t] = exp(-t) [I+kmnTt]. (37)

2. Covariance derivation

From Eq 5, it follows that the mean activity, (x(¢)), vanishes in the stationary state. Conse-
quently, the time-resolved covariance matrix can be expressed as:

2(t.5) = {( [ expl (W=Dt w)Uew) du) ([ expl(W -5 -n)]ux() dv)T>

t s (38)
:[0 /0 exp[(W-I)(t-u)] Zinp exp[(W -1)(s-v)] 6 (u - v) dudv.
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Substituting the expression for the propagator (Eq 6), we see that covariance factorizes into
four terms:

2(t,s) Emp[ /exp ~(t+s-u-v)]6(u-v)dudv
+ = Zippnm’ f / exp[-(t+s-u-v)]{exp[A(s-v)] -1}8(u~-v)dudv
+—mn Z_‘,mp[ [ exp[-(t+s-u-v)] {exp[A(¢t-u)] -1}6(u-v)dudv (39)

+—mnTZZlnp nm / /

exp[-(t+s-u-v)] {exp[A(t-u)] -1} {exp[A(s-v)] -1}8(u~-v)dudv.

?T‘N

o

This expression can be re-written as
2(t,s) = c1(ts) Zinp + C2(1,9) iinpan +c3(t,s) mnTZrlp +cq(t,s) mnTiinp nm' (40)

by defining:

cl:fotfosexp[—(t+s—u—v)]5(u—v)dudv
er= 5 [ [ expl-(e s u- )] fexp[A(s ~)] - 1}8(u—v) dudv
cF%[Otfosexp[_(tH_u_v)] {exp[A(t— )] - 1}8(u - v) dudv
[ expl=(e - s-u=)] fexplai-)) - 1} {explA(s =) - 1)8(u-) i,
41

Working out the integrals on the right-hand side yields the final expression for the coefficients
(the complete derivation is provided below):

:exp(t—s) fes
2

_ exp(s-t) b (42)
2

k[epl(t-90-2] _exp(t-9]

A 2-1 2
_kexp(s-1)
=1 t>s (43)
03
_E exp[(s-1)(1-2)] exp(s-¢)
_/1|: 52 - 5 ] t>s (44)

. :kz[exp[(l—ﬂ)(t—s)] _exp(t—s)] fes
¢ 21-1)(2-21)  2(2-2)

:kz[exp[(l—ﬂ)(s—t)] _ exp(s—t)] e

2(1-2)(2-2) 2(2-1) '

(45)
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In this work, we focus on the equal-time covariance, Z. Evaluating those coefficients at £ = s
yields the final expression in Eq 10. The equal-time covariance could have been equivalently
derived by solving the Lyapunov equation associated with Eq 1, which reads:

(kmn" —-DZ+Z(knm' -1) + Ziyp = 0. (46)

It is easy to verify that the expression for the equal-time covariance provided in Eq 10 satisfies
the Lyapunov equation above.
Coefhicient ¢c; Fort<s:

€= /texp[—(tJrs— 2u)] du= exp(t-=s) - ;Xp[_(tJrS)] - exp(zt—s) (47)

as the system approaches the stationary state (f, s = o). For t > s, similarly:
s exp(s—t
c =f exp[-(t+s-2v)] dv— # (48)
0
Coefficient ¢, For t < s:

6= % fotexp[—(tJrs— 2u)] {exp[A(s-u)]-1}du

= %exp[—(t+s)] {exp(/ls) fotexp[u(Z—/l)]du— [Otexp(Zu) du}
_k exp[(t+5)] {exp[2t+/1(s —t)] -exp(ds) exp(2t) - 1}

2-1 2 (49)
_k {exp[(t—s)(l -A)] -exp[-t-s(1-2)] exp(t-s) —exp[—(t+s)]}
A 2-1 2
Lk {eXP[(f—S)(l -] exp(t—S)}
A 2-1 2 '
For t > s, instead:
€= 7]; /Osexp[—(t+s—2v)] {exp[A(s-v)]-1}dv
= %exp[—(Hs)] {exp(/ls) '[Osexp[v(Z—/l)]dv— fosexp(Zv) dv}
- ; exp[-(t+35)] {eXp(ZS;:ZXP(AS) - eXp(ZZS) - 1} (50)
_k {exp(s— t) —exp[-t-s(1-2)] exp(s-1)-exp[-(t+5)] }
A 2-2 2
k [exp(s-t) exp(s—t)| kexp(s—t)
_)/1{ 2-4 2 }_2 2-4
Coeflicient c; It follows from the same math as above that, for ¢ < s:
6= % [Otexp[—(t+s—2u)] {exp[A(t-u)] -1} du— g%t/—ls)’ (51)
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while for £ > s:

o= [ el 5= 2] (explats-m) - 1p v & { SRLEZDUD]_ owleoD)]
(52)

Coefficient ¢, For t < s:

cr= 5 [ expl-(t+5-20)] explA(t - )] - 1} {exp[A(s )] - 1} du

= %exp[—(” s)] {exp[/l(t+s)] fotexp[Zu(l - )] du - [exp(At) + exp(As)] fotexp[u(Z—/l)]du

+v/0texp(2u) du}

s exp[t(2- 1) + As] —exp[A(t+5)] exp(2t) + exp[2t + A(s - t)] - exp(At) - exp(Ls)
_/veXp[_(tH)]{ 2(1-2) ) 2-1

+%[exp(2t) - 1]}
. kj {exp[(l -A)(t-s)] exp(t-s)+exp[(t-5)(1-2)] . exp(t—s)}
22 2(1-2) 2-1 2

_ kj {exp[(l -A)(t-5)] exp(t—s)}
Al 21-1)(2-2) 2(2-2) |’

while, using similar algebra, for ¢ > s

_ % Asexp[—(t+ s=20)] {exp[A(t - v)] - 1} {exp[A(s=v)] - 1} dv

. kZ{exp[(l ~)G-0] exp(s—o}
Al 200-1)(2-2) 2(2-1) |

Cy

(53)

3. One-dimensional inputs

Scaling analysis What is the scaling of the different terms in the covariance (Eq 13) with
respect to the network size N? A quick scaling analysis of Eq 13 yields:

O(Ml’) O(Ll,') 2 1
\/N \/N +O(pﬂu) N

- I\l[ [1 + O(pnu) + O(pﬂu) + O(‘o"“)z] '

O(Zij) = O(ui)2 + O(pnu)

+O0(Puu)

(54)

This shows that the four covariance components display identical scaling with N, provided
that O(p,,) = O(1). This condition holds when the normalized connectivity vector n and
input vector u retain a finite overlap for all values of N. If the entries of n and u are drawn
randomly, this condition is satisfied when the entries are correlated across the two vectors.

Covariance eigenvalues and eigenvectors We compute the eigenvalues of the covariance
matrix in Eq 13, which has low rank. From [37], we have that the non-zero eigenvalues of a
N X N low-rank matrix expressed in terms of R couples of m” and n” vectors as

M;; = Z min; (55)
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are identical to the eigenvalues of the R X R reduced matrix defined by
M =m (56)
We apply this rule to Eq 13, yielding the reduced matrix:

1 pmu l )OWIM

Ll oo APmuPmu  APpu APnuPmu
2 ‘xpnupmu apnu apnmomu apnu
Berulmu Bl BPubmu Bl

(57)

with & = k/(2-21) and 8 = k*/[(2-2)(1-2)]. This matrix has clearly only two non-zero eigen-
values. We therefore use the reduction scheme once again, yielding the further reduced 2 X 2

matrix:

1

1 ( L+ &P P+ AP ) _ (58)

2\ + BPwuPmu APnuPrmu + PP
From this matrix, eigenvalues can easily be computed, resulting in Eq 14.

We quantify dimensionality using the participation ratio:
N 2
(Zhi)
Dim1 Hi
Using Eq 14,
2 (1_ 02 A
D:[l_z pnu( pmu)(IB 6(2)2] , (60)
(1 + 2P + BP7,)

which is bounded between 1 and 2.
We now compute the eigenvectors associated with those eigenvalues. We formulate the
ansatz:

Ve =Yim+ U (61)

Note that those vectors are not normalized, but can be normalized by dividing by
(72 + 20muy= + 1)"2. We then impose:

LVy = UsVs (62)

With a little algebra, we obtain

1
Zvy = 5 [ (Viapnupmu + 74_-:8Pﬁu + APny + :Bloﬁupmu) M+ (VaePmu + Y+QPru + 1+ APuufPmu) U ] .
(63)
Combining this with Eq 62 yields a system of two equations for y, and ..:
1
VMt = 5 (Yiapnupmu + Viﬁprzm + APy + 6pftupmu)
1 (64)
M= = (VePmu + V0P + 1+ OXPnuPonu) -
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Using the second equation together with Eq 14, we find:

zlui -1- X PnuPmu

pmu+apnu
1

- 2(Pomu + APu)

V+ =

(14 802V (14 24P+ B02)’ - 4031 - ) (B- ) .

(65)
Note that this equation is ill-defined for y, when p,, = Py = 0, for which o = § = 0. In that
case, one can use the first equation in Eq 64 to see that y,. = 0.

Simulations detail In Fig 2, we simulated RNNs of size N = 100. To construct external
inputs and recurrent connectivity, we first generated a set of three random orthonormal vec-
tors {2'}i-123. We then set: m = 2!, n = 2%, implying that p,, = 0. In Fig 2C, 2D and 2E, we
then set u = 2°, implying that p,,, = P,y = 0. In Fig 2F, 2G and 2H, we set instead u = n, imply-
ing that p,, = 1 and p,,, = 0. In all figures, we fix k = 2.

4. High-dimensional inputs

Scaling analysis The scaling with respect to the network size N of Eq 17 is given by:

O(Zij):éij+%j+%+z\%. (66)
The equation above shows that, in the case of high-dimensional stochastic inputs, the diago-
nal entries of the covariance matrix, which quantify single-neuron variances, are significantly
larger in amplitude than the off-diagonal entries, which quantify cross-covariances among
neurons. This is due to the first term of the covariance (Eq 17), that is generated from local
activity (Eq 7), being diagonal and having much larger amplitude than the other three. Eq 66
also indicates that the remaining terms, which express different combinations of the m and n
vectors, are characterized by a similar scaling.

Covariance eigenvalues and eigenvectors We compute the non-zero eigenvalues of the
low-rank component of the covariance matrix, Z'" (Eq 22), following again [37], and arriving
at the reduced matrix:

k pmn 1 pmn
ﬁ 1 Pmn 1 . (67)
CT\K(1-2)  punk/(1-2) Kk/(1-2)

The last two rows are linearly dependent, implying that the original matrix is rank-two. By
reducing the matrix further, we get to:

k Pmn 1
2—/1(1+Pmnk/(1—/1) Pmn+k/(1_/1)) (©)

whose eigenvalues are given by Eq 23.
To compute the eigenvectors associated with those eigenvalues, we formulate the ansatz:

Vy=Yim+n, (69)

)1/2

where the normalization factor is in this case given by (¥2 + 20y« + 1)"*. We then impose:

Ty, = ,u{_{vr (70)
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With a little algebra, we obtain

k k
Evi_i[(yipmn"‘l+myi+mpmn)m+(Yi+pmn)n:|- (71)

Combining it with Eq 70, we see that

(72)

Limiting cases We start considering the case of maximally symmetric recurrent connec-
tivity. To derive Eq 25, we use 0., = 1/k and 4 — 1, and then only keep the diverging terms.

Similarly, one gets
k
| (73)

implying that y, divergesas 1 — 1.
We then consider the opposite scenario: using 0,,, = -1 and 1 — -k in Eq 23, we have

ek —2+L+ —2+L
”1_2(2+k) 1+k ™~ 1+k

] . (74)

The argument of the absolute value on the right-hand side is negative. Therefore we have: u! =
0, implying that u' is again equal to . Instead:

e K [2+ k ]— k (75)
M’_2+k 1+k] 1+k

which is a negative number smaller than —1. When k — oo (strong recurrent connectivity),
u- — -1. Correspondingly,

11

i 76
21+k (76)

-

which is a positive number that is always smaller than the reference value, and converges to
zero for very large k. We also have:

Y L (77)
Y P 1+k
from which y, =1, and
B - o8
-=5117% o1+ k

Note than the latter is negative, and vanishes for k — co. This implies that the eigenvector
v_ has a small and negative component along connectivity vector m, and a larger and positive
component along connectivity vector n.
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Simulations detail In Fig 4, we simulated RNNs of size N = 50. To construct exter-
nal inputs and recurrent connectivity, we first generated a set of two orthonormal vectors
{2'}i212. We then set: m = 2!, and

n=pmumz +/1- pZmnzz. (79)

In Fig 4A, 4B and 4C, we then set p,,, = -0.5. In Fig 4D, 4E and 4F, we then set p,,, = 0.3. For
simplicity, we also set U= 1.

5. Origin of local and recurrent activity terms

To clarify the origin and implications of the separation of activity in two terms (Eq 7), we
consider the discrete-time approximation of Eq 1:

x(t+7)=(1-7)x(t) + T Wx(t) + T2 E(t+ T) (80)

which is accurate in the T — 0 limit. We have used the short-hand notation &(t) = Uy(¢).
Starting from a simple initial condition x(0) = 0, we have x(7) = 7'/? £(1), and therefore

x(21) = (1-7) x(7) + 7 Wx(z) + T2 £(21)

=(1-1)t'? &) + TP WE(r) + TV €(21). (81
In analogy with Eq 7, we can rewrite this as x(27) = x'°°(27) + x°°(27) by defining
£°°(27) = (1 -7)7"2 &(7) + TV £(21)
x°(21) = 7 WE(7). (82)
Taking one extra step, one can easily show that:
£°°(37) = (1-7)* "2 &(r) + (1 - 1)t E(27) + T £(37) (83)

x(37) = 2 W2E(1) + T WE(21) + (1 - T) TP WE(7).

rec

We highlight the following points. First, both activity terms x'°° and x™ are expressed as
sums over terms that depend on the stochastic input at different time points. Unlike x1°¢, x7¢
depends only on inputs from previous time steps (after passing through the recurrent con-
nectivity). Second, the leak in the dynamics (Eq 1), which contributes to all the terms propor-
tional to (1 - 1), feeds into both activity terms, ' and x™¢. Third, removing the leak from the
dynamics modifies the temporal properties of activity, but does not affect its two-contribution
structure (Eq 7). This can be easily verified by noting that removing the leak is equivalent to
transforming all (1 - 7) terms into 1 in the equations above.

Finally, we consider one specific type of discrete-time dynamics, obtained by setting 7 = 1
(very large updates, corresponding to very fast leak and dynamics). This type of model is of
particular interest because it has been widely studied in the context of RNNs with random
connectivity [38] and is broadly used in machine learning [39] and statistics [28] applications.
For these models, one gets:

£ (nt) = 11%E(n1), (84)

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1013371 August 18, 2025 29/ 35



https://doi.org/10.1371/journal.pcbi.1013371

PLOS COMPUTATIONAL BIOLOGY Stochastic activity in low-rank recurrent neural networks

implying that the local activity component loses memory of inputs from previous time steps.
However, this is not the case for the recurrent component, for which

n-1
K (nr) = Y et W (), (85)

m=1

We conclude that, in discrete-time models with 7 = 1, the network’s memory of previous
inputs is maintained solely through recurrent interactions. The two activity contributions, x'¢

and x™¢

, reflect stochastic inputs at different time points, and are therefore uncorrelated. We
therefore expect the activity covariance for these models to take a simpler form than Eq 10,

where two of the four terms arise from the cross-covariance between x'°¢ and x™¢.

6. Propagator of higher-rank matrices

For a connectivity matrix of rank greater than one (Eq 26), we have:

exp[(W-1)t] =exp (ki mran)t exp(-t). (86)

r=1

Evaluating this matrix exponential is generally challenging for a generic low-rank matrix W.
However, we can consider a specific subclass of these matrices, where the connectivity vectors
m" and n” associated with different rank-one components are mutually orthogonal:

nm’ =0 (87)

for r+ ¢'. For these matrices, the nonzero eigenvalues are given by 1" = kp,r,r for r=1,..., R,
with corresponding eigenvectors m’. This class includes, as a special case, the low-rank matri-
ces studied in [12] and [49], for which all eigenvalues vanish. It does not include low-rank
matrices with complex eigenvalues.
Eq 87 implies that all rank-one components commute, leading to:
R R
exp (kz m’n’T) t]=]1]exp (k mrant)

r=1

‘
—

R r _

= H [I + 7exp(//llrt) 1k m’an] (88)
R A

+ Zl apAh -2 (/}1:) L km'n'".

Thus, the propagator takes the form:

R

exp[(W-1)t] =exp [I+Z

r=1

exp(At) -1 T

Tk m'n’ exp(—t). (89)
This expression assumes that A" # 0 for all r. If the eigenvalue associated with a given rank-

one component vanishes, the corresponding term in the sum in Eq 89 must be replaced with

the form given in Eq 36.
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7. Covariance of higher-rank networks

To compute activity covariance, we start from Eq 38, use again Eq 89, and we arrive at

/T
2(t,s) =t s)EmP+z [cz(t $) Zipph'm” T d(ts)m n’szp]+Z z cy (t s)m'n’ Zmpn m .
r=1 r=14'=1
(90)
Using algebra similar to that in Methods 2, one can show that ¢; (¢, s) is given by Eq 42, while
c5(t,s) and cj(t,s) obey Eqs 43 and 44 (with A replaced by A"). Finally, ¢ (¢,s) is given by:

C,,fzkzlexp[<1—r’>(t—s)] _exp(t—s)] .
A=A -2 (2-2")  2(2-27)

(o1)
_kj exp[(1-A)(s-t)] exp(s-t) o
A @-A=2")(2-2") 2(2-17)
which becomes equal to Eq 45 for " = A Evaluating the covariance at ¢ = s yields:
1 k T T
2= 2{ 1np+22 1 [ mpnm +m'n’ Zinp]
R R 2 r 4 ;T
Z Z k (4 A-d) ’anZ_)inp n m (92)
S 2-A-2")(2-2)(2-2")

from which Eq 28 can be derived.

We focus on the case of high-dimensional stochastic inputs (Eq 30). The eigenvalues of
the covariance matrix can be computed following Eq 21, with uI" being the eigenvalues of the
low-rank component

R k rorT L nn" k2(4 /17 Ar) T r'T
ZZ Ar[nm +m'n ]+ZZ(2 A7) -2 Ar)mm . (93)

=1

To compute the eigenvalues of this matrix, we first observe that we can re-write it as

r'=1

R R , T
er:Zlnr(armr)T+mr (aran+ anrnr, "o )] (94)

where we have defined

a' = (95)

(4 - A7 - 2%)

2-A-2)2-1)(2-1)" (96)

61‘5 —

From this formulation, we can derive a 2R X 2R reduced matrix [37], constructed by concate-
nating 2 X 2 blocks horizontally and vertically. These blocks take the values

B = (5rspm'n’ar pn’n‘as + pm’n’pn’nsﬁsr ) (97)

’
s rs r ss
Pmrms & s Pmrnrd” + Zs/ pm’msl pnsnslﬁ
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where 6™ denotes the Kronecker delta. Computing the eigenvalues of this reduced matrix
yields the eigenvalues of ="

These eigenvalues take particularly simple values for a subclass of low-rank matrices in
which o, can take arbitrary values, ranging between -1 and 1/k, while 0,,r,s and pyrps van-
ish for all r # s (and are equal to 1 otherwise). This case corresponds to different rank-one
components operating in orthogonal subspaces. For these matrices, all entries of off-diagonal
blocks B™ for r # s vanish, while the diagonal blocks take the form:

B — (pmrnrro(r a + p,:,ynrﬁ::) (98)
(04 Pmrnr @ + ﬁ

for r = 1,2. Thus, the eigenvalues of the total reduced matrix coincide with those of the 2 X 2
diagonal blocks. Using the identity

k2

Ta-ane-ay ©9)

677
one can show that each diagonal block is associated with a pair of eigenvalues u,, obeying
Eq 23, where A is replaced by A" and p,,, by pprnr. The eigenvectors corresponding to u, are
linear combinations of the connectivity vectors m" and n’, similar to Eq 24.

In Fig 5, we consider rank-2 connectivity matrices with two specific parametrizations. The
first corresponds to the simplified case described above, where p,,1,1 and p,,2,2 take arbitrary
values, while p,,1,,2 and p,;1,2 are set to zero. The second parametrization, in contrast, involves
setting 0,,1,1 and p,,2,2 to zero while allowing p,,1,,2 and p,1,2 to take arbitrary values within
the range [-1,1]. Unlike the first case, this choice leads to a connectivity matrix with vanishing
eigenvalues. Moreover, in this regime, the covariance eigenvectors are linear combinations of

all four connectivity vectors: m', n', m?, and n*.

Simulations detail In Fig 5F, we simulated RNNs of size N = 50. To construct external
inputs and recurrent connectivity, we first generated a set of four normalized orthogonal

n' = pmlnlzl +1/1- anlnlzs
n2 = pmznzzz +1/ 1- anznzz4

We fix p,1,1 =0.1, p,,2,2 = -0.3. We also set U=1.

,,,,,

(100)

8. Excitatory-inhibitory network

In the case of one-dimensional inputs, we parametrize the input vector as u = (uE, uI) =
(cos(0),sin(0)), where 6 varies between 0 and 7. Special cases of interest are: 6 = 0 (input
only to E), 6 = 7r/4 (equal inputs to E and I), 6 = /2 (input only to I), © = 37/4 (opposite-sign,
otherwise equal input to E and I). This results in the following overlaps:

_ l-g
STy
P = Jgj_ﬂ[cos(e) _gsin(8)] (101)

Pmu = —=[cos(8) +sin(6)].

Nis
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